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ON  SOME  ELECTR()MA(iXh:TIC  PHENO^rEXA  CONSIDERED  IN 
CONNEXION  WITH  THE  DYNAMICAL  THEORY. 

[Pkik  Mag.  xxztiii.  pp.  1—16,  1868.] 

It  is  noir  Kme  time  since  general  equations  applicable  to  the  oonditi<ni8 

of  most  electrical  problems  have  been  given,  and  attempts,  more  or  less 
complete,  have  been  made  to  establish  an  annlo^^y  between  electrical 
phcuomenn  and  those  of  ordinary  intn^hanics.  In  particular,  Maxwell  has 
given  a  general  dynamical  theory  of  the  electromagnetic  field*,  according 
to  which  he  shows  the  mutual  intendependenoe  of  the  nvioua  hranches  of 
the  science,  and  lays  down  equations  suflSoient  Ibr  the  theoretical  solution  of 
any  electrical  problem.  He  has  also  in  scattered  papers  illustrated  the 
solution  of  special  problems  by  reference  to  those  which  correspond  with 
them  (at  least  in  their  mathematicjvl  conditions)  in  ordinary  mechanics 
There  can  be  no  doubt,  I  think,  of  the  value  of  siu-h  illustrations,  both  as 
helping  the  mind  to  a  more  vivid  conception  of  what  Uikes  place,  and  to  a 
rough  quantitative  result  which  is  often  of  more  value  from  a  physical  point 
of  view,  than  the  most  elaboiate  mathematical  analysia  It  is  because  the 
dynamical  theory  seems  to  be  far  less  generally  underatoixl  than  its  im- 
portance re<]uires  that  I  have  thought  that  some  more  examples  of  e!e(>lrieul 
pn)blems  illustrated  by  a  comparison  with  their  mechanical  analogues  might 
not  be  superfluous. 

As  a  simple  case,  let  us  consider  an  experiment  first  made  by  De  la  Rive, 
in  which  a  battery  (such  as  a  single  Dauiell  cell)  whose  electromotive  force 
b  insufficient  to  decompose  water,  becomes  competent  to  do  so  by  the 
intervention  of  a  coil  or  dectromagnet.  Thus,  let  the  pfiimuy  wire  of  a 

Ruhmkorff  coil  be  connected  in  the  usual  manner  with  the  battery,  and  the 

electrtxles  of  the  voltameter  (which  may  consist  of  a  test-tvibe  containing 
dilate  sulphuric  acid  into  which  dip  platinum  wires)  with  the  points  where 
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Id  the  ordiiiaiy  use  of  the  instrument  the  contact  is  made  and  broken. 
There  will  thus  be  always  a  oomplete  oondaoting  curcnH  thronj^  the 
Toltametw;  hat  when  the  contact  is  made  the  voltameter  will  be  ^imtaf, 

and  the  poles  of  the  battery  joined  by  metal.  Now  when  the  shant  is 
open  the  battery  is  unable  to  send  a  steady  current  through  the  voltameter, 
booauso,  as  has  boon  shown  by  Thomson,  the  mechanical  value  of  the  chemical 
iiction  in  the  battery  corresjM)udiug  to  the  passage  of  any  quantity  of 
electricity  is  less  than  that  required  for  the  decomposition  of  the  water 
in  the  voltameter.  When,  howevw,  lAie  shunt  is  dosed,  a  current  establishes 
itself  gradually  in  the  ooiH,  where  th«w  is  no  permanent  opposing  dectro- 
motive  force,  and  after  the  lapse  of  a  fraction  of  a  second  renchos  its  foil 
value  svs  f^'von  by  Ohm's  law^.  If  the  contact  be  now  hrokon,  thore  is  a 
iiiomenti\ry  current  tlirough  the  voltmnotor,  which  oausos  bubbles  of  gas 
to  appear  on  the  electrodes,  and  which  is  often  (but  not,  I  think,  well) 
called  the  extra  current.  AUowiug  the  rheotome  to  act  freely  we  get  a 
steady  evolution  of  gaa 

To  this  electrical  apparatus  Montgolfier's  hydraulic  rani  is  closely 
analogous.  The  latter,  it  will  be  remembered,  is  a  machine  in  which  the 
power  of  a  omsiderable  quantity  of  water  falling  a  small  height  is  used  to 
raise  a  portion  of  the  water  to  a  height  twenty  or  thirty  times  as  great. 
The  body  of  water  from  the  reservoir  flows  down  a  closed  channel  to  the 
place  of  discharge,  which  can  be  suddenly  closed  with  a  valve.  When  this 
takes  ])laco,  the  moving  ukiss  by  its  momentum  is  able  for  a  time  t<j 
overcome  a  pressure  many  times  greater  than  that  to  which  it  owes  its 
own  motion,  and  so  to  fiorce  a  p«)rtioD  of  itself  to  a  oonaderable  height 
through  a  suitably  placed  pipe.  Just  as  the  electromotive  force  of  the 
battery  is  unable  directly  to  overcome  the  exposing  polarization  in  the 
voltameter,  so  of  course  the  small  pressure  due  to  the  fall  cannot  lift  a  valve 
prossefl  down  by  a  greater.  Hnt  when  an  independent  passage  is  opened, 
the  water  (or  electricity)  begins  to  flow  with  a  motion  which  continues  to 
acodemAe  until  the  moving  force  is  balanced  by  friction  (resistauce).  aud 
then  remains  steady.  At  the  moment  the  dischaige-valve  is  closed  (<w, 
in  the  electrical  problem,  the  shunt-contact  is  broken),  the  water,  by  its 
inertia,  tends  to  continue  moving,  and  -tiius  the  pressure  instantly  rises  to 
the  value  required  to  overcome  the  weight  of  the  great  column  of  water. 
The  second  valve  is  accijrdmgiy  o{)ened,  and  a  portion  of  the  water  is  forced 
up.  Now  the  electrical  curreut,  iu  virtue  of  self-induction,  can  no  more 
be  suddenly  stopped  than  the  current  of  water;  and  so  in  the  above 
experiment  tiie  polarisation  of  the  voltameter  is  instantly  overcome  and  a 
quantity  of  electridty  passes. 

If  no  second  means  of  escape  were  provided  tot  the  water  in  the 
hydraulic  ram,  the  pipe  would  in  all  probability  be  unable  to  withstand 
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the  shock,  and  in  any  case  could  only  do  so  by  yielding  within  the  limits  of 
its  elasticity,  8o  as  gradually,  thougli  of  course  very  quickly,  to  stop  the  flow 
of  water.  The  bursting  of  the  pipe  -may  properly  be  compared  to  the 
paasaji^  of  a  sparic  at  the  place  where  a  condactor  oarrj'ing  ao  eleotric 
current  is  opened.  Just  as  the  natural  etastunty  of  the  pipe  or  the  com- 
pressibility of  the  air  in  a  purposely  connected  air-vessel  greatly  diminishes 
the  strain,  so  the  electrical  spark  may  be  Htoppe<l  by  connecting  the 
breukiug-points  with  the  plates  of  a  condenser,  as  was  done  by  Fizeau  in 
the  induction-coil.  Contrary  to  what  might  at  tirst  sight  have  been  expected, 
the  fiktt  cf  the  primary  dutent  is  thm  ren^tored  more  sudden,  and  the  power 
of  the  inetrameot  for  many  parpoaee  increased.  Of  oottxae  the  spuk  is 
equally  prevented  when  the  breaktog-points  are  connected  by  a  short 
conducting  circuit,  as  in  our  experiment  by  the  voltameter.  In  fact  the 
energ\-  of  the  actual  motion  which  exists  the  moment  before  contact  is 
broken  is  in  the  one  case  transformed  into  that  of  the  sound  and  heat  of 
the  spark,  and  in  the  other  has  its  equivaleut  partly  iu  the  potential  euergy 
<^  the  decomposed  water,  partly  in  the  heat  generated  by  the  passage  of  the 
momentary  cunent  in  the  voltameter  hfench. 

The  experiment  will  be  varied  in  an  instructive  manuer  if  we  replace  the 
voltameter  by  a  coil  (with  or  without  soft  iron),  according  to  the  resistance 
and  self-induction  of  the  latter.  In  order  to  know  the  result,  we  must 
examine  closely  what  takes  place  at  the  moment  when  contact  is  broken. 
The  original  current,  on  account  of  its  self-induction  or  inertia,  tends  to 
continue.  At  the  .same  time  the  inertia  in  the  branch  circuit  tends  to 
prevent  the  sudden  rise  of  a  current  there.  A  force  is  thus  produced  at  the 
breaking-points  exactly  analogous  to  the  pressure  between  two  bodies,  which 
we  wiU  suppose  inelastio^  one  of  which  impinges  on  the  other  at  rest.  The 
proooure  or  electrical  tensiMi  oontinues  to  vaiy  nntil  the  velocities  or 
currents  become  equal.  All  this  time  the  motion  of  each  body  or  current 
is  opposed  by  a  force  of  the  nature  of  fiiction  proportional  to  the  velocity 
or  current.  Whether  this  re.sistatiee  will  affect  the  common  value  of  the 
currents  (or  velocities)  at  the  moment  they  become  equal,  will  depend  on  its 
magnitude  as  compared  with  the  other  data  of  the  problem. 

There  is  for  every  conducting  circuit  a  certain  time-constant  which 
determines  the  rapidity  of  the  rise  or  fall  of  currents,  and  which  is  pro- 
p(»tional  to  ^  sdf^nduetimi  and  conductivity  of  the  circuit.  Thus,  to  use 
Ifaxwelfs  notation,  if  L  and  R  be  respeetivdy  the  ooeiBcient  of  self-induction 

and  the  resistance,  the  time-constant  is  LfR  =  r.  If  the  current  e  exist  at 
any  moment  in  the  circuit  and  fall  undisturbed  by  external  electromotive 
force,  the  value  at  any  time  t  afterwards  is  given  by  .r  =  c .  Any  action 

which  takes  place  in  a  time  much  smaller  than  t  will  be  sensibly  unaffected 
by  resistance. 

1—2 


4  ON  80MB  BLBOTROlf AONVnC  PHKNOMBNA  [I 

Wo  SCO,  tht'n,  thnt  we  may  neglect  the  effects  of  resistance  fliiring  the 
time  of  equalization  of  the  currents,  provided  that  the  operation  is  com- 
pleted in  a  time  much  smaller  than  the  time-constants  of  either  circuit. 
And  tins  I  shall  suppose  to  Iw  the  ooe,  The  yalue  of  the  commoD  cnnent 
or  velocity  at  the  momrat  the  impaet  is  over  will  of  course  be  given  by  the 
condition  that  the  momentum,  electromagnetic  or  ordinary,  is  unchanged. 
If  L  and  N  be  the  ooeffici*  iits  of  self-induction  for  the  main  and  branch 
circiiits  respectively,  x  and  A'  the  original  and  required  currents,  the 
analytical  expression  of  the  above  condition  is 

(i  +  ir)X-X«;  or  ^  =  /r^.Y^- 

It  is  here  supposed  that  there  is  no  sensible  mutual  induction  between 

the  two  circuita 

The  spark  is  the  result  of  the  excess  of  the  one  current  over  the  other, 
and  lasts  until  its  cause  is  removed.  Its  mechanical  value  is  the  difference 
between  that  of  the  original  current  in  the  main  circuit  and  that  uf  the 
initial  currait  in  the  combined  dreuit,  and  is  expressed  bjr 

or  if  the  value  of      be  substituted, 

LNa?  , 

Exactly  the  same  expression  holds  good  for  the  heat  produced  during  the 
collision  of  the  inelastic  bodies,  which  is  necessarily  etjnal  to  the  loss  of 
ordinary  actual  energy,  at  least  if  the  permanent  change  of  their  molecular 
State  may  be  neglected.  From  the  value  A'  the  current  gnwlually  increases 
or  diminishes  to  that  determined  aooording  to  Ohm's  law,  by  the  lesistaiioe 
of  the  combined  dnmit  It  may  be  seen  from  the  exprossion  jost  found  that 
the  resistance  of  the  branch  may  be  varied  without  affecting  the  spark, 
provided  always  that  it  i.s  not  so  great  in  relation  to  the  self-induction  as 
to  make  the  tinje-constant  comparable  in  magnitude  with  the  duration  of 
the  spark.  The  spark  depends  only  on  the  comparative  self-induction  of  the 
branch  dreuit,  being  small  when  this  is  small,  and  when  this  is  great  ap- 
pnudmating  to  its  fbll  value  ^Mafi. 

These  results  are  easily  illustrated  experimentally.  I  have  two  coils  of 
thidE  wire  belongiqg  to  an  deetromagnet,  which  for  convenience  I  will  call 
A  and  B.    Each  consists  of  two  wires  of  equal  length,  which  aie  coiled 

together.    These  may  be  called       A,,  B,  B^.    When  ili  ^  are  joined 

consecutively,  so  that  the  direction  of  the  current  is  the  same  in  the  two 
wires,  we  have  a  cii-cuit  whose  self-inductiuu  is  four  times  that  of  either 
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wire  taken  singly.  But  if,  on  the  contrary,  the  current  flowB  (qipoaite 
ways  in  the  two  wires,  the  seif-induction  of  the  circuit  becomes  quite 
insensible. 

The  main  circuit  may  be  compDscd  of  the  wire  {A.,  remaining  open) 
into  which  the  current  from  a  single  Daniell  cell  is  led,  and  which  can  be 
upened  or  closed  at  a  mercury  cup.  Que  end  uf  the  branch  circuit  dips  into 
the  mercniy  while  tiie  other  communicates  witit  the  wire  whose  entrance  or 
withdrawal  firom  tiie  cup  (doses  or  opens  the  main  dnniit.  In  this  way  the 
coils  <^the  branch  may  be  said  to  be  (Aroiro  tn  at  the  break. 

If  the  branch  is  open,  we  obtain  at  break  the  full  spari^,  whose  value 
is^Ld^.  If  the  wire  i?,  be  thrown  in,  the  spark  is  still  considerable,  having 
approximately  the  value  \Lj''-,  for  N  =  L.  And  if  B.  are  thrown  in,  so 
that  the  currents  are  panillel,  the  spark  is  still  greater  and  is  meaaurcd 
by  ^Lx'  X  |.  But  if  the  currentij  ai'e  opposed,  the  spark  disappears,  because 
now  if*  0 ;  80  that  the  addiU<»i  of  the  wire  whereby  the  resiatatioe  of 
the  branch  is  doubled,  diminishes  the  spark.  It  is  true  tl»t  to  this  last  case 
our  calculation  is  not  properly  applicable,  inasmuch  as  the  time-constant  of 
the  branch  is  so  exceedingly  small.  But  it  is  not  difficult  to  see  that  in  such 
a  case  (where  the  self-inducticm  of  the  branch  may  be  neglected)  the  tension 
at  the  breaking-poiuta,  or  more  accurately  the  difference  of  potential  between 
them,  cannot  exceed  that  of  the  battery  more  than  in  the  proportion  of  the 
redstanoes  of  the  branch  and  main  drouits,  so  that  it  could  not  here  give 
rise  to  any  smsible  qmrk.  8oh  iron  wires  may  be  introduced  into  the 
coils  in  order  to  exalt  the  effects ;  but  solid  iron  cores  would  allow  induced 
currents  to  ciioulate  which  might  intsir&ro  with  the  result. 

In  this  form  of  the  experiment  there  was  no  sensible  mutual  induction 
between  the  coils  A  anfi  B.  Should  there  be  such,  the  restdt  may  be 
considerably  modified.  For  instance,  let  the  wire  A.,  be  thrown  at  the 
break  into  the  circuit  of  Ai  and  the  battery.  This  may  happen  in  two 
ways.  If  the  connexions  are  so  made  that  the  cnzrents  are  parallel  in  Ai  A„ 
there  will  be  no  sensible  spark;  but  if  the  directions  <rf  the  cuirents  are 
opposed,  the  qsark  appean  equal  to  the  full  spark 

And  this  b  in  accordance  with  theoiy.  The  current  Z  is  given  by  the 
same  ocmdition  as  before,  which  leads  to  the  equation 

M  being  the  coefficient  of  mutual  induction  between  the  two  circuits.  The 
Bpaik  is  therefore 

Now  in  the  first^mentiaiied  counexum  MsaL  very  nearly,  and  in  the  second 
M^  —  L;  80  that  the  observed  spaiks  are  just  what  Uieory  requires. 
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With  regard  to  those  electrical  phenomena  which  depend  on  the  nititual 
induction  of  two  circuits,  it  may  bo  remarked  that  it  is  not  easy  t^*  find 
exact  analogues  in  oi-dinary  mechanics  which  are  sufficiently  familiar  to  be 
of  much  UHC  as  aids  to  conception.  A  rough  idea  of  the  reaction  of 
neighbouring  cunrtnto  majr  be  had  finom  the  oonaidenticm  of  the  motion  of 
a  heavy  bar  to  whoee  ends  forces  may  be  apptied.  If  when  the  bar  is  at  rest 
one  end  is  suddenly  poshed  forwards  in  a  transverse  direction,  the  inertia  of 
the  material  gives  the  centre  of  gravity  in  some  dopr*  e  the  properties  of  a 
fulcrum,  and  so  the  other  end  bet^ns  to  move  backwards.  This  correspmds 
to  the  inverse  wave  induced  by  the  rise  of  a  current  in  a  neighbouring  wire. 
If  the  motion  be  supposed  inhniteiy  small,  so  that  the  body  never  turru> 
throoj^  a  sensible  angle,  the  kinetic  energy  is  proportional  to 

i  (a»  +  *»)    +  i  (6»  +     y«  +  (a5  -  asy. 

where  a  and  b  are  the  distances  of  the  driving-points  (whose  velocities 
are  «  and  y)  from  the  centre  of  gravity,  the  radius  of  gyration  about 
the  latter  points  This  onreqponds  to  the  ezpreasioa  for  the  enei^gy  of  the 
eleotromagnetie  field  due  to  two  ouirents, 

and  if  we  imagine  the  motion  of  the  driving>points  to  be  resisted  by  a 
fiictional  force  pnq[K»tional  to  the  velocity,  we  get  a  veiy  toleraUe  repre- 
sentation of  the  dectrical  conditions. 

Or  we  may  take  an  illnstration,  which  is  in  many  respects  to  be  preferred, 

from  the  disturbance  of  a  perfect  fluid,  by  the  motion  of  solid  bodies  in  its 
interior.  Thus  if  in  an  infinite  fluid  two  spheres  move  parallel  to  each  other 
and  perixndicularly  t^l  the  line  joining  them,  and  with  such  small  velwitieH 
that  their  relative  position  does  not  sensibly  change,  the  kinetic  energy  may 
as  usual  be  expressed  by 

w,  y  denoting  the  vekMsitiee  of  the  two  spheres,  and  Jf,  N  being  ap- 
proximately ctmstants*.  When  the  spheres  move  in  the  same  direction, 
tile  reaction  of  the  fluid  tends  to  press  them  together;  but  if  the  motions 

are  opposed,  the  furcf  changes  to  a  repulsion.  We  see  here  the  analogues  of 
the  phenomena  of  attraction  and  repul.sion  discovered  by  Ampere.  If  when 
all  is  at  retit  a  given  velocity  is  impulsively  impressed  on  one  sphere,  the 
other  immediately  starts  badnrards,  and,  as  Thomsonf  has  shown,  with  such 
velocity  that  the  eneigy  of  the  whole  motion  is  the  least  possible  under  the 
given  condition. 

This  theinem  is  general,  and  leads  directly  to  the  solution  of  a  large  class 
of  dectrical  i^oblems  connected  with  induction ;  for  whenever  a  current  is 
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suddenly  generated  in  one  of  the  circuits  of  a  system,  the  initial  currents  in 
all  thf  others  are  to  be  determined  so  as  to  make  the  enorg}'  of  the  field  a 
minimum.  These  initial  currents  are  formed  unmodified  by  resistance  when- 
ever the  electromotive  impulses  to  which  they  owe  their  existence  last  only 
tat  a  time  which  may  be  regarded  as  vanishingly  small  compared  with  the 
time-oiniBtaDte  of  the  cimiitB.  The  iiuddeii  &U  of  a  conent  when  a  dnniit 
18  opened  generates  the  same  currents^  except  as  to  sign,  in  n^hbouring 
circuits  as  those  due  to  a  rise  of  the  first  current,  and  the  condition  as  to 
sufficient  suddenness  is  more  generally  fnltillcd  ;  at  the  HJinie  time  it  is  more 
convenient  in  explaining  the  theory  to  take  the  case  of  the  establishment 
of  the  primary  current. 

Sup])^>^^e,  then,  that  in  the  wire  ^4,  of  lair  coil  a  current  i.s  suddenly 
generated,  while  the  ends  of  A,  ai-e  joined  by  a  short  wire.  The  condition  of 
minimam  energy  is  obviously  fiilfilled  if  there  arise  in  ^«  a  current  repie- 
sented  by  — «;  for  then  the  energy  of  the  fidd  is  approximately  zero.  But 
if  the  .self-induction  of  the  wire  joining  the  ends  of  il«  be  sensible,  the 
atmihilation  of  the  energy  can  no  longer  be  perfect.  Thus,  let  the  circuit 
of  bo  completed  by  J^^  B.^,  then  the  general  expression  for  the  energy 
of  two  currents  becomes  in  this  case 

^Lef  +  Lay  +  ^L^xii  or  1), 

acoording  to  the  c<Mmexi<ms;  and  the  value  of  y  fw  whieh  this  is  a 
minimum  is  or  I),  In  the  first  case,  the  exterior  part  of  the  induced 
circuit  having  no  sensible  self-induotioii,  takes  away  nothing  from  the  initial 
current ;  but  in  the  second  there  is  a  reduction  to  one-fifth.  On  the  other 
hand,  it  niiikes  no  difTerence  to  the  total  current  (—xMjS)*,  as  measured  by 
the  dedectiou  of  the  galvauonieter-needle,  which  way  the  connexion  is  made ; 
for  the  smaller  initkl  current,  in  virtue  of  iu  greater  inertia,  sustains  itself 
proportiooally  longw  against  the  damping  action  of  resistance,  which  is  the 
same  in  tiie  two  ca.sc8.  The  heating-power  and  the  effect  on  the  electro- 
dynamometer,  which  depend  on  the  integral  of  the  square  of  the  current 
while  it  lasts  {^.i^iM-jNS),  will  be  diflferent;  but  the  easiest  proof  of  the 
diversity  of  the  currents  is  to  be  had  by  comparing  their  powers  of  magnet- 
izing steel. 

Thus,  if  we  include  in  the  induced  circuit  a  magnetizing  spiral  in  which 
is  placed  a  new  sewing- needle,  we  shall  find  an  immense  difference  in  the 
magnetintion  produced  by  a  Ineak-induoed  current,  according  as  its  direction 
is  the  same  or  otherwise  in  the  wires  Bt  In  the  actual  experiment  the 
diluted  current  was  unable,  even  after  several  repetidons,  to  givi>  the  neecUe 
any  consideralile  magnetization  (the  vibnitions  were  only  about  three  per 
minute),  while  after  one  condensed  current  the  needle  gave  sixteen,  raised 

*  Jl,  ff  sm  Uu  mMmm  of  tfis  fdmaiy  aad  Moondaiy  oirooito  rMpaotivt^. 
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by  repetition  to  nineteen*.  A  new  needle  submitted  to  the  action  of 
several  condeused  cun-euts  also  gave  niueteen  per  luiuute.  The  magnetic 
momenta,  whidi  are  as  the  squares  of  these  numbers,  show  a  still  greater 
disproportion. 

The  truth  seems  to  be  that  the  time  required  for  the  permanent 
magnetisation  of  steel  is  so  small  as  compared  even  with  the  duration  d 
our  induced  currents,  that  the  amount  of  acquired  magnetism  depends 
essentially  on  the  initial  or  maximum  current  without  regard  to  the  time 
for  which  it  issts. 

The  increased  heating-efiect  when  the  two  part«  of  the  current  in  B  are 
opposed  in  din  ction  is,  of  course,  ut  the  expense  of  the  spark  in  the  inerctiry- 
cup.  The  mechanical  value  of  the  spark  is  the  dittVrence  between  the  values 
of  the  currents  which  exial  at  the  monieutb  belui-e  and  after  the  breaking  of 
the  ooDtaet,  and 

=  nearly. 

Now,  according  to  the  connexions,  N^L  or  SL;  and  so  in  the  first  case 
the  spark  disappears,  while  in  the  seoond  it  fidls  short  of  the  full  spark  by 
only  one-fifth. 

While  considering  the  dynamics  of  the  field  of  two  currents,  I  noticed 
that  the  initial  iuduced  current  due  tu  a  sudden  fall  of  a  given  current  in  the 
primary  wire  is  theoretically  greater  the  smaller  the  number  of  terms  of 
which  the  secondary  consists ;  for  in  calculating  the  energy  of  the  field, 
it  makes  no  ditlcrence  whether  we  have  a  current  of  any  magnitude  in  a 
doubled  circuit,  or  twice  that  current  in  a  single  circuit.  The  same  con- 
clusion may  be  arrived  at  by  the  oonBiderati<m  of  the  analytical  expression 
for  the  initial  induced  current 

M 

for  if  the  secoiidaiy  circuit  conrists  essentially  of  a  single  ccnl  of  n  terms, 
we  have,  oattris  paribus,  If  oc  n,  while  iVoe  »*  so  that    oc        The  whole 

induced  current  fydt  x  M  a  n.  Intermediate  to  these  is  the  heating^effect 
jy''dt,  which  x  M^;X,  and  is  therefore  independent  of  n.  Thus  it  was  evident 
that  neither  the  galvanometer  nor  electrodynamomi^tiM-  wa.s  available  for 
the  verification  of  this  rather  paradoxical  deduction  from  theory,  at  least 
without  commutatofB  capabk  of  aqparating  one  part  of  the  induced  current 
fimm  the  rest  On  tiie  other  hand,  it  appeared  pt>bable  that  the  smaUor 
total  current,  in  virtue  of  its  greater  maximum,  might  be  the  moat  powerful 
in  its  magnetizing  action  on  steel 

*  These  were  emfleU  ribniions. 
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With  the  view  of  putting  this  idea  to  the  test  of  experinunt,  I  bound 
throe  wires  of  "OOl  inch  diameter,  and  about  20  feet  long,  together  into  a  coil 
whoso  opening  was  sufficient  to  allow  it  to  pass  over  the  coil  A.  The  ends 
of  the  wirea  were  free,  so  that  they  could  be  joined  up  in  any  order  into  one 
drcaitk  which  wm  also  to  eontain  the  magnetizing  spiral  It  is  emdea%  that 
if  the  currents  aie  parallel  in  the  three  wires  (an  amogement  which  I  will 
call  a),  then 

Jf«  1ft  hemg  tiie  values  of  the  indnctioii-ooeffieiaits  for  one  wire ;  while  if  in 

the  two  wires  the  current  flows  one  way  round  and  in  the  third  the 
opposite  (6),  we  shall  have  M  =  M^,  N  =  iV„.  Inasmuch  as  the  sclf-inductiou 
of  the  magnetizing  spiral  was  relatively  very  small,  these  may  be  re^jarded 
as  the  induction-coefficients  for  the  secondary  circuit  as  a  whole.  This 
arrangement  was  adopted  in  order  that  there  might  be  no  change  in  the 
lesistBiioe  in  passing  from  one  case  to  the  othw.  The  primaiy  cunent  was 
excited  by  a  Darnell  cell  in  tiie  two  wires  of  A  arranged  eoUaterally,  and  was 
interrupted  at  a  mercury-cup.  The  needle  was  submitted  to  the  break 
induction-currents  only — although  the  make  currents  had  no  perc(>ptible 
magnetizing-power,  on  account  of  the  relatively  large  time-constant  of 
the  primary  circuit,  and  the  cousequuut  slow  rise  of  its  current  to  the 
maximum. 

Uu  actually  submitting  a  new  needle  to  the  current  a,  I  obtained  after 
one  duohaxge  12  ▼ibratioos  (complete)  per  minute,  a  number  raised  after 
several  disehaiges  to  Ifi.  On  the  other  hand,  a  new  needle  after  one 
dischaige  h  gave  tmly  5  per  minate,  and  was  not  mnch  affiscted  by  repedtion. 

The  last  needle  being  now  submitted  to  discharge  a  gave  8^,  and  after 

several  12.  Other  trials  having  confirmed  these  results,  th(<re  seemed  to 
be  no  doubt  that  the  current  a  was  the  most  efficient  magnetizer.  There 
remained,  however,  some  uncertjiinty  as  to  whether  the  time^coostant, 
especially  in  h,  was  suAnently  large  relatively  to  the  time  for  whidi  the 
qpark  at  the  mercury-cup  hated  to  allow  of  the  initial  ourrmt  bdng  formed 
undiminished  by  resistance.  In  order  to  make  the  fall  of  the  primary 
current  more  sudden,  I  connected  the  breaking-points  with  the  plates  of 
a  condenser  belonging  to  a  Rnhmkorff  coil,  and  now  found  but  little 
difference  between  the  magnetizing-powers  of  a  and  h.  Seeing  that  the 
theoretical  condition  had  not  been  properly  fulfilled,  I  prepared  another 
tri|de  coil  of  much  thidcer  wire,  and,  for  greater  convenience,  arranged  a 
merenry-cup  commutator,  by  means  of  which  it  was  possible  to  pass  at  onoe 
from  the  one  mode  of  connexion  to  the  other.  The  magnetizing  spiral  was 
still  of  fine  wire  coiiefl,  without  any  tube,  clasely  over  the  needle,  and  its 
ends  were  soldered  to  the  thicker  wire  of  the  thple  coil. 

The  experiment  was  now  completely  suooeeafoL  Out  of  the  laxge  number 
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of  ix-Mihs  (tbtaitied,  the  following  are  selectcfl  aii  f-xampk'.  A  new  II66dl6 
was  submitted  to  the  break  dischai^e  of  arraDgcmcnt  b,  and  gave, 

After  1  disdiarge,  19  per  minate. 

»     6       »       24         „  . 

Another  needle  was  now  taken  and  magnetiaed  by  diachai^ge  a.    It  gave, 

After    1  discharge,  11  .  per  uiiuutc*. 
M      8       „       12  „ 
10  12i 

Oil  submitting  this  needlt-,  which  had  received  all  the  magaetimii  that  a 
could  give  it,  to  cun-ent  b,  1  <jbtiiined, 

After  1  discharge,  21  per  minute. 

In  tact  it  was  the  general  result  of  tiie  experiments  that  more  magnetism 
is  always  given  to  tho  iicfHlIe  by  an-angemeiit  b  than  by  a.  In  order, 
however,  that  the  ditiertnee  may  be  striking,  it  is  advisable  not  to  approach 
too  nearly  the  point  of  magnetic  satumtiou.  The  numbers  quoted  were 
obtained  witii  the  condenaer,  which  was  still  necessar)',  in  order  to  make  the 
break  sufficiently  sodden.  I  ha?e  no  doubt,  however,  that  it  might  have 
been  dispensed  with  hsd  the  triple  coil  consisted  of  a  Isiger  number  of 

tUIDB. 

The  circumstances  of  this  experiment  are  in  some  degree  represented  by 
supposing,  in  the  hydrodynaniical  analogue,  one  of  the  balls  to  vary  in  size. 
When  a  given  motion  is  suddeidy  impressed  on  the  other  ball,  the  corre- 
sponding velocity  generated  in  the  first  would  vary  inversely  with  its  magni- 
tude ;  for  the  laiger  the  ball  the  greater  hold,  as  it  were,  would  it  have  on 
the  fluid. 

It  is  interesting  also  to  examine  the  influence  of  neighbouring  soft  iron 
on  the  character  of  the  induced  current  This  influence  is  of  two  sorts; 
but  I  refiv  here  to  the  modifications  produced  by  the  msgnetio  character 
of  iron.   The  circulation  of  induced  currents  in  its  mass  may  generally  be 

prevented  from  exercising  any  injurious  influence  on  the  result  by  using  only 
wires,  or  fragments  of  small  size.  The  proximity  of  soft  iron  always  increases 
the  coefficient  of  self-induction  iV,  while  M  may  be  either  increased  or 
diminished.  The  Utter  stst^ent  is  true  also  for  the  initial  current  ^, 
whidi  is  proportional  to  MjN.  For  the  two  wires  of  the  coil  A,  however, 
it  is  easy  to  see  that  M  and  X  are  approximately  equal,  whether  there  be 
soft  iron  in  their  neighbourhood  or  not  Thus,  if  Ai  be  connected  with  a 
Daniell  cell  while  the  circuit  of  -d^t  ^  completed  by  the  magnetizing  spiral. 
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the  iiiagiietistii  ticqnired  by  the  needle,  after  a  break-induced  current,  is  not 
much  altered,  even  if  a  considerable  niunber  of  iron  wires  are  placed  in 
the  coil.  Tlie  total  current  is  increjised  fifteen  times  or  more:  but  this 
is  because  the  current  lasts  longer,  the  maximum  or  initial  value  being 
no  greater  than  before.  This  experiment  strikingly  illustrates  the  com- 
paiBtive  independence  of  the  magnetizing  effect  of  a  current  on  ita  duratioQ. 
It  Beems  probable  A  priorit  and  is  partly  confirmed  by  some  of  my  experi- 
ments, that  this  is  more  eqMcially  true  if  we  take  the  limiting  ungnetiam 
which  an  induced  current  can  produce,  after  repetition,  as  the  measure  of 
its  magnetizing  powcr 

The  same  kind  of  reasoning  may  be  applied  to  more  complicated 
problems.  As  an  example,  we  may  recur  to  a  former  combination,  in  which 
the  primary  current  is  excited  in  the  wire  ^-1,,  while  the  secondary  circuit 
indudee  At,  Bi,  and  tiie  magnetizing  spiral  The  initial  current  y„  on 
which,  as  we  have  seen,  the  magnetising  power  nuunly  depends,  will  be 
gieatiy  increased  if  the  ends  of  the  wire  B.^  ai-e  joined  so  as  to  make  a 
tertiary  circuit ;  for  a  current  in  is  developed,  which,  being  equal  and 
contrary  to  that  in  i?, ,  netitralizes  its  action  on  the  magnetic  field,  and  so 
allows  the  energy,  immediately  after  the  sudden  rise  of  the  current  a;  in  /I,, 
to  be  vanishingly  small,  exactly  as  when  the  secondary  circuit  consisted  of 
At  alone.  The  effect  <tf  closing  JS.  is  therefore  to  increase  the  current  y, 
from  — -^tf  to  —SB,  and  at  the  same  time  to  produce  a  new  current  denoted 
by  +  #  in  ^  itself.  The  following  were  some  of  the  experimental  results : — 

A  new  needle, 

Bf  open  After  1  bieak-disebaige,  gave  7^  per  minute. 

w     ®  »»  »»  ®  It 

On  dosiqg     we  had,  with  the  same  needle. 

After  1  discharge,  15  per  minute. 
M     8       It       17  „ 

A  IMI0  needle  gave, 

After  i  discharge,  17  per  minute. 

„     8  19  ,t 

Another  new  needle  in  the  tertiary  circuit  gave. 
After  1  discharge,  16  per  minute. 

n        ^  »  1®  It 

The  magnetizing  spiral  was  here  i-emoved  frouj  the  secondary  to  the 
tertiary  circuit;  and  although  its  reastaaoe  was  by  no  means  relatively 
small,  the  results  are  none  the  less  comparable;  fm  in  this  experiment 
resistances  (within  limits)  are  of  no  aooount,  and  the  a^-induetioM  of  the 
vpmX  was  quite  insensible. 
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Had  there  been  twenty  coils  A  B  0  D  eitnilar  U>  A      with  the 

wires  B^Oit  0^  A*  ^  oonneeted,  as  in  the  experiment  just  described,  the 
magnetizing  power  of  the  current  in  the  last  woold  not,  I  imagino,  ho  much 
less  than  iu  the  first ;  for  the  condition  of  minimum  energy  would  still  bo 
fulfilled  by  ourrents  in  the  series  of  coils  all  equal  in  numerical  value,  and  ' 
ftlteruatoly  opposite  iu  algebraic  sign.  Ou  this  subject  much  coufuiiiou  aeems 
to  have  fwevailed,  as  shown  by  the  numoous  inqairies  into  the  eUnetUm  of 
the  indueed  cnirents  of  hi|^  orders.  The  ounento,  as  a  whole,  at  least  after 
the  fint,  cannot  ptoperly  be  said  to  have  any  direction  at  all,  as  they  involve, 
when  complete,  no  transfer  of  electricity  in  any  direction.  Nevertheless  the 
positive  and  negative  parts  are  not  similar ;  and  if  they  were,  one  must 
necessarily  precede  the  other;  mo  that  in  this  way  directional  effects  may 
be  produced.  The  uiaguetiziug  power,  for  instance,  depeuds  essentially  ou 
the  initial  maximnm  magnitnde  ci  the  induced  current,  and  is  probably 
bnt  little  affected  by  the  character  of  tiie  diluted  but  comparatively  long- 
continued  remaining  parts.  This  being  understood,  the  alternately  opposite 
magnetizations  observed  by  Henry  in  a  series  of  induced  currNkts  of  high 
Older,  is  an  immediate  consequence  of  the  dynamiail  theory. 

The  circuits  being  denoted  by  the  numbei-s  1,  2,  .3, ...  ,  let  the  coefficient 
of  mutual  induction  between  2  and  3  be  denoted  by  (2  3),  and  of  solf-induction 
of  2  by  (2  2),  and  so  on.  The  result  is  only  generally  true  when  there  is  no 
mutual  indnofeion  except  between  imwisdintft  n^iboins  in  tiie  aeriss;  and 
it  will  therefore  be  supposed  that 

(13),   (14),   (16). ..(2  4)... 

vanish,  as  indeed  they  practically  would  in  the  ordinary  arrangement  of  the 
oqperiment   The  energy  of  the  field  is  given  by 

^«  i  (1  1) +  i (2  2) X,'  +  i (3  3) x>  +  ... 

+  ( 1  2)  a-, +  (2  3)      +  (3  4)  x,x,  +  . . . 

Here       is  the  given  current  in  the  first  circuit,  and  are  to  be 

determined  .so  a.s  to  make  E  a  minimum.    Now,  E  being  homogeneous  in 

have  identically 

-  „      <IE  (IE 

And  since,  when     is  a  minimum, 

dEfdstt  dE/ek,,.,.  all  vanish, 

we  see  that 

2ff(min.)»«i^-(l  2)«iSk. 

But  if  X,,  x„...  had  been  all  zero,  2E  would  have  been  equal  to  (1  l)ji%". 
It  is  dear  therefore  that  (1  2)XiX,  Is  negative;  or,  as  (1  2)  is  taken  positive, 
the  sign  of  «^  is  the  iqpposite  of  that  of 
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Again,  nippoeiiig  «i,  «b  both  given,  we  moat  June,  when  Siatk  minimam, 
and  thna 

2i&(min.)  =  a:,[(l  l)x,  +  (l  2).r,l 

+  2)  .r,-f  (2  2):r,  +  {2  8)  a-.,] 

-(1  1)«,'  +  2(1  2)a;,«|+(2  2)«b»  +  (2  3)aiai. 

As  before,  21?  might  have  been 

and  therefore  the  nuuimuin  value  is  necessarily  less  than  this,  and  accordingly 
the  agu  of  te,  and  are  opposite.  This  {nocaaa  may  be  oootinned,  and 
shows  thatt  however  long  the  aeries,  the  mitial  induced  currents  are  alter- 
nately opposite  in  ngn.  In  any  definite  example,  the  actual  values  of  the 
initial  carrents  are  to  be  found  from  the  solution  of  the  linear  equatiora 

dB/dK,^0,  dEftUe^^O,   ; 

but  the  9^  of  the  result  does  not  appear  at  onoe  from  the  form  of  the 
expresskm  so  obtained.  In  order  to  exhibit  it^  it  it  neoessaiy  to  introduce  a 
number  of  relatimis  which  exist  between  the  indnetioa-coeflficients,  and  which 
ars  the  analytical  expression  of  the  £»ct  that  the  energy  is  always  positive, 
whatever  may  be  the  values  of  d%.  s^,... 

It  has  been  assumed  throughout  that  the  time  of  rise  or  fikU  of  the 

current  in  the  primary  wire  is  very  small  as  compan'd  with  the  time- 
constants  of  the  other  circuits.  In  the  case  of  coils,  such  as  are  g-enerally 
used  in  induction-ex perimeDts,  and  which  are  not  clogged  by  great  external 
resistances,  this  condition  is  abundantly  fulfilled  at  the  break  of  the  voltaic 
eurroit*.  The  time  of  rise  depends  more  on  the  nature  of  the  eimtit^  but 
may  be  made  as  small  as  we  please  1^  suflfidently  increasing  the  resistance 
in  fHrapartion  to  the  s*  If-inrUiction ;  of  course,  in  <»der  to  get  an  equally 
strong  current,  a  higher  eh  ctroniotive  force  must  be  employed.  In  this  way 
the  rise  may  be  made  sufticiently  sudden  to  fulfil  the  condition.  Indeed, 
with  a  battery  intense  enough  the  rise  of  the  current  at  make  may  become 
more  sudden  than  the  fidl  when  contact  is  broken.  In  some  of  Henry's 
experiments  this  seems  actually  to  have  occurred  Thus,  with  a  single 
cell  as  electromotor,  he  found  the  shock  at  make  barely  perceptible;  but 
when  the  battery  was  increased  to  thirty  cells,  the  shock  became  more 
powerful  at  make  than  at  break. 

•  A  rough  meMiutiiianI  by  KmOf*  mt/HboA  (PMt.  Tram.  186f)  ftv*  fbr  the  tiaiMooslaiit 

•f  llw  circuit  composed  of  the  two  wires  of  coil  A  0023".  The  time  constant  is  the  same  whether 
lim  wirea  are  colUteal  or  ooiueoatiTe,  the  greater  Mlf-indaotioD  of  the  latter  arraagement  being 
bakoocd  hy  ito  gnater  rwiataiu*.  For  mu  wit*  on^,  tha  tisM-«aBatent  wonld  U  kat/tim 
•bofv.  [1806— Bat  aw  nnt  paiw.] 


2. 


ON  AN  ELECTROMAGNETIC  EXPERIMENT. 

ir/iiL  May.  xxxix.  pp.  428—435,  1870.] 

TbE  exporinH'iit  referred  to  is  one  described  in  the  Philosophical  Magazinf, 
for  July,  18GU,  p.  U  [Art.  1],  where  it  was  diown  that,  wit^  ceftain  limitB, 
the  magnetising  effect  of  a  bfeak-indueed  current  on  steel  needles  is  greater 

the  8inall(>i  the  number  of  turns  or  which  the  secondaiy  dreuit  consists,  the 
()p]X)site,  of  course,  being  true  of  the  effect  on  a  galvanometer.  The  ground 
of  the  distinction  is  that  the  galvanometer  takes  arcontit  of  the  induo<*d 
transient  cun-ent  aa  a  whole ;  while  the  maguetizing-puwer  depends  mainly 
on  the  magnitude  of  the  current  at  the  first  moment  of  its  formation,  without 
regard  to  the  time  whidi  it  takes  to  subside. 

But  even  with  this  explaoation,  few,  I  imagine,  would  he  prepared  for  the 
result  who  had  not  been  aocustomed  to  look  at  electrical  phenomena  in  the 
Ught  of  some  dynamical  theory.  It  wa.s  for  this  reason  that  T  considered  the 
matter  worthy  of  pxporitncntal  investigation,  the  fniits  of  which  were  given 
in  the  paper  referred  to.  One  point,  however,  still  recjiiired  ii  little  clearing 
up ;  and  it  is  this  which  I  now  propose  to  deal  with.  I  mean  the  mode  of 
action  of  the  oondenser,  which  was  employed,  as  in  the  inductinittm,  for  the 
puipose  of  rend^ri^g  the  hreak  more  sudden,  and  which  I  had  found  neoeasary 
for  the  success  of  the  experiment  as  then  arranged.  At  this  neoessilgr  I  was 
not  surprised ;  for,  according  to  the  indications  of  theory,  the  effect  was  only 
to  be  expoctrd  when  the  fall  of  the  iJiiinary  ciiirent  is  sudden  compared  to 
that  of  the  secnntlary.  Now  the  duration  of  free  transient  current.s  in  a 
circuit  varies, a»tem ^jariftua, as  the  self-induction;  so  that  when  the  number 
of  turns  in  the  secondary  is  too  mudi  reduced,  there  is  danger  of  the  oon- 
dition  not  being  fulfilled.  If  it  he  objected  that  as  much  would  be  gained 
by  improved  conductivity  as  lost  by  diminished  self-induction,  I  answer  this 
is  not  the  fact,  the  resistance  varying  as  the  number  of  turns  simply,  while 
the  self-indnction  varies  as  the  wpiare  of  the  same  number.  Besideii,  I  had 
reasons  for  keeping  the  resistauce  in  all  cases  invariable. 
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Wishing,  however,  to  obtain  the  effect  without  the  aid  ot  a  condenser,  I 
prepared  a  (jtiadruple  coil  by  bending  into  the  form  of  a  compact  ring  a 
buudle  comistiiig  of  four  No.  16  coppt'r  wires,  each  70  feet  long.  Into  one 
of  these  the  cmreiit  from  a  Daniell  cell  was  permitted  to  flow,  sabject  to 
interraption  at  a  mercury-cup.  The  aeooadaiy  circuit  consbted  of  the  other 
three  wires  arranged  consecutively,  and  of  the  magnetlsiDg  BfvnXt  which 
contained  the  needle  destined  to  measure  the  effect  of  the  momentary 
current.  The  three  wires  conld  bo  joined  so  that  the  current  nircidated 
the  same  way  round  them  all  (a),  or  so  that  in  one  of  them  the  direction 
was  the  opposite  to  that  in  the  two  others  (6).  It  will  be  seen  that  the 
rasistanoe  was  always  the  same,  the  only  change  being  in  the  coefficient 
of  mutual  induction  (JfX  and  of  self-induetion  of  induced  circuit  (K).  In 
the  former  paper  it  was  shown  that  tiie  initial  induced  current,  being 
proportional  to  3/,  is  three  times  as  great  in  (6)  as  in  (a)  (a  sufficient 
suddemioMs  of  break  being  assumed),  while  the  t^tal  currents  are  in  the 
i-eciprocal  proportion.  In  carrying  out  the  experiments,  I  8ubmitte<l  the 
needle  (a  new  one  in  each  measurement)  to  the  action  of  six  break-induced 
cuirents,  always  removing  it  from  the  spiral  when  the  battery  contact  was 
made.  In  this  way  a  more  constant  result  is  obtained  than  from  one 
disdiarge  only,  which  is  h'able  to  vary  from  slight  differences  in  the 
character  of  the  break.  The  nee<ile  was  then  swung  by  a  silk  fibre  and 
the  number  of  complete  vibrations  in  a  minute  observed.  The  numbers 
were: — 

Arrangement  (a)    4^,   6,   6:  mean  5. 

(6)    21,  19,  19:     „  20. 
The  superior  efficiency  of  (6)  is  very  conspicuoua 

There  is  another  way  in  which  the  subject  may  be  inve.stigated.  If  the 
secondary  current  containing  a  galvanometer  be  bi-oken  so  quickly  after  the 
primary  that  the  induced  current  has  not  time  during  the  interval  sensibly 
to  diminish,  Uie  deflection  of  the  needle  may  be  considwed  to  measure  the 
initial  value  of  the  induced  cuiraut.  To  carry  out  this  experiment  properly 
would  require  rather  elaborate  apparatus,  on  account  of  the  necessity  of  a 
ooMtanl  interval  ot  time  between  the  breaks.  The  contrivance  that  I  used 
was  of  home  manufacture  and  very  rough,  and  acted  by  the  almost  simul- 
taneous withdrawal  of  wires  from  two  mercury-cups.  The  secondary  circuit 
in  case  (a)  consisted  of  the  two  wires  of  a  large  coil,  joined  consecutively, 
snd  <tf  a  dMnt  wire  galvanometer.  Ixcn  wires  were  inserted  in  ^  m  order  to 
increase  the  duration  of  the  induced  current.  In  (b)  only  one  wire  of  il  was 
used,  the  resistance  being  made  vip  by  the  substitution  of  anotiier  wire, 
whose  self-induction  might  relatively  be  neglected.  The  total  currents  in 
the  two  cases  would  be  as  2:1,  and  the  initial  ctirrents  as  1  :  2.  The 
deflections  of  the  galvanometer-needle  were  rather  irregular;  but  the  sum  of 
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ten  throws  in  case  (a)  was  317  ,  while  in  (b)  it  rose  to  480°,  80  that  there  could 
be  no  doubt  as  to  the  reality  of  the  pheuonjenon. 

Returning  to  the  experiments  with  steel  needles,  I  thought  it  desirable 
lo  Qompare  the  p^nument  magnetiniMi  developed  in  two  eases  where  the 
initial  earaents  were  equal  WiUi  this  object  the  primary  ouirent  (originating 
in  a  Grove  cell)  was  passed  through  two  wires,  Q, ,  Q^,  of  the  quadruple  coil 
eombincd  for  self-induction.  The  indooed  circoit  included  Q,,  and  the 
magnetizing  spiral.  The  arrangements  in  other  respects  being  as  before, 
I  obtained — 

13,  14^  15,  16:  mean  14^  vibrations  per  minute*. 

Qt  was  now  removed  from  the  primary  circuit  (the  resistance  being  made  up 
to  fimnor  value)  and  Qi  from  the  induced  circuit.  The  numbers  now  were — 

11.  10.  12,  13:  mean  llf 

Q,  being  next  replaced,  but  not  Qt,  there  resulted, — 

35,  85,  33:  mean  34. 

In  the  firnt  two  arrangements  the  initial  currents  would  be  equal,  while  in 

the  third  they  would  be  donbled. 

On  the  whole,  I  think  thoso  exporitiients  rontirm  the  view  that  the 
acquired  magnetism  depends  principally  on  the  initial  current.  The  exact 
laws  regulating  the  connexion  between  the  current  and  the  magnetism 
prodnoed  by  it  are  doubtless  complicated,  and  not  of  maoh  interest  The 
fiMits  here  detailed  should,  however,  be  borne  in  mind  by  any  one  who  wishes 
to  pursue  this  subject,  and  they  do  something  towaxds  explaining  the 
discordant  results  of  previous  experiments 

And  now  jvs  to  the  effect  of  a  condenser.  Con.sidering  that,  in  consequence 
of  the  length  of  wire  in  the  quadruple  coil,  the  duration  of  a  current  in  it. 
even  tinder  arrangeinont  (6),  must  be  much  greater  than  the  time  occupied  by 
the  break,  or,  which  is  the  same  thing,  the  duration  of  the  spark,  I  did  not 
anticipate  that  n  eoodenser  (whose  plates  were  connected  with  the  breaking- 
pcnnts)  would  have  any  influence.  But  to  my  surprise  I  found  that  although, 
of  oourse,  the  superiority  of  (6)  was  not  disturbed,  th<>  magnetic  effects  were 
all  increased.  The  explanation  is,  I  believe,  to  be  found  by  an  examination 
of  what  t;ike8  place  in  the  two  circuits  after  the  primary  current  is  thrown 
on  the  Condenser  by  the  removal  of  the  wire  from  the  mercury -cup. 

The  charge  (or  discharge)  of  a  condenser  through  a  circuit  endowed  with 
sensible  self-induction  w{u<  first  investigated  by  Sir  W.  Thomson  (see  Phil. 
Mag.,  voL  v.  p.  393,  or  Wiedemann's  OcUvaniamuB,  vol.  ii.  p.  1007).  There 

*  The  expertmenli  «iM  not  msdt  oaaflj  in  tiM  Mte  Nn  adopM  for  oonrmlMUM.  tat 

wan  brokao  up. 
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are  two  cases  according  to  the  comparative  magnitudes  of  the  thiee  elements 
of  the  problem,  which  are  (1)  the  capacity  of  the  condenser,  (2)  the  self- 
indnction  of  the  circuit,  (3)  the  resistAnce  of  the  same.  If  these,  reckoned  in 
absolute  measure,  be  denoted  by  S,  L,  R  respectively,  the  motion  of  electricity 
is  of  an  oscillatory  character  if  iS<  iLjR*  ;  otherwise  the  charge  is  completed 
and  eqnilibrinm  estaUidied  without  a  retrograde  motion.  The  motion  of  » 
pendnlom  in  »  viaooaa  liquid  is  euetiy  aoalqgoaa  and  may  serve  as  an 
illnslratioin.  If  the  viscosity  of  the  liquid  exceed  a  certain  limit,  the 
pendulum  withdrawn  from  the  vertical]  and  then  let  go  will  subside  gradually 
back  again  into  its  position  of  (rjuilihri\im  without  ever  passing  it;  but  if 
the  viscosity  be  small,  rest  is  only  attained  after  a  number  (theoretically 
indefinite)  of  oscillations  of  continually  decreasiDg  amplitude.  To  our  case 
of  currents  mutually  influencing  one  another,  Thomson's  calculations  are  not 
immediately  applicable;  indeed  the  exact  solution  would  be  rather  com- 
plicated*. However,  we  are  wmetmed  principally  with  the  first  part  of 
the  electrical  motion,  the  manner  in  which  the  currents  wear  down  under 
the  action  of  resistance  being  of  subonlinate  importance.  Now  it  appears 
that,  if  the  motion  be  decidedly  of  the  oscillatory  type,  the  first  few 
oscillations  will  take  place  almost  uninfluenced  by  resistance ;  and  on  this 
8uppoeiti<m  the  calculation  becomes  remaricably  simple. 

L,  M,  N  being  the  induction-coefficients,  as  before,  let  the  total  flow  of 
electricity  in  the  two  circuits  from  the  moment  of  the  break  he  m,y,BO  that 
the  currents  at  any  moment  are  cLc/dt,  d^f/dt.  Then  the  equatixms  to  the 
cnmntsare 

^^+^^-1-  

-0  (»X 

where  8  is  the  capacity  of  the  condenser. 
Eliminating    we  get 

The  oscillation  in  the  primary  wire  is  accordingly  the  same  as  if  the 
secondary  were  open  and  the  self-induction  changed  from  L  to  L^M*fN. 
(2)  gives  immediately  the  connexion  between  te  and  y, 

which  shows  that  the  currents  in  the  two  circuits  oscillate  synchronously,  the 
maximum  ol  one  coiiu  idinj^'  in  time  with  tht-  minimum  of  the  other.  Since 

*  It  woald  depend  opon  a  oabio  eqaation. 
».  2 
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djfldi^O  ftt  the  moment  of  hnakt  the  ooorteat  of  integraiioD  mut  be  equal 
to  Mdee/dt,;  dxldt,  denoting  the  ▼sine  of  the  jwinuucy  cvnent  at  or  before 
thebfeek.  Aooordingly 

dy    M  /da  _  ds\ 
IS^F^di,  dJtr 

80  that  when  afkm  half  an  oaoillatton  dxfdik  *  —  dxjdttf 

dy  _  -  M  djc 

This  is  its  maximum  value,  and  is  double  of  that  which  would  be  generated 

by  a  simple  stoppage  of  tho  prinuury  eurrent,  however  sudden.  In  this  way 
I  am  inclined  to  explain  the  increase  of  effect  produced  by  the  condenser. 
It  is  true  that,  havioL^  reached  its  maximiun  value,  the  secondary  cuirent 
rapidly  declines  and  then  changes  sign ;  but  from  what  is  known  of  the 
behaviour  of  pennanent  magnets  when  submitted  alreeli  to  the  action  of 
magnetising  foioe»  it  does  not  seem  likely  that  much  disturbance  would  arise 
lirom  this  cause*. 

A  more  plausible  objection  may  be  founded  on  the  exceediug  rapidity  of 

the  oscillations,  tax  SOMW  <  niust  be  in-n  ssary  fur  the  magnetization  of 
stt  ei.  Indeed  in  onr  ca.se  the  period  of  o.siiilation  is  nnusually  short,  on 
account  of  the  smaline.'^.s  of  L  —  M^jX.  When  the  two  circuits  are  coni|x>.sed 
mainly  of  wires  coiled  side  by  side,  L,  M,  N  are  approximately  equal,  and 
therefore  X—iP/ifveiy  small  compared  with  either  of  them.  The  current 
is  then  transferred,  wi^  almost  indefinite  rapidity,  from  one  wire  to  the  othw 
and  back  again. 

I  made  some  experiments  to  examine  this  point,  which  will  also  serve  as 
examplea  i£  the  general  increase  of  magnetic  effect  produced  by  a  condenser. 

Tlie  primary  current  from  a  (Jrove's  chII  wa.s  passed  through  the  two  wires  of 
coil  A  juincd  consecutively,  and  then  through  one  wire  of  a  similar  coil  B. 
According  as  the  wires  of  A  are  joined,  L  =  b  or  1.  The  induced  circuit 
included  the  other  wire  of  B  and  the  magnetizing  spiral,  so  tiiat  JV*  I  and 
Jf  s  1  approximately.  In  the  first  case,  therefore,  L  —  M*/If  »  4,  while  in 
the  second  it  is  vary  nmch  smaller.  The  experiments,  conducted  in  other 
respects  as  bef<»«,  gave  the  following  results : — 

X«5,  without  oondensOT  16,   13,  13,  14;  mean  14. 

L  =  5,  with  condenser  24^,  28,  31,  28;     „  28. 

L=l,  without  condenser  14,    15,  13^,  14 ;      „  14. 

.  £-1,  with  condenser  17,    18,  19,  21;     „  19. 

*  [1896— TUa  mbbm  to  neea  qiiaN>flBtioB.] 
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It  will  be  seen  that,  while  without  the  contl'  nst  r  it  made  little  difference 
whether  L  =  l  or  /,  =  5,  the  increase  prrxlucod  by  the  rondonser  is  much 
greater  in  the  latt^T  ease.  This  is  so  far  in  u^n-eenipnt  with  the  »-xplanation 
juat  given ;  but  I  cuufess  I  should  have  been  better  satislied  had  the  influence 
of  the  ocmdenser  been  less  marked  wken  In  order  that  the  reader 

maj  better  judge  of  the  ooireotneaB  of  the  view  here  taken,  I  tabjoin  an 
eetiinate  of  the  period  of  oacilhition  in  the  aotoal  aimngement  of  the 
tttperimeot. 

The  time  of  a  complete  oeciUation  of  a  current  in  simple  connexion  with 

a  condenser  =  2ir  t^(LSj*,  where  L  and  S  art?  mea'siircd  in  absolute  measure. 
If  T  be  the  time-constant  of  the  circuit,  /,  =  Ht,  R  being  thf  resistance  in 
absolute  ineaaure.  Now  the  capacity  called  a  [micro-jFarad  is  [10~''C.O.!i.l 
and  the  B.A.  unit  is  [10*J  on  the  same  system. 

If  therefore  we  take  as  practical  units  the  B.A.  unit  of  resistance,  and  the 
[micro-JFarad  as  unit  of  capacity, 

t  and  T  are  here  measured  in  seconds.  The  eoiulenser  employed  (made  by 
Elliott  Brothers)  had  a  capacity  of  half  a  [micru-jFarad,  so  that  <S'  =  ^.  For 
one  wire  of  coil  A  or  B, 

For  one  of  these  wires  in  simple  connexion  with  the  condenser  the  time 
of  oscillation  would  be 

.  /l  X  -  X    —  =  about  "OOOl**. 
500  V  4    2    lUOO  WW". 

Comparing  this  with  the  value  of  t,  we  see  that  the  first  ten  or  so  oscillations 
would  be  comparatively  unafFeeted  by  resistance.  By  what  has  been  proved, 
the  time,  when  X  =  o  (ill  ditlerent  unit  of  course),  must  be  just  double  of 
this,  or  •00028*. 

The  action  of  the  condenser  in  the  induetoriuni  is  very  imperfectly 
explained  in  the  text-books,  and  is  no  doubt  in  many  cases  rather  com- 
plicated. From  ihe  reaeoning  of  this  paper,  it  appears  that  it  is  by  no 
means  a  complete  account  of  the  matter  to  say  that  the  advantage  derived 
from  the  use  of  the  condenser  depends  only  on  the  increased  suddenness 
with  which  the  primary  current  is  slopped.  In  a  complete  investi^,'ation 
(which  I  do  not  mean  to  enter  on  here)  a  distinction  would  probably  have  to 
be  made,  according  as  the  secomiary  circuit  when  open  allows  the  passage 

•  The  effect  of  rewiitUnce  bein«  newlectpd. 

t  The  TalM  of  r  pmrioaslj  given  for  coil  A  i*  vnoneoaB. 

3—8 
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of  a  spark  or  not,  or,  jus  a  third  cji8l\  is  foinjilrtcly  closed.  I  would,  however, 
remark  that  a  good  deal  of  misappreheasioa  arises  in  this  and  snnilar  caaes 
firom  forgetting  that  a  oondenaer*  is  powerless  to  make  away  with  electrical 
enogy.  Snob  energy  may  be  disposed  of  in  the  form  of  a  epoik,  or  it  may 
he  converted  into  heat  by  the  operation  of  eleelrical  resistsnce;  bnt  the 
absorption  in  this  way  cannot  take  place  instantaneously,  requiring  aft  it  does 
a  time  eomparable  with  the  time-constants  of  the  circuits  concerned.  So  far, 
indeed,  is  a  condenser  from  itself  absorbing  elertrical  energy,  that  in  many 
caseH  it  actually  prolongs  the  duration  of  motion;  for  au  oscillatory  current, 

in  oonsequenoe  of  its  snudler  mean  square,  sustains  itself  twice  as  long  against 
the  damping  action  of  resistance  as  a  oomparstivdy  steady  current  of  the 
same  maximum  value. 


*  [1898— Thia  most  b«  uiulmtood  to  refer  to  an  ideal  eandaoMr.] 
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ON  THB  VALUES  OF  THB  INTBORAL  pQ.ih'hi.  Q„  Q.  BEINO 

.'o 

LAPLACE'S  COEFFICIENTS  OF  THE  ORDERS  n,  n',  WITH 
AN  AFPLlCATiON  TO  THE  THEORY  OF  RADIATION. 


[PkiL  Tram.  CLX.  pp.  679—590;  read  June  1870.] 

.In  the  course  of  an  invesHgation  concerning  the  potential  function 
which  is  subject  to  conditions  at  the  siirface  of  a  sphere  which  vary  dis- 
contimiously  in  passing  from  one  hemisphere  to  the  other,  it  became 
nece^jsary  to  kuow  the  values  of  the  integral 

f  QnQ^  df^ 

.0 

Qn,  Qn  being  Liplace's  coefficients  of  the  orden  n,  n'  respectively.  The 
expression  for  Qn  in  terms  of  ft  ia 

_1.:K5...(2«-1)|       j^Cn-l)  n(«-l)(n-2^^^^^  1 

but  the  multii^cation  of  two  such  aeries  together  and  subsequent  inte- 
gration with  respect  to  wonld  be  very  labovioos  ev«i  for  moderate  values 
of  n  and  n'. 

By  the  following  method  the  values  of  the  integrals  in  question  may 
be  obtained  without  much  trouble.  According  to  the  definition  of  the 
functions  Q, 

j=i==  =  1  +     +  0.^ +    +  ... 
vl  -f  s*  — 

so  that 
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which  BhowB  that  f  QnQifd/i  u  the  coeffident  of         in  the  expansion 

Jo 

of  the  integral  on  the  left  in  powers  of  e  and  e. 

[1898 — By  effecting  the  integration  and  expansion  of  the  result  certain 
properties  were  established,  of  which  the  most  iuterestiug  is  perhaps  the 
equation 

The  method  however  is  eumbrous  and  is  superseded  by  that  of  Todhunter 
{Proc.  Roy.  Soc.  vol.  xxiii.  p.  300,  IS?')),  who  remarked  that  general  results 
are  readily  obtained  from  the  differential  t^-ipiation  satisfied  by  Legendre's 
functions  on  integration  by  parts.  From  the  well-known  results  applicable 
to  the  complete  sphere  it  is  easily  seen  that  the  integral  vanishes  when 
n,  »'  are  both  odd  or  both  even,  exoeptiou  being  made  ot  the  oaae  where 
n'  and  it  are  equal.  For  the  remaiiiiiig  case  when  one  suffix  is  odd  and 
the  othor  evm,  Todhunter  obtains 

12m  (2f»  +  1)  -  (2n  -  1)  2n]  (^„_i 

3.5...(2to-1)  1 . 3 . 5     (2n^  1) 
^         2.4.6...2in  2.4.6...(2»-2)' 

Substituting  m»  m  + 1  in  sncoession  for  m  we  find 

As  an  application  of  some  of  the  results  of  this  investigation  I  will  take 
the  following  physical  problem.   A  spherical  ball  of  uniform  material  is 

exposed  to  the  radiation  from  infinitely  distant  surrounding  objects.  It 
is  required  to  find  the  stationary  condition.  For  the  .sake  of  simplicity,  the 
surface  of  the  sphere  will  l)p  suppjs«Mi  to  be  perfectly  black,  that  is,  to 
absorb  all  the  nviiant  heat  that  falls  np)n  it,  and  Newton's  law  of  cooling 
will  be  employed,  at  least  provisionally. 

If  V  denote  the  temperature,  it  is  to  be  determined  by  the  equations 

W*^*i^)^=''  -<^) 

*^J.'  =  >(i;)-Ar,  (B) 

where  F{E)  is  a  function  of  the  position  of  th.  point  E  on  the  surface,  and 
denotes  the  heat  received  per  unit  area  at  that  point,  k  is  the  condu<"tivity, 
and  h  the  coefficient  of  mdiation.  £<)uation  (A)  is  to  be  satisfied  throughout 
the  interior  and  (B)  over  the  surface  of  the  sphere. 
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If  F  be  expanded  in  Laplaoe's  8«ie8, 

V^S,^S,^-  +  8,^,+  ... ;  '1(^1  +  2S,+  as.  +  ...); 

end  if 

be  the  expansion  of  F  in  a  similixr  series  of  surface  harmonics,  we  obtain,  on 
substituting  in  (B)  and  equating  to  zero  the  terms  of  auy  order, 

The  mean  temperature  S„  is  seen  to  be  independent  of  the  conductivity 

and  of  the  size  of  the  sphere. 

The  case  where  the  ht  at  which  falls  on  the  sphere  proceeds  from  a  siiit^Ie 
radiant- point  is  not  only  important  in  itself,  hut  may  be  made  the  tuuudatiou 
of  the  general  eolntimi  in  virtue  of  the  principle  of  superposition.  Taking 
the  axis  in  the  diractioD  of  the  TBdiant>point^  we  have 

F{E)  =  f, 

over  the  positive  hemisphere,  that  is,  from  ^  —  0  to  ^  =  ^tt  ,  while  over  the 
native  hemisphexe  F(E)»0,  It  is  required  to  expand  J*  in  a  aeiies 
of  q^erical  hannomc& 

Let  +  /•  then  /  is  a  ftinction  <^     which  is  equal  to  ^  ow 

the  positive  hemisphere  and  to  —  over  the  native.  The  problem 
therefore  reduces  itself  to  the  expression  of  over  the  positive  hemisphere 
in  a  series  of  functions  Q  of  fivet}  ordtr.  The  same  series  will  then  give  —  4/* 
over  the  negative  hemisphere. 


Multiplying  by  Q»,  and  integrating  with  respect  to  fi  from  /«  «  0  to  1, 
all  the  other  terms  on  the  r^ht  vanishing. 


QiQtn  du  =  ooeffident  of     in  the  expaonon  of  4        ,  — - 

,  ,^1.1.3.5...(2n-3) 


2.4.6  ...(2»  + 2)  • 
or 

4n+  1  1  .  1  .3  ...  (2n  -  3) 


il»  =  -  (-  1)" 


2     2. 4. 6. ..(2a +2)' 
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Aeoorduigly 

When  n  is  great  the  coefficient  of      iqtprozimateB  to  ^  

This  completes  the  solution  for  a  sphere  exposed  to  the  radiatiou  from 
an  infinitely  distant  source  of  heat  situated  over  the  point  fi=\. 

If  its  coordinates  are  fi\  4'*  necessary  to  replace  /t  in  ^  by 

008  ^  cos  ^  •(■  sin  0  sin   COB    -  ^'X 

Hence  if  JET  denote  the  intensity  <tf  the  radiation  which  comes  in  dUrteliim 
fi,\  ^\  the  general  value  of  is 

ft-      I  4nt-l  T.I.3.5...(2ii-3) 

X  j  j  // cos  ^  +  sin  Q  sin  <^  cus  (0  -  0'))  d/*'d</>', 

the  inte^mtion  going  vXL  round  the  sphere. 

Now  (4n  +  I)  I  j  H      dfj.' d4>'  is  the  siuuo  as  4i-nU^,  where         is  the 

harmonic  element  of  U  of  order  2a;  so  that 

<        '    ....  1  l-8  »(2n~3)  2ir£r^ 

^    ^  2.4.6...(2n+2)rf2n&/a' 

O  1/        C  2ir         „        a  ^  rr         r»  _  IT  rr 

»FD  *F?) 

It  is  remarkable  that  the  odd  terms  in  H  (except  Hi)  are  altogether 
without  iiilluence.  The  reason  is  simply  that  they  do  not  aifect  the  total 
heat  falling  uii  any  point  of  the  surface. 

For  this  is  e^qpreased  by 

J  i>j  n 

the  point  considered  being  taken  as  pole  of  fi,  which  involves  no  loss  of 

generality. 

Now  (Thomson  and  Tait,  Ch.      Appendix  B) 

ffn  »'S  (ilfCos  «^  -f  ii^sin  s^)^.*. 
where  0/  is  a  function  of  f/k  not  containing  ^ 
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When  the  integration  with  respect  to  ^  Ls  effected,  all  the  terms  will 
vanish  except  that  whose  coefficient  ie  A^.  For  this  purpose,  thwefore, 
we  may  take 

Hn  =  A.B„'  or  A^'Qn, 
and  we  know  that  [  fiQ^d/t  vanishes  if  n  he  odd  and  diffiarent  from  unity* 

JO 

The  same  thing  is  true  for  ;in  ellipsoid  nv  body  of  any  figure  whirh  lies 
altogether  on  one  side  of  every  tangent  plane,  namely,  that  the  terms  of  odd 
order  in  H  (except  oue)  are  wholly  without  influence  on  it,  and  for  the 
same  reason. 

We  saw  that  in  the  cnso  of  a  sphere  the  mean  temperature  was  inde- 
pendent of  the  conductivity,  and  also  of  the  size  of  the  sphere  ;  but  tliis 
depends  on  Newton's  law  of  cooling.  A  compariiton,  however,  may  be  made 
whidi  shall  hold  good  whatever  he  the  law  of  variation  of  radiati<m  with 
temperatara ;  fiir  if  the  oomducting^power  of  any  uniform  hody  (which  need 
not  he  oval)  be  increased  in  the  same  proportion  as  it.s  linear  dimensions, 
a  corresponding  distribution  of  temperature  will  satisfy  all  the  conditions. 
Conclusions  of  interest  from  a  physical  point  of  view  may  be  deduced  from 
the  foregoing  considerations,  but  I  refrain  from  pursuing  the  subject  at 
present,  as  the  pliysical  problem  was  only  hrooght  ferwacd  in  iUustratitm 
of  the  mathematical  results  developed  in  tiiis  paper. 

•  The  proof  n'lvcn  is  RufTicicnt  for  t\w  nbjpct  in  view;  but  it  may  be  well  to  notice  thnt 
the  esiiential  thing  is  that  the  two  Burfftoe  barinouios  which  aro  multiplied  together  are  either 
helii  odd  or  boCh  ofon.  A  hormonfo  of  oven  ordor  bM  idmti«d  tcIom  at  eppo»ito  iMinta  of  tin 
spherp,  and  one  of  odd  order  has  contrary  valn'H,  The  pro<luct  of  two  Isanimtiitia  which  are 
either  both  even  or  both  odd  baa  therefore  the  eatue  value  wheo  int«grated  over  anj  portion  of 
tiM  •pbefe,  or  ovor  what  nu^  bo  odkd  the  oppodl*  portion,  or  m  •  iwrtianlar  «m«  ant  two 
oppoaite  hemi8]ihereR.  The  la^t  two  intourals  arc  the  halves  of  the  intagnl  OfW  tilt  whole 
^htte,  which  vaniahea  by  a  well-known  property  of  theae  functiona. 
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REMARKS  ON  A  PAPER  BT  DR  SONDHAUS& 

[PhU.  Mag.  XL.  pp.  211—217,  1870.] 

Ik  Nue.  5  and  6  of  PoggendorflTs  Armalen  for  this  year  there  it  a  paper 
by  Dr  Sondhaues  *'0d  the  Tones  of  Heated  T^bes  and  Ajirial  Yibrationa 
in  Pipes  of  various  forms"  in  which  arc  given  formuke  of  considerable 

generality  embodying  the  results  of  original  and  other  experiments.  Many 
yeai-s  ago*  Dr  Sondhauss  had  invt  stic^nted  the  influence  of  the  size  and 
form  of  flask-  or  buttie-shaped  vessels  on  the  pitch  of  the  sounds  produced 
when  a  stream  of  air  is  blown  across  their  mouth,  and  had  obtained  as 
an  empirical  formula  for  flasks  with  rather  long  cylindrieal  nedcB, 


where  n  is  the  number  of  vibrations  per  second,  a  the  area  of  the  section  of 
the  neck  whose  length  is  L,  and  S  the  volume  of  the  body  of  the  flask. 
(7  is  a  constant  determined  by  the  experiments.  On  the  other  hand,  whoi  L 
is  very  small  compared  with  the  diameter  ot  the  neck,  which  then  becomes  a 
mere  hole, 


In  the  paper  now  under  discussion  it  is  sought  to  till  up  the  gap,  as 
it  were,  and  the  following  formula  is  arrived  at  as  applicable  for  all  pro> 
portions  of  L  and  «*,  

mr,  as  I  prefer  to  write  it. 


,(L) 


*  Pogg.  Ann.  Tol.  luzi. 
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in  which  a  -  velocity  of  suiuid,  c  is  a  constant,  of  which  Dr  Sondhauss 
sa^s  that  it  relates  to  the  change  in  the  velocit)r  of  sound  in  closed  spaces 
fnm  wliidi  the  ■onnd-wMret  lunre  only  »  reatrietod  «it ;  and  it»  value, 
as  found  from  the  experiments,  is  approximately  2*8247. 


In  (VII.).  if  <r  be  snoall, 


IC  on  the  oontiary,  L  be  very  small. 
If  in  (VII.)  we  fiirther  put  5-0, 

a  result  which  Dr  8ondhauss  applies  to  cylindrical  tubes  closfd  at  one 
end.  This  being  admitted,  it  readily  follows  that  for  a  pipe  open  at 
both  ends,   

An  octenrion  is  next  made  to  the  case  of  more  than  one  neck,  bnt  it 
will  not  he  neoeeiary  for  my  purpose  to  repeat  the  formnhe.   A  few  days 

before  I  saw  Dr  Sondhauss's  work  I  had  myself  completed  a  paper  on 
a  similar  subject,  which  has  since  been  sent  to  the  Royal  Society*.  The 
formula;  there  given  were  in  the  first  instance  obtained  theoretically,  though 
some  of  them  were  afterwards  verified  by  a  rather  laborious  series  of  experi- 
ments. But  on  the  present  occasion  I  shall  leave  the  theory  on  one  side, 
and  wish  only  to  diseoss  some  di£forences  between  the  results  of  Dr  Sondhanss 
and  my  own,  r^puded  Irom  an  experimental  point  of  view.  The  rational 
formula  oorresponding  to  (VII.)  is 

where,  however,  jS  has  not  quite  the  same  meaning  as  with  Dr  Sondhauss, 
but  includes  the  volume  of  about  half  the  neck,  and  is  therefore  nearly 
identical  with  the  {S+Lvfe)  of  (Tn.>  On  this  understanding  (VIL) 
may  be  written 

«   (VIL) 

60988  iS»Vr+^ 

[•  PMi.  ZVam.  for  18T1(  Art.  6  of  thii  MllMtfoii.l 
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while  (A)  eaqmsaed  in  numben  ia 

_     a   or*   ... 

If  ^  be  veiy  small  againsfc  X, 


But  if  £  be  very  smftll, 

6-0988  5*' 

The  rational  formnla  (C)  was  first  given  by  Hdmhdta  in  his  admirable 
paper  in  Crelle.  on  Vibrationfl  in  Open  Pipes :  it  is  only  strictly  applicable  to 
openings  of  ciroular  fonn.  The  difference  between  (A)  and  (VIL)  is  never 
very  great,  being  on  one  side  when  L  is  small,  and  on  the  other  when  L  is 
lar^^e,  and  accordingly  vanishing  for  some  intermediate  value.  The  greatest 
dirterence  is  shown  in  (V'lII.)  and  (B)  when  L  is  very  large.  I  therefore 
consider  Dr  Sondhauss's  opinion  and  anticipation  to  be  in  the  main  juHtified 
by  my  investigation,  when  he  says,  **I  remark  that  I  regard  the  formula 
(VIL)... not  merely  as  an  empirical  fiwmula  useful  Ibr  interpdation,  but 
am  convinced  that  it  forms  the  theoretical  expression  of  a  natural  law. 
From  the  zeal  with  which  the  Held  of  mathematical  physics  is  now  cultivated, 
we  may  expt  cl  thiit  the  laws  wliich  I  have  discovered  e.vperimentally  will 
soon  be  proved  by  aualysia '  But  I  must  ubserve  that  (A)  is  only  true 
subject  to  a  soies  of  limitations,  which  Dr  SondhausB  seems  scarcely,  if 
at  all,  to  have  contemplated.  All  the  dimensions  of  the  vessel  (with  a 
partial  exception  of  the  length  of  the  neck)  must  be  small  compared  with 
the  quarter  wave-length,  and  the  diameter  uf  the  neck  must  be  small  against 
the  linear  dimension  of  the  bcnly  of  the  vessel.  The  latter  coiulition  excludes 
the  case  of  S  small  ur  nothing,  to  vNhich  Dr  .Sundhuuss  pushes  the  applicutiun 
of  his  formula.  But  there  w  a  rational  formula  proper  f'>r  closed  cylindrical 
tubes,  as  has  been  proved  by  Helmholts  in  his  paper  on  open  pipes,  to  which 
Dr  Sondhauss  refers,  but  apparentiy  without  availing  himself  of  tiie  results. 
It  runs, 

""4(r+iVT.a»)  

but  is  (iiily  strictly  true  when  a*  is  small  agjiinst  L.  Although  I  am  of 
opinion  that  (A)  <uid  {D)  and  the  transition  between  them  caimot  be 


Digitized  by  Google 


REMARKS  ON  ▲  PAPER  BT  OR  SONDHAU88. 


29 


comprehetiHed  in  the  samo  theoretical  investigation,  yet  it  is  MSy  to  adjust 
(A)  so  as  algebraically  to  include  (D).  Thus 

a  «* 


beoomes,  when  8  (which  now  refers  to  the  volume  of  the  body  only)  is 
put  equal  to  aero^ 

_«   l_       _         a  .j^v 

*  ^L(L + K» ,  «*) " 4 (X  +  l^ir . oi) 

supposing  the  oonditioD  fulfilled  as  to  the  relative  magnitudes  of  L  and  a*. 
Now  this  form  of  (A)  is  perfectly  legitimate,  the  value  of  4/ir*  being  '405. 
In  the  formula  (VII  )  -405  is  replaced  by  1/c  or  -430. 

But  Dr  iSondliaiKss  will  luitnrally  point  to  the  comparison  of  (X  )  with 
the  experiuieuts  of  Wertheiui,  which  he  justly  reganls  as  very  siitisfiictory. 
I  have  examined  the  series  of  twenty-two  experiments  with  <7lindrical  tubes 
ct  circular  form  dosed  at  one  end,  and  have  calculated  for  comparison 
the  results  of  (D).  It  will  be  seen  from  the  annexed  Table  that,  good 
as  is  the  agreement  of  the  observations  with  (X  ),  it  is  still  better  (on  the 
whole)  with  (D).  Indeed  I  tnnst  confi  ss  thnt  the  dit^Vn-nces  in  some  eiuses, 
where  is  by  no  means  small  compared  with  L,  are  much  less  than  I 
should  have  expected. 


mm./aM.] 

L 

[ia  mm.]. 

Disiueter 
[in  mm.  J. 

n,  obstTved  by 

Wertii«im. 

Uf  ealeolatfld 
bgr  HomdhaiiM 
Ikom  (Z.). 

n,  oaloulated 
tnr  me  from 
P). 

8S71 

785 

80 

108>4 

109-9 

108-2 

S896 

600 

168-0 

15»6 

160-7 

841S 

S5o 

8194 

919*4 

990*8 

sm 

880 

S79-4 

96»8 

970*6 

8418 

167 

440-4 

461-8 

468*6 

841S 

1000 

60 

H3-3 

83-1 

83-8 

3418 

640 

128 

128-8 

128-8 

340 

287 

233-7 

235 

3413 

1000 

48 

84 

HJ-6 

83-8 

SOT 

8M 

234-4 

2813 

232-3 

25 

288-8 

237-4 

•238-1 

20 

239-7 

288*8 

•23'.l-3 

11 

241-5 

241-5 

•241-8 

5 

243-8 

243  3 

243-4 

88»0 

206 

68 

372- 1 

361-8 

364-2 

116 

4G-5 

C40 

6-27-6 

6310 

•••••• 

208 

48-6 

876-6 

374-2 

876-4 

8471 

487 

ioo 

164«9 

152-6 

168*6 

Ui'i 

S74>1 

2711 

960*» 

Ml-T 

416*9 

466*0 

48»4 

S890 

805 

96 

S70>1 

908*8 

909-S 

600 

90 

166-6 

108*8 

The  foregoing  Table  shows  that  although  (X.)  represMits  Wertheim's 
observations  with  considerable  accuracy,  yet  Hdmholti's  rational  formula 
(D)  is  on  all  grounds  to  be  preferred. 


so 
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Dr  Soiuihanss  oxprpsses  himself  stnmjrly  ;is  to  the  difficulty  which  existH 
in  deterniiiiiiig  atcui ;itely  the  pitch  of  the  very  uncertain  sound  produced 
by  tubes  whose  diameter  is  not  small  compared  with  their  length,  an 
opinion  wluch  I  entirelj  atmre.  It  is  indeed  difficult  to  uaderstaDd  how 
Wertheiin  obtained  resaitt  of  each  precisioa.  But  I  cannot  agree  with 
Dr  Sondhttuee  when  he  goes  on  to  say  that  resooanoe  is  not  a  sure  guide  in 
determiriii^x  accurately  the  pitch  of  a  pipo;  for  it  was  by  this  method 
excluBivcly  tliat  the  (Icterminations  recorded  in  my  paper  were  made.  I 
have  there  g^ivi  ii  at  length  niy  rea.sons  for  adtipting  it,  and  for  doubting 
the  results  of  the  method  of  blowing,  although  such  experiuieuts  as  those 
of  Wertheitu  go  to  show  d  potiericn  that  in  his  hands  at  least  it  was  not 
unwcurthy  of  dependence. 

Other  ezporimaits  of  Wertheim  are  calculated  from  formula  (IX.)  and 
show  a  tolerable  agreement.  The  difference  between  (IX.)  and  Helmholtz's 
theoretical  formula  (C)  relates  only  to  a  constant  multiplier,  and  corresponda 

to  a  differeiiee  of  pitch  of  about  a  quarter  of  a  semitone.  The  di.scordaiices 
are  attributed  (no  <loubt  correctly)  to  the  unsuitable  form  of  some  of  the 
vessels,  and  consequent  imperfect  fulfilment  of  the  theoretical  coudition 
to  which  (C)  is  subject. 

We  come  next  to  vessebi  in  the  form  of  flasks  with  a  cylindrical  neck  of 
sensible  length.  Dr  Sbndhauas  gives  a  Table  containing  the  results  of  a 
comparison  of  (YII.)  with  some  experiments  of  his  own.  The  average 
disconlance  amounts  to  about  a  semitone.  Although  it  was  evident  before- 
hand that  in  most  crises  the  limitations  on  formula  (A)  were  grossly  violated, 
I  thought  it  worth  while  to  calculate  in  accordance  with  (A)  the  theoretical 
pitch,  and  have  given  the  results  in  the  form  of  a  Table : — 


No.  of 

«. 

Shape  of 
vmmI. 

8,  in 

cubic 
oentims. 

L,  in 
miiUnw. 

Diam.,  in 
millina.  i 

\»teA  from 
(VU.). 

la  ted  from 
(A). 

1. 

841960 

SplMM. 

171 

60 

S-6  1 

ail's 

94S-9 

931*5 

9. 

60-9 

19 

19*5 

480-5 

464'6 

458-5 

8. 

10-7 

15 

10 

966-5 

969 

970 

4. 

97-7 

18 

9 

287-3 

811-2 

809-9 

S. 

66-2 

175 

11-6 

143-7 

155-2 

158-8 

6. 



117-8 

183 

18 

170-9 

170-4 

178-6 

7. 

Octagon. 

654-5 

193 

26-5 

114 

106-7 

107-8 

8. 

Sphere. 

76-8 

118 

20-5 

285-6 

806-1 

i 

Cvlinder. 

117-8 

15 

574-7 

589-5 

600-2 

'  10. 

132-4 

44 

27 

42'.i-2 

441-4 

11. 

342740 

Sphere. 

923 

205 

25 

K5-4 

m-2* 

83-7 

t  la. 

344210 

Cyliader. 

8920 

30 

36 

7til 

76-6 

76-6 

1  18. 

84iaeo 

178 

160 

IS-5 

l.Vi  2 

155-8 

159  1 

14. 

844S10 

1-09 

11 

S 

812-7 

842-6 

895-4 

IS. 

•80 

S'S 

19SS 

1909 

! 

*  Th«  nmlt  of  lb*  ffamrab  (711.)  oagfA  widMillj  hm  to  b*  ftnalv  tiuw  tint  of  (A).  On  • 
nadmktioB  I  find  55-9  ittM  of  85'9. 
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All  the  columns  except  the  last  are  copied  from  Dr  Sondhauss's  paper. 
It  will  be  found  that  the  obeervations  are  bettor  represented  by  (V- II.)  than 
by  (A);  but  it  must  be  remembned  that  (VIL)  oontains  an  arfaitmy 

constant,  c,  which  sets  nearly  as  a  constant  multiplier,  although,  if  I  under- 
stand Dr  Sondhauss  aright,  its  value  was  not  determined  from  this  series  of 
experiments.  However  this  may  lx>,  it  is  certain  that  nearly  all  the  values 
of  n  calculated  frum  (A)  are  too  great.  The  fact  is  that  (A)  is  scarcely 
applicable  to  the  experiments  at  all.  In  cnljr  five  cases  is  the  ratio  of 
the  diameter  <ii  the  neck  to  the  dimension  of  the  vessel  even  tolerably 
small.  These  are  1,  4,  11,  12,  14;  but  in  1,  on  account  of  the  extremely 
small  diameter  of  the  neck  and  its  considerable  length,  the  influence  of 
friction  is  pi  obably  sensible ;  and  its  elTcct  would  be  to  lower  the  pitch. 
The  body  in  4  is  cylindrical,  and  perhaps  too  long  in  proportion  to  the 
quarter  wave-length.  In  11,  12,  and  14  the  agreement  is  sufficiently  good. 
I  consider  accordingly  that  there  is  no  evidence  in  the  Table  unbvourable  to- 
fotmub  (A),  supposed  to  be  stated  with  the  proper  restriction&  In  my 
own  experiments,  made  by  the  method  of  resonance,  I  found  a  very  good 
agreement  between  the  directly  observed  and  the  calculated  pitch,  the 
average  error  being  under  a  quarter  of  a  semitone.  Even  with  formula 
(VII.)  as  the  basis  of  calculation  there  would  be  a  fair  agreement,  certainly 
better  than  is  the  case  wttii  Dr  Sondhams's  own  experiments.  The  difference 
between  (VIL)  and  (A)  is»  as  I  have  abeady  reroiu^ed,  comparatively  small, 
and  could  only  be  certainly  distinguished  under  favourable  eircumstance& 
Not  finding  the  necessary  data  in  Dr  Sondhauss's  paper,  I  venture  to  quote 
some  experiments?  from  the  paper  on  Resonance.  There  are  seven  obser- 
vations in  which  the  necks  were  suthciently  long  to  bring  out  the  difterence 
between  the  formulae,  being  mure  than  four  times  the  diuuietcr.  It  will  be 
seen  that  the  alteration  is  in  every  case  for  the  worse  if  the  formula  (VIL) 
is  substituted  for  (A). 


n,  calonlated 
from  (A). 

n,  rakwitotoii 
ttpproi.  tnm 

(vn.). 

ltT-7 

iti 

ice-7 

110 

ISD 

vtrt 

184 

S98 

S8S*7 

MO 

9M 

MI'S 

W 

189 

186-8 

IW 

884 

891-6 

400 

These  experiments  seem  tu  decide  the  question ;  but  it  would  be  in- 
teresting to  see  if  Dr  Sondhauss  obtained  a  similar  result  by  the  method  of 
blowing.  The  difierrace,  amounting  in  (VIII.)  and  (B)  to  half  a  semitone, 
is  fiur  greater  than  any  error  to  be  feared  in  the  measurement  of  pilch  or  of 
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the  dimensions  of  the  vessel,  and  ought  therefore  to  give  a  sufficient  handle 
to  decide  between  the  furmulee,  if  proper  atteution  is  given  to  the  choice 
of  a  suitable  lesooator.  In  the  foregoing  remarks  I  have  naturally  dwelt 
most  <m  my  differenoes  with  Dr  Sondhauas ;  but  I  should  be  tony  to  have  it 
Bappoeed  that  I  write  in  a  hostile  spirit,  or  do  not  teoognize  the  daims 
of  one  to  whom  the  science  of  acousticB  is  so  laigely  indebted. 


PottgeripL 

I  have  hincc  ealrulated  the  results  of  the  exj)erinient.s  of  Wertheini  on 
pipes  open  at  both  ends,  and  find  that  in  this  case  also  the  rational  formula 

(* "  4(p^ IwD))  "'P*®*  best  with  the  observations : — 


a. 

L. 

D. 

n,  observed 
hf  Wwtlwini. 

n,  oalcnlated  bjr 

DlJWlf. 

3371 

TH.-, 

80 

202-») 

197-6 

[19H-81 

3395 

oOO 

3069 

299.6 

301-5 

S413 

355 

418-3 

406-8 

406-4 

»71 

880 

518-0 

480-4 

491-7 

8416 

187 

888^ 

780-8 

777-8 

8418 

1000 

80 

164-8 

188-8 

188H> 

8418 

640 

a51-0 

847-8 

848-8 

840 

450-7 

486-8 

441-8 

3413 

1000 

48 

165-6 

163-8 

164-5 

3427 

850 

452-3 

430  1 

4420 

8418 

1000 

25 

167-6 

1670 

167-4 

•20 

168-2 

1677 

168-0 

•«*•«■ 

11 

169-1 

169-2 

5 

170-0 

inii  :i 

l()9-9 

8880 

(KM> 

30 

182-5 

lKl-8 

182  3 

307 

21 

626-7 

621-2 

524-0 

541-6 

20 

80C-2 

8a"l-2 

804-3 

392 

419-6 

413-1 

415-7 

676 

88 

210-6 

239- 1 

240-1 

848 

458-8 

451-8 

454-6 
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ON  THE  THBORY  OF  RESONANCE. 

[FhiL  Travg.  CLXi.  pp.  77—118;  Kead  Nov.  Ib70.»j 

Introduction. 

Axamofoea  the  theoiy  of  aerial  vibfati<»a  has  been  treated  Ij  mora 
than  one  generation  of  mathematieians  and  ezperinienten»  eompamtiTely 
little  has  been  done  towaida  obtaining  a  dear  view  of  what  goes  on  in 
any  but  the  more  simple  cases.  The  extreme  difficulty  of  anything  like  a 
general  deductive  inveHtigatiun  of  the  question  is  no  doubt  one  reason. 
On  the  other  hand,  experimenters  on  this,  a»  on  other  subjects,  have  too 
often  observed  and  measured  blindly  without  taking  sufficient  care  to  simplify 
the  oonditions  of  their  experimoits,  so  ss  to  attack  as  few  difficulties  as 
poaaible  at  a  time.  The  result  has  been  vast  aocumuladims  of  isolated 
&ct8  and  measurements  which  lie  as  a  sort  of  dead  weight  on  the  scinitifio 
stomach,  and  which  must  remain  undigested  until  theory  supplies  a  more 
powerful  solvent  than  any  now  at  our  conimantl.  The  motion  of  the  air 
in  cylindrical  organ-pipes  was  successfully  investigated  by  Bernoulli  and 
Enler,  at  least  in  its  msin  features;  but  their  treatment  of  the  question 
of  the  open  pipe  was  incomplete,  or  even  erroneous,  on  account  of  the 
assumption  that  at  the  open  end  the  air  remains  of  invariable  density 
during  the  vibration.  Although  attacked  by  many  others,  this  difficulty 
was  not  finally  overcome  until  Helmholtz"t",  in  a  paper  which  I  shall  have 
repeated  occasion  to  refer  to,  gave  a  solution  of  the  problem  under  certain 
restrictions,  free  from  any  arbitrary  assumptions  as  to  what  takes  place 
at  the  open  end.   Poisson  and  Stokes  |  have  solved  the  problem  of  the 

*  AdditioDi  made  aaoe  tba  paper  waa  &ni  aent  to  (be  Bojal  Society  are  tneloeed  in  aqnaM 
bnwksia  (  \ 

t  Theorie  der  Luftsdiwingungen  in  Riihren  niit  OiIbmb  Bntal.   OMlc,  USOk 
t  Phil.  Tratu.  1868.  or  PMl.  Mag.  Dec.  1868. 
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vibrations  communicated  to  an  infinite  mass  of  air  from  the  surface  of 
a  sphere  or  circular  cylinder.  The  solution  for  the  sphere  is  very  instructive, 
because  the  vibrations  outside  any  imaj^nary  sphere  enclosing  vibrating 
bodies  of  any  kind  may  be  supposed  to  take  their  rise  in  the  surface  of 
the  sphere  itoelC 

More  important  in  its  relation  to  the  subject  of  the  present  paper 
IB  an  investigation  by  HelmholU  of  the  ur-vilnationB  in  eavenmu  qpaoes 
(JSroUroOmtf),  whose  three  dimensUms  are  veiy  email  compared  to  the  «ave> 

length,  and  which  communicate  with  the  external  atmoaphwe  by  small 
holes  in  their  stirface?.  If  the  opening  be  circular  of  area  tr,  and  if  .S'  denote 
the  volume,  n  the  number  of  vibrations  per  second  in  the  fundamental  note, 
and  a  the  velocity  of  sound, 

Heiinholtz's  theory  is  also  applicable  when  there  are  more  openings  than 

one  in  the  side  of  the  vessel. 

In  the  present  paper  I  have  attempted  to  give  the  theorj'  of  vibrations 
of  this  sort  in  a  more  general  form.  The  extension  to  the  case  where  the 
eammunication  with  the  extenial  air  is  no  longer  by  a  mere  hole  in  the 
aide,  bnt  hy  a  neck  of  greater  or  Icbb  length,  is  important^  not  onlj  because 
resonators  with  necks  are  frequently  used  in  practice,  bat  also  by  reason  of 
the  fact  that  the  theory  itself  is  applicable  within  wider  limits.  The 
mathematical  reasoning  i.s  very  different  from  that  of  Helmholtz,  at  least  in 
form,  and  will  I  hope  be  found  easier.  In  order  to  assist  those  who  may 
wish  only  for  dear  general  ideas  on  die  subject,  I  have  broken  up  the 
inTeBtigati<m  as  much  as  possible  into  distinct  problems,  the  results  of  which 
may  in  many  cases  be  taken  fer  granted  withoat  the  rest  becoming  un- 
intelligible. In  Part  I.  my  object  has  been  to  put  what  may  be  called 
the  dynamical  part  of  the  siibject  in  a  clear  light,  deferring  as  much  as 
possible  special  matheinatioal  calculations.  In  the  first  place,  I  have  con- 
sidered the  general  theory  of  resonance  for  air-spaces  confined  nearly  all 
round  by  rigid  walls,  and  oommumoatiQg' with  the  external  air  by  any 
number  of  passages  which  may  be  of  tiie  nature  of  necks  or  merely  holes, 
under  the  limitati<m  that  both  the  length  of  the  necks  and  the  dimensions 
of  the  vessel  are  very  small  compared  to  the  wave-length.  To  prevent 
misapprehension,  I  ought  to  say  that  the  theory  applies  only  to  the  funda- 
mental note  of  the  resonators,  for  the  vibrations  corresponding  to  the 
overtones  are  of  an  altogether  different  character.  There  are,  however,  cases 
of  multiple  resonance  to  which  our  theory  is  applicable.  These  occur  when 
two  or  more  vessels  cmnmunicate  with  each  other  and  with  the  external 
air  by  necks  or  otherwise;  and  are  easily  treated  by  Lagrange's  general 
dynamical  method,  subject  to  a  restrictioo  as  to  the  relative  magnitudes 
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of  the  wave-lengths  and  the  dimensions  of  the  tjrtteni  corresponding  to  that 
stated  above  for  a  single  vessel.  I  am  not  aware  whether  this  kind  of 
refionanco  has  been  investigated  before,  either  mathematically  or  experi- 
mentally. Lastly,  I  have  sketched  a  >>olution  of  the  problem  of  the  open 
oigan-pipe  on  the  same  general  plan,  which  may  be  aooeptable  to  those 
who  «ie  not  Mqnainted  with  Helmholt^s  most  valiuible  paper.  The  method 
here  adopted,  thon^  it  leads  to  leeolts  ossentially  the  same  as  his,  is  I 
think  more  calculated  to  give  an  insight  into  the  real  nature  of  the  queslaon, 
and  at  the  s:ame  time  presents  fewer  mathematical  difficultiea.  Por  a 
discussion  of  the  solution,  however,  I  must  refer  to  Helmholtz. 

In  Fart  IL  the  eabolation  of  a  certain  quantity  depending  on  the  form 

of  the  necks  of  common  resonators,  and  involved  in  the  results  of  Part  I.,  is 
entered  upon.  This  quantity,  denote<l  by  c,  is  o(  the  nature  of  a  length, 
and  is  identical  with  what  would  be  oil  led  in  the  theory  of  electricity 
the  deetrie  ctmduetimiif  of  the  passage,  supposed  to  he  occupied  by  uniformly 
conducting  matter.  The  question  is  accordingly  dmilar  to  that  of  deter- 
mining the  eleetrical  resistance  of  variously  shaped  conductors — an  analogy 
of  which  I  have  not  hesitated  to  avail  myself  freely  both  in  investigation 
and  statement.  Much  circumlociition  is  in  this  way  avoided  on  account 
of  the  greater  completeness  of  electrical  phra.seology.  Passing  over  the  case 
of  mere  holes,  which  has  been  already  considered  by  Helmholtz,  and  need 
not  be  dwelt  upon  here,  we  come  to  the  value  ci  ^e  renstanoe  for  necks 
in  the  form  oi  cucular  cylinders.  For  the  sake  of  simplieity  each  end  is 
supposed  to  bo  in  an  infinite  plane.  In  this  form  the  mathematical  problem 
is  definite,  but  has  not  been  solved  rigorously.  Two  limits,  however  (a 
higher  and  a  lower),  are  investigated,  between  which  it  is  proved  that  the 
true  resistance  must  lie.  The  lower  corresponds  to  a  correction  to  the 
length  of  the  tube  equal  to  ^ir  x  (radius)  for  each  ond.  It  is  a  remarkable 
cmncidenoe  that  Hdmholta  idso  finds  tba  same  quantity  as  an  approximate 
correetbn  to  the  length  of  an  oigan-pipe,  although  the  two  methods  are 
entirely  different  and  neither  of  them  rigorous.  His  consists  of  an  exact 
solution  of  the  problem  for  an  approximate  cylinder,  and  mine  of  an  approxi- 
mate solution  for  a  true  cylinder;  while  both  indicate  on  which  side  the 
truth  must  lie.  The  final  i-esult  for  a  cylinder  infinitely  long  is  that  the 
ooRectioo  lies  between  "TSS  B  and  -828  JR.  When  the  cylinder  is  finite, 
the  nippet  limit  is  rather  smaller.  In  a  somewhat  similar  manner  I  have 
investigated  limits  for  the  resistaoce  of  a  tube  of  revidution,  which  is  shown 
to  lie  between 

where  y  denotes  the  radius  of  the  tube  at  any  point  w  tkag  tiie  axis. 
Tfaeoe  fonnuln  apply  whatever  may  be  in  other  respects  the  form  of  the 
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tube,  but  are  especially  valuable  when  it  ia  so  nearly  cylindrical  that  dyfdx 
is  everywhere  small.  The  two  limits  are  then  very  near  each  other,  and 
eitlitT  of  them  gives  very  approximately  the  tnie  value.  The  resistance 
of  tubes,  which  are  either  not  of  revolution  or  are  not  nearly  straight,  is 
afterwards  approximately  determined.  The  only  experimental  remilts  bearing 
on  the  anbjeet  of  this  paper,  and  available  for  compariaon  with  theoiy*  that 
I  have  met  with  are  some  arrived  at  by  Sondhauss*  and  Wertheimf. 
Besides  tho.se  quoted  by  Helm  hoi  tz,  I  have  only  to  mention  a  series  of 
observations  by  Sondhaus.s*  on  the  pitch  of  tiasks  with  long  necks  which 
led  him  to  the  empirical  formula 

a,  L  being  the  area  and  length  of  the  neck,  and  S  the  volume  of  the  flask. 
The  corresponding  equation  derived  from  the  theory  of  the  present  paper  is 

whieh  ia  only  applicaUe,  howevo;  when  the  necks  are  so  long  that  the 
corrections  at  the  ends  may  be  neglected — a  condition  tiot  likely  to  be 
fultilled.  This  consideration  sufficiently  explains  the  discordance.  Being 
anxious  to  give  the  formula;  of  Parts  I.  and  II.  a  fair  trial,  I  investigateil 
experimenially  the  resonance  of  a  considerable  number  of  vessels  which 
were  of  such  a  form  that  the  theoretioal  pitch  could  be  calculated  with 
tolerable  aoearaisy.  The  reenlt  of  the  oompcuison  is  detailed  in  Fart  III., 
and  appears  on  the  whole  very  .satisfactory ;  but  it  is  not  neoesaary  that  I 
should  describe  it  more  minutely  here.  I  will  only  mention,  as  perhaps  a 
novelty,  that  the  experimental  dLtenninatiun  of  the  pitch  was  not  made 
by  causing  the  resonators  to  speak,  by  a  stream  uf  air  blown  over  their 
mouths.  The  grounds  of  my  djasatisftcticm  with  this  method  are  explained 
in  the  proper  place. 

[Since  this  paper  was  written  there  has  appeared  another  memoir  by 
Dr  Sondhauas§  on  the  subject  of  resonance.  An  empirical  formula  is 
obtained  bearing  resemblance  to  the  results  of  Parts  I.  and  IL,  and  agreeing 

fairly  well  with  observation.  No  attempt  is  made  to  connect  it  with  the 
fundamental  principles  of  mechanics.  In  the  PIn'losnpfn'ail  }f(i(ia:>iie  for 
September  1S7U  [Art.  IV.  above],  I  have  di.scuRsed  the  differences  between 
Dr  Sondhauss's  formula  and  my  own  from  the  experimental  side,  and  shall 
not  therefine  go  any  further  into  the  matter  on  the  present  occasion.] 

*  Fogg.  ^nn.  Tol>  uxzi. 
t  AwHolm  de  OhtmUt  vol.  mi. 
t  Fogg*  ^nn.  vol.  lzir. 
I  fofg.  Aim,  1870. 
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Fart  L 

The  daas  of  reaooatow  to  which  attention  will  chiefly  be  /riven  in  this 
paper  arc  those  where  a  mass  of  air  confined  almost  all  round  by  rigid  walls 
communiciitcs  with  the  external  atmosphere  bv  one  or  more  narrow  passages. 
For  the  present  it  may  be  supposed  that  the  boundary  of  the  principal  mass 
of  air  is  put  of  an  oval  surfiace,  nowhere  contracted  into  anything  like 
a  narrow  neek,  although  some  cases  not  ooming  under  this  desoription  will 
be  considered  later.  In  its  general  dMneter  the  fondamental  vibration  of 
such  an  air-space  is  sufficiently  simple,  consisting  of  a  periodical  nish  of 
air  through  the  narrow  channel  (if  there  is  only  one)  into  and  out  of  the 
confined  space,  which  mta  the  part  of  a  reservoir.  The  channel  spoken 
of  may  be  either  a  mere  hole  of  any  shape  in  the  Hide  of  the  vessel,  or 
may  consist  of  a  move  or  len  elongated  tnbe-Kke  passage. 

If  the  linear  dimension  of  the  reservoir  be  small  &i  compared  to  the 
wave-length  of  the  vihiaiion  orasidered,  or,  as  perhaps  it  ought  rather  to 
be  said,  the  quarter  wave-lengUi,  the  motion  is  remarkably  amenable  to 

de<luctive  treatment.  Vibration  in  general  may  be  considered  as  a  periodic 
tmnsformation  of  encrgj'  from  the  potential  to  the  kinetic,  and  from  the 
kinetic  to  the  potential  forms.  In  our  case  the  kinetic  energy  is  that  of 
the  air  in  the  neighbourhood  of  the  opening  as  it  rushes  backwards  or 
forwards.  It  may  be  easily  seen  that  relatively  to  this  the  energy  of  the 
motion  inside  the  reservoir  is,  under  the  restriction  specified,  very  small 
A  formal  proof  would  require  the  assistance  of  the  general  equataona  to  the 
motion  of  an  elastic  fluid,  whose  use  I  wish  to  avoid  in  this  paper.  Hore> 
fiver  the  motion  in  the  pas.sage  and  it.s  neighbourhood  will  not  differ  sensibly 
from  that  of  an  ineonipressiblc  thiid,  and  its  energy  will  depend  only  on  the 
rate  of  total  tlow  through  the  opening.  A  quarter  of  a  period  later  this 
energy  of  motion  will  be  completely  converted  into  the  potential  eneigy 
of  the  compressed  or  rarefied  air  inside  the  resorvoir.  So  soon  as  the 
mathematical  expressions  for  the  potential  and  kinetic  energies  are  known, 
the  determination  of  the  period  of  vibration  or  resonant  note  of  the  air-space 
presents  no  difficulty. 

The  motion  of  an  incompressible  frictionless  fluid  which  has  been  once  at 
rest  is  subject  to  the  same  formal  laws  as  those  which  regulate  the  flow 
of  heat  or  electricity  through  uniform  conductors,  and  depends  on  the 
properties  of  the  potential  function,  to  which  so  much  attentim  bas  of  late 
years  been  given.  la  ooosequence  of  this  analogy  many  of  the  results 
obtained  in  this  paper  are  of  as  much  interest  in  the  theory  of  electricity 
as  in  acoustics,  while,  on  the  other  hand,  known  modes  of  expression  in  the 
former  subject  will  save  dreumlocutiim  in  stating  some  of  the  results  of  the 
present  problem. 
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Let  /<o  be  the  density,  and  </>  the  velocity-potential  uf  the  iiuid  motion 
through  an  upeuiug.    The  kinetic  energy  or  vis  viva 


the  lutcgration  extending  over  the  volume  of  the  tluid  considered 
—     jj  <l>^d8t   by  Green's  theotem. 

Over  the  rigid  boundary  of  the  ojiening  or  passiige,  (l(f>'ffit  —  0,  sn  ih-.a  if 
the  portion  of  tiuid  considered  be  bounded  by  two  equipotential  aurfiiceH, 
^  and      one  on  each  aide  of  the  opening, 

if  Jt  denote  the  rate  of  total  flow  through  the  opening. 

At  a  aaflkiait  distance  on  eithw  aide  ^  becomea  oonatant,  and  tiie  rate 
of  total  flow  is  proportional  to  the  difiiarenoe  of  its  values  on  the  two  aides. 
We  may  tiierefbre  put 

where  c  is  a  hneiir  quantity  tieponding  on  the  size  and  .shape  of  the  opening, 
and  representing  in  the  electrical  interpretation  the  reciprocal  of  the  resistance 
to  the  passage  of  eleotricity  throngh  the  space  in  queation,  the  specific 
redatanoe  of  tlM  conduotiDg  matter  being  tak«i  fiw  unity.  The  same  thing 
may  be  otherwise  e^nes^ed  by  saying  that  c  is  the  side  of  a  cubob  whose 
reristanoe  between  qipoaite  faces  is  the'aame  as  that  of  the  opening. 

The  exproanion  tost  the  «w  vm»  in  tenns  of  the  rate  of  total  flow  ia 
accordingly 

VIS  mms-g  —  ...(1) 

If  jS'  be  the  capacity  of  the  resSTToir,  the  condensation  at  any  titue 
imdde  it  is  given  by  X/S,  of  which  the  mechanical  value  is 

4*.a*§*  (2) 

a  denoting,  as  throughout  the  paper,  the  velocity  of  sound. 

The  whole  energy  at  any  time,  both  actual  and  potential,  is  therefore 

2  0^2^*^  

and  is  constant.    Differeutiatiug  with  respect  to  time,  we  arrive  at 

^  +  f   (4) 
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as  the  equation  to  the  motion,  whioh  indieatea  simple  oaciUatioiis  per&trmed 
in  a  time 

Hence  if  n  denote  the  number  of  vibratious  per  second  iu  the  resonant 
note, 

The  wave>leiigth  X,  which  is  the  qnantitj  most  immediately  connected 
with  the  dimensioiis  of  the  vesoaant  q;iaoe,  is  given  by 

^-i-^Vii)  

A  law  of  Savart,  not  nearly  so  well  known  as  it  ought  to  be,  is  in  agree- 
ment with  equations  (5)  and  <6X  It  is  an  immediate  oonsequenoe  of  the 

principle  of  dynamical  similarity,  of  extreme  generality,  to  the  effect  that 
fntnilar  vibrating  bodieH,  whothpr  they  be  gaseous,  such  as  the  air  in  organ- 
pipes  or  in  the  resonators  here  considered,  or  solid,  such  as  tuning-forks, 
vibrate  iu  a  time  which  is  directly  an  their  linear  dimensions.  Of  coursG 
the  material  must  be  the  same  in  two  cases  that  are  to  be  compared,  and  the 
geometrical  similarity  must  be  complete,  eztmding  to  the  shape  of  the 
opening  as  well  as  to  the  other  parts  of  the  resonant  vessel  Although  the 
wavo-lepgth  X  is  a  fonctiaa  of  the  siie  and  .shape  of  the  resonator  only, 
n  or  the  position  of  the  note  in  the  musical  scale  depends  on  the  nature 
of  the  gas  with  which  the  resonator  is  tilled.  And  it  is  important  to  notice 
that  it  is  ou  the  nature  of  the  gas  in  and  near  the  opening  that  the  note 
depends,  and  tiol  on  the  gas  in  the  interior  of  the  reservoir,  whoss  insrtia 
does  not  come  into  pky  during  vibmtimis  correqionding  to  the  fhndamMital 
note.  In  &ct  we  may  say  that  the  mass  to  be  moved  is  the  air  in  the 
neighbourhood  of  the  opening,  and  that  the  air  in  the  interior  acts  merely  as 
a  spring  in  virtue  of  its  resistance  to  compreasion.  Of  course  this  is  only 
true  under  the  limitation  specified,  that  the  diameter  of  the  reservoir  is 
small  compared  to  the  (inarter  wave-length.  Whether  this  condition  is 
fulfilled  in  the  case  of  an>  particular  resonator  is  easily  seen,  d  posteriori,  by 
calculating  the  value  of  \  torn  (6X  or  by  determining  it  ezpeiimaitally. 

Semai  Opemingt. 

When  there  are  two  or  more  passages  connecting  the  interior  of  the 
resmator  with  the  external  air,  we  may  proceed  in  much  the  same  way, 
except  that  the  equation  of  energy  by  itself  is  no  longer  sufficient  ¥or 
simplicity  of  expression  the  case  of  two  passages  will  be  convenient,  but  the 
same  method  is  applicable  to  any  number.   Let  Xi,  X^he  the  total  flow 
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thnmgh  the  two  necks,  c,,  c.  constants  depending  on  the  form  of  the  necks 
curresponding  to  the  coustaut  c  iu  formula  (G) ;  then  T,  the  vit  viva,  is 
given  by 

the  necks  being  supposed  to  be  sufficiently  far  removed  fiom  one  aootber  not 
to  iutmfsre  {in  a  senae  that  will  be  obvious).  Farther, 

F- Potential  Bnei^y  =  iA,a>^^' 

Apfdying  Lagrange's  general  djmainieal  equation, 

d  /dT\    dT  dV 


diXd^J    d^"  d^ 


we  obtain 

+1  (JT.  +     -  0.         + 1  (Z.  +  ZO-0  (7) 

as  the  equations  to  the  nioliou. 
By  subtraction, 

or,  on  integration, 

^S  =  ^?  (8) 

Efjuation  (8)  shows  that  the  motions  of  the  air  in  the  two  necks  have  the 
same  period  and  are  at  any  moment  in  the  same  phase  of  vibration.  Indeed 
there  is  no  essential  distinction  between  the  case  of  one  neck  and  that  of 
several,  as  the  passage  from  cue  to  the  other  may  be  made  continuously 
without  the  fiulure  of  the  investigation.  When,  however,  the  separate 
pMBSges  are  auffieieiitly  far  iq  wrt,  the  constant  c  for  the  syrton,  considered 
fis  a  single  communication  between  the  interior  of  the  resonator  and  the 
external  air,  is  the  simple  sum  of  the  values  belonging  to  them  when  taken 
separately,  which  would  not  otherwise  be  the  case.  This  is  a  point  to  which 
we  shall  return  later,  but  in  the  mean  time,  by  addition  of  equations  (7), 
we  find 


so  that 


+ 1  t + |\c.  +    a,  +      =  0, 


If  there  be  any  number  of  necks  for  which  the  valuee  of  c  are  C|,  e^,  ... , 
and  no  two  of  which  are  near  enough  to  interfere,  the  same  method  is 
applicable,  and  gives 

""2,rV  — ^   <®> 
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Wbeii  there  are  two  mmilar  necks  c^»ei,  aiid 

The  note  ie  eooocdingly  higher  thmi  if  there  were  only  one  mxk  in  the 

ratio  of  <v^2  : 1,  a  fiwt  obeenred  by  SondhaaBB  and  proved  theoretically  by 
Helniholtz  for  the  onse  cS  openinge  which  are  mere  holes  in  the  sides  of 
the  reservoir. 

Dovbie  Resonance. 

Suppose  that  there  are  two  rooorvoirs,  S,  8%  oommunicating  with  each 
other  and  with  the  external  air  by  narrow 
passages  or  necks.  If  we  were  to  ecmsider 

SS'  as  a  single  reservoir  and  to  apply  equa- 
tion (9),  wo  should  ho  led  to  an  erroneous 
result;  for  the  reaMjuiug  on  which  ^9)  is 
founded  proceeds  on  the  assomption  that, 
within  the  reservoir,  the  inertia  of  the 
air  may  be  left  out  of  account*  whereas  it  is  evident  that  the  ms  vfm  ct  the 
motion  through  the  connecting  passage  may  be  as  great  a>«  through  the  two 
others.  However,  an  investigation  on  the  same  general  plan  as  Ix'forc  meetH 
the  case  perfectly.  Denoting  by  X,,  X,,  A",  the  tot^il  flows  through  the 
three  necks,  we  have  for  the  vis  viva  the  expression 


Fig.  1. 


1- 


and  for  the  potential  eneigy 

An  application  of  Lagrange's  method  gives  as  the  diflermtial  equations  to 
the  motimi, 

J  +  „.|^.-^'.  +  ^.-^.|=0.^   .(,0, 

By  addition  and  intcgratiou  Xijci  +  XtlCt+  Xtjc^O.  Hence,  on  elimi- 
nation of  Xt, 


X,+^[{<H  +  c^X,-^''^X,^^0,  I 


Dk 
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AsHuniing  Xi^bA^,  X^^B^,  we  obtaiii,  on  Bubstitution  and  elimination 
of  A  :B, 

p4+^.|£i+,^  +  ^+<^|+^^,|e^^+c(c+e^|-0  ^U)  * 

OR  the  equation  to  fletermine  the  resonant  notes.  If  n  be  the  number  of 
vibrations  per  second,  n*  =  — />'/4ir',  the  values  of  />'  given  hy  (11)  being  of 
course  both  real  aud  negative.  The  formula  simplifies  considerably  if 
eb»^*  8*^8;  but  it  tnU  be  mate  insferactive  to  work  this  case  fiom 
the  bes^nning.  Let  e^'»e,^me»^me. 


The  differential  equations  take  the  form 


^,  +  ^{^l  +  m)Z,+X^]»^K 


■  while  Xt"  — 


X,  +  X, 


m 


{X,  +  jr^-+     (m  +  2)  (A',  +  A'^  =  0. 


(2r.-A>  +  "^m(A'.-A',)  =  0. 

The  whole  modoa  may  be  regarded  as  made  up  of  two  parts,  for  the  6jnst 

of  which  X,  +  Z,  =  0 ;  which  requires 
X.,  =  0.  This  motion  is  therefore  the  same 
as  might  take  place  were  the  communi- 
cation between  jS'  aud  S'  cut  off,  and  has 
its  period  given  by 


Ycf  the  other  component  part,  Xi  — A,  =  0,  so  that 

^    a*(»t  +  2)c 


.(12) 


Thus 


t  whidi  afaowa  that  the  eeocmd  note  &§  the  higher.  It 


consists  of  vibratiouii  in  the  two  reservoirs 
opposed  in  phase  and  modified  lay  the  eon* 
neeting  passage,  which  acts  in  part  ae  a 

second  opening  to  both,  and  so  raises  the 
pitch.    If  the  passage  b  small,  so  also  is 
the  difference  of  pitch  between  the  two 
notes.    A  particular  case  worth  notice  is  obtained  hy  putting  in  the  general 
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equation  =  0,  whiVh  amounts  to  Huppresang  one  of  the  wMwmnnif'ati'onB 
with  the  external  air.    We  thus  obtain 

or  if  H'^S',  Ct^me,^ mc, 

ji*  +  oy  ^  ( i»  +  2)  +     i»  -  0, 

If  we  further  aappoee  m-*l  or  Oa^Cit 

If     be  the  number  of  vibrations  for  a  simple  resonator  {8,  c), 


so  that 


^  4m»8* 
8  3  — vo 


It  appears  therefore  that  the  interval  from  %  to  Jf  18  the  same  an  from 
N  to  n...  namely,  v'(2'61H)  =  r618,  or  rather  more  than  a  fifth.  It  will  ])c 
found  that  whatever  the  value  of  vi  may  be,  the  interval  between  the 
resonant  notes  cannot  be  less  than  2*414,  which  is  about  an  octave  and  a 
minor  third.   The  corresponding  value  of  m  is  2. 

A  similar  method  is  applicable  to  any  combination  of  reservoirs  and  con- 
necting passages,  no  matter  how  complicated,  under  the  single  restriction  as 
to  the  eompanitiTe  magnitudee  of  the  reaervoin  and  wave-lengths ;  bat  ike 
eitample  just  given  is  sufficient  to  illuatrate  the  theray  of  multiple  resonanoe. 
In  Part  III.  a  resonator  of  this  sort  will  be  described,  which  was  constructed 
for  the  sake  of  a  comparison  between  the  theory  and  experiment.  In 
applying  the  formulse  (6)  or  (12)  to  an  actual  measurement,  the  question 
will  arise  whether  the  volume  of  the  necks,  especially  when  they  are  rather 
laige,  is  to  be  included  or  not  in  S.  At  the  moment  of  rest  the  air  in  the 
neok  is  eomproaood  or  rarefied  as  well  as  that  inside  the  leiervdr,  though  not 
to  the  same  degree;  in  fiMst  the  oondenaation  must  vaxy  oontinttoudy 
between  the  interior  of  the  resonator  and  the  external  air.  This  con- 
sideration shows  that,  at  least  in  the  ciuse  of  necks  which  are  tolerably 
symmetrical,  about  half  the  volume  of  the  neck  should  be  included  in  8. 

[In  consequence  of  a  suggestion  made  by  Mr  Clerk  Maxwell,  who  reported 
on  this  paper,  I  have  been  led  to  examine  what  kind  of  effect  would  be 
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produced  by  a  deficient  rigidity  in  the  envelope  which  contains  the  alternately 
compressed  and  mrefied  air.  Taking  for^simplicity  the  case  of  a  sphere,  let 
us  suppose  that  the  i*adius,  instead  uf  remaining  constant  at  its  normal 
▼alue  R,  aasames  the  wiable  mi^itade  R+p.   We  have 

kinetic  eneigy  »       +  ^ 

potential  eneigy {X  +  4irii'p)*  +  ^fipF, 

where  m  and  are  ooostante  expraanng  the  inertia  and  rigidity  of  the 
epherioal  shell   Hence,  by  Lagrange's  method, 

if  +  ^(X  +  4iriPp)-0,  I 

mp  +  4ir JP      iX  +  4iriPp)  +  i8p  »  0.  | 

equations  determining  the  periods  of  the  two  vihvationfl  <^  which  the  system 
is  capable.  It  might  be  iina|(ined  at  first  sight  that  a  yielding  of  the  sides 
of  the  vessel  would  neoesnurily  lower  the  pitch  of  the  resonant  note ;  but 
this  depends  on.  a  tsdt  assnmptton  that  the  capacity  of  the  vessel  is  laigest 

when  the  air  inside  is  most  compressed.  But  it  may  just  as  well  happen 
that  the  oppofiito  is  true.  Everything  depeuds  on  the  relative  magnitudes 
of  the  periods  of  the  two  vibrations  supposed  for  the  moment  iudepeudeut  of 
one  anofelier.  If  the  note  ci  the  shell  be  very  high  compared  to  that  of  the 
air,  the  inertia  of  the  didl  may  be  neglected,  and  this  part  of  the  question 
treated  statically.  Putting  in  the  equations  in  —  0,  we  see  that  the  phases 
of  X  and  p  are  opposed,  and  then  goes  through  its  changes  more  slowly 
than  before.  On  the  other  hand,  if  it  be  the  note  of  the  air-vibration,  which 
is  much  the  higher,  we  must  put  ^  =  0,  which  leads  to 

4irJ2*Mr>omjfBO, 

showing  that  the  phjises  of  X  and  p  agree.  Here  the  jxtriod  of  is 
dimiaished  by  the  yielding  of  the  sides  of  the  vessel,  which  indeed  acts 
just  in  the  same  way  Jis  a  second  aperture  would  do.  A  determination 
of  the  actual  note  in  any  case  of  a  spherical  shell  of  given  dimensions  and 
material  would  probably  be  best  obtained  deductively. 

But  in  order  to  see  what  probability  there  might  be  that  the  results  of 
Part  III.  on  glass  flasks  were  sennbly  modified  by  a  want  of  r^dity,  I 
thought  it  beet  to  make  a  direct  experiment.  To  the  nedc  of  a  flask  was 
fitted  a  glass  tube  of  rather  small  bore,  and  the  wh<de  filled  with  water 
so  as  make  a  kind  of  water-thermometer.  On  removing  by  means  of  an 
air-pump  the  pressure  of  the  atmosphere  on  the  outside  of  the  bulb,  the 
liquid  fell  in  the  tube,  but  only  to  an  extent  which  indicated  an  increase  in 
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the  capacity  of  the  flask  of  about  a  ten-thousandth  part  This  oonesponds 

in  the  ordinary  arrangement  to  a  doubled  density  of  the  contained  air.  It 
is  clear  that  so  sniall  a  yielding  could  produce  no  sensible  effect  on  the  fntch 
of  the  air-vibration.] 

Although  the  problem  of  open  organ-pipes,  whose  diameter  is  very  small 
compjiretl  to  their  length  and  to  the  wave-length,  has  been  fully  considered 
by  Helmholtz,  it  may  not  be  superflnnus  to  show  how  the  question  may 
be  attacked  from  the  point  of  view  <>{  the  present  paper,  more  especially 
as  some  important  results  may  be  obtained  by  a  con^paratively  simple 
analysis.  The  principal  difficulty  consists  in  finding  the  connffidon  between 
the  spherical  waves  which  diverge  fnm  the  open  end  of  the  tube  into 
free  space,  and  the  waves  in  the  tube  itself  which  at  a  distance  from  the 
mouth,  amounting  to  several  diameters,  are  approximately  plane.  The  trans- 
ition occupies  a  space  which  is  large  compared  to  the  diameter,  and  in 
nnler  that  the  present  treatment  may  be  applicable  must  be  small  compared 
to  the  wave-length.  This  condition  being  fulfilled,  the  compressibility  of 
the  aar  in  the  space  mentioned  may  be  left  out  of  account  and  the  ^fficulty 
is  turned.  Imagine  a  piston  (of  infinitely  small  thiekMSs)  in  the  tube 
at  the  place  where  the  waves  cease  to  be  plane.  The  motion  of  the  air 
on  the  free  side  is  entirely  determined  by  the  motion  of  the  piston,  and 
the  vin  viva  within  the  spjice  considered  may  bo  expressed  by  ^huX''!c,  where 
X  denotes  the  rate  of  total  tlow  at  the  place  of  the  piston,  and  c  is,  as  before, 
a  linear  quantity  depending  on  the  form  of  the  mouth.  If  Q  is  the  section 
of  the  tube  and  the  velocity  potential,  i  -  Qd-^^fdx.  The  most  general 
expiessimk  for  the  velocity-potential  of  plane  waves  is 

^  —  ( sin ib; -i- 006 j  cos 2m^t^rficMkx  sin  2tm<,...(13) 

oo6iw-SXrsinii»p)coeSwfil— ^ibsb  AwsinSwn^, 

where  ib^Sw/X-Swn/a.  Wh^  jt^O, 

^  «  Boos  sin  Swnl,  =  il  ooe  2wii«. 

The  variable  part  of  the  pressure  on  the  tube  side  of  the  piston  =  —  df^jdiL 
The  equation  to  the  motion  of  the  air  in  the  mouth  is  therefore 

Q  d  df_^d^^^ 
c  dt  dx     dt  ' 


or,  on  integration, 
This  is  the  condition  to  be  Mtisfied  when  «*Qi 


-  ^  +  ^=0  (I*) 

c  dx  ^ 
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Substituting  the  valuea  of     and  d^fd»,  we  obtain 
oca  M  ^il  ^ + + /3  sin  2ir»<  »  0, 

which  requires 

c 

If  (here  is  a  node  at  ii  oosiU  +  DlfemaM-O;  so  that 

*taniW— 5— I  (15) 

This  equatiua  gives  thu  fuudamental  note  uf  the  tube  clased  at  x  =  —  li  but 
it  must  be  observed  that  I  is  not  the  length  of  the  tabe,  because  the  origin 
«sO  is  not  in  the  moutit  There  is,  however,  nothing  indetennioate  in 
the  eqnatioiit  although  the  origin  is  to  a  certain  «rt«nt  arbitraxy;  for  the 

values  of  c  and  I  will  change  together  so  as  to  make  the  result  for  k 
approximately  constant.  This  will  apjyear  more  clearly  when  we  come, 
in  Part  II.,  to  calculate  the  actual  value  of  c  for  different  kinds  of  mouths. 
In  the  formatioQ  of  (14)  the  pressure  of  the  air  on  the  positive  side  at 
a  distance  fipom  the  origin  small  against  X  has  been  taken  absolutely  eaii> 
staotb  Aoraes  saeh  a  loop  suifroe  no  eneigy  could  be  transmitted.  In 
realily,  of  oourse,  the  pressure  is  variable  on  account  of  the  spherical  waves, 
and  encrg}'  contiTuially  escapes  from  the  tube  and  its  vicinity.  AIthont,'h 
the  pitch  of  the  resonant  note  is  not  affected,  it  may  be  worth  while  to 
see  what  correction  this  involves. 

We  niUHt,  lus  before,  consider  the  space  in  which  the  transition  from 
plane  to  spherical  waves  is  ejected  as  small  compared  with  X.  The  jxitcntial 
in  free  qpaoe  may  be  taken 

f^^eM{h  +g-2TnU),   (16) 


expressing  qpherioal  waves  diveiging  from  the  mouth  of  the  pipe,  which 
is  the  origin  of  r.  The  origin  of  «  is  still  supposed  to  lie  in  the  region 
of  plane  waves. 

*4irr'  a  rate  of  •  total  flow  across  the  surfiuie  of  the  qphere  whose 
radius  is  r 

«■  —  4irA'  [cos  2im<  {cos  (At  +  ^f)  +  kr  sin  (At  +  g)} 

+  sin  2im<  (siu  {kr  +g)-kr  cos  {kr  + 

'  T)iroti(;houl  Ifelmholtz'fi  papor  the.  month  (>f  the  pipe  is  supposed  to  lie  in  an  iufinito  pUne, 
HO  thttt  the  diverging  wav^  are  hemispherical.  The  ealcalatioo  of  the  value  of  c  is  thereto 
rimplifted.  liaept  ftir  tlris  liMOtt  it  MOM  baUnr  to  eoMkhr  the  divwgiag  wsvm  eoapbla^ 
•phericRl  a.1  n  nearer  approximation  to  tiia  Mtoil  flbowntllMM  of  OCgM-pipM^  althoogh  Cba 
wgSmK  could  never  be  quite  oomplcta. 
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If  the  compreadon  in  the  neighbootliood  of  the  noiitfi  k  acg^eetod,  this 
murt  be  the  eame  as 

Aooordiugly 

ilQ  =  -  iwA'  [cos  {kr  +  fj)  +  kr  sin  (At + g)\. 

These  equations  express  the  roimcMMn  between  the  plane  and  spherical 
waves.  From  the  second,  tan  (At  +  ^)  =  Av,  which  shows  that  is  a  small 
quantity  of  the  order  {Jci-f.    From  the  first 

so  that 

the  tenns  of  higher  order  being  omitted. 

Now  within  the  sptice  under  consideration  the  air  moves  according  to 
the  same  laws  as  electricity,  and  so 

^  —4- 


dte=0 

^jr-»       COB  2imt  +  ^  sin  2Trnt. 

Therefon>  on  siibstitution  and  equation  of  the  ooeflleienta  of  sin  2inilf 
ooB2iri4,  we  obtain 


When  the  mouth  is  not  mnch  contracted  c  is  of  the  order  of  the  radius 
of  the  mouth,  and  when  there  is  contraction  it  is  smaller  still.  In  all  caseH 
thmfove  tite  tenn  l/4irr  is  very  nuall  compared  to  1/c ;  and  we  may  put 

^.-B.     0-^'  (17) 

which  agree  nearly  with  the  results  of  Helmholtz.  In  his  notation  a 
quantity  a  is  used  defined  by  the  equation  —  A  iBk  =  cot  ka,  so  that 
cot  ka=it&iikl  by  (15),  or  k{l  +  a)  =  ^(2m  +  l)v,  a  may  accordingly  be 
oonsidaed  as  the  oorreetioa  to  the  length  of  the  tube  (measured,  howoTer, 
in  our  method  only  on  the  negatlTe  side  of  the  originX  nnd  will  be  given  by 
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The  value  of  c  will  be  investigated  in  Part  IL 

The  original  theory  of  open  pipes  makes  the  pressure  absolutely  constant 
at  the  mouth,  which  amounts  to  neglecting  the  inertia  of  the  iiir  outside. 
Thus,  if  the  tube  itself  were  full  of  air,  and  the  external  space  of  hydrogen, 
the  correction  to  the  length  of  the  pipe  might  be  neglected.  The  tirst 
inveet^pitimk,  in  which  no  eseape  of  euei^Qr  is  admitted,  vrauld  apply  if  the 
pipe  and  a  space  round  its  mouth,  large  compared  to  the  diameter,  but 
stnall  compared  to  the  wave-length,  were  occupied  by  air  in  an  atmosphere 
otherwise  composed  of  incomparably  lighter  gas.  These  remarks  are  made 
by  way  of  explanation,  but  for  a  complete  discussion  of  the  motion  as  deter- 
mined by  (13)  and  17, 1  must  refer  to  the  paper  of  Helmholtz. 


Lang        Ml  ooRiMdon  witk  a  Remwir. 

It  may  sometimes  happen  that  the  length  of  a  neck  is  too  laige  compared 
to  the  quarter  wave-length  to  allow  the  neglect  of  the  comprenihilily  of  the 
air  inside.  A  qrlindrical  neck  may  then  be  treated  in  the  same  way  as  tho 
organ-pi{)e.  The  potential  of  plane  waves  inside  the  neck  may,  by  what  has 
been  proved,  be  put  into  the  form 

^  » .d' sin  J;  (»  —  a)  cos  Simt, 

if  we  neglect  tiie  escape  of  eneigy,  which  will  not  affect  the  pitch  of  the 
resonant  note. 

d-^jdt  =  -  ZirnA'  sin  k{x-a)  sin  2irfi<, 
d^jdm  m  kA'  oos  («  —  «)  cos  Swnl, 
whoe  a  is  the  oorrseticm  for  the  outside  end. 

The  rate  of  flow  out  of  S^Qdfjdx. 

sin  2inU 


Total  flow  ^Qj'^^dt^kA'QetmkL' 


2im 


the  reduced  length  of  the  tube,  including  the  oonreettons  for  both  ends, 
being  denoted  by  L.   Thus  larelaction  in  S 

-*  ^  SST-^^  


This  is  the  condition  to  be  satisfied  at  the  inner  end.  It  gives 

"^^^'i^-w'm  ^*®> 

Whoi  kL  is  small, 

taaikL^kL  +  likLy  =  ^, 
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80  that 


Sir 


In  eonipariiig  this  with  ('>),  it  is  necessary  to  introduce  the  value  of  c, 
which  is  QJL.  (d)  will  accordingly  give  the  same  result  as  (19)  if  om-tMrd 
of  the  contents  of  die  neck  be  indnded  in  8.  The  firat  overtone,  whidi 
la  often  prodnoed  by  blowing  in  pittferenoe  to  the  fnndamental  note,  corre- 
sponds approximately  to  the  length  L  of  a  tub  -  open  at  both  ends,  modified 
to  an  extent  which  may  be  inferred  from  (18)  by  the  finiteness  of  8, 

The  nomber  of  vilwations  is  givoi  by 

 (20) 


[The  application  of  (20)  is  rather  limited,  because,  in  order  that  the 
condensation  within  8  may  he  unifwrn  as  has  been  supposed,  the  linear 
dimension  of  S  must  be  considerably  less  than  the  quarter  wave-length; 
while,  on  the  other  hand,  the  method  of  approximation  by  which  (20)  is 
obtained  from  (18)  requires  that  <SF  should  be  large  in  comparison  with  QL, 

A  slight  modification  of  (18)  is  useful  in  finding  the  pitch  of  pipes  which 
are  cylinfirical  through  most  of  their  length,  but  at  the  closed  end  expand 
int^j  a  l)ulb  S  of  no  j^reat  capjicity.  The  only  change  required  is  to  under- 
stand by  L  the  length  of  the  pipe  down  to  the  place  where  the  enlargement 
begins,  with  a  correction  for  the  outer  end.  Or  if  L  denote  the  length 
of  the  tube  simply,  we  have 

tanA(Z  +  o)  =  ^,   (20a) 

and  a  =  ^wR  approximately. 

If  j9  be  very  small  we  may  derive  from  (20  a) 

'-mrdrm  

In  this  finrm  the  interpretation  is  veiy  simple,  namely,  that  at  the  doeed 

end  the  shape  is  of  no  consequence,  and  only  the  volnme  need  be  attended 

to.  The  air  in  this  part  of  the  pi])o  arts  merely  as  a  spring,  its  inertia  not 
coming  into  play.  A  few  measurements  of  this  kind  will  be  given  in 
Part  III. 

The  overtones  of  resonators  which  have  not  long  neck.s  are  usually  very 
high.    Within  the  body  of  the  reservoir  a  uodal  surface  must  be  formed,  and 
the  air  on  the  further  aide  vibratea  as  if  it  was  contained  in  a  completely 
a.  L  4 
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closed  veaaeL  We  may  form  am  idea  of  the  chanuiter  of  these  vibrations  ftom 
the  case  of  a  sphere,  which  may  be  easily  worked  ont  from  the  equations 
given  by  Professor  Stokes  in  his  paper  "  On  the  Communication  of  Motion 

from  a  vibrating  Sphere  to  a  Gas"*.  The  most  important  vibration  within  a 
sphere  is  that  which  is  expressed  by  the  term  of  the  first  onler  in  Liplaoe's 
series,  and  consists  of  a  swaying  of  the  air  from  side  to  side  like  that  which 
takes  place  iu  a  doubly  closed  pipe.    I  find  that  for  this  vibration 

radius  :  wave-length  b-3313, 

so  that  the  note  is  higher  than  that  bebnging  to  a  doubly  dosed  (or  open) 
pipe  of  the  length  of  the  diameter  of  the  sphere  by  about  a  musical  fourtL 
"Wo  might  realize  this  vibration  experimentally  by  attaching  to  the  sphere  a 
neck  of  such  length  that  it  would  by  itself  when  closed  at  one  end,  have  the 
same  resonant  note  as  the  sphere. 

Lalercd  Openings. 

In  most  wind  inst i  uini'iits  the  gradations  of  piteh  are  attained  by  means 
of  lateral  openings,  winch  may  be  closed  at  pleasure  by  the  fingers  or 
otherwise.  The  common  erode  theory  supposes  that  a  hole  in  the  nde  of, 
say,  a  flute  establishes  so  complete  a  oommunication  between  the  interior 

and  till  surr  nn  ling  atmosphere  that  i  loop  or  point  of  no  condensation  is 
produced  immediately  under  it.  It  htis  long  been  known  that  this  theory  is 
inadeipiate,  for  it  stands  on  the  same  level  as  the  tii-st  approximaLiou  to  the 
motion  in  an  open  pipe  in  which  the  inertia  of  the  air  outside  the  mouth  is 
virtnally  neglected.  Without  going  at  length  into  this  question,  I  will 
m&nHy  indicate  how  an  improvement  in  the  treatment  of  it  may  be  made. 

I<et  ^2  denote  the  velocity-potentials  of  the  systems  of  plane  waves 
on  the  two  sides  of  tiie  aperture,  which  we  may  suppose  to  be  situated 
at  the  point «  »  0.  Then  with  our  previous  notation  the  oonditiims  evidentiy 
are  that  when  «  »  0» 

*.=^.   !(t'-'^)+^=»-  ^^'> 

the  escape  of  energy  from  the  tube  being  neglected.  These  equations  deter- 
mine the  connexion  between  the  two  systems  of  waves  in  any  case  that 

may  arise,  and  the  working  out  is  simple.    The  results  are  of  no  particular 

interest,  unless  it  be  for  a  comparison  with  experimental  measurements* 
which,  so  far  as  I  am  aware,  have  not  hitherto  been  made.] 

*  ProfMMrStoImiiifonniMlliMlMlMdliimMirdoMtlt^ 
Bogna.  £1880.  Bm  Thtory  ^  SannO,  M  S80,  881.] 
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Paut  II. 

In  order  to  complLte  th.-  theory  of  rcsr)nators,  it  is  necessary  to  determine 
the  value  of  c,  which  ot-curs  in  all  the  results  of  Part  I.,  for  different  forms  of 
raouthsi.  Thia  we  now  proceed  to  do.  Fre4ueut  u.-*e  will  be  made  of  a 
pciaciide  which  might  be  called  that  of  mimmum  vm  viva,  and  which  it  may 
be  well  to  state  dearly  at  the  ontaet. 

Imagine  a  portion  of  incompceieible  fluid  at  rest  within  a  dosed  sarfaoe 
to  be  enddenly  aet  in  motion  by  an  arbitrary  normal  velodty  impreaaed 

on  the  sar&ce,  then  the  actual  motion  assumed  by  the  fluid  will  have  less 
ms  mm  than  any  other  motion  oomdatent  with  continuity  and  with  the 
boundary  conditions*. 

If  1^  V,  w  be  the  oomponent  velodtiee*  and  p  the  density  at  any  pointy 

fri$  wm  =  i  jjj  piu'+f^-^u^  dxdydz, 

the  int<  £,'nition  extending  over  the  volume  considered.  The  minimum  vm 
viva  cor re.*^ ponding  to  prescribed  boundary  condition.^  depends  of  eourse  on  p\ 
but  if  in  any  specified  case  we  conceive  the  value  of  p  in  some  places 
diminished  and  uowhere  increased,  we  may  assert  that  the  minimum  vis  viva 
is  (en  than  befbre ;  for  there  will  be  a  decrease  if  tf»  e.  ta  remain  unaltered, 
and  therdxxe,  d  fortiori^  when  they  have  their  actual  values  as  determined  - 
by  the  minimum  property.  ConTOiiely,  an  increase  in  p  will  necessarily 
rawe  the  value  of  the  minimum  vis  viva.  The  introduction  of  a  rigid 
obstacle  into  a  stream  will  always  cause  an  increase  of  vis  viva ;  for  the  new 
motion  in  one  that  might  have  existed  before  consistently  with  continuity, 
the  fluid  dtqplaoed  the  obstade  remaining  at  rsst  Any  kind  of  ob> 
struction  in  the  air-pasnges  of  a  musical  instrument  will  therefore  be 
aeoompanied  by  a  foil  of  the  note  in  the  musioal  scale. 

Long  Tubet. 

TbB  simplest  case  that  can  be  coosideced  cmisists  of  an  opening  in  the 
limn  of  a  cylindricd  tube,  so  long  in  propOTtion  to  its  diameter  that  the 
ooirections  for  the  ends  may  be  neglectud.  If  the  length  be  L  and  area  of 
seetum  «r,  the  electrical  resistance  is  L/a;  and 

«  =  Z"  • 

For  a  dreular  cylinder  of  radius  R 


.(21) 
(22) 


*  Thonwoa  aad  Tkit's  Halmnl  Pkaoutkgt  %  817. 
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Simple  Apertures, 

The  next  in  order  of  simplicity  is  probably  the  case  treated  by  Helmholtl, 
where  the  opening  ronsists  of  a  simple  hole  in  tlie  side  of  the  reservoir, 
00n8i<lered  as  indefinitely  lliin  and  approximately  plane  in  the  neighbour- 
hood of  the  opening.  Tht'  motion  of  the  fluid  in  the  plane  of  the  opening  is 
by  the  symmetry  normal,  and  therefore  the  velocity-potential  is  constant 
over  Uie  opening  itself.  Over  the  remainder  of  the  plane  in  whieh  the 
opening  lies  the  normal  velocity  is  of  course  zero,  so  that  ^  may  be  regarded 
as  the  potential  of  matter  distributed  over  the  opening  only.  If  the  there 
constant  value  of  the  potential  be  called  the  electrical  resistance  for 
oiie  side  only  is 


the  integration  going  over  the  area  of  the  opening. 
Now 

^cl<r<*2irx  the  whole  quantity  of  matter; 


so  that  if  we  call  M  the  quantity  uecetifiary  to  produce  the  unit  potential, 
the  resistance  for  one  side  =  IjiirM. 

Accordingly 

c  =  itM  (23) 

In  electrical  langtiage  M  is  the  capadttj  of  a  conducting  lamina  of  the 
shape  of  the  hole  when  situated  in  an  open  space. 

For  a  circular  hole  Jf»  2^/ir,  and  therefore 

0-221  (24) 

When  the  hole  is  an  ellipae  of  eccentricity  e  and  semimajor  axis  R, 

"m  

where  F  is  the  syiuljol  of  the  complete  elliptic  function  of  the  first  order, 
liesults  equivaleut  to  {'Hi),  (  24^,  and  {'2'})  are  given  by  Helniholtz. 

When  the  eccentririty  is  but  small,  the  value  of  c  dopeods  Sensibly 
on  the  area  {a)  of  the  orifice  only.    As  far  as  the  square  of  e, 
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the  fourth  power  of  e  being  neglectod — a  formula  which  may  bo  applied 
without  sensible  error  to  any  oritice  of  an  approximately  circuhir  form. 
In  &cfe  for  a  given  area  the  circle  is  the  figure  which  gives  a  minimum 
value  to  e,  and  in  the  neighbourhood  of  the  minimum  the  variation  is  slow. 

Next,  cousider  the  case  of  two  circular  orifices.  If  sufficiently  far  apart 
they  act  indepmdently  of  each  other,  and  the  value  of  o  fw  the  pair  is 
the  snaple  sum  of  the  separate  values,  as  may  be  sera  either  fixHn  the  law  of 

muhiplo  arcs  by  considering  c  as  the  electric  ccmdwsHvity  between  the 
outside  and  inside  of  the  reservoir,  or  from  the  interpretation  of  M  in  (23). 
The  first  method  applies  to  any  kind  of  openin^^s  with  or  wirhout  necks. 
As  the  two  circles  (which  fur  precision  of  .statement  we  nuiy  suppose  equal) 
approadi  one  another,  the  value  of  c  diminishes  steadily  until  they  touch. 
The  change  in  the  character  of  the  motion  may  be  best  followed  by  con- 
sidering the  plane  of  symmetry  which  bisects  at  right  angles  the  line  joining 
the  two  centres,  and  which  may  be  regarded  as  a  rigid  plane  ptedliiding 
normal  motion  Fixing  our  atti  tifion  on  half  the  motion  only,  we  recognize 
the  plane  as  an  ob-stacle  coiilinually  advancing,  and  at  each  step  ujure 
and  more  obstructing  the  passage  of  fluid  through  the  circular  opening. 
After  the  oindes  come  into  contact  this  process  cannot  be  cairied  farther; 
but  we  may  infer  that,  as  they  amalgamate  and  jbape  themselves  into  a 
single  circle  (the  total  area  remaining  all  the  while  constant),  the  value  of  c 
still  continues  to  diminish  till  it  approaches  its  minimum  value,  which  is  lees 
than  at  the  commencement  in  the  ratio  of  ^2  :  2  or  1  :  >/2.  There  are 
very  few  forms  of  opening  indeed  for  which  the  exact  calculation  of  M  or  c 
can  be  effected.  We  must  for  the  present  be  content  with  the  formula  (2(i) 
as  applying  to  nearly  circular  openings,  and  with  the  knowledge  that  the 
more  elongated  or  brdien  up  the  opening,  the  greater  is  e  compared  to  v. 
In  the  ease  of  similar  orifices  or  systems  4^  orifices  e  varies  as  the  linear 
dimension. 

Cylindrical  Nech». 

Most  resonators  u.sed  in  practice  have  necks  of  greater  or  less  length,  and 
even  where  there  is  nothing  that  would  be  called  a  neck,  the  thickness 
of  the  «de  of  the  i«sefVOtr  oould  not  always  be  neglected.  For  simplicity 
we  shall  take  the  case  of  circular  cylinders  whose  inner  ends  lie  on  an 
approximately  plane  part  of  the  side  of  the  vessel,  and  whose  outer  ends 
are  also  supposed  to  lie  in  an  infinite  plane,  or  at  least  a  plane  whose 
dimensions  are  consideral)le  corupan  d  {<>  tlie  diaineter  of  the  cylinder.  Even 
under  this  form  the  problem  docs  not  seem  capable  of  exact  solution;  but 
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we  ahall  be  able  to  fix  two  slightly  differing  qnantitieB  between  wbieb  the 
^  ^  true  value  of  o  oraat  lie,  and  w^axih 

detcriniiie  it  with  an  accuracy  more  than 
BTifticiint  for  acoustical  purposes.  The 
object  is  It)  find  the  vis  viva  in  terms  of 
the  rate  of  flow.  Now,  according  to  the 
foindple  stated  at  the  beginning  of  Part 
IL,  we  shall  obtain  too  small  a  vis  vivo 
if  at  the  ends  A  and  of  the  tube  we 
inia^ne  infinitely  thiu  laminae  of  fluid 
of  intinitt  ly  ^niall  density.  We  may  be 
led  still  more  distinctly  perhaps  to  the 
same  result  by  supposing,  in  the  electrical  analogue,  thin  disks  of  perfectly 
ooodnotiog  matter  at  the  ends  of  the  tube,  whereby  the  effisotive  resistanoe 
most  plainly  be  lessened.  The  action  of  the  disks  is  to  produce  unifonn 
potential  over  the  ends,  and  the  solution  of  the  m<xlifie<l  problem  is  obvious. 
Out-side  the  tube  the  (piestion  is  the  same  as  for  a  simple  circular  hole  in 
an  infinite  plane,  and  inside  the  tube  the  same  as  if  the  tube  v&nt  ludehuitely 
long. 

Accordingly 

~^-i»+2fi-,a.(^+i*)  

The  correction  to  the  leugth  1:3  therefore  ^irR,  that  is,  ^rrR  for  each  end, 

Helmholtz,  in  considering  the  case  of  an  organ-pipe,  arrives  at  a  similar 
conclusion, — that  the  correction  to  thv  kngtli  (a)  is  approximately  {ttR. 
His  method  is  very  different  from  the  above,  and  much  leus  simple.  He 
begins  by  investigating  certain  forms  of  mouths  for  which  the  exact  solution 
is  possible,  and  then,  by  assigning  suitable  values  to  arbitiaiy  constants, 
identifies  one  of  them  with  a  true  cylinder,  the  agreement  being  shown  to  be 
everywhere  very  close.  Since  the  curve  substituted  for  the  generating 
line  of  the  cylinder  lies  entirely  outside  it,  Helmholtz  infers  that  the 
correction  to  the  length  thus  obtainetl  is  too  small. 

If  at  the  etids  of  the  tube,  in-stead  of  layers  of  matter  of  no  density,  we 
imagine  rigid  pi.Htons  of  no  sensible  thickne.ss,  we  shall  obtain  a  motion 
whose  vis  viva  is  necessarily  r/reater  than  that  of  the  reiU  motion ;  for  the 
motion  with  the  pistons  might  take  place  without  them  consistently  with 
continuity.  Inside  the  tube  the  character  of  the  motion  is  the  same  as 
before,  but  for  the  outside  we  require  the  solution  of  a  fresh  problem : — 
To  determine  the  motion     an  infinite  fluid  bounded  by  an  infinite  plane. 
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the  normal  velocity  over  a  circular  aroa  of  the  plane  being  a  given  constant, 
and  over  the  rest  of  the  plane  zero.  Tlie  potential  may  still  be  regar(le<i  as 
due  to  matter  coutincd  to  the  circle,  but  is  no  longer  constant  over  its  area ; 
bttt  the  density  of  matter  at  any  point,  being  proportional  to  d^fdn  or  to  the 
normal  veloeity,  is  ooostant. 

The  vis  viva  of  the  motion  =  i  fj  jj i>d<^>  the  integration 

going  over  the  area  of  the  circle. 

The  rate  of  total  flow  through  the  plane  =  jj        =  that 

2  vi^  viva     _  ff<f>da- 
(rate  oTTio^)*  "  ir'U'  d<t>idn ^  ' 

We  proceed  to  inrestigate  the  ndne  of  JJ^dv,  whixdi  is  the  potmHal  on 
Uidf  of  a  dnnhr  disk  of  unit  d«isity.- 

PoteniuU  on  itself  of  a  uniform  drGular  disk. 

r  denoting  the  distance  between  any  two  points  on  the  disk»  the  quantity 
to  be  evaluated  is  expressed  by  Kg.  A. 

The  first  step  is  to  find  the  potential  at  any  pmnt 
P,  or  jj  '  Taking  this  point  as  an  <»:^;in  of 
polar  coordinates,  we  have 

potential  -//^'  =jj^<^'J^  =  J rdB^j (PQ  +  PQf)  d0. 

Now  from  the  figure 

where  e  is  the  distance  of  the  point  P  from  the  centre  oi  the  circle  whose 
radius  is  B.  Thus  potential  at  P 

w  

=  2B j'^j^  1  -  ^ain»  ^df?  =  4/c|J  ^1  -  ~  sin^  6 dd.   (30) 

Hence  potential  of  disk  on  itself 

-4w^  Tda:  f*Vl-«sin«^(W, 

if  for  the  sake  of  brevity  we  put  c^/jS'sa 
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In  performing  first  the  integration  with  respect  to  0  we  come  upon 
elliptic  functions,  but  they  may  be  avoided  by  changing  the  order  of 
integration. 

/.'  *•  ^i^^ifi?*  -  {-ra. » — ™" 

80  that  potential  on  itself 

w 

-f j J  dB  +  008  tf|  -  f  iriJ*  11  +  1 1  =  V^irlP. ..  (31) 

This,  therefore,  is  the  value  of  jj^da  when  the  density  is  supposed  equal 

to  anity.  The  oonegpmidiiig  value  of  <{^/tfn    2v-,  and  so  from  (29) 

2  vis  viva  8 
(i»teofflowy"8555 ' ^^^^ 

This  is  tar  the  space  outside  one  end.  For  the  whole  tube  and  botii  ends 

2visvha    _  L  16 
(rate  of  flow)* " -rrB*^  Sn'R ^  ' 

Whatever,  then,  may  be  the  ratio  of  L  :  Ji,  the  electrical  resistance 
to  the  passage  in  question,  or  1/c,  is  limited  by 

In  practical  application  it  is  sometimes  convenient  to  use  the  quantity  a 
or  correction  to  the  length.   In  terms  of  a  (34)  becomes 


or  in  decimals 

a>(V571R  =  2x  7H5R) ) 
a<{lQ97R  =  2x-S49R) 


 m 


The  corrections  for  both  onds  is  the  thing  here  denoted  by  a.  Of  coune 
for  one  end  it  is  only  necessary  to  take  the  half*. 


*  Thoni^  not  inniMdtetdjMniMetod  with  our  pntmi  «ib|eot,  it  may  Im  worth  notiN  that  if 

attlie  cfiitn'  iif  tlu'  tulu  ,  or  ati v where  eUf,  the  velocity  be  constrained  (by  a  piston)  to  be  oonatant 
ftcro8«  tlie  aection,  as  it  would  approxiauitfly  be  if  the  tube  wen  very  long  witboot  *  piaton, 
tho  Unitlnc  iaoqaolitiM  (M)  eHIl  hold  good.  For  Inge  Tolnao  of  L  the  two  OiMS  do  aot  Moaibljr 

differ.  l)ut  for  sTiiiiIl  v.hIiics  of  L  comparod  to  It  tlif  true  Milntion  of  tlic  oriRinal  problem  t«n4l 
to  coincide  with  the  lower  limit,  and  of  the  modiiied  (oeatml  piatou)  problem  with  the  higher. 
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I  do  not  suppose  that  any  experiments  hitherto  made  with  organ-pipes 
could  discriminate  with  certaiuty  between  the  two  vtilues  of  2  in  (34').  If  we 
adopt  the  mean  provisionally,  we  may  be  sure  that  we  are  Dot  wrong  by 
ao  much  as  0'62R  for  each  cud. 

Onr  uffpm  Hmit  to  the  value  of  «  ezprasNd  is  (34')  wm  found  by  eoo- 
aideriiig  the  hypothetieal  case  <^  a  uniform  velocity  over  the  aeeiion  of  the 
mouth,  and  we  folly  detennined  the  non-rotational  motion  both  for  the 
inside  and  for  the  outside  of  the  tube.  Of  course  the  velocity  is  -Bot  really 
uniform  at  the  mouth  ;  it  is,  indeed,  infinite  at  the  edge.  If  we  could  solve 
the  problem  for  the  inside  and  outside  when  the  velocity  (normal)  at  the 
mouth  16  of  the  form  a  +  br',  we  should  with  a  suitable  value  of  6  :  a  get  a 
much  better  approximation  to  the  true  via  viva.  The  problem  for  the 
oataide  may  be  solved,  but  for  the  inside  it  seems  for  from  eaqr.  It  is 
possible,  however,  that  we  maybe  able  to  find  some  motion  fi.r  tin  inside 
satisfying  the  boundary  conditions  and  the  equation  of  continuity,  which, 
though  of  a  rotational  character,  shall  yet  make  the  whole  vis  viva  for  the 
inside  aud  outside  together  less  than  that  previously  obtained.  At  the  same 
time  this  vis  viva  is  by  Thomson's  law  necessarily  greater  than  the  one 
vre  sook. 

Motion  in  a  finite  cyliudncaL  tube,  tlie  aadcU  velocity  at  the  plane  ende 
(jc  s  0  and  being 

 (3W) 


rrx(r)A-0.   .(86) 

0 


r  being  the  transverse  coordinate,  and  the  radius  of  tite  cylinder  being 
put  eqwd  to  1. 


If  «»  If  be  the  component  velocities,  the  continuity  equation  is 

t-W-^'  •<") 

whence 

ru  -     /rfr,      rv  -  -d^/dm,   (87') 

where  ^  is  arbitcaiy  so  fiur  as  (37)  is  concerned. 

t  -  («)  fjx(r)dr, 

so  that 

tt = «.  +  0  (or)  X  (r),      »—  ^'  («)  J  JJ"  rx  (r)  dr.  (38) 

It  is  clear  from  (88)  that  if 

4>iO)  =  4>{l)==\.   (39) 

%M»iia  +  x('')'fb-i*      Vrm^'^O  for  all  values  of  «. 
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Thus  (38)  satisfies  the  boundary  conditions  including  (35)^  and  ^  is 
still  arbitrary,  except  in  so  far  as  it  is  limited  by  (39). 

In  order  to  nhtnin  an  expression  for  the  vit  WMf  we  must  integiate 
u*  +  i^  over  the  volume  of  the  cylinder. 

Twice  m  mm  -  tt,«iri+  2m,J  <f>  (a?)  daipx  i^)  S^riir 

+ /Jl^       <^-l\x  (r)}»  2irr  rfr+ (x)]' dx .  p^inr-^  dr  IJ^x  (r)  dr|*. 

 (*0) 

The  seoond  term  vaniaheB  in  virtue  of  (86X  and  we  may  write 

Twice  vis  v»ca=«,«iri  +  j\At  +  By'*)dx,  (40') 

where  A  and  £  are  known  quantitieB  depending  on  and  y  =  ^{x)  k 
80  ftr  aa  azbitmrj  ftinctioQ»  which  we  shall  determine  bo  as  to  make  the 
vw  VM»  a  minimum. 


By  the  method  of  yariatioas 

y  =  (7s-»<f<4«>  +  (7V+«<'Wtfl;   (41) 

and  in  order  to  satisfy  (39), 

1  -  a  +  (r,      1  -  Or^^^  +  O'tfW^'ciW  (48) 

(41)  and  (42)  completely  determine  y  aa  a  functian  of  m,  and  when  this  value 
of  3f  is  used  in  (40)  the  m  wm  is  less  than  with  any  other  finrm  of  y.  On 
substitntion  in  (40^, 

1  _  e-iHUlBt 

Twioe  eit  «M»  - «.M  +  2  ^(AB) ^_^^,u^s,  

The  via  viva  expressed  in  (43)  is  le^  than  any  other  which  can  be  derived 
from  the  equation  (38) ;  but  it  is  not  the  least  possible,  as  may  be  seen 
by  substituting  the  value  of     in  the  stream-line  equation 

<EF   r  dr^  d»*  ^' 
which  will  be  found  to  be  not  satisfied. 

The  next  step  is  to  introduce  qwcial  fbnns  of      Thosletn^^Ml  4>pff'. 

Then  tt,  =  l  +  i^»,       X=/*(-i  +  »^)- 

Accordingly 

^'Ti' 
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and  (43>  becomes 

tmma^wlil   (**) 

We  have  in  (44)  the  «w  viva  of  a  motion  within  a  circular  cylinder  which 
satisfies  the  continuity  equation,  and  which  makes  over  the  plane  ends 
«  =  l+^r'.  Tf^  =  ()  we  fall  back  on  the  simple  case  considered  before; 
and  this  is  the  value  of  fi  for  which  the  fjg  6. 

«!»  viva  in  (44)  is  a  mimmnm  oompoted  to 
the  rate  of  flow  (1  +  ii»>>  Bat  for  the  part 
ontmde  the  cylinder  the  ins  vim  is,  as  we 
may  anticipate,  least  when  fi  has  some  finite 
value ;  so  that  wlien  we  consider  the  motion 
as  a  whole  it  will  be  a  finite  value  of  fi  that 
gives  the  least  vis  vim. 

The  via  viva  of  the  motion  outside  the 
ends  is  to  be  found  by  the  same  method  as  before,  the  first  step  being 
to  determine  the  potential  at  any  point  of  a  circular  disk  whose  density 


where 
ao  that 


potential  at  Pa 

potential  at  F  =  fijd6  [c^p+ip^  +  cp'cm  6] ; 


or  if  previoitdy  to  integiation  with  leepeoi  to  we  add  together  the  elements 
from  QU>  Q» 

^t^f^de  {FQ + PQf)  jc* + ^^3-    •    + 0  cos  ^  (pg  ~  pg-)| . 

Now 

PQ+PQ'-SV^-(^8in*tf,    PQ-PQ'  — Secostf,  PQ,PQf^»-A 

Thus  potential  at  P  » jJV(l  -  c^8in>^.(l  +  2c*8in>tf)<l0.  c  being 

written  for  c/R.  To  this  must  he  added  the  potential  for  a  uniform  disk 
found  previously,  and  the  result  must  be  multiplied  by  the  compound  density 
and  integrated  again  over  the  area,  the  order  of  integration  being  changed  as 
before  so  as  to  liike  first  the  integration  with  respect  to  c.  In  this  way 
elliptic  functions  are  avoided  ;  but  the  process  ia  too  long  to  be  given  here, 
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particularly  as  it  pre.sontxS  no  diftioulty.  The  result  is  that  the  potential  on 
itselt  of  a  disk  whose  density  =  1  +  /jn^jR*  is  expressed  by 

 w 

Thus  if  for  brevity  we  put  R  =  l,we  may  exptOM  the  vit  friva  of  the  whole 
motiou  (both  extremities  included)  by 

2  vu  vim  =  TTi  (1  +  W  I         +  ¥(1  + A/*'). 

which  corresponds  to  the  nte  of  flow  irtia**9r(l  + 

Thus 

2  m  rii'a       I       lo        tt         ""^  "^"^ 
(rate  of  flow/  ~       3ir  (1  +  i/*/  '  '"^  ^ 

where  A  »  s-— ^  • 

The  second  fi-action  on  the  right  of  (46)  is  next  to  be  medea  minimum 
by  varintiun  of  fi.  Putting  it  equal  to  t  and  multiplying  up,  we  get  the 
following  quadratic  in  — 

,  jA    0-16    t)    „   fl6-7    z]  16 

*  [Mr  Clerk  Maxwell  bu  pointed  out  a  process  by  wliicb  tbiM  result  majr  be  obtained  mucb 
BON  tiii^.  Btgin  Iqr  fladiag  tlw  polential  t  Um  tdft  of  Am  dUc  wbow  dMWilj  is  l+ta*. 
TaUag  polar  ooordiiuitw    I),  tha  pole  bdng  at  tb«  adga,  we  have 

sod 

ibe  Umili  of  ^  baiag  0  snd  Saootf»  sod  thoae  of  9  being  -  |a-  and  •I'Ir.  Wo  gel  al  onoo 

Mow  1st  w  oak  off  a  strip  of  btosdih  do  Inm  ths  odgo  of  tlis  disk,  iriioss  susi  Is  sosotdia^ 

Svs(l+^^da. 

Tbs  iPMk  dons  in  osnjiag  tiiis  atrip  off  to  Indailj  Is 

aMds(l-i-jis^(4a^ViM^. 

If  WegradnaUy  pare  the  disk  down  to  nothing  and  carrjsU  tilS  psrings  to  Inflaify,  WS  ffnd  tSr 
tbo  total  worit  bjiatogmting  with  respect  to  a  from  0  to  it, 

H  being  written  for  /d(*.   Hub  is,  as  it  sbould  be,  tb«  half  of  the  expieaaloii  in  lbs  toxt] 
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The  BUuUert  value  of  »  conststent  with  a  real  valtie  of  /»  k  theiefore  giveu  by 

8192 


Thus 


"""iSTS-y      2A  + 1-6556      8-6556  - -8444^^ 
Air         ■  •3927A  4  -3429  ^  7356  -  •0498r*  ' 

2  VM  viva    _  ^  .  J_  3  6556-  3444e-^  , 


(mteof  flow)»~ir^Sir  -7366  -  KHSSe-*  * 

This  gives  au  upper  limit  to  1/c.    Id  tcrmn  of  a  (including  both  ends) 

tt^e  „  1 0-6 1 5  -  e-<  ^<  ,  ^ .  ^ 

«<«'«0^^^4  771  -e-^  <*^^ 

From  (47')  we  see  that  the  limit  for  a  is  smallest  when  <  -  0,  and  gradaally 

increases  vrith  I. 

When  Z»«>,it  beoomeB 

l*6666i{->2x-8282J2. 
Thus  the  correction  for  one  end  of  an  infinite  tube  is  limited  by 

•8282/2  >  2  >  -785/2.   (+8) 

When  I  is  not  infinitely  great  the  upper  limit  may  be  cjilculatetl  from  (47'), 
the  lower  limit  remaining  as  before ;  but  it  is  only  for  quite  small  values 
of  I  that  the  exponential  terms  in  (47')  are  sensible.  It  is  to  be  remarked 
that  the  rml  value  of  a  is  least  when  {  » 0,  and  gradually  inercaoos  to 
its  limit  when  i  >i  oo .  For  consider  the  actual  motion  for  any  finite  value 
of  I,  The  eil  simi  the  motion  going  on  in  any  middle  piece  of  the  tube  is 
greater  than  corresponds  merely  to  the  length.  If  the  piece  therefore 
be  removed  and  the  ends  brought  together,  the  same  motion  may  be  .sup|x)sed 
to  continue  without  violation  of  continuity,  and  the  via  viva  will  be  more 
diminished  than  conespoods  to  the  length  of  the  piece  out  out.  A  fortiori 
will  this  he  true  of  the  real  motion  which  would  exist  in  the  shortened  tube. 
Thus  a  steadily,  decreases  as  the  tube  is  shortened  until  whra  f » 0  it 
coincides  with  the  lower  limit  \vR. 

In  practice  the  outer  end  of  a  rather  long  tube-like  neck  cannot  be  said 
generally  to  end  in  an  infinite  plane,  a<  is  supjwsed  in  the  above  calculation. 
On  the  contrary,  there  could  onlinarily  be  a  certain  flow  back  round  the 
edge  of  the  tube,  the  effect  of  which  must  be  sensibly  to  diminish  a.  It  would 
be  interesting  to  know  the  exact  value  of  a  fw  an  infioite  tube  projecting 
into  unlimited  qMioe  free  from  obstructing  bodies,  the  thickness  of  the 
cylindrical  tube  being  regarded  as  vanishingly  small   Hebnholts  has  solved 
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what  may  be  called  the  oofresponding  problem  in  two  dimensionH ;  but  the 
difficulty  ill  the  two  cases  seetns  to  be  of  quite  a  different  kind.  Fortunately 
our  ignorance  on  this  point  is  not  of  much  consequence  for  acoustical 
purposes,  because  when  the  necks  are  short  the  hypothesis  of  the  iufinite 
plane  agrees  nearly  with  the  fact,  and  when  the  necks  are  long  the  oorreotioii 
to  the  length  is  itself  of  sttbordmate  iinportanoe. 


Nearly  Cylindrical  Tubes  of  Revolution, 

The  non-rotational  flow  of  a  liquid  in  a  tube  of  revolution  or  of  electricity 
in  a  similar  S4>lid  conductor  can  only  in  a  few  cjises  bo  exactly  determined. 
It  may  therefore  be  of  nervice  to  obtain  forniuiai  tixing  certiiin  limits  between 
which  the  vis  viva  or  resistance  must  lie.  First,  considering  the  case  of 
eleotricity  (for  greater  simplicity  of  exprasrionX  let  as  conceive  an  indefinite 
ournber  of  infinitely  thin  but  at  the  same  time  peifeotty  oondocfeing  pluwe 
to  be  introduced  perpendicular  to  the  axi&  Along  these  the  potential  is 
necessarily  constant,  and  it  is  dear  that  their  presence  must  lotver  the 
resistance  of  the  conductor  in  ipu^stion  Now  at  the  point  .r(axial  coonlinate) 
let  the  radius  of  the  conductor  be  y,  that  its  section  is  Try\  The  resistance 
between  two  <tf  the  above-mentkmed  planes  which  are  dose  to  one  snothw 
and  to  the  point  «  will  be  in  the  limit  da-rw^,  if  diff  be  the  distance 
between  the  i^nes,  the  resistance  of  the  unit  'cobe  beiog  nnity.  Thus 


resistance  » 


Upper  lAmiL 

Secondly,  we  know  that  in  the  case  of  a  li(juid  the  true  vis  viva  is  less 
thsn  that  of  any  other  motion  which  satisfies  the  boundary  conditions  and 
the  equation  of  oontinnity.  Now  u,  v  being  tiie  axial  and  tmnsverse 
velocities,  it  will  always  be  possible  so  to  determine  v  as  to  satisfy  the 
conditioos  if  we  assume  «»  mmstant  over  the  section*  and  therefore 

— ^  -  («» 

*  CIt  if  «uy  to  show  tomuXty  thst  no  error  eui  taim  ttom  neRleotiiiR  the  effect  of  the  eorred 
rim.  IiT)Af;inc  the  plancfl  at  z  and  x  +  dx  extended,  and  the  carves  in  wliich  they  cat  the  mirfacc 
of  the  oondaotor  projeoted  bj  linee  pu«Uel  to  the  *xia.  In  this  way  •  cgrlinder  ia  fonned  whi«h 
eoDtaint  tlw  whole  mifiwe  between  » KoA*+dt,  uad  Aaother  cylinderwhieh  is entlnlj  eooteinel 
by  the  Korface.  The  small  cylinder  mi^  be  obtained  by  sapposing  part  of  the  matter  not  to 
eonduot,  and  therefore  giyes  too  great  a  i— ietamw.  On  tlie  other  hand,  the  real  eolid  may  be 
obtained  from  the  large  cylinder  by  the  Mune  proeeas.  The  reaiatanoe  of  the  alioe  liea  nooordingly 
bt  twot  II  those  of  the  two  cylinders  which  are  themselves  eqaal  in  thn  Unit.  Hmmh,  OS  <h* 
whole,  the  parte  nagleoted  Taniab  oonpand  to  thoee  retained.] 
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This  may  be  seen  by  itnagiiUQfl^  rigid  pistons  introduced  perpendicular  to 
the  axis.  Tu  determine  v  it  is  convenient  to  use  the  funckioo  ^«  which 
is  related  to  i*  and  v  according  to  the  equations  (87), 

These  fonuB  for  «  and  «  aeouie  the  fulfilment  of  the  continuity  equation. 
Since 


and  therefore 


r        2.ir    dx  \y*J 


But  since  v  cannot  be  infinite  on  the  aiis,  but  must,  on  the  oontnury,  be 
aero,  if\{pB)  =  0»  and  we  have 

'-.^^Q  

From  the  manner  in  which  these  were  obtained,  they  must  satisfy  the 
condition  of  giving  no  noniial  motion  at  tl»e  surface  of  the  tube.  That  this 
is  actually  the  ca»v  may  be  easily  verifie<l  rt  posteriori,  but  it  18  scarcely 
necessary  for  our  purpose  to  do  so.    To  find  the  vis  vtva. 


Thus 


The  total  flow  across  any  section  is  iryhi  =  u,. 
Therefore 

This  is  the  quantity  which  gives  an  upper  liunt  to  the  resistance.  The 
fint  tmn,  whieii  ooneapondi  to  the  component  u  of  the  velocity,  is  the 
same  as  that  previoudy  obtained  far  the  lower  limits  ae  might  have  been 
foreseen.  The  difference  between  the  two,  which  gives  the  utmost  eiror 
involved  in  taking  either  of  them  as  the  true  value,  is 


1  f  1  (dyV 
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Tn  a  nearly  cylindrical  tube  rf>/  'fl.r  is  a  small  quantity,  and  so  tho  result 
found  by  this  method  is  clo^oly  a|»j>roxiiiiate.  It  is  not  nocessjiry  that  the 
sectiou  of  the  tube  should  be  nearly  coustant,  but  only  that  it  should  vary 
slowly.  The  sttooen  of  the  approximation  in  this  and  nmikr  oaaea  depend 
in  great  measure  on  the  fact  that  the  quantity  to  he  estimated  is  a  minimum. 
Any  reasonable  approzimaiion  to  the  real  motion  will  give  a  vis  viva  Teiy 
near  the  minimum,  according  to  the  principles  of  the  difibrential  calculus. 

Applieation  to  itraiffkt  tube  of  rmwIttCioa  wftoM  mi  2tiw  oa  I10O  tn/faife 

For  the  lower  limit  to  the  rasistance  we  have 

"    1  J_  1 

i2a  being  the  radii  at  the  ends;  and  for  the  higher  limit 

The  first  expreasion  is  obtained  by  supponng  inBnitely  thin  but  perfiaetly 

oondurtiiiL;  planes  perpendicular  to  the  axis  to  be  introduced  from  the  ends 
of  the  tube  inwards,  while  in  the  second  the  conducting  planes  in  the 
electrical  interpretation  are  replaced  by  pistons  in  the  hydrodynamical 
analogue.  For  example,  let  the  tube  be  part  of  a  coue  of  semivertical 
angle  9. 

The  lower  limit  is 

1     /I  ±\ 

and  the  Mgher 

1  +tan«g/ 1     J_\._8     1^  1\ 

Tubet  nearltf  ttraiffkt  and  eylindrieat  hut  not  tuoMsarUy  0/  rmotuHon. 

Taking  the  axis  of  x  in  the  direction  of  the  length,  we  readily  obtain  by 
the  same  process  as  before  a  lov/er  limit  to  the  resistance 

It  •<") 

where  a  flonotes  the  section  of  the  tube  by  a  plane  p  rpendictdar  to  the 
axis  at  the  point  x,  an  expression  which  ha.s  long  been  known  and  is  some- 
times given  as  rigorous.    The  conductor  (for  I  am  now  referring  to  the 
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electrical  interpretation)  is  conceived  to  be  divided  int<.>  elementary  slices  by 
planes  perpendicular  to  tho  axis,  and  the  resistance  of  any  slice  is  calculated 
JiH  if  its  faces  were  at  constant  jxdeutiuls,  which  is  of  course  not  the  case. 
In  fact  it  is  meaningless  to  talk  uf  the  resistance  of  a  limited  solid  at  all, 
unless  with  the  andentaaduig  that  certain  parts  of  its  surfikoe  are  at  constant 
potmtials,  while  other  parts  are  bounded  by  non-conductocs.  Thus,  when 
the  resistance  of  a  cube  is  spoken  of,  it  is  tacitly  assumed  that  two  of  the 
opposite  faces  are  at  constant  potentials,  and  that  the  other  four  faces  permit 
no  escape  of  electricity  across  them.  In  some  cases  of  unlimited  conductors, 
for  instance  one  we  have  already  contemplated — an  infinite  solid  almost 
divided  into  two  separate  parts  by  an  infinite  insulating  plane  with  a  hole 
in  it — it  is  allowable  to  speak  of  the  resistance  without  specifying  what 
particular  surfiMes  are  regarded  as  equipotential ;  for  at  a  sufficient  distance 
from  the  opening  on  either  side  the  potential  is  oiHistant,  and  any  surface 
no  part  of  which  approaches  the  openiiijj^  is  approximately  equipotential. 
After  thus  explanation  of  the  exact  signiticanco  of  (53),  we  may  advantageously 
niwlify  it  into  a  form  convenient  for  pi-acticiil  use. 

The  section  of  the  tube  at  »  ditl'erent  points  of  its  length  I  is  obtained  by 
observing  the  length  \  of  a  mercury  thread  which  is  cau.se<l  to  travei-se  the 
tube.  Replacing  the  integration  by  a  summation  denoted  by  the  symbol  X, 
we  arrive  at  the  f<»mula 

resistance  =  -j,rSX .  2X~*  (54) 

whkh  was  used  by  Br  Ifatthiessen  in  his  invest^tion  of  the  mereuiy  unit  of 
electrical  resistance,  and  was  the  subject  of  some  controvetsy*.  It  is 
perfectly  correct  in  the  sense  that  when  the  number  of  observati<MlS  is 
increased  without  limit  it  coincides  with  (53).  it»el/,  howatrt  wlff  on 

*  Sot  Sabine'a  EUctrie  Telegraph,  p.  829.    To  prove  (o4),  we  have 

miatanoeas-  S#~*. 
u 

•ad  fXaaomlMitar  (aaj).  lo  that  Z>^a«->ZX. 

Bat  Fs«Qla]iWB-Zr«'irZX->,  wo  that  ^  'n2=X-», 
n       m  K  III' 

and  Z«->«j^ZX.Z\->. 

Tbe  oorreotion  for  the  ends  of  tin  tabe  cnploijfld  lij  Stamens  in  erroneous,  being  c«lculate<l  on 
the  sappoMtioo  that  tbe  diTCCgmoe  of  the  oonent  takes  plaoe  from  the  eomd  aorfaos  of  a 
hemiapbera  of  radiot  equal  to  that  of  the  tabe.  Thia  U  tantamoant  to  ■wimiiwg  a  eonataat 
potantfad  over  the  solid  hemisphere  conceived  as  of  ioflnite  eonductivity,  and  gives  of  course 
a  reaolt  too  smaU— /i  for  both  ends  together.  The  proper  oorreetkm,  wbieb  probabljr  is  not 
of  mnoh  importance,  would  depend  somewhat  upon  the  mode  of  eoDiMlioa  of  tikO  tube  with 
tbe  terminal  cups,  bat  ouHUit  dibr  miMh  tma  iwR  (for  l>oth  ends),  as  we  hftvo  seaii.  bsfe 
aiace  foood  that  Bienaas  mm  awaio  of  the  rawU  emtr  in  this  ooireotiaii.) 

B.    1.  6. 
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approximation  to  the  magnitude  ioiight.  The  extension  of  our  socond  method 
(for  the  higher  limit)  to  tube  not  of  revolution  would  retjuire  the  general 
Holution  of  the  potential  problem  in  two  dimensions.  It  may  be  inferred 
that  the  difference  bi  tween  the  two  limits  is  of  the  order  of  the  square  of  the 
incliuatiou  of  the  tuugeut  plane  to  the  axLs,  and  is  therefore  verjr  small  when 
the  seotioQ  of  (he  tube  altera  boi  slowly. 


Tubm  not  iMoWy  sttxughL 

In  applying  (53)  to  such  cases,  we  are  at  liberty  to  take  any  sfenight  line 

we  please  as  axis  ;  but  if  the  tube  is  much  bent,  even  though  its  cross  section 
remain  nearly  constant,  the  approximation  will  ceavs*?  to  be  goml.  This  is 
evident,  because  the  planes  of  constant  potential  must  soon  become  very 
oblique,  and  the  section  a  used  in  the  formula  much  greater  than  the  really 
efiedive  section  of  the  tube.  To  meet  this  difficnlty  a  modification  in  the 
Ibnnula  is  neoeaiary.  Instead  of  taking  the  artificial  planes  d  equal  potential 
all  perpendicular  to  a  straight  line,  we  wilt  now  take  them  normal  to  a  cnnre 
which  may  have  double  curvature,  and  whieh  should  run,  as  it  were,  along  the 
middle  of  the  tube.  ConscM-utive  planes  intt  isect  in  a  striiight  line  pa.s.sing 
through  the  centre  of  curvature  of  the  "  axis "  and  perpendicular  to  its 
plane. 

The  resistance  between  two  neighbouring  equipotential  planes  is  in  the 
limit 

where  t$  is  the  angle  betwem  the  planes,  and  r  is  the  distance  <^  any 

element  d<r  of  the  section  from  the  line  of  intersection  of  the  planes.  Now 

Z6  =  dn  ^  p,  if  dn  be  the  intercept  on  the  axis  between  the  normal  planes, 
and  p  the  radius  of  curvatuie  at  the  point  in  question.  The  lower  limit  to 
the  resistance  is  thus  expressed  by 

l-A.  <») 

In  the  particular  case  oi  a  tube  of  reTolntton  (such  as  an  anch<»>ring) 

jjr^ftdo-  is  a  constant,  and  the  limit  which  now  ooineides  with  the  true 

resistanoe  varies  as  the  length  of  the  axis,  and  is  evidently  independent 
of  its  positi<m.  In  genenl  the  value  of  the  integral  will  depend  on  the 
axis  used,  but  it  is  in  every  case  less  than  the  true  value  of  the  resistance. 
In  choosing  the  axis,  the  object  is  to  make  the  artificial  planes  of  constant 
potential  agree  as  nearly  as  possible  with  the  true  equipotential  surfaces. 
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A  t<tLll  further  general izatiuu  is  posHible  by  taking  fur  the  artificial 
equi  potential  surfikcee  thoee  represented  bj  the  equation  const 

For  all  DjBtems  of  sarfaces,  with  one  deception,  the  lesistaooe  fimnd  on 
this  aasnmptioii  will  be  too  smalL  The  exception  is  of  oourse  when  the 
surfiMses  F « const,  coindde  with  the  andistnrbcd  oquipotential  surfiuses. 
The  element  of  resistance  between  the  snrfiu»s  F  and  F+  dF  is 

where  dn  is  the  distanco  between  the  surfaces  at  the  clfinont  da,  and  the 
integration  goes  over  the  surfEKe  F  as  fur  as  the  edge  of  the  tube.  Now 

and  limit  to  resistance 


an  expression  whose  tana  remains  undianged  when  /{F)  is  written  for  F. 
If  F^Tf  so  that  the  surfiuses  are  spheres, 

l(dF/dj:y^(dFfdry^l', 

and 

,.         f  dr       f dr 

This  form  would  he  siiitable  for  approximately  conical  tubes,  tho  vertex  of 

the  coue  being  taken  as  origin  of  r. 

The  last  formula*,  (55)  and  (50),  are  perhaps  more  elaborate  than  is 
required  in  the  present  state  of  acoustical  science,  and  it  b  rather  in  the 
theoiy  of  electricity  that  their  interest  would  lie;  but  they  present  them- 
selves so  readily  as  generalizations  of  previous  results  that  I  hope  that  they 

are  not  altogetlier  out  of  place  in  the  present  paper.  In  all  these  cases  we 

have  the  advantage  that  the  (jnantity  sought  is  deterniined  by  a  minimum 
property,  aiai  is  therefore  sul)iect  to  a  much  smaller  error  than  exists  in  the 
conditions  which  determine  it. 

Part  ni. 
BaperifnmtaL 

The  object  of  this  Part  is  to  detail  some  cx|x-nments  on  resonators 
instituted  with  a  view  of  comparing  some  of  the  fonnuhB  of  Puts  I.  and  IL 
witii  observation.  Helmholtx  in  his  paper  on  oigao-pipes  has  compared 

6—2 
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hifl  own  theory  with  the  ezperimeDts  of  SonHhaiiss  and  Wertheira  fur  the 
case  of  resonators  whose  commnnicjitioji  with  the  external  atmosphere  is  by 
simple  holes  in  their  sidcB.  The  theoretical  result  is  embodied  iu  (5) 
and  (23),  or  for  circular  holes  (24),  and  nm.s, 


a     /2R    a     IR  .gy,. 


or  when  the  area  of  the  opening  ie  af^mnuniately  dreular  and  of  magnitttde 


.(58) 


On  calculation  Uelniholtz  hnds*  H  =  5G174<ri<S  i,  the  unit  of  length 
being  metrical. 

The  eni|>irical  fonnnla  found  by  Sondhauss  is  «  =  52400  *Sf~*,  which 
agrees  ciinii)letely  with  theory  as  regards  its  foruj,  but  not  so  well  in  the 
value  it  a.s.signs  to  the  constant  multiplier.  The  difference  oomqMnds 
to  more  than  a  eemitooe,  and  is  in  the  direction  that  the  observed  notes  are 
all  too  low.  I  can  only  think  of  two  explanations  for  the  discordance^ 
neither  of  which  seeroH  completely  satisfactury.  In  the  first  ]i]:u-e,  Sondhauss 
determined  hia  resonant  notes  by  the  pitch  of  the  sound  pr(Mluce<i  when  he 
blew  obli(juely  across  the  opening  through  a  piece  of  pipe  with  a  fluttened 
end.  It  is  possible  that  the  proximity  of  the  pipe  to  the  opening  was  such 
as  to  cause  an  obstruction  in  the  air-passage  which  might  sensibly  lower  the 
pitch.  Secondly,  no  account  is  taken  of  the  thickness  of  the  side  of  the 
▼esse],  the  effect  of  which  must  be  to  make  the  calculated  value  of  n  too 
great.  On  the  other  hand,  two  sources  of  error  must  be  mentioned  which 
would  act  in  the  opjMisite  direction.  The  air  in  the  vicinity  of  the  opening 
must  have  been  8t;nsibly  warmer  than  the  external  atmosphere,  and  we  saw 
in  Pisrt  L  how  sensitive  resonators  of  this  sort  must  be  to  small  changes 
in  the  physical  properties  of  the  gas  which  occupy  the  air-passagea  Indeed 
Savart  long  ago  remarked  on  the  instability  of  the  pitch  of  short  pipesy 
comparing  them  with  ordinary  organ-pipes.  The  .second  source  of  disturbance 
is  of  a  more  recondite  character,  but  not,  I  think,  less  real.  It  is  proved  in 
works  on  hydro<lynanuc.s  that  in  the  steady  motion  of  fluids,  whether  com- 
pressible or  not,  an  incrcase<l  velocity  is  always  accompanied  by  a  diminished 
pressure.  In  the  case  of  a  gas  the  diminished  pressure  entails  a  diminished 
density.  There  seems  therefore  every  reason  to  expect  a  dimuiution  of 
density  in  the  stream  of  air  which  plays  over  the  onHcc  of  the  resonator, 
which  must  cause  a  rise  in  the  resonant  note.  But  independently  of  these 
difhculties,  the  theory  uf  pipes  or  other  resonators  made  to  speak  by  a 

*  Th«  MbMitj  0f  MaBa  is  taksn  at  ttM  lkwiiDg.|iotnt:  otbcfwiM  tlie  diMordaiiM  wooM  be 
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struaiu  of  air  direct^'d  iigainst  a  sharp  edge  is  not  suttici'  ntly  understood 
to  make  this  moth<Ki  of  invcHtigation  satisfactory.  For  this  resison  I  havo 
entirely  abandoned  the  iautho<l  of  causing  the  resonators  to  speak  in  my 
expoimento,  and  have  relied  on  other  iiidtcati<»i8  to  fix  the  pitch.  The  only 
other  experiments  that  I  have  met  with  on  the  aabjeet  of  the  prceont  paper 
are  also  by  Sondhauss,  who  has  been  veiy  successful  in  unravelling  the 
roniplications  of  these  phenomena  without  much  help  from  theory*.  For 
tiasks  with  long  necks  he  found  the  formula 

as  applicable  when  the  necks  are  cylindrical  and  not  too  dkwit  oorrespondiiig 
to  the  theoretioal 

(»») 

obtained  by  combining  (o)  and  (21),  or,  in  numbers  with  metrical  units. 

The  discrepancy  is  no  doubt  to  be  attributed  (at  least  in  great  measure) 
to  the  omiaaion  of  the  correction  to  the  length  of  the  neck. 

Li  the  experiments  about  to  be  described  the  pitch  of  the  resonator  was 
determined  in  varions  ways.  Some  of  the  larger  ones  had  short  tubes 
fitted  to  them  which  could  be  inserted  in  the  ear.  By  trial  on  the  piano  or 
organ  the  note  of  maximum  resonance  could  be  fixed  without  difficulty, 
probably  to  a  quarter  of  a  semitone.  In  most  of  the  experiments  a  grand 
piano  was  used,  whose  middle  c  was  in  almost  exact  unison  with  a  fork 
of  866  vibrations  per  second  Whenever  practicable  the  hanmrnie  under* 
tones  were  also  used  as  a  check  on  any  slight  diflferenoe  whidi  might  be 
possible  in  the  quality  of  consecutive  notes.  Indee<]  the  determination  was 
generally  easier  by  moans  i)f  the  first  undertone  (the  octavo),  or  even  the 
second  ''the  twelfth),  than  when  the  actual  note  of  the  resonator  was  n.sed. 
The  explanation  is,  I  believe,  not  .so  much  that  the  overtones  belonging  to 
any  note  on  the  piano  surpass  in  strength  the  fundamental  tone,  although 
that  is  quite  possiblef  ,  as  that  ear  (or  rather  the  attention)  is  more 
sensitive  to  an  inerease  in  the  strength  of  an  overtone  than  of  the  funda- 
mental.  However  this  may  be,  there  is  no  donbt  that  a  little  practice 
greatly  exalts  the  power  of  observation,  many  j>orsnns  on  the  first  trial  being 
apparently  incapable  of  noticing  the  loudest  ri'sonanee.  Another  plan  very 
convenient,  though  not  to  be  used  in  measurements  without  caution,  is 


*  Fogg.  Ann.  t.  Ixxxi. 
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to  connect  uuc  Old  of  a  piece  of  iudia-rubber  tubing  *  with  the  ear,  while 
the  other  end  ia  paaeed  into  the  interior  of  the  TeeaeL  In  this  way  the 
remnanoe  of  any  wide-mouthed  hottle,  jar,  lamp-gk>he,  fte.  may  be  approxi- 
mately determined  in  a  few  seconds;  bnt  it  most  not  be  f<wgotten  that  the 
tube  in  pas-sing  thnnigh  the  air-passage  acts  as  an  obstruction,  and  s<>  lowers 
the  pitch.  In  many  cjises,  however,  the  fffoct  is  insigniticant,  and  can  be 
roughly  allowed  for  without  difficulty.  For  large  resonators  thia  method 
is  satisfactory,  but  in  other  «Me*  is  no  louget  availsbto.  I  ha^  however, 
found  it  possible  to  determine  with  oonriderable  precision  the  pitch  of  small 
flasks  with  long  necks  by  simply  holding  them  rather  close  to  the  wires 
ni  the  piano  while  the  chromatic  scale  is  sounded.  The  resonant  note 
announces  itself  by  a  quivering  of  the  body  of  the  fljisk,  efiaily  perceptible  by 
the  fingers.  Since  it  is  not  so  easy  by  this  method  to  divide  the  interval 
between  consecutive  notes,  I  rejected  those  flasks  whose  pitch  neither  exiictly 
sgreed  with  any  note  on  the  piano  nor  exactly  halved  the  intervaL  In  some 
cases  it  is  advantageous  to  sing  into  the  month,  taking  care  not  to  ofastmet 
the  passage;  the  resonant  note  is  recognized  partly  by  the  tremor  of  the 
flask,  and  partly  by  a  peculiar  sensation  in  the  throat  or  ear,  hard  to 
localise  or  describe. 

The  precision  obtainable  in  any  of  these  ways  may  seem  inferior  to  that 
reachf*<l  by  several  expcrimfnters  who  have  used  the  nioth«xl  of  musing  the 
resonators  or  pipes  to  speak  by  a  stream  of  air.  That  the  apparent  pre- 
cision in  the  last  case  is  greater  I  of  course  fully  admit;  for  any  one  by 
means  of  a  monochotd  could  estimate  tiie  pitch  of  a  continuous  sound  within 
a  smaller  limit  of  error  than  a  quarter  of  a  semitone.  But  the  question  arises^ 
v<!i'it  it  that  is  estimated  ^  Ts  it  the  natural  note  of  the  resonator  ?  I  have 
ahiaily  given  my  reasons  tor  d(i\ibting  the  affirmative  answer;  and  if  the 
doubt  is  well  grounded,  the  greater  precision  is  only  apparent  and  of  no  use 
theoretically.  I  may  add,  too,  that  many  of  the  Hasks  that  I  used  could  not 
easily  have  been  made  to  qieak  by  blowing.  If  they  sounded  at  all  it  was 
more  likely  to  be  Uie  firet  overtone,  which  ia  the  note  rather  of  the  neck  than 
the  flask :  see  e({uation  (20).  In  carrying  out  the  measurements  of  the 
quantities  involved  in  the  formula,  the  voluiue  of  the  Hask  or  reservoir  was 
estimated  by  filling  it  with  water  halfway  u]j  the  luek,  which  wjvs  then 
measured,  or  in  some  cases  weighed.  The  measurements  of  the  neck  were 
made  in  two  ways  according  to  the  length.  Unless  veiy  abort  Huk  capacity 
was  measured  1^  water,  and  tiie  expression  for  the  resistance  (54)  in  a  simpli- 
fied form  was  used.  The  formula  for  n  then  runs. 


vol.  of  neck  (60) 


vol.  of  tiask  X  (1  +  ^irlijL) 
*  The  likd^  Franah  taUBg,  about  |  iadi  in  estanisl  dUunetar,  b  Hit  pltasaatMl  to 
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When,  ou  the  other  hand,  the  necks  were  abort,  or  sinoply  holes  of  sensible 
fthioknett,  the  following  fimnnia  was  nsed, 

n  =  {a(rl■^■r,)l'^rLS[^  +7r(r,  +  r,),4L]}-i  (61) 

Vi,  »"a  being  the  radii,  or  halves  of  the  (lijiiiR't(.'i.s,  as  mciusured  at  each  end. 
It  is  scarcely  neoeraary  to  say  that  the  estimation  of  pitch  wtis  made  in 
ignoranoe  of  the  thewetical  result;  otherwise  it  is  almost  impoasible  to 
avoid  a  certain  bias  in  dividing  the  interval  between  the  consecutive  notes. 


Table  L 


No.  of 
obMrmtioD. 

in  cub. 

r, 

in  cub. 

io  inolMO. 

R 

inlM 

n. 
by  cal- 

n, 

bv  obfl*'!'- 

DifferaDoe, 

in  mean 

centini8. 

c«ntiiu8. 

ouUtioQ. 

vation. 

seniituues. 

1 

Sft-S 

B8 

H 

i 

W-T 

126 

+  •23 

S 

13o0 

l'2«-7 

1 

107-7 

108-7 

-16 

3 

7100 

4:50 

1223 

120 

+  •33 

4 

405 

49-9 

3U 

i 

179-7 

180 

-  03 

5 

m 

21-2f> 

V 

2337 

228 

+  •42 

U 

7H5 

3«H4 

f 

174-3 

176 

-  -16 

7 

210 

nr, 

»l 

il 

aoi-0 

204 

-18 

H 

312 

•29-32 

8i 

f 

18fi-3 

182 

+  •41 

10 

G300 

270 

H 

a  • 
nil 

« I 

104-2 

102-4 

+  -ilt 

54-69 

U-6 

2,V 

not  reoord^ 

891-6 

384* 

+  •34 

In  Table  I.  the  first  cfihimTi  gives  the  number  of  the  experiment,  the 
second  the  volume  of  the  reservoirs,  including  half  the  necks,  the  third  the 
volume  of  the  necks  themselves,  the  fourth  their  lengths,  and  the  tifth  their 
ladii  measured,  when  neoessaiy,  at  both  ends.  In  the  sixth  column  is  given 
the  number  of  vibrations  per  second  calculated  from  (60X  the  veloaity  of 
sound  being  taken  at  11S3  feet  per  second,  corresponding  to  GO""  F.,  about  the 
temperature  of  the  room  in  which  the  pitch  was  determined.  Coluuui  7 
coiitjiins  the  values  of  n  estimated  by  means  of  the  pianoforte,  while  in  8  is 
given  for  couvenienoe  the  discrepancy  between  the  observed  and  calculated 
values  expressed  in  parts  of  a  mean  semitone. 

1,  2,  4,  5,  6,  7,  8,  12  were  glass  flasks  with  well-defined  nearly  cylindrical 
nedis,  the  body  of  the  flask  being  approximately  spherioaL  Of  these  1  and  2 
had  nnall  tubes  cemented  into  tiiem,  whidi  were  inserted  in  the  ear ;  the 
pitch  of  the  rest  was  estimated  mainly  by  tiiair  quivering  to  the  retonant 

note.  3  and  10  were  globes  intended  for  burning  phosphorus  in  oxygen  gas, 
and  their  pitch  wjvs  fixed  priiicip;i!ly  by  the  help  of  the  india-rubber  tube 
passed  through  the  neck.  A  good  car  would  hnd  no  difficulty  in  identifying 
the  note  produced  when  the  body  of  the  globe  is  struck  with  the  soft  part  of 
the  band  The  agreement  is  I  think  very  satisfaetoiy,  and  is  certainly  better 

*  19  vu  origiiwUj  MtiaMtod  an  ocUto  too  low,  m  diat  tb«  anmbor  in  Ow  TabU  ia  tba 
doaUa  of  iriisi  vat  pot  down  m  Um  feralt  of  ottwiTsUoii. 
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than  I  expected,  haviug  regard  to  the  difhculties  iu  the  measurements  of 
pitdi  and  of  the  dimensianB  of  the  flaeka.  The  avMage  error  in  TaUe  L  is 
about  a  quarter  of  a  sraDiton^  and  the  maximum  error  leas  than  half  a  aemi- 

tone.  It  should  be  remembered  that  there  is  no  arbitrary  constant  to  be 
fixed  as  best  suits  the  observatious,  but  that  the  calculated  value  of  n  is 
entirely  determined  by  the  dimensions  of  the  resonator  and  the  velocity 
of  sound.  If  a  lower  value  of  the  latter  than  1123  wei-e  admissible,  the 
agreement  would  be  considerably  improved. 


Table  IL 


No.  of 
npniiiiuit. 

in  onb. 

L, 

iniDohM. 

d. 

la  laebM. 

M,  by 
flklanlstion. 

ulllilVklilMI. 

9 

1245 

m 

\l  \t 

107-8 

108 

-  '11 

11 

210-6 

I 

528 

538 

-  -W 

IS 

1-245 

1 

1 

ir,;v> 

170 

-  -71 

\i 

1-245 

21 '.14 

213 

+  -51 

3090 

2181 

227-6 

-  -TS 

16 

8240 

Mi 

131-3 

112 

-1-36 

17 

3-240 

i 

149- 1 

I -J,-;  :. 

•50 

18 

8-240 

1*. 

l$3-2 

1.W6 

-  -03 

19 

8240 

^ 

1 

129-1 

132 

•38 

30 

8040 

if 

128-6 

128 

+  •08 

31 

3240 

H 

101-5 

103o 

•»4 

22 

3240 

A 

2/, 

216 

229 

-1-01 

Table  II.  contains  the  results  of  the  comjjarison  between  theory  and 
observation  for  a  number  of  resonators  whose  necks  were  too  short  for  the 
convenient  measurement  of  Uie  volume.  The  length  and  diameter  mm 
measured  with  care  and  aaed  in  fiutnnla  (61X  In  9,  13,  14  the  reservoir 
consisted  of  the  body  of  a  flask  whose  neck  had  beoi  cut  off  close,  and  whidi 
was  fitted  with  n  small  tube  for  insertion  in  the  ear.  In  9  and  13  there  was 
a  short  glass  <»r  tin  tube  fitted  into  the  opening*,  while  in  I-t  the  mouth  was 
covered  (air-tight)  with  a  piece  of  sheet  gntta-percha  pierced  by  a  cork 
borer;  11  was  a  small  globe  treated  in  ^e  same  way.  15  to  22  were 
all  eiqperiments  with  a  globe  of  a  modemtor-kmp^  whidi  also  had  a  tube 
for  the  ear,  one  opening  being  closed  by  a  piece  of  j^te  glass  cemented  ovct 
it.  Sometimes  a  little  water  was  poured  in  for  greater  convenience  in 
determining  the  pitch,  whence  the  slightly  differing  values  of  S.  In  15  the 
opening  was  clear,  and  in  1()  fitted  with  a  bnias  tube;  in  17  it  was  covered 
with  a  gutta-percha  lace,  in  18,  19,  21  with  a  wooden  face  bored  by  a  centre- 
bit,  and  in  20  with  a  piece  of  tin  plate  carrying  a  circular  hole ;  f2  contains 
the  result  when  tiie  other  opening  of  the  globe  was  used  clear. 

On  inspection  of  Table  II.  it  appeara  that  the  discrepancy  betwem  theoiy 
and  observation  is  decidedly  greater  than  in  Table  L,  in  fact  about  double, 

*  aiitU.pHdi»  wflMMd  in  hot  tnttr  k  way  omM  tut  tampomiy  fitting*  of  tiib  tort. 
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whether  we  consider  the  ninxinium  or  the  mean  error.  The  cause  of  some 
of  the  large  errors  may,  I  thiuk,  be  traced.  13  and  l(i  had  uecks  of  jiut  the 
length  for  which  the  ooireetion  ^m-M  may  not  be  qaito  appiio»U&  A  decided 
flow  bade  round  the  edge  of  the  outer  end  rnnet  take  place  witii  the  effect  of 
diminishing  the  value  of  ec.  In  order  to  test  this  explanation,  a  piece  of 
millbijard  was  placed  over  the  outer  end  of  the  tube  in  16  to  represent  the 
infinite  plane.  A  new  CHtiniation  of  n,  as  honest  as  possible,  gave  ti  — 137, 
which  would  considerably  diminish  the  error.  I  fancied  that  I  could  detect 
a  decided  difierenoo  in  the  reatniance  according  as  the  millboard  was  in 
position  or  not;  hut  when  the  theoretical  result  is  known,  the  di£Beulty 
is  great  of  tnakii^  an  independent  observation.  In  16  and  22,  where  the 
apertures  of  the  globe  were  used  clear,  the  eiTor  is,  I  believe,  due  to  an 
insufficient  fulfilment  of  the  condition  laid  down  at  the  commencement  of 
this  paper.  Thus  in  15  the  wave-leiigth  =  1123-=-  227  =  4  t)  feet ;  or  =  1-2 
feet,  which  is  not  large  enough  cunipui-ed  to  the  diameter  of  the  globe 
(6  inches).  The  addition  of  a  neck  lowers  die  note,  and  then  the  theory 
becomes  more  certainly  appUoaUe. 

It  mayperiiaps  be  thought  that  the  observations  on  resonance  in  Tables  L 

and  II.  do  not  estend  over  a  suflScient  range  of  pitch  to  give  a  satis&ctory 
verification  of  a  general  formula.  It  is  true  that  they  are  f(ir  the  most  part 
c<niHni'd  within  the  limits  of  an  octave,  hut  it  munt  be  remembered  that  if 
the  theory  is  true  for  any  resonant  air-space,  it  may  be  extended  to  include 
all  timUar  aif^paces  in  virtue  of  Savart's  law  alone— a  law  which  has  its 
foundations  so  deq»  that  it  hardly  requires  experimratal  confirmation.  It 
this  be  admitted,  the  range  of  comimrison  will  be  seen  to  be  really  very 
wide,  including  all  propoiiinns  of  L  and  R.  When  the  pitch  is  much  higher 
or  much  lower  than  in  the  Tables,  the  experimental  diflSculties  arc  incroa-scd. 
For  much  lower  tones  the  ear  is  not  .sufliiciently  sensitive,  while  in  the  case 
of  the  higher  tones  some  of  the  indicatitHU  relied  on  to  fix  the  pitch  are  no 
longer  available. 

Some  experiments  were  next  made  with  the  moderator  globe  and  two 
openings.  The  theoretical  fimnulaB  are 


Tabls  IIL 


No.  of 

MINVlinMlt. 

s, 
inoab. 
omtim*. 

1 

in  inehM. 

lo  iDoaai. 

u, 

by  calott- 
httaa. 

n, 

by  ohwr- 

Difference, 

S8 
M 
W 

3240 
3240 
3240 

( 

2-00 
*716 

195 
1-01 
1-01 

301 

303-4 
•it;  1-8 

aou-4 

3'>0 

ao4 

•92 
1-09 
•81 
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In  2^3  both  holes  of  the  globe  were  clenr,  and  in  24',  25  they  were  covered 
with  wooden  fiaces  carrying  holes  uf  varioua  diametei-».  The  error  in  23,  24 
is  to  be  ascribed  to  the  same  cause  m  in  16  and  28  above. 

The  Icuit  expcrimeut  that  I  shall  describe  was  nuuie  in  order  to  test  the 
tbeoy  of  doable  reaoiiaiice*  but  is  not  qnite  aatiB&ctoiy,  fi>r  the  same  reason 
as  16,  22,  28.  24.  Two  moderator  globes  were  cemented  together  so  as 
to  form  two  chambers  oommunicating  with  each  other  and  with  the  external 
air.  The  natural  openings  were  used  clear,  and  the  resonance  (which  was  not 
very  good)  was  estimated  by  means  of  a  tube  connecting  the  ear  with  one  of 
them.    The  observations  gave  for  the  values  of  n, 

High  note  =  :384,       Low  note  =  213. 

The  result  of  ealcidation  from  the  dimen.sions  of  the  globes  and  openings 
by  means  of  the  formula}  of  Parts  I.  and  II.  was 

High  note = 860.      Low  note  -  212. 

The  oTor  in  the  high  note  is  about  a  semitone. 

(The  two  moderate  globes  were  fitted  up  again  as  a  doable  resonator, 
only  with  bored  wooden  disks  over  the  holes,  so  as  to  lower  the  note  and 
render  the  theory  more  strictly  applicable.  Tha  pitch  was  much  better 
defined  than  before,  and  gave 

Low  note  =  152-5,      High  note«  240. 

Ci»ob»l-008;  c^»-7t52.  a»1133(70°F.). 


Thus 


/1G-39X  1-008 

V  —  8200  

V  3200 


1133  X  12 
6*28 

1133x12     /lU  ;Wx  2-438 


241-9. 


^  6-28 

The  agreenient  is  now  very  good. 

Ono  of  the  outer  lioles  was  stoppe<l  with  a  plate  of  gliuss.  The  resonance 
ot  th(  liit^li  note  was  feeblo  though  well  defined;  that  of  the  low  was  rather 
loud  hill  badlv  defined. 

The  high  note  was  put  at  225,  low  note  at  90. 

iSf»3150,  iS'»8250. 

Ci««7162.  c^sl<M)8,  C|+Ci»  1-7282. 

Calculating  from  these  data,  we  get 

n,  =225-2,   w,  =  90-5. 

The  agreement  is  here  much  better  than  was  ex^jected,  aud  must  be  iu 
part  fortuitous. 
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I  will  now  detail  two  cxpiiiiments  made  to  voify  the  formula  marked 

(20(i).  A  iTKxlerator  [lamp]  chimney  was  plugged  at  the  lower  end  with 
gutta-percha,  through  which  p:ussed  a  snmll  tube  for  application  to  the  oar. 
The  bulb  w;is  here  represented  by  the  uulargemeut  where  the  chimney  fits 
on  to  the  lamp.    On  measurement, 

S/a  =  416  iucbes.   L  »  5'367  inches,   a  =  ^wR  =  471. 

Thus 

from  this  the  value  of  k  was  calculated  by  the  trigonometrical  tables. 
Finally, 

H  =  251  4. 

As  the  result  of  observation  n  had  been  estimated  at  252. 
In  another  case, 

£_5*t67,   a-*587,   or  fif/a- 3*787,   n  by  observation  =351. 

The  result  of  calculation  is  n  =  85()  3.  These  are  the  only  two  instances 
in  which  I  have  tried  the  fornuda  (20a).  It  i.s  somewhat  troublesome  in 
use,  but  appears  to  represent  the  facts  very  closely ;  though  I  do  not  pretend 
that  the  above  would  be  average  samples  of  a  large  seriea  There  is  no 
necessity  tar  the  inegnlarity  at  the  lower  end  taking  the  fonn  of  an  milarge- 
mentk  For  example,  the  formula  might  be  applied  to  a  truly  cylindlical 
pipe  with  a  ball  of  solid  material  resting  at  the  bottom.] 

I  had  intended  to  have  made  these  experiments  more  complete,  particolarly 

on  multiple  resonance,  but  have  not  hitherto  had  time.  However,  the 
results  obtained  seem  quite  sufficient  to  establish  a  substantial  agreement 
Ijetween  theory  and  fact.  It  should  be  undei*stood  that  those  here  pre- 
sented are  not  favourable  specimens  selected  out  of  a  large  number,  but 
include,  with  one  exception,  all  the  measurements  attempted.  There  are 
many  kinds  of  bottles  and  jars,  and  among  them  some  of  the  best  resonatora, 
wbidi  do  not  satisfy  the  fundamental  condition  on  whidi  our  theory  rests. 
The  deductive  treatment  of  the  problem  in  such  cases  presents  great 
'difficulties  of  a  different  kind  from  any  encountered  in  this  paper.  Until 
they  arc  suniiountf'd  the  clivss  of  resonators  refcrrwi  to  an-  of  no  usu  fur  an 
exact  comparison  between  theory  and  observation,  though  they  may  be  of 
great  ssrvioe  as  t&it  to  investtgatku  in  other  direetiona 
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6. 

NOTE  ON  THB  EXPLANATION  OF  CORONAS,  AS  GIYBN  IN 
TERDBrS  LSgONS  ffOPTlQUB  PHYSIQUE,  AND  OTHER 
WORKa 

[Ptoceedinfft  of  the  London  Mathmnatical  Socutif,  Vol  III.  pp.  267—269. 

1871.] 

GoBOKAH  are  fimnod  wheoevov  between  (he  eye  and  the  source  of  light, 
ft  large  number  of  small  upoquc  bodies,  regular  in  riae  but  irregular  in 

di.stribution,  are  to  be  found,  B}'  a  principle  known  jus  Babinet'.s,  it  is 
permitted  to  substitute  for  the  layer  of  obstructing  globules  an  opaque 
screen  having  apertures,  which  admit  the  light  precisely  where  before  it 
was  stopped.  From  eaich  apwtore  divetges  a  aecondaiy  wave,  whose  phase 
is  aibitraril J  lelated  to  those  of  the  othw  waves  on  aooonnt  at  the  imgu> 
larity  in  the  distribution  of  the  centres  from  which  they  emanate.  In 
the  theory  of  ooKMMs,  the  intensities  of  the  partial  waves  are  saiqposed  to 
be  equal. 

Any  vibration  may  be  represented  by  a  straight  line  drawn  from  a  given 
point,  whose  length  is  prop<»rtion:il  to  the  amplitude,  and  angular  p<Ksition 
depcud»  ou  the  phase.  Wheu  tievcrai  vibrations  atfect  the  same  point,  the 
reraltant  may  be  finmd  from  the  representative  lines,  aooordiiig  to  the 
ordinaiy  rales  for  oomponnding  directed  magnitudea  We  have,  therefove, 
to  consider  the  resultant  of  a  great  number  of  lines  radiating  from  an  origin 
whose  lengths  are  all  equal  and  directions  thorooghly  irregular.  From  this 
sUitemcnt,  it  appears  at  once  that  the  question  is  perfectly  indeterminate, 
and  that  no  conclusion  whatever  can  be  drawn  as  to  the  probable  value 
of  the  phase  of  the  i-esultant,  while  all  that  could  be  inferred  as  to  the 
amplitude  relates  merely  to  the  order  of  its  magnitude.  Nevertheless, 
Veidet  (vol.  I,  p.  297)  comes  to  the  cfmclnsion  that,  the  number  of  partial 
vibi»tions  being  n,  tiie  resultant  is  definitely      times  greats  than  each 
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component,  provided,  of  course,  that  n  is  a  large  number.  As  to  its  phase,  he 
is  silent;  and,  if  asked  the  question,  would,  I  think,  have  found  it  difficult  to 
explain  how  a  resultant  vibration  could  have  a  definite  amplitude  in  con- 
junction with  an  indeterminate  phase.  I  propose  to  point  out  what  I 
ooDoeive  to  be  the  enw  which  vitiates  his  reasoning,  and  afterwards  to 
show  that,  after  all,  his  theory  is  Buhetan^lly  correct. 

The  cumponcnt  vibrations  may  bo  expressed  by 

The  intensity  of  the  light  oorrespmuUng  to  the  sum  of  these  is 

+  cos  27r  ^  +  cos  2ir I*  +  J  +  ^sin  2ir  |  +  sin  2ir  ^  +  J, 

or  .  n  +  2  cos  2ir  -'  +  2  cos  27r  +  

 +2cos2ir^5^  +  2c..s2ir^^^+  +  2co8  2«- "  ^' +  


Aooording  to  Verdet,  this  redooet  to  n  when  «  is  great  enough,  in 

consequence  of  the  tendency  of  the  series  of  cosines  to  zero.  The  inference 
is,  I  believe,  unwarranted.  All  that  we  are  entitled  to  say  is,  that  when 
n  is  great,  the  sum  of  the  cosines  of  the  arbitrary  angles  tends  to  vanish, 
in  compariaon  wit/i  the  number  of  terms  of  Uie  series,  which  is  of  the  order  n\ 
There  is  no  raaaon  Ibr  sappoaing  that  the  series  hecmnes  small  in  comparison 
with  n,  M  the  aigoment  requires.  The  analysis*  as  it  here  stands^  is  taken 
from  Billet  {Traiti  ctOptique  physique,  torn,  h,  pi  8S6X  In  Verdet's  book 
there  is,  in  addition  to  the  above  fiJkoy,  a  mistake  in  the  work,  which  I 
need  not  further  refer  to. 

T  conclude,  therefore,  that  the  effect  of  the  diffraction  of  a  plane  wave 
coming  through  a  great  number  of  small  holes  in  an  opaque  screen  is  not 
correctly  given.  Yet  the  error  disappears  in  the  application  to  the  theory  of 
coTOoas  as  they  occur  in  Natar&  For  Verdet's  nenlt  comes  only  to  Uiis, 
that  the  aonrees  of  light  are  to  be  treated  as  independent,  and  the  illumina^ 
tions  due  to  them,  and  not  the  vibrations,  are  to  be  compounded.  As  it 
is  commonly  though  not  very  correctly  expressed,  there  is  to  be  no  inter- 
ference. For  this  tht  sensible  apparent  magnitude  of  the  sun,  or  other 
source  of  light,  is  an  amply  suflBcient  cau.se. 

At  page  lOG  of  his  excellent  lectures,  Verfiet  shows  that  the  ilistiirlumce 
from  the  mn  cannot  be  considered  as  a  system  of  plane  waves  over  a  space 
greater  than  a  circle  of  of  a  millimetre  diameter.  Between  the  vibmtiona 
at  two  pointa  whose  mutual  distance  is  much  greater  than  this»  there  is  no 
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permanent  relation  o{  phase.  This  shows  that  the  vibrations  corresponding 
to  two  holes  in  the  imaginary  screen  cannot  interfere  regularly,  but  behave  as 
if  they  were  due  to  thoroughly  independent  sources  of  light. 

[1899.  One  or  two  further  remarks  may  be  made.  The  assumption 
that  the  phases  of  the  components  due  to  the  various  apertures  are  dis- 
tributed at  rendom  can  be  juatified  only  when  two  restrictions  are  admitted. 
The  first  is  tiiat  the  direction  in  which  the  effect  is  songht  must  be  mudi 
more  oblique  than  correqionds  to  any  important  part  of  the  diffi»ctioD 
pattern  due  to  the  entire  aperture.  Tf  we  consider  a  direction  corresponding 
to  an  extrt'inr  relative  retanJatiou  ot  only  a  wave  length  or  two,  we  .see 
that  a  central  diili-uctiuu  piittern  is  fonued  upon  the  same  scale  as  if  the 
aperture  were  complete.  This  shows  that  the  screening  entaib  no  loss  of 
resolving-power,  as  regards  the  direct  image  of  the  source  ot  light.  If 
the  number  of  apertures  of  small  area  a  each  be  n,  and  if  the  whole 
aperture  be  denoted  by  unity,  the  amplitude  at  any  point  of  the  central 
(liftmctioii  pattern  is  diminished  by  the  screening  in  the  ratio  na  :1,  or  the 
brightness  in  the  ratio  n*o^  :  1. 

The  second  re-striction  is  that  »a  must  be  small.  Otherwise  apertures 
situated  at  raudom  will  sensibly  overlap.  The  calculation  according  to 
which  the  mean  intensity  in  a  sufficiently  oblique  direction  is  n  times 
that  of  a  single  aperture  then  fiuls,  since  each  aperture  is  suf^posed  to 
produce  its  full  effiaot,  whereas  in  practice  the  common  part  can  act  only 
once.  Tf  we  suppose  that  overlapping  is  precluded,  the  calculation  still 
fails,  since  the  phasoH  are  no  longer  distributed  at  random.  It  is  easy 
to  see  that  the  calculated  result  then  becomes  an  overestimate 

The  subject  of  random  vibrations  is  further  considered  in  a  subsequent 
paper  (Phil.  Mag.  Vol.  x.,  p.  78,  IbiiO).] 


Digitized  by  Google 


7, 


SOME  EXPEHlUJiiNTS  UN  COUJUR. 

[Nature,  m.  pp.  234— 237»  264,  265;  1871.] 

Thb  theory  of  colour  perce]>tion,  although  in  England  it  has  not  yet  made 
its  way  into  the  toxt-books,  still  les^s  into  the  popular  works  on  science,  is 
fully  established  with  rcq-ard  to  many  import.!int  points.  It  is  known  that 
our  perceptiuu  ol  colour  ih  threefold,  tliat  is,  that  any  colour  may  be  regarded 
u  made  up  of  definite  quantities  of  fehvee  primary  colours,  the  exact  nature 
of  which  however,  still  uncertain.  More  strictly  stated,  the  fundamental 
laet  in  the  doeteine  of  colour  is  that,  between  any  four  colours  whatever 
given  as  well  in  quantity  as  in  quality,  there  exists  what  inathematiciaos  call 
a  linear  relation,  that  is,  that  either  a  niixturo  of  two  of  thetn  (in  proper 
proportio&M)  can  be  lound  ideuticsil,  mo  far  a^s  the  eye  is  able  to  judge,  with  a 
mixture  of  the  other  two,  or  else  that  one  of  them  can  be  matched  by  a 
mixtora  of  the  other  three.  There  are  various  optical  oontiivanoes  by  which 
the  mixture  spoken  of  may  be  effected.  In  the  year  1857,  Mr  Maxwell 
published  an  account  of  some  experiments  with  the  colour  top  undertaken  to 
test  the  theory.  From  .six  coloured  j«ipers,  black,  white,  red,  green,  yellow, 
and  blue,  discs  of  two  sizes  were  prepared,  which  were  then  slit  along  a 
nulius  so  as  to  admit  of  being  slipped  one  over  the  other.  Any  five  out  of 
the  six  being  taken,  a  match  or  colour  equation  between  them  m  possible. 
For  instance,  if  yellow  be  excluded,  the  other  five  must  be  arranged  so  that  a 
mixtun;  of  rcnl,  green,  and  blue  is  matched  with  a  mixture  of  black  and 
white.  The  large  discs  of  the  three  colours  are  taken  and  slipped  on  to  each 
other,  and  similarly  the  small  discos  of  black  and  white.  When  the  small 
discs  are  placed  over  the  others  and  the  whole  nimle  to  rotate  rapidly  on  auy 
kind  of  i^inning  maehino,  the  colours  are  blended,  those  of  the  large  discs 
and  those  of  the  small,  each  into  a  UDifbrm  tint* 

By  lidjustment  of  the  discs  an  arrangement  may  be  found  after  repeated 
trials,  such  that  the  colour  of  the  inner  oirele  is  exactly  the  same  both  in  tint 
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and  luniin(»sity  with  that  ot'  the  outer  rim.  The  quantities  of  each  colour 
exposed  may  then  be  reatl  off  on  a  graduated  circle,  and  the  result  recorded. 
For  instenoe  (the  drde  being  divided  into  192  parte),  eighty-two  parte  red 
mixed  with  fifty-eix  green  and  fifty^fimr  blue,  mateh  thirty^aeven  parte  white 
mixed  with  155  black.  In  this  wey  Maxwell  observed  the  colour  equations 
between  each  set  of  five,  in  all  six  sets,  formed  bv  h  aving  out  in  turn  ench  of 
the  six  colours.  M()reover,  for  greater  accuracy  each  set  wti8  observed  six 
times,  and  the  mean  taken.  But  according  to  the  theory  these  six  final 
equaticma  are  not  all  independent  of  each  othor,  but  if  any  two  of  them  are 
suppoeed  known«  the  othen  can  be  found  by  a  aimple  calcuktum.  Aooord' 
ingly,  the  comparison  of  the  calculated  and  obfierved  eqnationa  faroiahei  a 
test  of  the  theory;  but  in  practice,  in  order  to  ensure  greater  accuracy, 
instead  of  founding  the  calculations  on  two  of  the  actually  obscrv(>d  equations 
chosen  arbitrarily,  it  is  preferable  to  combine  all  the  observations  into  two 
equations,  which  may  then  be  made  the  basos  of  calculation.  In  this  way,  a 
system  of  equations  is  fotmd  neceaaarily  consistent  with  itself,  and  agreeing 
as  neaHy  as  possible  with  the  actually  observed  c(iuationa  A  comparison  of 
the  two  sets  gives  evidence  as  to  the  truth  of  the  theory  accortUng  to  which 
the  calculations  are  made,  or  if  this  be  considered  beyond  doubt,  tests  the 
accuracy  of  the  observations.  In  Maxwell's  experiments  the  average  differ- 
ence betwem  the  calculated  and  obaarved  systems  amounted  to  *77  divisions 
of  whieh  the  ciide  carried  100.  So  good  an  agreement  is  regarded  by  him 
as  a  confirmation  of  the  whole  theory;  but  it  seems  to  me,  I  confess,  that 
only  a  very  limite<1  j^art  of  it  is  concerned.  The  axioms,  in  virtue  of  which  it 
is  permitted  t/)  combine  the  colour  e<juatit)ns  in  the  manner  required  for  the 
calculations,  are  only  such  as  the  following: — if  colours  which  match  are 
mixed  with  oolourB  which  match,  the  results  will  matdt  It  is  difltoilt  to 
imagine  any  theory  of  colour  whidi  will  not  indude  them.  What  proves  the 
threefold  character  of  colour — the  most  important  part  of  the  doctrine — is 
simply  the  fact  that  with  any  five  coloured  papers  whatever  a  inatch  can  be 
made,  while  with  less  than  five  it  cannot  (except  in  certain  pjirticular  cases). 
In  regard  to  this  point  the  value  of  the  quantitative  experiments  is  rather 
that  they  show  of  what  sort  of  accuracy  the  eye  is  capable  in  this  kind  of 
observatioD.  Tbose  to  whom  the  sulyeet  is  new  may  think  at  first  that  if 
colour  be  threefold  a  inatch  ought  to  be  possible  between  any  four  colours. 
And  so  it  is  jwssible  if  there  Is  no  other  limitation;  but  in  experiments  with 
revolving  tiisrs  we  are  subject  to  a  limitation,  being  obliged  to  fill  up  the 
whole  ciixiuniference  somehow.  The  difficulty  will  clear  itself  up,  when  it  is 
remembered  that  one  of  the  five  oobors  may  be  black,  so  that  with  any  four 
eoloors  and  Hack  a  matdi  can  be  made  with  revolving  discs. 

It  was  rather  ibr  my  own  satia&otlon  than  with  the  hope  of  adding 
anything  new  to  a  subject  already  so  fiiUy  and  ably  treated  by  Maxwdl,  that 
I  commenoed  a  repetition    his  nperiments.  The  colours  osed  were,  rou^ly 
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speuking,  the  same  as  his,  a.s  was  also  the  general  plun  of  the  ubservationa. 
The  agreemeut  of  the  calculattid  aad  directly  observed  equatiuus  was  vei-y 
good,  the  avenge  error  being  only  "24  divudoiia»  of  which  the  complete  drele 
eontaiiied  mnety-eiic,  or  oae-tliird  <^  the  omtetpondiiig  avenge  error  in 
Mr  MaxweH'a  Table.  A  second  set  of  observations  and  oalculations  made 
after  a  year's  interval  with  a  differont  set  of  colours  gave  about  the  same 
result.  I  am  inclined  to  attribute  the  considerably  greater  accuracy  of  my 
observations  rather  to  an  excellent  perception  of  minute  differencei*  of  colour 
(to  whidi  I  have  always  found  my  eyes  very  nontive)  than  to  greater  eare 
in  conducting  the  eatperimenta  One  preeantion,  however,  I  have  found  eo 
important  as  to  be  worth  meutiuning.  Unlen  the  small  discs  are  very 
accurately  cut  and  centred,  a  coloured  rim  appears  on  rotation  between  the 
two  unifomi  tints  to  be  compared  and  a<ljusted  to  identity,  whicii  is 
exceedingly  distracting  to  the  eye,  and  interferes  much  with  the  accuracy 
cf  the  oomparinn.  ^e  set  of  ohcervatians  made  with  the  same  oaie.  and 
ai^Moently  as  aatisfiMtacy  as  any  <^  the  others,  puaded  me  for  some  time  <m 
account  of  the  great  discrepancies  with  the  others  which  it  exhibited.  I 
have  no  doubt  that  the  cause  lay  in  the  different  character  of  the  light  on 
the  day  in  question,  which  came  from  the  unusually  blue  sky  which  some- 
times accompanies  a  high  wind.  On  the  other  days  the  light  came  principally 
from  clonds.  I  .have  had  no  opportunity  of  emifixming  this  opinion  by  a 
repetition  of  the  experiment  with  a  aky  of  the  eame  degree  of  blueness,  but 
that  the  disagreement  was  not  the  result  of  unusually  large  errors  of  observa- 
tion, is,  I  think,  to  be  inferred  from  the  fact  that  the  observations  under  the 
blue  sky  were  as  consistent  among  themselves  an  any  of  the  other  nets.  As 
the  point  is  of  some  interest,  I  give  the  6gures  in  full. 

July  33,  blue  sky. 
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The  Dumbon  read  off  iar  the  big  iliaoe  are  written  with  the  agn  -I-  prefixed, 
and  thoae  OMreBponding  to  the  little  diaee  with  — .  Thus  the  fint  line  may 
be  read : — 80  parts  white  tofether  with  122  red  and  40  green,  match  77 
yellow  and  115  blue.  The  upper  line  of  each  pair  represents  the  actual 
observation,  and  the  second  is  the  theoretical  equation  calculated  from  two 
in  the  manner  described.  The  average  difference  between  the  two  aete  of 
numbexB  whieh  may  be  taken  as  a  meamre  of  the  inaeouraoj  of  the 
obeOTTations  amomitB  to  1*1.  A  nmikr  table,  formed  fitom  the  obeervations 
of  July  SO  (cloudy),  and  which  agreed  very  well  with  the  reeulte  of  other 
daye^  is  as  foUowa*:— 
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The  average  error  is  here  '95,  showing  only  a  trifling  better  agi-ooment  than 
the  former  set,  so  that  the  blue  sky  observations  are  nearly  as  self-consistent 
as  those  made  with  dood-Ugfat,  Moreover,  tiie  agreemoit  is  itself  very  good, 
bei^g  deddedly  better  than  Ifazwell's,  though  his  oaleulations  refiar  to  a 
mean  of  six  sets  of  obsnvations. 

While  therefore  there  is  no  reason  to  distrust  the  results  of  July  23  any 
more  than  of  July  20,  the  differences  between  them  are  much  greater  than 
can  be  ascribed  to  emirs  of  observation.  It  will  he  found  that  they  relate 
principally  to  the  quantities  of  red,  the  numbers  under  that  head  being 
considerably  greater  for  the  case  of  the  blue  light  from  the  sky.  I  am  not 
aware  whether  the  diflference  of  sky  and  oloud  l^t  has  ever  been  made  the 
subject  of  direct  investigatian,  but  it  would  sasm  a  fiur  inference  that  it  most 
conirist  nuunly  in  a  relative  deficiency  of  the  red  rays.  If  this  be  so,  as  I 
have  other  grounds  for  suspecting,  the  light  of  the  sky  would  be  similar  in 
composition  to  that  of  dilute  solutions  of  copper,  which  acquire  their  light 

*  Th«A<>  CAlculatioMR  were  ma.i\e  by  mMBt  of  Pn£  Brcnlft  PnfWlliOB  taUtb  wUoll  SMDU 

•dmiiably  atlapt«<l  i»  work  of  thia  sort. 
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bkte  tint  by  a  putisl  mppnm&an  the  extreme  red*.  There  is  no  doubt 
that  the  colour  eqnakiona  an  dependent  on  the  character  of  the  light,  as  may 
eanly  be  proved  by  tiiking  an  observation  looking  all  the  time  through  a 
layer  of  ccjioured  liquid.  It  is  not,  however,  the  most  brilliantly  coloured 
solutioDS  that  cause  the  most  disturbance,  for  anything  like  a  complete 
stoppage  of  all  the  rays  which  arc  capable  of  excitiug  one  of  the  primary' 
odow  86naKti<niB  would  aflleet  boA  tiie  mixtures  to  be  compared  in  nearly 
tiie  same  manner,  patting  the  observer  in  faei  very  much  into  the  pontion  of 
a  colour-blind  penon.  Those  liquids  will  be  most  efficient  which  have  a 
different  action  on  parts  of  the  spectnim  allied  in  colour.  For  instance,  an 
aqueous  infusion  of  litmus  has  a  strongly  marker!  notion  on  the  yellow  ray, 
stopping  it  with  great  energy,  even  in  rather  dilute  solutions.  It  is  easy  to 
traoe  the  eAet  of  looking  through  this  on  moat  of  the  oolonr  equations. 
Conaida;  for  examine,  the  fifth  equation  of  July  SO  (that  from  which  the 
blue  is  absent)  wherein  red  and  green  are  matched  against  Mack,  white,  and 
yellow.  The  red  and  green  will  for  the  most  part  escape  absorption,  but  the 
white  and  yellow  will  be  shorn  of  a  part  of  their  yellow  rays.  The  match 
supposed  to  have  been  adjui^ted  without  the  litmus  must  evidently  be 
apoiled;  the  red  and  green  mixture  becoming  strongly  yellow  in  comparison 
with  the  other.  In  order  to  restore  equivalence  the  yellow  must  be  con- 
siderably  increased.  On  tiial  I  found  that  124  black  4  19  white + 40  yellow 
matched  121  red  +  71  green. 

It  is  only  the  imparity  of  the  colours  on  the  discs  that  prevents  the  effect 
being  still  more  strongly  marked,  for  with  the  pure  colours  of  the  spectrum 
the  most  violent  alterations  arc  [xissibli'.  When  a  match  is  made  between 
the  simple  yellow  and  that  cumpuuuded  of  pure  red  and  green,  almost  any 
coloured  liquid  acts  unequally  on  the  two  parts  and  destroys  the  balance. 
The  simple  yellow,  of  course,  retains  its  colour  under  any  absorbing  influence, 
and  can  only  be  chaiige<l  in  luminosity.  Chloride  of  copper  extinguishes  the 
red  component  of  the  compound  yellow,  which  acconiingly  becomes  green. 
Litmus  would  leave  the  compound  colour  nearly  unchanged,  while  it  extin- 
guishes the  simple  yellow.    It  is  needless  to  midtiply  instances. 

Before  leaving  the  compound  yellow,  of  whose  very  existence  many  are 
incradulouB,  I  will  mention  an  easy  way  of  obtaining  it,  which  is  the  more 
desirable  as  the  use  of  the  pure  qMcttal  colours  is  not  very  convenient.  In 

*  Dirsal  ofeMmKkoi,  mada  aiiim  the  iA<m  wm  vrittn.  •how  tfurt  tlm  it  no  ptemUar 

deficiency  at  the  red  end  of  the  Bpectrum,  but  a  general  fallingofl  aa  the  refrii(it;ibility  dimininhes 
from  one  end  to  the  other.  If  li^U  from  akjr  and  cload  are  of  equal  iotenaity  at  the  line  C  in 
the  red,  the  first  wOl  b«  aomewhen  abont  twice  aa  bright  ae  the  other  »t  b  in  the  graeo.  Thiala 
for  a  well-developed  blue  lipht  taken  from  the  zenith  ;  hut,  even  with  a  large  allowance,  cnongh 
difference  renuias  to  account  for  the  diiwrejNkncie*  in  the  two  aets  of  colour  disc  obeervationa. 
I  bava  laMjr  feud  from  fhaoiy  that  Cba  ponw  of  nqr  anan  pMrtMaa  to  aaattar  «ba  ny» 
belongiof  to  dUhnnt  parti  of  «ba  ipaotmin  vbdm  as  Oia  iamM  feotib  powar  of  «ha  «ata> 
length. 
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order  to  isolate  the  fed  md  green  rays  of  the  eiiectruin  by  rneaoB  of  absorp- 
tion, the  fimb  thing  is  to  find  a  liquid  capable  of  removing  the  intermedtafee 

yellow  and  orange.  With  this  object  we  may  fall  back  on  the  alkaline 
solution  of  litmus,  whoso  opacity  to  the  yellow,  and  imrticularly  to  tho  orange, 
mys  in  so  marked.  Tho  next  step  ia  to  remove  the  blue  and  bluwh  green, 
for  which  nothing  is  more  convenient  than  the  chromate  of  potash.  A 
mixture  of  these  two  liquids  in  proper  proporfcioni,  eaoly  found  by  trial, 
isdatee  the  green  and  extreme  red  mys  vith  considerable  perfection,  and 
exhibits  in  a  high  degree  the  phenomenon  of  Dichnmtttism.  According  to 
the  thickness  traversed  by  the  light  the  red  or  the  green  predominates,  and 
there  is  no  difficulty  with  a  given  thickness  in  arranging  the  strength  of  the 
solution  so  as  to  give  a  full  compound  yellow.  It  is  worth  notice  in  confir- 
mation of  the  opinion  expressed  ss  to  the  character  of  the  sky-blue,  that 
when  a  cloud  seen  through  the  liquid  appesn  a  foil  yellow,  or  even  orange, 
the  former,  if  at  all  intense,  acquires  ;i  ilocided  green  colour.  A  window 
backed  by  well-lighted  clouds,  when  looked  at  across  a  room  through  the 
liquid  and  a  prism,  has  a  very  splendid  appearance,  the  red  being  isolated  on 
one  side,  and  the  green  on  the  other;  while  the  intermediate  space,  where 
the  two  ovwlap,  shows  the  compound  yellow  in  great  perfection.  Another 
liquid,  in  acme  respects  pr^iable,  whidi  answers  the  seme  purpose,  may  be 
made  by  mixing  chloride  of  chromium  and  bichromate  of  potash.  Through 
either  of  them  the  sodium  flame  is  invisible,  though  they  may  ea-sily  be  made 
to  correspond  with  it  in  colour  very  closely.  I  tried  to  obtain  a  liquid 
capable  of  Isolating  the  pure  yellow  ray,  but  only  with  partial  success.  The 
best  was  a  mixture  of  bidiromate  and  permanganate  of  potash  with  a  salt  of 
copper  (sulphate  or  chkHtide).  The  first  removes  the  blue  and  violet,  the 
second  the  green,  and  the  third  the  red,  and  thus  the  yellow  is  isolated  in 
considemble  purit}-.  This  liquid  is  very  unstable.  The  comparison  of  the 
simple  and  compounii  yellow  (which  nearly  matched)  was  interesting.  One 
was  trausipai'ent  to  the  sodium  flame,  the  other  completely  opaque  to  it. 
When  the  two  are  brought  together  so  that  the  light  has  to  traverse  both, 
almost  complete  darkness  results,  evMi  when  the  brightest  clouds  are  used. 
I  should  mention  that  it  is  only  when  the  light  is  strong  that  any  of  these 
liquids  give  yellow  in  full  perfection;  otherwise  the  colour  is  more  nearly 
described  as  brown,  which  is,  in  fact,  identical  with  a  dark  yellow  or  orange. 
The  bust  natural  yellows,  such  as  chrome,  are  partly  simple  and  partly 
compound,  returning  all  the  light  which  foils  upon  them  except  the  blue  and 
violet.  It  is  clear  that  neither  a  purely  simple  nor  a  purely  compound  yellow 
can  rival  them  in  Ivillianoy. 

Impartial  observers,  unprejudiced  by  the  results  of  mixing  pigments^  or, 

on  the  other  hand,  by  experiments  on  the  spectrum,  see,  so  far  as  I  can  make 
out,  no  connection  between  the  four  principal  colours — red,  yellow,  green,  and 
Une,   It  seems  to  them  quite  as  absurd  that  yellow  should  be  compounded 
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of  re<l  aud  green,  as  it  most  iinqueHtionably  is,  as  that  green  shotild  bo  a 
compound  of  blue  and  yellow,  though  many  have  accepted  the  latter  alterna- 
tive on  the  authority  of  painters,  and  some  have  eveu  worked  tiiemselves  into 
the  belief  thai  it  is  onlj  neoomniy  to  look  at  the  odoora  in  otder  to  reoognise 
tile  compound  nature  of  own  pr^adice  would  be  <m  the  other 

aide,  the  result  of  experiments  on  the  oompoond  yellow,  which  is  seen  so 

easily  to  jiass  into  green  on  the  one  side  or  red  on  the  other.  The  most 
impjirtial  opini(in  that  I  can  fonn  is  that  there  is  no  real  reseinlilirurn  between 
any  of  the  four,  and  if  this  be  so  it  is  certainly  a  most  remarkable,  if  not 
nnaoeonntable,  fact  The  difficult  is  not  so  mueh  that  we  are  uiwble  to 
analyse  the  oompound  aouation,  as  to  explain  why  our  inability  is  limited  to 
yellow  (and  white).  For  everyone,  I  imagine,  sees  in  purple  a  resemblance  to 
its  components  red  and  blue,  and  can  trace  the  primary  colours  in  a  mixture 
of  green  and  blue.  Sir  John  Hci-schel  even  thinks  that  our  inability  to 
resolve  yellow  leaves  it  doubtful  whether  our  vision  is  trichromic  or  tetra- 
chromic,  but  this  seems  to  me  to  be  going  much  too  fiur.  Surely  the  fact 
that  the  most  saturated  yellow  can  be  compounded  of  red  and  green,  depiiTes 
it  of  any  right  to  stand  in  the  same  rank  with  them  as  primary  colours, 
however  little  resemblance  it  may  bear  to  them  and  blue.  Besides,  if  yellow 
is  to  be  considered  primary,  why  not  also  while,  which  is  quite  as  distinct  a 
sen.sation  as  any  of  the  others  i  Undoubtedly  there  is  much  that  is  still 
obscure  in  the  mutual  relations  of  the  colours — why,  for  instance,  as  men- 
tioned by  Sir  John  Heiscbel,  a  dark  yellow  or  orange  suggests  its  chanct^ 
so  little  as  to  be  called  by  a  new  name  (brown),  while  a  dark  Uue  is  blue 
still.  But  difficulties  such  as  these  should  make  us  all  the  more  determined 
to  build  our  theories  of  colour  on  the  solid  ground  that  normal  vision  is 
threefold,  aud  that  the  three  primary  elements  of  colour  correspond  nearly 
with  red,  green,  and  blue. 


Ydlow. 

It  was  not  from  any  experiments  of  my  own,  but  on  the  authority  of 
.  Helmholtit  that  I  asserted  [supra,  p.  84]  the  identity  of  brown  with  a  daric 
yellow  or  oiaDge.  He  found  that  the  pure  red  and  yellow  of  the  spectrum 
gave  the  various  shades  of  brown  when  seen  by  the  side  of  more  brilliantly 
lighted  white  surfaces.  {Physiologtsche  Optik,  \).  281.)  There  is  therefore 
nothing  in  the  uature  of  the  colour  to  exclude  complete  saturation,  although 
it  may  well  happen  that  most  <^  the  browns  we  ordinaiily  see  fiJl  somewhat 
short  of  it. 

In  Natum  of  Jan.  26,  Hr  Monro  calls  attention  to  the  great  brilliancy 
and  satocation  of  many  natuial  yeUows  as  aoooonting  for  the  difficulty  of 
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resolving  %hem  into  their  oompooenta.   It  is,  no  dooVt,  quite  true  that  a  foil 

yellow  could  not  be  compounded  of  such  redv  .iinl  <rreen8  as  we  come  across  in 
daily  life,  but  it  is  equally  certain  that  a  drab  m-  tlilutc  yellow  could  be;  and 
yet  no  one  recojrniscs  the  fact  by  his  unaided  senses,  or  thinks  it  anything 
but  strange  and  unlikely  when  told  of  it.  And  after  all  can  it  properly  be 
nid  that  natural  yellom  are  more  saturated  than  othw  colours  7  That  thegr 
appraaeh  more  nearly  the  oorresponding  tints  in  the  spectram  is  admitted ; 
but  is  that  test  a  fair  one  ?  It  seems  to  me  that  the  hoOM^geoeous  yellow 
itself  must  be  considered  as  dilute  when  brought  into  comparison  with  the 
nearly  primary  red  and  green. 

I  have  another  difficulty  in  accepting  Mr  Munro's  explanation.  A  suitable 
mixture  of  any  reti,  green  or  blue  will  give  a  neutral  grey.  All  four  come 
within  our  every  day  experience;  but  such  a  result  seemed  to  Qoethe, soon 
after  Newton  proved  it,  a  paradox  of  paradoxes;  and  I  bdieve  to  unsophisti- 
cated minds  it  seems  so  stilL 

Mr  Munro  has  ingeniously  shown  from  the  colour  equations  that  there  is 
DO  more  primary  blue  in  my  blue  disc  than  about  2^  as  much  as  in  the  red 

plus  1^  as  much  as  in  the  green — a  conclusion  which  seems  somewhat 
startling.  In  choosing  the  coloured  papers  and  cards  for  the  discs,  I  had 
great  difficulty  in  hndiug  a  green  that  was  even  tolerably  good,  and  the  one 
that  I  finally  used  reflected  laige  quantities  of  blue  light.  I  had  some 
thought  of  trying  a  green  silk  dis(^  which  was  of  a  much  better  colour,  but 
feared  emra  deprading  on  the  different  character  of  the  surfoce. 

It  is  not  hard  to  see  a  reason  fat  the  comparative  acaieity  of  good  greens. 
To  obtain  a  good  red  orange  or  yellow  by  means  of  absorption,  all  that  is 

necessary  is  to  cut  away  the  spectrum  above  a  certain  point ;  for  a  goo<i  blue, 
the  rays  .standing  below  a  given  one  in  refraiigibility  must  be  got  rid  of;  but 
in  oixler  to  isolate  a  green  in  anything  like  purity,  the  absorbing  agent  must 
hit  off  two  points  of  ^e  spectrum,  removing  all  below  one  point  and  all  above 
the  other.  The  result  is,  that  while  nearly  saturated  yellows  and  reds 
abound — the  scarlet  of  the  geranium  is  almost  perfect — ^hardly  a  good  green 
is  to  be  met  with.  The  best  I  know  is  a  mixture,  prepared  by  adding 
bichromate  of  pot:ush  to  a  strong  solution  of  sulphate  of  copper.  The  addition 
of  a  little  chloride  of  chromium  to  remove  the  yellow  mure  effectually  is 
perhaps  an  improvemeni 

[1899.    Further  experiments  upon  the  subject  of  this  paper  are  de- 
scribed in  Naturet  vol  zxv.  pp.  64—66,  1882.] 
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COLOUR 

[PkU.  Mag.  xli.  pp.  107—120,  274—279;  1871.J 

It  18  now,  I  believe,  generally  admitted  that  the  light  which  we  receive 
from  the  clear  sky  ia  due  in  one  wuy  or  another  to  email  auepended  partidee 
which  divert  the  light  from  ite  regnhu*  oonrae.  On  this  point  the  expwi- 
mrats  of  Tyiidnll  with  precipitated  clouds  .seem  i]uite  decisive.  Whenever 
the  particles  of  the  foreign  matter  are  sufficiently  fine,  the  light  emitted 
laterally  is  blue  in  colour,  and,  in  a  direction  perpendicular  to  that  of  the 
incident  beam,  is  completely  polarized. 

About  the  colour  there  is  no  prima  facie  ditbculty ;  for  as  soon  as  the 
question  ia  raiijed,  it  is  seen  that  the  staudaixl  uf  linear  dimension,  with 
reftranoe  to  which  the  partfdee  are  called  small,  ie  the  w«ve>length  of  light, 
and  that  a  given  set  of  particlee  would  (on  any  conceivable  view  as  to  their 
mode  of  action)  produce  a  continually  inereasiqg  disturbance  as  we  pass 
along  the  spectrum  towards  the  more  refrangible  end;  and  there  seoms  no 
reason  why  the  colour  of  the  compound  light  thus  scattered  laterally  bhould 
not  agree  with  that  of  the  sky. 

On  the  other  hand,  the  direction  of  polarization  (perpeinlicular  to  the 
path  of  the  primary  light)  seems  to  have  been  felt  as  a  dithculty.  Tyndall 

says,  "  the  polarisation  of  the  beam  by  the  indptent  doud  has  thus 

fiff  proved  itsdf  to  be  oMultfty  indeprntdgnt  of  th4  poUaritmffHsngle.  The 

law  of  Brewster  does  not  apply  to  matter  in  this  condition;  and  it  rests 

with  the  undulatory  theory  to  explain  why.  Whenever  the  precipitated 
particles  are  sufficiently  fine,  no  matter  what  the  substance  forming  the 
particles  may  be,  the  direction  of  maximum  polarization  is  at  right  angles 
to  the  illuminating  beam,  the  polarizing  angle  for  mfitter  in  this  conditiaii 


Digitized  by  Google 


H 


88 


ON  THB  UGHT  FROM  THS  BKT, 


[8 


being  invariably  45^  This  I  consider  to  be  a  point  of  capital  importance 
with  referenoe  to  the  praamt  question'' *.  As  to  the  importance  there  wiU 
not  be  two  ofrinioiis;  bnt  I  TOntnie  to  think  that  the  diffienlty  is  imagiDaiy, 

and  is  caused  mainly  by  misuse  of  the  word  reflection.  Of  oolUSe  there  is 
nothing  in  the  etymology  of  reflection  or  refraction  to  forbid  their  application 
in  this  sense ;  but  the  words  have  acquired  technical  meanings,  and  become 
associated  with  certain  well-known  laws  called  after  them.  Now  a  moment's 
oonsidention  of  the  principles  according  to  which  reflection  and  refraotion 
are  explained  in  the  wave  theory  is  sufficient  to  show  that  they  have  no 
application  unle  ss  the  sur&oe  of  the  disturbing  body  is  larger  than  many 
square  wave-lengths ;  whereas  the  particles  to  which  the  sky  is  supposed 
to  owe  its  illumination  must  be  smaller  than  the  wave-length,  or  else  the 
explanation  of  the  colour  breaks  down.  The  idea  ot  polarization  by  reflection 
is  therefiwe  out  of  pboe;  and  that  "the  law  of  Brewster  does  not  apply 
to  matter  in  this  condition"  (of  extreme  fineness)  is  only  what  might  have 
heen  inferred  from  the  principles  of  the  wave  theory. 

Nor  is  there  any  difficulty  in  foreseeing  what,  aooording  to  the  wave 
theoxy,  the  direction  of  pokriaation  ought  to  be.  Conceive  a  beam  of 
plane-polarized  light  to  move  among  a  number  of  particles,  all  small  com- 
pared with  any  of  the  wave-lengths.  The  foreign  matter,  if  optically  denser 
tlian  air,  may  be  supposed  to  load  the  tether  so  as  to  increase  its  inertia 
without  altering  its  resistance  to  distortion,  provided  timt  we  agree  to 
neglect  ^fects  analogous  to  chromatic  dispenion.  If  the  particles  were 
away,  the  wave  would  pass  on  unlnoken  and  no  light  would  be  emitted 
laterally.  Even  with  the  particles  retarding  the  motion  of  the  aether,  the 
same  will  be  true  if,  to  counterbalance  the  increa-sed  inertia,  suitable  forces 
are  caused  to  act  on  the  aether  at  all  points  where  the  inertia  is  altered. 
These  forces  have  tiie  same  period  and  direetion  as  the  undisturbed  luminous 
vibrations  themselves.  The  light  actually  emitted  laterally  is  thus  the  same 
as  would  be  caused  by  forces  exactly  the  opposite  of  these  acting  on  the 
medium  otherwise  free  from  disturbance ;  and  it  only  remains  to  see  what 
the  effect  of  such  forces  would  be. 

On  account  of  the  smalluess  of  the  particles,  the  forces  acting  throughout 
the  volume  of  any  one  are  all  of  the  same  inten.sity  and  direction,  and  may 
be  considered  as  a  whole.  The  determination  of  the  motion  in  the  a>tlier, 
due  to  the  aetimi  cS  a  periodic  force  at  a  given  point,  requires,  of  course,  the 
aid  of  mathematical  analysts;  but  very  simple  0(NisideretK»is  will  lead  us  to 
a  conclusion  on  the  partieular  point  now  under  discussion.  In  the  first 
place  there  is  a  complete  symmetry  round  the  direction  of  the  force.  The 
disturbance,  consisting  of  transverse  vibration.s,  is  propagated  outwartls  in 
all  directions  from  the  centre;  and  in  consequence  of  the  symmetry,  the 

•PhO.  Mat.  8.  4,  VOL  nxm.  ^  188. 
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direction  of  vibration  in  any  ray  lies  in  the  plane  containing  the  ray  and  the 
axis;  that  is  to  say,  the  direction  of  vibration  in  the  scattered  or  diffracted 
ray  makes  with  the  direction  of  vibration  in  the  incident  or  primary  ray  the 
least  possible  angle.  The  symmetry  also  requires  that  the  intens^ity  of  the 
■eatterod  light  aboold  vanish  for  the  ray  wbdoh  wwild  be  propagated  along 
the  aus;  for  then  is  nothing  to  diiitingnMh  <me  direction  tranavene  to 
the  ray  from  another.  We  have  aow  got  what  ira  want  Suppose,  fw 
distinctness  of  statement,  that  the  primary  ray  is  vertical,  and  that  the 
plane  of  vibration  is  that  of  the  meridian.  The  intensity  of  the  light 
scattered  by  a  small  particle  is  constant,  and  a  maximum  for  rays  which  lie 
in  the  vertical  plane  running  east  and  weet.  wkUt  then  *»  no  teaUerei  rag 
along  tho  north  and  oouth  Ime.  U  the  prinuoy  ray  is  unpdariaed,  the  Ught 
scattered  north  and  south  is  entirely  due  to  that  component  which  vibrates 
east  and  west,  and  is  therefore  perfectly  polarized,  the  direction  of  its 
vibration  being  also  Ciujt  and  west.  Siniilarly  any  other  ray  scattered 
horizontally  is  perfectly  polarized,  and  the  vibration  is  performed  iu  the 
horiiontal  plana.  In  other  dSatoHkm  the  polariBtum  becomes  less  and  teas 
complete  as  we  approach  the  vertical,  and  in  the  vertical  direction  itsdf 
altogether  diaappeaia. 

So  ftr,  theo,  as  disturbance  by  very  mall  particles  is  conconed,  theoiy 

appears  to  be  in  complete  accordance  with  the  experiments  of  Tyndall  and 
others.  At  the  same  time,  if  the  above  reasoning  b»'  valid,  the  question  as  to 
the  direction  of  the  vibrations  in  polarized  light  i.s  decided  in  accordance 
with  the  view  of  Fresnel.  Indeed  the  observation  oq  the  plane  of  polari- 
sation of  the  scattered  light  is  virtually  only  another  form  of  Profooeof 
Stokes's  original  test  with  the  diffiraction-grating.  In  its  present  shape, 
however,  it  is  free  from  certain  difficulties  both  of  theory  and  experiment, 
which  have  led  different  physicists  who  have  used  the  other  method  to 
contradictory  conclusions.  I  coofess  I  cannot  see  any  room  for  doubt  as  to 
the  result  it  leads  t^)*. 

The  argument  used  is  apparently  open  to  a  serious  objection,  which 
I  ought  to  notice.  It  seems  to  prove  too  ranch.  For  if  one  disturbing 
particle  is  unaUe  to  send  out  a  seattared  ray  in  the  direction  of  original 
vibration,  it  would  appear  that  no  combination  of  them  (such  as  a  small 
body  may  be  supposed  to  be)  could  do  so,  at  least  at  such  a  distance  that  the 

*  I  only  mean  that  (flight,  M  b  gaoarallj  mppoMd,  oouUte  of  tnunwml  vibntioiui  rimOur 
to  tboM  which  take  place  in  an  elaatio  solid,  the  vibration  muat  bo  normal  to  the  plane  of 
polariution.  There  is  unquestionably  a  formal  analogy  between  tbo  two  sets  of  phenomena 
attending  over  •  very  wide  nuig« ;  bat  it  is  another  thing  to  uaert  that  the  vibratioiu  of  light 
are  really  and  tmly  to-and-fro  motions  of  a  medium  htivinR  mechanical  properties  (with  reference 
to  amall  vibrationa)  like  thoee  of  oniinary  solids.  The  tact  that  the  theory  of  elaatio  solids 
led  Oraen  to  Fnanel't  foraralB  for  tlie  reflection  and  lefraotion  of  polarized  light  saema  amplj 
nlildant  to  warrant  its  mtlajmiBalk  whiio  the  ^OMtioii  wbatbiar  the  aaalogjr  ia  aon  theo 
fnma  is  still  left  open. 
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body  subtends  only  a  small  solid  augle.  Now  we  know  that  when  light 
vibrating  in  the  plane  of  incidence  fidla  on  a  reflecting  surface  at  an  angle 
of  45^  light  it  Beat  out  acooidiiiig  to  the  law  of  ordinaiy  refleotion,  iriioae 
direction  of  vibration  is  pwpendieulttr  to  that  in  the  ineident  i»y.  And  not 
only  is  this  so  in  experiment,  hut  it  has  been  proved  by  Qreen*  to  be  a 
con.Hpqtipnce  of  the  very  Hsimo  view  as  to  the  nature  of  the  difference  between 
media  of  various  refrangibilities  ivs  hius  been  adopted  in  this  paper.  The 
apparent  contradiction,  however,  is  easily  explained.  It  is  true  that  the 
distaihance  due  to  a  foreign  body  of  any  dae  is  the  same  as  woald  be  eansed 
by  foioea  aetiiig  thioogh  the  spaoe  it  fills  in  »  direction  parallel  to  that  in 
whidi  the  primaiy  light  vibrates  ;  but  these  forces  mtist  be  supposed  to  oat 
on  the  medium  as  it  actually  is — Oint  is,  with  the  variable  deri.<i{ti/.  Only  on 
the  supposition  of  complete  uniformity  woidd  it  follow  that  no  ray  coiild 
be  emitted  parallel  to  the  lino  iu  which  the  forces  act.  When,  however,  the 
sphere  of  dntnrbanos  is  small  compared  with  the  wave-loigth,  the  want 
of  uniformity  vs  of  little  aoooont,  and  cannot  alter  the  law  regulating  the 
intennty  of  the  vibration  propagated  in  diffismit  directions. 

Having  disposed  of  the  polarisattcm,  let  us  now  consider  how  the  intensity 
of  the  scattered  light  varies  from  one  part  of  the  ^tectrum  to  another,  still 

•supposing  that  all  the  particles  are  many  times  smaller  than  the  wave- 
length even  of  violet  light.  The  whole  question  admits  of  analytical 
treatment;  but  before  entering  upon  that,  it  may  be  worth  while  to  show 
how  the  principal  result  may  be  anticipated  from  a  consideration  of  the 
dUnmubmt  of  the  qoantitifls  concerned. 

The  object  is  to  compare  the  intennties  of  the  incident  and  scattered  rays; 
for  these  will  deariy  be  proportional  The  number  («)  expresmng  the  ratio 

of  the  two  amplitudes  is  a  function  of  the  following  quantities: — T,  the 
volume  of  the  disturbing  particle;  r,  the  distance  of  the  point  under 
consideration  from  it ;  X,  the  wave-length ;  b,  the  velocity  of  propagation 
of  light;  jD  and  I)',  the  original  and  altered  densities:  of  which  the  first 
tiiree  depend  only  on  space,  the  fourth  on  qpace  and  time,  while  the  fifth 
and  sixth  introduce  the  oonsideraticn  of  mass.  Other  elements  cS  the 
problem  there  are  none,  except  mere  numbers  and  angles,  whidi  do  not 
depend  on  the  fundamental  measurements  of  space,  time,  and  mass.  Sin<^ 
the  ratio  i,  whose  expression  we  seek,  is  of  no  dimensions  in  nia-ss,  it  follows 
at  once  that  D  and  I)'  only  occur  under  the  form  D  :  D',  which  is  a  simple 
number  and  may  therefinn  be  omilited.  It  remains  to  find  how  i  varies  with 
2*.  r,  X,  fc. 

Now,  of  these  quantities,  h  is  the  only  one  depending  on  time;  and 
thersfoie,  as  »  is  of  no  dimensiaos  in  time,  6  cannot  occur  in  its  expreisicn. 
We  are  left,  then,  with  7,  r,  and  X;  and  from  what  we  know  of  the  dyoanucs 

*  amd.  JPMI.  Tiwm.  voL  vtt.  UBT. 
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of  the  question,  we  may  bo  mie  thai  i  varies  directly  as  T  and  invereely  as  r, 
and  must  therefore  be  proportiooal  to  T-t-X^T  being  of  three  dimensions 
in  sptoe.  In  passing  from  one  part  of  the  spectrnm  to  another  X  is  the 
only  quantity  which  varies,  and  we  have  the  important  law : — 

When  light  is  scattered  by  particles  which  are  very  small  compared  with 
any  of  the  wave-lenffths,  the  ratio  of  the  nmpUtndeJi  of  the  vihratiom  of  the 
scattered  and  incident  light  varies  inversely  as  iJie  square  of  the  wave-length, 
aiui  the  intensity  of  the  lights  Amadvei  a»  the  inverse  fourth  power. 

I  will  now  investigate  thf  mathematical  oxpression  for  the  disturbance 
propagated  in  any  direction  from  a  small  particle  which  a  beam  of  light 
strikes. 

Let  the  vibration  oorre^nding  to  the  incident  light  be  ezprassed  by 
A  008  {MtfK).  The  aooderation  is 

80  that  the  foroe  which  would  have  to  be  applied  to  the  parts  whero  the 
density  is  D*.  in  order  that  the  wave  might  pass  on  undisturbed,  is,  per 
unit  of  volome. 

To  obtaiu  the  total  force  which  must  be  supposed  to  act  over  the  space 
oocnpied  by  the  psitide,  the  fitctor  T  must  be  introduced.  The  uppi^site 
of  this  conceived  to  act  at  0  (the  position  of  the  particle)  gives  the  same 

disturbance  in  the  medium  as  is  actually  caused  by  the  presence  of  the 
particle.  Suppose,  now,  that  the  ray  is  incident  along  OV,  and  that  the 
direction  of  vibmtion  makes  an  angle  o  with  the  axis  of  .r,  which  is  the  line 
of  the  scattered  my  under  cousideratiou — a  supposition  which  involves  no 
loss  of  generality,  because  ci  Ao  symmetry  which  we  have  shown  to  exist 
round  the  line  of  action  of  the  foroe.  The  question  is  now  entirely  reduced 
to  the  discovery  of  the  diBturbancc  produced  in  the  nther  by  a  given  periodic 
foroe  acting  at  a  fixed  point  in  it.  In  his  valuable  paper  "  On  the  Dynamicjil 
Theory  of  DifiFraction  "  *,  Professor  Stokes  hiis  given  a  complete  investigation 
of  this  problem ;  and  I  might  assume  the  result  at  once.  The  method  there 
used  is,  however,  for  this  particular  purpose  very  indirect,  and  accordingly 
I  have  thought  it  advisable  to  give  a  oompanttively  short  eat  to  the  result, 
which  will  be  found  at  the  end  of  the  preset  Jfe^pet.  It  is  proved  that 
if  the  total  force  acting  at  0  in  the  manner  supposed  be  jF*  coe  (2irii/X), 
the  resulting  disturbance  in  the  ray  prop^vgated  along  UX  is 

^    Fsina       ^ir  .i.  . 
*  Cemb.  FkiL  Xr<m$.  voL  n.  p.  1,  1849. 
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Substituting  fen-  F  its  value,  we  have 

an  equation  which  includes  all  our  previous  results  and  more. 

One  reservation,  however,  must  not  be  omitted.  Since  we  have  supposed 
the  medium  tiniform  throughout,  whereas  it  really  has  a  diiferent  density  at 
the  place  where  the  foroe  acts,  our  inTestigation  does  not  absdutelf  corre> 
epond  to  the  actual  circumstances  of  the  case.   As  before  remarked,  no  enw 

is  on  that  account  to  be  feared  in  the  law  determining  the  intensity  of 
the  vibration  in  diflTereiit  directions ;  but  it  is  probable  that  the  coefficient, 
so  far  as  it  depends  on  D  :  D',  may  be  changed  "f,  and  there  may  be  a 
change  in  the  phase  comparable  with  (27r/X)  x  the  linear  dimension  of 
the  partide,  which  is  of  impwtanoe  when  the  scattoed  and  primaiy  waves 
have  to  be  compounded. 

So  much  tat  a  single  particle.  In  actual  expoiment^  to,  for  instaooe, 
with  Fh>fesBcr  Tyndall's  "  clouds,**  we  have  to  deal  with  an  immense  nnmber 

of  such  particles  ;  and  the  question  now  is  to  deduce  what  their  effect 
must  be  from  the  results  already  obtainiMl.  Were  thf  particles  absolutely 
motionless,  the  partial  waves  sent  out  in  any  direction  from  them  would  have 
permanent  relations  as  to  phase,  and  the  total  disturbance  would  have  to 
be  found  by  compounding  the  tSbratiens  due  to  all  the  particles.  Such  a 
supposition,  however,  would  be  veiy  vride  of  the  mark ;  for,  in  consequence 
of  the  extreme  smallness  of  X,  the  slightest  motion  of  any  particle  will  c<ausc 
an  alteration  of  phase  passing  through  many  periods  in  a  less  time  than  the 
eye  could  appreciate.  Our  particles  are,  then,  to  be  treated  as  so  many 
unconnected  sources  of  light ;  and  instead  of  adding  the  vibrations,  we  must 
take  the  Ailwuifa'st  represented  by  their  squares.  Only  m  wie  direction  la  a 
diflbrent  treatment  necessaiy,  namely  along  the  course  of  the  primary  light 
I  mention  this  because  it  would  not  otherwise  appear  how  the  reduetioin 
in  the  inten.sity  of  the  tran.smitted  light  is  effected ;  but  we  do  not  require 
to  follow  the  details  of  the  process,  beavusc,  when  once  we  know  the  intensity 
of  the  light  emitted  laterally,  the  principle  ui'  energy  will  tell  us  what  the 
primary  wave  has  lost 

The  intensity  of  the  light  scattered  from  a  cloud  is  thus  equal  to 
*  [1896.   The  factor  t  was  omitted  in  the  original  paper.] 

t  I  find  that  no  i.l.-.r>u  of  auy  kind  is  iMWihil.  fin  90.  [UW.  Bw  PMf.  Mai.  *U. 
p.  468, 1871 ;  This  CoUeetioo  Art.  9  below.] 
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where  k  the  sum  of  all  the  sqnaras  of  T.  If  2^  be  understood  to  denote 
the  moan  square  of  T  {nioi  the  aqiiare  of  the  mean  value  of  T\  and  m  be 

the  number  uf  particles, 

If  the  primary  light  be  uupolarized,  the  intensity  in  a  direction  making  an 
angle  )9  with  its  eoune  beoomee 


Beckwaids  from  the  ekud  the  light  is  thos  twioe  as  luright  as  normaUy. 
To  the  light  scattered  neariy  ui  the  direetion  of  the  primaiy  ray  our 
ezprMrion  does  not  apply. 

Fig.  1. 


dte-T* — i  *~rt  6 —  h  > 

Fig;  I  shows  the  eurve  representing  the  intensity  of  the  scattered  light 
for  each  part  of  the  spectrum,  referred  to  the  intensity  in  the  primary 

light  as  a  standard.  The  abscissa  being  prop<-)rtional  to  X,  the  base  line 
represents  the  diffraction-spectrum  with  the  principal  hxed  lines.  Over 
the  brighter  portion  of  the  spectrum  from  B  to  G  the  curve  ditfers  but 
littie  from  a  straight  line,  while  the  small  oorvaiure  is  turned  downwards, 
indicating  a  deficiency  in  the  green  and  yellow. 

Before  making  oat  the  theory,  I  had  endeavoured  to  ascertain  by  obser- 
vation the  actual  prismatic  o imp  osition  of  the  blue  of  the  sky,  and  had 
obtained  preliminary  results.  The  experimental  method  (the  description 
of  which  I  must  reserve  for  another  opportunity)  was  fully  adequate  to 
the  comparison  of  two  given  lights ;  but  the  difficulty  was  to  find  aomething 
to  compare  the  blue  light  with.  In  the  only  complete  set  of  observations 
that  I  have  hitherto  been  able  to  make,  the  blue  of  the  sky  (apparently 
a  very  good  one)  taken  from  the  neighbourhood  of  the  lenith  was  compared 
with  sunlight  difiused  through  white  paper.  About  thirty  consistent  com- 
parisons were  made,  ranj^ing  over  the  spectrum  from  C  to  beyond  F,  and  a 
curve  drawn  on  the  plan  of  fig.  1.  I  do  not  give  the  complete  curve, 
because  I  hope  before  long  to  complete  and  confirm  the  observations;  but 
the  following  numbecs  will  give  an  idea  at  the  results: — 

0.  D.  ht.  F. 

26  40  68  80  from  fig.  1. 

S6  41  71  90  observed. 


Digitized  by  Google 


94 


ON  tm  UOHT  PBOM  THB  BKT, 


[« 


The  upper  line  gives  the  theoretical  intensities  for  the  fixed  lines 
G,  D,  b,,  F,  while  the  lower  gives  the  observiHl  ratios  between  the  lights 
(sky  and  difhied  0tiiilight),  the  two  sets  of  nnmbm  bei^g  made  to  agree 
at  O.  Ctmsideriiig  the  diffioaltiea  and  uneertaintieB  of  the  case,  the  two 
curves  agree  veiy  well;  and  it  should  be  noticed  that  the  sky  compared  with 
(litTused  light  wtxn  even  bluer  than  theory  make.s  it,  on  the  supposition  that 
the  dit?'usetl  lit^ht  through  the  ptiper  may  be  taken  »vs  similar  to  that  whaie 
scattering  illumiuutes  the  sky.  It  is  possible  that  the  paper  was  slightly 
yellow ;  or  the  cause  may  tie  in  the  yeUowneae  of  sonlight  as  it  raadtet  as 
compared  with  the  oc^r  it  poasenes  in  tilie  upper  regimis  of  the  atmosphere. 
It  woald  be  a  mistake  to  lay  any  great  stress  on  the  obeenrations  in  their 
present  incomplete  form ;  but  at  any  rate  they  show  that  a  colour  more 
or  less  like  that  of  the  sky  would  result  from  taking  the  elements  of  white 
light  in  quantities  proportional  to  \~*.  I  do  not  know  how  it  may  strike 
others;  but  individually  I  was  not  prepared  for  so  great  a  difference  as 
the  obeervadoos  show,  the  ratio  for  F  befa^  more  than  three  times  as  great 
as  Ibr  a 

There  is  one  point  in  which  our  calcolations  do  not  exactly  meet  the 
case  of  the  sky.  Id  the  experiments  with  precipitated  doudb  the  total 
quantity  of  light  scattered  is  quite  insignifieant  compared  with  the  incident 

beam ;  but  it  is  by  no  means  SO  clear  tlial  tlic  ^^iime  is  the  case  with  the  sky. 
Each  particle  is  thus  struck,  not  only  by  the  direct  light  of  the  sun,  but  also 
by  that  scattered  from  others.  It  does  not  seem  that  the  chromatic  etftx'ts 
would  be  much  ati'ected  by  this  consideration ;  but  it  is  worth  notice  that  the 
conclusion  as  to  oranplete  polariiatiaii  perpendicular  to  the  incident  ray 
woold  have  to  be  modified.  To  see  this,  imagine,  as  before,  the  light 
(unpoisriaed)  incident  along  OV  upon  a  particle  0;  we  have  seen  that 
the  ray  diffracted  along  OX  contains  no  vibration  parallel  to  OF.  By  the 
aid,  however,  of  another  particle  P  in  the  xy  plane  such  a  vibration  may 
be  communicated  to  it;  for  in  the  ray  ditlracted  from  P  to  0  there  is  a 
component  vibration  in  the  ary  plane  perpendmular  to  PO,  which,  when 
again  diffracted  along  OX,  will  give  a  component  parallel  to  OF.  This 
is  perhi^  the  erplanation  of  the  incomplete  polarization  of  sky-light  at 
fj^t  angles  to  the  solar  beams;  but  it  must  be  remembered  that  an 
insufficient  fineness  in  some  of  the  particles  of  foreign  matter  would  have 
a  like  result. 

By  many  physicists,  from  Newton  downwards,  the  light  of  the  sky  has 
been  suppose<i  to  be  reflected  from  thin  plates,  and  the  colour  to  be  the 
blue  of  the  ttrst  order  in  Newton's  scale.  Such  a  view  is  fundamentally 
dififerent  from  that  adopted  in  this  paper,  though  it  might  not  at  first  seem 
sa  In  support  of  this  assertion,  it  may  be  snflfeient  to  notice  that  the 
two  the«»ries  are  at  variance  as  to  the  law  connecting  the  intennty  with 
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wave-length.  By  an  argument  from  dimensions  similar  to  that  already 
used,  it  is  easy  to  find  how  the  intensity  of  the  light  reflected  from  «  tbiii 
plate  (thin,  that  is,  oompared  with  any  <^  the  wave-lengths)  vansB  with  X. 

Instead  of  our  former  quaiititiea,  T,  r,  \,  we  nosv  have  merely  X,  and  3  the 
thickness  of  thf  plate.  Since  the  reflected  vibration  necessarily  varies  as  S, 
it  must  also  be  proportional  to  X~\  and  so  the  intetisiti/  of  the  reflected 
light  kX~*  instead  of  \~^.  The  ordinary  analytical  expression  for  the 
reflected  light  leads  readily  to  the  same  oonclosion  (Airy's  TracU,  f,  297). 
There  can,  I  tiiink,  be  no  question  that  the  composition  of  the  light  of  the 
aky  agrees  more  nearly  with  the  latter  than  with  the  fimner  law. 

The  principle  cf  eoeigy  makes  it  clear  tiiat  the  light  emitted  laterally  is 
not  a  new  orsa^ion,  hot  only  diverted  from  the  main  stream.  U I  rspveieDt 
tiw  intmaitj  of  the  primary  light  after  traveraing  a  thickness  m  of  the  turbid 
medium,  we  have 

where  ib  is  a  constant  indqiendent  of  X.  On  integration, 

if  /,  correspond  to  ar=0, — a  law  altogether  similar  to  that  of  absorption, 
and  showing  how  the  light  tends  to  become  yellow  and  Anally  red  as  the 
thit^ness  of  the  medium  incrsases.  Fig.  2  shows  a  series  of  curves  repre> 
senting  the  eompositicn  of  the  originally  white  light  after  passing  through 

thicknesses  in  the  ratio  of  1,  %,  4,  8, 16,  32.  The  reader  will  observe  how 
little  of  the  violet  light  remains  when  the  red  is  still  in  nearly  its  original 
force.   I  cannot  but  think  that  this  rapid  diversion  of  the  rays  of  short 


wave-length  has  a  good  deal  to  do  with  the  absence  of  light  of  the  highest 
refrangibility  from  the  direct  rays  of  the  sun.  For  the  line  A  at  the  extreme 
red  end  R  near  the  upper  limit  of  the  photograj^ic  spectrum  the  wave- 
lengths are  7617  and  3108.  The  ratio  of  the  fourth  powers  is  about  36  :  1 ; 
so  that,  whatever  the  fraction  representing  the  transmission  of  A  may  be, 
its  86th  power  will  give  the  transmission  of  Ji.   To  take  an  instance. 
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if  "9  of  IhA  my  A  gets  through,  only  "018  of  E  wwild  be  able  to  penetrnta 
Vot  the  rays  of  efcUl  higher  refrnDgihilily,  whidi  ProfesBor  Stokes  found 

abundant  in  the  electric  light  but  miaging  in  the  aolar  rays,  the  {raotion 
would  be  8maller  still ;  but  I  am  not  aware  of  any  measurementa  of  amaller 
wave-length  on  which  to  found  a  calculation. 

We  have  hitherto  aupposed  that  the  light  scattered  by  the  findy  divided 
matter  reaches  the  eye  without  modification,  and  we  have  tnken  no  account 
of  any  change  in  the  composition  of  the  primary  light  before  diffraction. 
If  X  be  the  total  length  of  the  path  of  thu  ray  through  the  turbid  medium, 
we  may  expre^  the  quality  of  the  light  in  terms  of  «;  for  it  makes  no 
di£Eiuence  iriiether  the  btenU  leakage  takes  place  befime  diffiaetion  or  after. 
In  foot 

/flcX-V^"*-, 

an  exprawbn  whioh  shows  that  /  vanishes  for  very  small  aa  well  as  for 
very  large  values  of  X,  while  for  some  definite  value  (say  A)  it  rises  to 
a  maximum  (f»).   Bzprasnng  /  in  terms  of  /»  snd  A,  we  have 

from  which  we  may  foil  baek  on  our  original  law  by  supposing  A  indefinitdy 
small,  and  replacing  A*I,  by  a  finite  constant  Aa  approximate  idea  of  the 
character  of  these  lights  may  be  obtained  by  subtracting  the  successive 

curves  of  Fig.  2.  Thus  the  dift'erencc  of  the  CUrves  marked  2  and  4 
represents  a  light  having  its  maximum  briglitness  (of  course  relatively  t.o 
the  primary  light)  in  the  blue-green  portion  of  the  spectrum.  I  hnd  by 
calculation  tiiat,  if  the  maximom  intensity  be  at  &  and  be  taken  as  unity, 
the  intensities  at  Q  and  0  are  given  by  the  numbers  718,  ^10  respectively. 
The  colour  would  be  greenish ;  but  whether  the  green  of  the  sky  is  to  be 
accounted  for  in  this  way  I  am  not  able  to  say.  Smne,  I  believe,  consider  it 
to  be  entirely  a  contrast  effect. 


Appkndul 

Within  a  space  T,  small  in  all  ito  dimenrions  against  \  and  sitoated 
at  the  origin  of  coordinates,  let  a  force  parallel  to  OZ,  and,  so  for  as  it 
depends  upon  the  time,  expressed  by  a  simple  circular  function,  act  on  the 
medium.  If  ij,  ^  denote  the  displacements  parallel  to  the  axes  at  the 
point  w,  y,  s,  and 

da:    dy  dz' 
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.(A)< 


where  stauds  for  d^jdt' +  (^/dif*  +  d'/dz^ ;  a'  and  6*  are  constantii  de- 
pending oa  the  nature  of  the  modinm  .suppoiied  to  be  iaotroina  For 
the  laminiAfloofl  »tiier,  Qreen  baa  shown  that  a  ia  to  be  regarded  as 
indefinitely  greatf. 

To  represent  the  period  force,  write  for  Z,  E^,  Similar  tnuisforma- 
tiona  will  then  t^lj  to  ^,  i|,  and  S;  so  tiiat  on  snbttitatitm  in  (A)  and 
dividing  out  the  comnum  foetor       there  results 


Writing 


(t^V*  +  n»)  f  +  (a*  -  6»)  dSfda  =  0, 
(6»V»  +  n*)ri  +  (a'  -  />»)  dB  'dy  =  0. 
(t»  V  +  n»)  ^  +  (a»  -     dBjdz  =  -  Z. 


.(B) 


.(C) 


we  obtain  from  (B)  by  differentiation  and  subtraotimi, 

(6«V«  +  n*)  Wi  =  dZldy, 
(^y  *  +  »*)  V,  B  -  <i?/<ias: 

Wit  wkf  ws  are  the  rotaHona  of  the  elements  of  the  medium  nrand  axes 
parallel  to  those  of  coordinates, 

The  disturiianoe  which  we  are  investigating  is  that  caused  and  main- 
tained by  the  force  £  acting  within  the  space  T.  Aooordingty^ 

1  iffdZe*^ 


r  being  the  distanoe  between  the  element  d^digd*  and  the  point  where 
is  estimated,  and 

k^^vl\^nlh.   .(D) 

*  Thonwon  and  Tait'a  Natural  FhiUuophy,  |  698. 

t  CSmfe.  Phil.  Tmu.  foL  ra. 
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Since  t  ^  ^  will  be  tiiially  inuliiplied  by  e^"',  aud  the  disturbance  which  we 
arc  dealmg  with  is  propagated  outwordi  from  it  is  evident  that  the  lower 
•ign  is  to  be  employed.  Now 

of  which  the  tonn  within  bnvcketa  vanishes,  because  the  vahie  of  Z  is  only 
finite  within  the  space  T.  Thus 


The  factor  ^  (^'^)  w**^"^  ^  ^  aenaibly  constant,  so  that,  if  Z 

atand  for  the  mean  value  of  Z  over  the  vdume  T, 

TZ  d  TZ  d  . 

^'^^^{  r  )*  M'dxK  r  J' 

And  xiR^^af^t* 

«r,-yw,_^      TZ  (^d  d\€^ 
"  'R  ii^Vdis'^^di)'  T 

TZ   d^  e-ttr    raring  d 

where  a  denotes  the  angle  between  r  and  s. 

The  resultant  rotation  at  any  point  is  thus  about  an  axis  perpendicular 
to  the  plane  paaring  through  the  point  and  the  axis  of  Z\  and  its  magnitude 
is  given  by  m.   In  differentiating  (r~*flr^)  with  resi>ect  to  r,  we  may 

neglei  t  the  term  divided  by  r*  as  altogether  insensible,  kr  being  an  ex- 
ceedingly groiit  (quantity  at  any  ordinary  distance  from  the  origin  of  dis* 
turbance.  Thus 

~m — T  

which  completely  determines  the  rotation  at  any  point.  For  a  given  dis- 
turbance it  is  seen  to  be  eveiywhere  about  an  axis  perpendicttlar  to  r  and 
the  diraetion  of  the  fioroe,  and  in  magnitude  dependent  only  on  the  angle 
between  these  two  directions  (a)  and  on  the  distance  (r). 

The  intensity  of  the  light,  however,  is  more  usually  expressed  in  terms 
of  the  actual  displacement  in  the  plane  of  the  wave.   In  order  to  find  the 

connexion  between  the  two  quantities,  it  will  be  more  convenient  to  suppose 
the  scattered  ray  parallel  to      and  that  the  force  F  (for  ^  is  no  l<H^ger 
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appropriate)  acts  in  the  plane  of  zx  at  an  angle  a  with  Ok,  m  becomes 
identical  with      that  vb,  with  dXIdK^  for  ^  as  well  as  9  is  aero;  so  that 

Restoring  the  fiujtor  c*^,  we  have 

^    3'/' sin  a 

or  throwing  away  the  imaginary  part, 

This  corresponds  to  a  total  accelerating  force  equal  to  FT  WB  (2ftrU/>); 
a  result  which  agrees  with  that,  of  Professor  Stokes's  more  complete  in- 
vestigation, with  the  exception  ot  a  slight  ditfereuce  of  notation. 


In  the  February  Ntuuber  of  the  I'hilosupfiical  MagasiM  I  have  pro- 
pounded a  theory  of  the  scattering  of  light  by  particles  which  aie  small 
in  all  their  dimensionB  compered  with  the  wave-loigth  of  lights  and  have 
applied  the  results  to  explain  the  phenomena  presented  by  the  sky.  Another 

theoiy  has  been  g-ivcn  by  ('huisius,  who  attributes  the  light  of  the  sky  to 
reflection  from  water- bubbles,  and  hji-s  developed  his  views  at  length  in  a 
series  of  papers  in  FoggendorfF's  Annaleii  and  Crelle's  Journal*. 

Starting  from  the  ordinary  laws  of  reflection  and  refraction,  he  has  no 
difficulty  in  showing  that,  were  the  atmosphere  charged  w^ith  globes  of  water 
in  suflSeient  quantity  to  smd  ns  the  light  which  we  actually  receive,  a  star 
instead  of  appearing  as  a  point  would  he  dilated  into  a  disk  of  oonsidenble 
magnitude.  But  the  requirements  of  the  case  are  satisfied  if  we  suppose 
the  spheres  hollow,  like  bubbles;  for  then,  on  account  of  the  parallelism  of 
the  surfjices,  but  little  efTect  is  pro<luoed  by  refraction  on  a  wave  of  light. 
At  the  same  time,  if  the  tilm  be  sufficiently  thin,  the  light  reflected  from  it 
will  be  the  Une  of  the  first  order,  and  so  the  colour  of  the  sky  is  apparently 
aooonnted  for. 

Apart  fidom  the  diffleoHy  of  seeing  how  sneh  bubbles  ooukl  be  fbnned, 
there  is  a  formidable  objection  to  this  theoiy,  mentioned  by  BrUeke  (Pcgg. 

Ann.  vol.  Lxxxviii.  p.  363)— that  the  blueof  the  sky  isa  much  better  colour 
than  the  blue  of  the  first  order.  That  it  is  so  appears  clearly  from  the 

*  Fogg,  Amh  ¥oto.  uzn.  umn.  ixMsna.  Orrifa.  volt.  mv.  mn, 
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meaHureinents  quoted  in  the  February  Number,  and  from  the  theoretical 
composition  of  the  blue  of  the  first  order*.  Nor  can  we  escape  from  this 
difficulty  by  supposing,  with  Briicke,  that  the  greater  part  of  the  light  from 
the  sky  has  been  reflected  more  than  once. 

Brllcke  also  brings  forward  an  experiment  of  great  importance  when  he 
shows  that  mastic  precipitated  from  an  alcoholic  solution  scatters  light  of  a 
blue  tint.  He  remarks  that  it  is  impossible  to  suppose  that  the  particles 
of  mastic  are  in  the  form  of  bubbles. 

In  his  last  utterance  on  this  subject"f,  Clausius  replies  to  the  objections 
urged  by  Briicke  and  others  against  his  theory,  and  shows  that,  if  the 
illumination  of  the  sky  is  due  to  thin  plates  at  all,  those  thin  plates  must 
be  in  the  fonn  of  bubbles.  While  admitting  that  if  the  particles  are  very 
small  the  ordinary  laws  of  reflection  and  refraction  no  longer  apply  J,  and 
that  therefore  this  case  is  not  excluded  by  his  argument,  he  still  holds 
to  his  original  view  as  to  the  nature  of  the  reflecting  matter  in  the  sky, 
considering  that  the  polarization  of  the  light  indicates  that  it  has  undergone 
regular  reflection.  His  concludiug  paragraph  so  well  sums  up  the  case  that 
I  cannot  do  better  than  quote  it.  "Das  Resultat  der  vorstehenden  Be- 
trachtuugcn  kann  ich  hicrnach  kurz  so  zusammcnfasson.  Soweit  man  die 
gcwohnlichen  Brechungs-  und  Reflexionsgesetze  als  gUltig  anerkennt,  glaubo 
ich  auch  meine  frllheren  SchlUsse  festhalten  zu  rallssen,  namlich,  dass  in 
der  Atmosphare  Dampfblaschen  vorhanden  seyen,  und  dass  sie  die  Haupt- 
ursache  der  in  ihr  stattfindeudeu  Lichtreflexion  und  ihrer  Farben  bilden. 
Nimmt  man  aber  an,  die  in  der  Atmosphare  wirksamen  Kiirperchen  seyen 
80  klein,  dasa  jene  Ocsctze  auf  sie  keine  Anwendung  mehr  finden,  dann  sind 
auch  diese  Schltisse  ungtiltig.  Auf  dieseu  Fall  ist  aber  auch  die  Theorio 
der  Farben  dllnner  Blattchen  nicht  mehr  anwendbar,  und  er  bedarf  vielmehr 
einer  neuen  Entwickelung,  bei  welcher  noch  besonders  bcrilcksichtigt  werden 
muss,  in  wiefern  diese  Annahme  mit  der  Polarisation  des  vom  Himmel 
kommenden  Lichtes  und  mit  der  angenahert  bckannten  Onisse  der  in  den 
Wolken  vorhandenen  Wassertheilchen  vereinbar  ist." 

*  I  find  that  I  omitted  to  explain  why  it  is  that  the  light  dispersed  from  small  partinlea  is  of 
BO  mach  richer  a  bno  than  that  reflected  from  very  thin  films.  In  the  latter  case  the  reflected 
wave  may  be  regarded  as  the  snm  of  the  distarbanceo  originating  in  the  elementary  parts  of  the 
film,  and  these  elementary  parts  may  be  assimilated  to  the  small  particles  of  the  former 
sapposition.  The  int«gration  is  best  effected  by  dividing  the  surface  into  the  zorui  of  Iluyghen* ; 
and  it  is  proved  in  works  on  physical  optics  that  the  total  effect  is  just  half  of  that  due  to  the  first 
ssone.  Now  the  zones  of  Huyghens  vary  as  the  wave-length;  and  thus  it  appears  that  in  the 
inteKration  the  long  waves  gain  an  a<ivautage  which  dimininhes  the  original  preponderance  of 
their  quicker-timed  rivals. 

t  Fogg.  Ann.  vol.  lxxxviii.  p.  643. 

♦  In  many  departments  of  science  a  tendency  may  be  observed  to  extend  the  field  of  familiar 
laws  beyond  their  proper  limits.  Thus  the  propcrtien  of  gross  matter  are  often  assumed  to  hold 
equally  good  for  molecules.  An  example  more  analogous  to  that  which  saggosts  this  remark  is  to 
be  found  in  the  common  explanation  of  the  mode  of  action  of  the  Kpeaking-trumpct. 
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Clausius  does  not  seem  to  have  followed  up  the  Ime  of  research  hero 
indicated.  My  imrestigiituni  (written,  it  bo  hsppens*  befbve  seeiiig  Glaitnus's 
papen)  ahom  in  the  deenat  manner  the  connexion  between  the  amaUnen 

of  the  particles  and  the  polarization  of  the  light  acattered  firom  them. 
Indeed  I  mu.st  n'inark  that  in  this  respect  there  is  an  advantJigo  over  the 
theory  of  thin  plate-s,  according  to  which  the  direction  of  complete  polariziition 
would  be  about  76'  from  the  sun.  It  would  bu  a  »iugular  coiucidence  if 
the  action  of  aeeondary  canaea  wwe  to  uugmcat  this  an^e  to  00* — ^ita 
obaorved  magnitude.  It  aeema,  therefore,  not  too  much  to  say  that,  if  the 
illuminattou  of  the  sky  were  due  to  suspended  water-bubbles,  neither  ita 
colour  nor  ita  polarisation  would  agree  with  what  \a  actually  observed. 

In  hb  celebrated  paper  on  Fluorescence*,  PpofaaBor  Stokes  makes  the 

following  signifirant  remark: — "Now  this  result  appears  to  me  to  have  no 
remote  bearing  on  the  question  of  the  direction  of  the  vibrations  in  polarized 
light.  So  long  iis  the  suspended  particles  are  large  compared  with  the  waves 
of  light,  refleetion  takes  place  as  it  would  from  a  portion  of  the  anrfiMie  of  a 
laige  adid  immeiaed  in  the  fluid,  and  no  oonduaion  can  be  drawn  ^thor 
way.  But  if  the  diameter  of  the  particles  be  small  compared  with  the 
length  of  a  wave  of  light,  it  seems  plain  that  the  vibrations  in  a  reflected 
ray  cannot  be  perpendicular  to  the  vibrations  in  the  incident  ray."  This  is 
the  only  passage  that  I  have  met  with  in  which  the  theory  of  the  reflection 
of  light  from  very  small  particles  is  touched  upon. 

If  it  be  assumed,  as  in  the  theories  of  Green  aud  Cauchy  of  reflection 
at  idaoe  anrftoesi,  that  die  eflbet  of  dense  matter  is  merely  to  load  the 
ether,  it  foDowa  rigiwoaaly  that  the  direction  of  vibration  cannot  be  turned 
tiirough  a  right  angle  when  light  is  scattered  from  small  particles.  But 

all  we  know  in  the  first  instance  is  that  the  velocity  of  propagation  of 
luminous  waves  is  less  in  onJinary  transparent  matter  than  in  vacuum ;  and 
this  may  be  accounted  fur  as  well  by  a  diminished  rigidity  as  by  an  increased 
density.  In  the  first  oaae  a  acatteted  ray  mit/ht  be  compoaed  of  vibrationa 
perpendicular  to  those  of  the  incident  beam ;  so  that  the  matter  is  not  quite 
ao  clear  aa  it  would  aeem  from  the  aigument  of  Fh>fiBBsor  Stoke&  I  believe, 
however,  that  good  reasons  may  bo  given  for  rejecting  the  view  that  the 
difference  between  media  of  varying  refraiigibility  is  one  of  rigidity.  The 
point  is  an  iinpirtant  one,  and  1  pio{K)sc  to  recur  to  it  later. 

The  experiments  of  Professor  Tyndailf  with  precipitate<l  clouds  exhibit 
more  clearly  than  bad  been  done  by  Brttd»  the  relation  between  the  size  of 
the  partidea  and  the  nature  of  the  dispeised  light.  The  obeervation  that  the 
polarization  is  complete  perpendicular  to  the  track  of  the  incident  light  is  in 
itadf  anffioent  to  diaptove  the  theoiy  of  bnbblea  Aa  the  partidea  increase 

*  Phil.  Tram.  1881.  p.  fiSG. 

t  PhU.  M«g.  vol.  Kocm,  p.  585.  Phil.  Tnuu.  1870. 
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iu  maguitudc,  the  asure  and  polarization  are  gnuiually  lost.  During  the 
transation  m  diffevemt  and  move  ooni|dicated  aet  of  phcnomana  pnaeiit  tbem- 
aeltee,  wbioh  will  Innush  a  teat  for  the  thaoiy  when  it  ia  extended  ae  aa  to 
indnde  the  eonsidcratium  of  particlee  whidi  are  no  longer  veiy  amall  in 
oomparison  with  the  waves  of  light. 

All  who  have  written  on  thb  subject  seem  to  have  taken  for  granted 
that  the  fine^  matter  in  the  atmoaphere  is  water  or  ice.  Even  Tyndall, 
who  expressly  says  that  any  particles,  if  small  enough,  will  do,  still  believes 
in  the  presence  of  water-particlus.  But  this  view  is  encumbered  with  con- 
siderable difficulty ;  for  even  iS,  in  virtue  of  its  transparency  to  radiant  heat, 
the  air  in  the  higher  regions  of  onr  atmosphere  is  at  a  very  low  tempemtoie, 
it  would  still  be  capable  of  absorbing  the  very  small  quantity  of  water  which 
is  suflloirat  to  explain  the  blue  r>f  the  sky.  At  any  mtc  it  is  difficult  to 
imagine  particles  of  water  smalh^r  than  the  wave-length  endowed  with  any 
stability.  These  difficultie-'*  might  perhaps  be  got  over  if  there  were  any 
strong  argument  in  favour  of  the  water-particles;  but  of  the  existence  of 
sudi  I  am  not  awara.  Every  one  knows  that  a  Uue  haae  evidently  akin  to 
the  asore  of  the  tky  obliterates  the  details  and  modifies  the  ooloDr  of  a 
distant  mountain ;  and  this,  when  it  occurs  on  a  hot  day,  cannot  possibly  be 
attributed  to  jujucous  particles.  On  the  face  of  it,  there  is  no  reason  for 
Huppcwing  that  near  the  earth's  surface  the  foreign  matter  is  of  one  kind  and 
at  a  great  altitude  another.  If  it  wcru  at  all  probable  that  the  particles 
are  all  of  <me  kind,  it  seems  to  me  that  a  strong  case  might  be  made 
out  fiw  common  salt  Be  this  as  it  may»  the  optioal  phenomena  can  give 
us  no  clue. 

The  apparatus  by  means  of  which  the  oomparison  was  made  between  sky 
light  and  that  of  the  sun  diffused  throogfa  white  paper,  was  origiually 
arrHng(;d  for  measurements  of  the  ;ib>oliite  absorption  of  coloured  fluids 

for  the  various  rays  of  the  spootnim,  and  li.'id  been  applied  rather  extensively 
in  experiments  having  that  object.  In  the  shutter  of  a  ilarkened  room  were 
placed  two  slits  in  the  same  vertical  line,  each  about  three  inches  long, 
and  a  foot  apart  At  the  other  end  of  the  room  was  an  anangemmt  of 
prisms  and  lenses  for  producing  a  pure  spectrum  on  a  screen  in  the  ordinary 
way.  At  fii-st  only  one  prism  was  used;  but  I  soon  introduced  another, 
and  the  number  might  probably  b*'  further  increased  with  advantage.  It  is 
even  more  important  to  have  a  great  dispersion  in  these  experiments  than  in 
the  ordinary  spectroscope.  Two  spectra  would  thus  be  thrown  on  the  screen 
one  over  the  other,  but  by  means  of  a  very  obtuse-ann^ed  prism  situated 
in  front  of  the  disporaion-prisms  they  are  brought  together  so  as  exactly  to 
overlap.  The  double  spectrum  thus  formed  pa-sses  through  a  horiaontal  slit 
in  the  .screen  placed  so  as  to  receive  it  Close  behind  is  an  opaque  card 
carrying  a  small  vertical  slit,  which  can  be  slid  along  so  as  to  allow  any 
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desired  part  of  the  spectrum  to  poa  through.    At  th«  beginiuDg  and  end 

of  a  set  of  experiments  the  card  is  removed,  and  the  principal  fixed  lines  are 
ubi^erved  thruugh  an  eyepiece  and  referred  to  a  Hcalo  situated  just  over  the 
horizon Uil  aperture. 

When  the  experimenter  looks  through  the  eye-slit  in  the  direction  of 
the  lens,  he  sees  the  two  parts  of  the  obtuse  prism  illuminated  vdth  light, 
in  each  case  homogeneous,  and,  if  the  adjastments  are  properly  made, 
belonging  to  the  samo  part  of  the  speclrum.  By  varying  the  breadths 
of  the  orij^iiial  slity,  the  two  parts  of  the  Held  may  be  made  equally  bright ; 
and  whi  ii  thi;  mateh  is  attjiined,  thi;  breadtht^  arc  inversely  proportional  to 
the  richness  of  the  lights  behind  them  in  the  homogeneous  ray  under  cou- 
aideration.  But  if  the  object  be  to  maka  a  oomplete  comparison  between 
two  lights,  it  b  often  more  oonvenient  to  leave  the  widths  of  the  slits 
arbitrary,  and  then,  by  sliding  the  card,  to  seek  that  part  of  the  spectrum 
which  allows  a  match.  It  was  in  this  way  that  the  observations  on  the  light 
of  the  sky  were  made.  To  pive  an  idea  of  the  degree  of  accuracy  to  which 
the  comparisons  may  be  made,  I  may  mention  that  in  my  experiment.^  on 
absorption,  the  means  of  six  observations  were  usually  correct  to  about  one 
in  50  or  60.  In  the  less-luminous  parts  of  the  qiectmm  the  orror  might 
be  somewhat  greater. 

The  diflteoltyi  however,  of  getting  a  satis&ctory  result  with  the  blue 
of  the  sky  does  not  lie  in  the  inaccuracy  of  the  measurements,  but  in  the 
arbitrary  character  of  the  light  with  which  it  is  compared.  In  order  to 
test  the  theory  in  a  stnct  manner,  the  second  light  ought  to  be  similar  in 
composition  to  that  which  lights  up  the  sky.  Now  the  .sky  is  lit  not  only 
by  Ae  direct  rays  of  the  sun,  but  also  by  itself  and  by  the  bright  snrftoe  of 
the  earth.  It  is  evident,  therefore,  that  the  requirements  of  the  case  are 
very  imperfectly  met  by  taking  as  the  second  light  that  of  the  sun  as 
received  by  us,  even  if  the  translucent  material  through  which  we  diffuse 
it  effects  no  change  in  the  quality.  A  nearer  approximation  to  what  we 
want  would  probably  be  found  in  the  diffused  light  of  a  thoroughly  cloudy 
day.  But  here  we  meet  with  an  experimental  difficulty;  for  the  method 
described  is  only  avaikble  to  compare  two  lij^ts  both  given  at  once.  A 
suitable  artificial  light  might  no  doubt  be  used  as  a  middle  term  to  be 
afterwards  eliminated ;  but  a  candle  or  a  lamp  would  hardly  bo  availablOi  on 
account  of  the  yellowne.ss  of  their  light.  On  the  other  hand,  the  bluer 
radiation  from  burning  magnesium  would  probably  be  inconvenient,  and 
difficult  to  keep  constant  in  quality  from  day  to  day.  I  am,  however,  in 
hopes  that,  by  a  method  founded  on  a  different  prinoi|de,  I  may  be  able 
to  compare  the  blue  of  one  day's  clear  sky  with  the  white  light  from  the 
clouds  on  another. 
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[Phil.  Mag,  xu.  pp.  447—454,  187 1.J 

The  investigation  of  the  diffraction  of  light  bv  nmall  particles,  cuntaine'd 
in  the  February  Number  of  this  Magaziuo  [Art.  viii.j,  proctjeds  throughout 
(«  the  aasumption  tbat  the  diffefence  between  two  media  whioh  differ  in 
refractive  power  is  a  diierenoe  of  density  sod  not  a  difierence  of  rigidity. 
My  object  in  the  present  commtinieatioii  is  to  attack  the  problem  more 
generally,  and  to  show  that  the  more  special  hypothesia  Ib  in  no  degree 
arbitrary,  but  forced  upon  uf<  by  the  phenomena  themselves.  The  words 
"density,"  "rigidity"  need  not  be  interpreted  literally,  but  are  used  in  a 
generalised  sense  analogous  to  that  given  to  "  velocity"  sod  "foroe" in  the 
higher  mechanics. 

The  lint  st^  is  to  find  the  equation  of  moti<m  of  an  isotropio  elsstio 
medium  whose  density  and  rigidity  may  vary  from  point  to  pomt.  If  J) 

denote  the  density  and  n  the  rigidity,  a  process  similar  to  that  nsad  in 
Thomson  and  Tait's  Ifatural  Fhilotopky,  §  698,  leads  us  to  the  following: — 

and  two  similar  equation*,  where  f  ,  9,  are  the  disj^aoements  poiallel  to  the 
coordinate  axes, 

dx    dy  dz* 

If  It  and  D  were  ooostant,  equations  (1)  wonld  be  satisfied  by 

f-,-«-0.   («) 
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In  the  application  that  we  have  to  make,  n  and  D  may  be  supposed  to  be 
constant  except  within  a  small  space  T  at  the  origin  of  coordinates,  where 
they  assume  the  values  «  +  An,  D  4-  Ai>.  In  cousenuence  of  this  variation 
the  equations  of  motion  are  no  longer  satisfied  by  (2) ;  but  we  way  take  as 
the  true  values  of. the  diB|daceinents,  |,  17,  ^^-^K*  ^>  where  9,  C  8  are  somII 
quaQtitiee  of  the  order  T,  whidi  are  to  be  neglected  when  multiplied  by 
An,  Sahatituti^g  in  equations  (1)  and  dropping  the  fiustor  rebting  to 

the  tim^  we  get 


-0, 
«0, 


and 

or,  since 

and 


0, 
0. 


Hence  if  «r,)B<i(/iiy — <Ii|/«Ib  Ike.  be  the  roftdMM  of  the  medium, 
Aoooidii^ 

-  -    J  J  J      rfy-s  ( v  j '''' -  ssi  as  •  *i  i-TT^ 

•  Tb*  tflMl  of  «lib  U  nkMqpMoay 
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higher  powers  of  (1/r)  being  neglected.    By  similar  reasoning, 

_  T  AT)        y  d  T  An  df,  /€-"^x 

4^  JJ  ''"^'rdrVr  n  di^dt^\  r  1' 

-     I       i^r  f     f^"^  .  ^  ^»  rff,  iF'  -  a*  rf'  /€-»^\ 
or,  once  &  =  d^dx^ik^, 

r  V"  H 

TIiL'sr  Hit'  tfif  component  rotations.  The  lesultiint  in  the  general  case 
Would  be  mther  coniplicuted,  and  is  not  wanted  for  our  purpose.  It  is  easily 
seen  to  be  about  an  axis  perpendtcniar  to  the  scattered  ray.  inaauracb  as 

xtj,  +  y  Wg  +  zsr,  =  0. 

Let  us  consider  the  particular  cjise  of  a  ray  scattered  nonnally  to  the 
incident  light«  ao  that  x  =  0.  Deaotiqg  for  brevity  the  common  £Eu:tor  hyp, 
we  have 

An  uz  AD  y  An  ^  . 

•-l^TTf'  ••-''TP  

whence 

Here  we  have  reached  a  result  of  some  importance  and  one  which  can  be 
confronted  with  fact.  For  from  the  value  of  cr  it  appears  that  there  i.s  no 
direction  in  the  phiiic  perpendicular  to  nn  incident  my  of  polarizi'd  light  in 
which  the  scattered  light  vanishes,  if  An  and  AD  be  both  finite.  Now 
experiment  tells  us  plainly  tiiat  there  m  sneh  a  direction,  and  therefore  we 
may  infin*  with  certainty  that  eith»  An  or  A2>  vanishes.  So  &r  we  have  a 
choice  between  two  suppositions ;  either  we  may  assume,  as  in  my  former 
paper,  that  there  is  no  difference  of  rigidity  between  one  medium  and 
another,  and  that  the  vibrations  of  light  are  normal  to  the  plane  of  polariza- 
tion, or,  on  the  other  hand,  that  there  is  no  ditierence  of  density  between 
media,  and  then  the  vibrations  must  be  suppoeed  to  be  m  the  plane  of 
polarisation.  The  former  view  is  the  one  adopted  by  Qreen  and  (virtually) 
by  Cauchy  in  their  theories  of  reflection;  while  the  latter  is  that  of 
MacCuUagh  and  Neumann,  which  I  now  foooeed  to  show  is  untenable. 
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Suppose  theo  that  ADmO.  Beverting  to  the  geneml  vwlvm  of  Vj,  v„  v, 
in  (5),  we  have 

An  ys        _    An  xy        __    An  z*  —  j? 

which  show  that  there  are  in  all  six  directions  from  0  along  which  there  is 
no  scattered  ray — two  perpendicular  to  the  plane  of  original  vibnitiou, 
and  four  in  that  plane  inclinc<l  at  angles  of  43*  to  the  original  ray  and  its 
prolongation.  No  vanishing  of  the  dispersed  light  in  these  oblique  diieetionB 
ia  known  from  experiment ;  but  before  unreaervedly  diacatxiing  the  theoiy 
which  indicates  it,  we  ought  to  inquire  how  far  our  approximation  is  sufficient 
to  warrant  such  a  stop.  In  neglecting  the  jjroducts  of  17,  f  with  A»,  we 
have  in  reality  omitted  terms  from  the  result  which  involve  the  square  and 
higher  powers  of  Art,  and  it  may  be  that  the  light  corresponding  to  them 
would  not  vanish  in  the  specified  directions  I  have  not  been  able  to  satisfy 
myself  whether  this  would  be  so  <»-  not;  but  I  think  thatj  in  qnte  of 
ignoiance  on  this  point,  the  inference  may  be  safely  drawn  that  the  theory 
is  untenable  ;  for  the  terms  in  question,  depending  on  the  square  of  the 
difference  of  rit^iility,  are  {jioportional  to  Afx'/fi'  (where  /jl  is  the  retractive 
index),  and  becuiac  of  less  and  less  importance  as  the  media  approach  one 
another  in  refinngibility.  In  the  case  of  particles  of  mastio  suspended  in 
waiter,  the  indices  aie  1*5  and  1'33,  and  terms  depending  on  the  square  of  A» 
roust  be  comparatively  small.  Yet  I  could  find  no  indication  of  a  fiJling  off 
of  intensity  in  the  pre<licted  directions  in  some  experiments  that  I  made 
with  precipitated  mastic  and  soap,  and  accordingly  conclude  that  the  hypo- 
thesis of  a  constant  density  and  variable  rigidity  must  be  rejected.  The 
only  alternative  is  to  suf^iase,  ss  in  the  February  number,  tiiat  the  nther 
preserves  its  statical  properties  unchanged  when  assodaled  with  matter, 
whose  effiact  in  therefore  moely  to  increase  the  inertia  of  the  vibiating  parts 
in  greater  or  less  degree. 

Tt  may  be  worth  notice  that,  according  to  the  theory  here  combated, 
there  would  be  two  polarizing-angles,  of  22^"  and  67 respectively,  when 
light  vibrating  in  the  plane  of  incidence  is  reflected  from  the  boundary  of 
two  media  which  differ  but  little  in  reftnngibility,  as  may  be  seen  from  the 
reasoning  of  this  paper  by  remembering  that  the  square  An  may  be 
neglected.  I  nee<l  scarcely  siiy  that  in  such  a  case  the  polarizing  angle  is 
really  4.")",  and  that  the  reflected  light  does  not  tend  to  vanish  at  the  two 
first-mentioned  incideiici's,  whichever  way  the  light  may  be  polarized*. 

In  e4uations  (5),  putting  A/t  =  U,  we  have 

w,«0,  -,   w.— ^   (8) 

*  There  ia  a  Moae  in  whieh  45°  is  the  fint  approxiin*tion  to  the  poUrUiug-angle  tat  all 
aubstanoes.  The  dillerenoe  between  the  troe  valne  and  4fi°  may  be  looked  upon  m  •  eoTTtetion 
depending  00  th«  aqawa  and  higher  powwt  of  the  diffenom  of  optioal  densitj. 
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which  correspond  to  the  results  already  obtained.  Since  the  optical  density 
is  proportional  to  the  stjuare  of  the  refractive  index, 

(i/-i>)yi)=.0*'»-f*')//*«   (») 

In  a  note  to  my  fwevioiw  paper  I  mentioned  that  no  change  is  required 
in  (8),  even  though  the  terms  containing  the  sqtiarc  ami  higher  powers  of 
{ly  —  D)jD  are  retained.  As  I  there  showt-d,  the  density  of  a  medium  may 
always  be  supposed  to  be  changed,  even  in  the  most  arbitrary  manner,  if 
suitable  bodily  forces  proportional  to  the  variation  of  density  and  to  the 
actual  aooelenitioD  an  oonoeiyed  to  act  upon  it,  while  the  motion  remains 
abioiatdjr  the  same  as  before.  The  waves  thrown  off  from  a  small  particle 
which  lies  in  the  path  of  a  beam  of  light  are  those  due  to  a  set  of  forces 
proportirnial  to  //  —  D  and  parallel  to  the  actual  vibrations  acting  through 
the  space  T  occupied  by  the  particle.  In  calculating  the  effect  of  the  forces, 
the  variation  of  density  is  to  be  taken  into  account,  unless  we  are  content  to 
neglect  the  square  of  D'— i).  Bnt  by  a  second  application  of  oar  principle 
we  see  that  the  density  witiiin  the  space  T  may  be  supposed  to  be  i>  instead 
of  ly,  provided  \vc  intnxluce  a  second  set  of  forces  proportimal  to  IX  —  D  and 
to  the  acceleration  at  T.  Now  it  may  be  prnve<l  (Thomson  and  Tait,  §  730) 
that  the  effect  of  a  bo<lily  force  applied  through  a  small  space  T  to  lui  clastic 
medium  diminishes  without  limit  with  T  even  ivithin  the  region  of  application. 
Accordingly  the  acceleration  at  T  caused  by  onr  first  set  of  fbvoes  is  of  a 
higher  order  of  magnitude  than  the  fiotces  themselves,  and  thus,  whether 
iy— D  be  small  or  liot,  the  effect  of  the  second  set  is  to  bo  neglected.  The 
error  caused  by  taking  iti  the  calculation  of  the  first  set  the  undisturbed 
instead  of  the  actual  acceleration  is  evidently  smaller  still  *. 

If  it  were  desired  to  continue  the  approximation,  some  further  supposition 
would  be  necessiiry  as  to  the  shape  of  the  disturbing  particles.  The  leadnig 
term,  we  have  seen,  depends  only  on  the  volume ;  but  the  same  would  not  be 
troe  kx  those  that  follow.  However,  tittle  exception  could  be  takm  to  the 
assumption  of  a  spherical  f<nm,  and  in  that  case  there  is  no  difficulty  in 
proceeding  further;  bnt  I  have  not  arrived  at  any  results  of  interest. 
Without  calculation,  we  may  anticipate  that,  as  the  diameter  of  the  particles 
approaches  in  magnitude  the  quarter  wave-length,  the  amplitude  of  the 
diffracted  vibration  will  begin  to  increase  less  rapidly  than  T,  and  that  about 
the  time  the  half  wave-length  is  passed  an  absolute  diminution  will  set  in. 
Of  couiae,  whoi  the  incident  light  is  compound,  the  more  refrangible 

*  [1809.  The  result  ibat  the  seooocUry  distturbaiMe  ia  proportional  to  the  volome  and 
iofol<vw  jy  cad  2>  In  the  fem  {iy-D)ID,  whatevor  tiujr  ba  the  thofe  of  tiia  obalada  provided 

only  that  it  b«  Hinall  cTiough.  ih  peculiar.  In  ttii'  t'lectromagnetio  theory  (Phil.  Mag.  xri.  p.  81, 
1881)  the  dutorbauce  is  proportional  to  the  simple  voiame  and  to  {K'  -  K)JJC  only  so  long  as 
(JT-jq  is  wtuJL  OyMnrisa,  homrnr  nadl  tht  dbataal*  maj  ba,  ila  ihip*  «itea  into  «ha 
qnaMioa.  Ia  Cha  OMt  of  a  qrtm  {P^KifK  b  nplaaod  bj  t(Jr-J[)Air>tiE)<) 
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(  lementB  will  be  the  first  to  show  a  Bensible  deviation  from  the  more  simple 

law. 

In  his   interesting   oxpt'iitnents  with   precipitated   vapours,  Profeasor 
Tyodall*  fouDd  that  when  the  particles  of  the  cloud  illuminated  by  un- 
polarised  light  from  the  electric  lamp  had  attained  tiusli  a  dse  that  the  light 
discharged  normalljr  had  lost  most  of  its  power  of  alfeoting  ibe  naked  eye 
with  the  sensatioa  of  colour,  even  then  by  analyzing  the  light  with  a  Nicol 
placed  in  its  position  of  minimum  transmission  the  azure  could  be  revive<l 
in  increas<Ml  splendour.    Profassor  Tyndall  calls  this  the  "residual  blue." 
Experimentally  it  is  doubtless  more  convenient  to  analyze  the  light  after 
dxffiaetion  from  the  cloud ;  but  in  theoretical  explanation  and  deduction  it  is 
simpler,  and  comes  to  the  same  thing  in  the  end,  to  consider  the  original 
beam  as  polarized  before  it  falls  on  the  cloud.   The  residual  blue  is  then  the 
light  discharged  from  the  cloud  in  a  direction  parallel  to  that  in  which  the 
incident  light  swings.    The  complete  cxidanation  of  this  and  other  allied 
phenomena  ia  yet  to  be  made  out ;  but  one  thing  we  learn  from  our  theory, 
if  indeed  it  is  at  all  to  be  depended  on.    However  large  the  particles  may  be, 
the  light  soatterod  or  refleetedf  parallel  to  the  inimaiy  vibmtioos  depends 
on  the  square  and  higher  powers  of  (J^—        or,  in  experimental  language, 
of  (jt," — fi?)//j.\   It  is  eaqr  to  see,  too,  that  the  first  term  in  the  expression  of 
the  amplitude  must  contain  a  mueh  higher  inverse  power  of  X  than  X"*,  and 
that  if  it  stood  iilone  it  would  correspond  to  a  compound  light  of  a  much 
richer  colour  than  that  due  to  very  small  particles  acting  in  the  ordinary 
way.  Still  I  cannot  honestly  say  that  the  residual  blue  is  predicted  1^ 
theory:  befine  the  light  discharged  in  this  unfinvoarahle  direction  could 
become  at  all  sensible,  the  particles  must  have  grown  to  such  a  size  that 
their  diameter  would  bear  no  inconsiderable  proportion  to  the  waves  of  light ; 
and  then  we  have  no  right  to  suppose  that  the  first  term  in  the  ex])ansion 
proceeding  by  powers  of  the  diameter  may  be  taken  as  representing  with 
sufficient  approximation  the  entire  series.  Indeed  the  residual  blue  iqppean 
to  be  rather  caprunons  in  its  appearance,  and  to  depend  on  conditions  not  yet 
frilly  known.   I  may  mention  that  I  have  not  been  able  to  detect  any 
unusually  intense  coloration  in  that  part  of  the  light  from  the  sky  which 
vibrates  in  a  plane  passing  through  the  sun.    This  is  the  more  remarkable, 
because  it  might  be  sup^josed  that  a  part  at  least  is  light  which  has  twice 
undeigone  diffraction,  in  which  case  the  intensity  would  vary  as      if  other- 
wise undisturbed.  But  we  must  not  fbtget  that^  of  the  indirect  light  illumi- 
nating the  higher  strata  of  our  atmosphere,  a  very  considerable  fraction  must 
come  from  the  earth  itself;  and  this  certainly  is  coloured  anything  but  blue. 
It  would  be  interesting  to  observe  whether  the  residual  light  from  parts  of 

•  Phil.  Mnn.  vol.  xxwiri.  p.  I.'C.    Phil.  Trant.  1870. 

t  This  mijr  be  Terified  with  Frainel's  ezpraaaion  for  the  inteoRity  of  the  light  regularly 
Nfltaltd  whiB  tt»  ]iluM  of  golariMtlfflii  aad  {laM  of  inddanoa  liidlado  a  ri|^ 
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the  sky  90°  distant  from  the  sun  is  in  any  way  (iopendent  on  the  character  of 
the  earth's  surface — whether,  for  example,  it  is  the  same  as  usual  over  water 
or  when  the  ground  is  covered  with  snow.  I  pmnme  that  with  the  precipi- 
tsted  clouds  there  is  no  questicm  of  light  diffracted  more  than  once. 

Theory  \Y(»uld  lead  us  to  anticipate  that  the  optical  density  of  the 
particles  of  foreign  matter  may  have  a  large  influence  on  the  develuptneiit 
of  the  residual  blue.  If  the  particles  and  the  medium  in  which  they  are 
suspended  have  nearly  the  same  rcfraugibility,  the  light  emitted  parallel  to 
the  original  vibrations  may  be  «cpected  to  be  very  feeble,  not  <nUy  abso* 
lately,  bnt  in  oomparism  with  that  emitted  in  other  directiaiia.  Profoasof 
Tyndall's  method  of  precipitating  organic  vapours  (sonic  of  which  may  have 
a  high  optical!  density)  in  air  is  then  more  favourable  than  the  nnspensiou  of 
mastic  or  other  moderately  dense  solids  in  water,  as  used  by  Briicke  and 
other  physicists. 

I  take  this  opportunity  of  referring  to  the  observations  of  Roscoe  on  the 
photographic  power  of  skylight,  with  which  I  have  only  lately  become 
acquainted.  The  comparison  of  photographic  with  luminous  intensities  is 
wdl  adapted  to  exhibit  differences  of  quality  related  in  a  rimple  manner  to 
the  wave-length.  The  veiy  small  diemical  action  of  the  direct  solar  rays,  as 
compared  with  what  mtg^t  have  been  expected  from  their  intense  action  on 
the  retina,  is  a  striking  verification  of  the  theoretical  results  developed  in  the 
Februarj'  Number  of  this  Magazine  [Art.  VIII.]. 

[1899.    The  electromagnetic  theory  of  the  scattering  of  light  by  small 
jmrticles  is  treated  in  Phil.  Mag.  vol.  Xll.  p.  «1,  LS>S1  ;  vol.  xi.iv,  p.  2S, 
In  a  recent  memoir  {Phil.  Mag.  vol.  XLVii.  p.  375,  1H99)  I  have  given 
reasons  {or  the  oonclusion  that  a  large  part  of  tiie  light  of  the  sky  may  be 
dispersed  fiom  the  molecules  of  air  tbemselvea] 
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[PML  Mag,  XLI.  fp.  519—528,  1871.] 

Iir  a  fomier  pi^per*  I  have  diown  that,  of  the  variom  hypotheses  whidx 
migfat  be  msde  to  explain  the  diminished  velocity  of  light  in  transparent 
matter,  only  one  can  be  reconciled  with  the  observed  laws  r^^lating  the 

intensity  of  polarized  light  .scattered  in  different  directions  from  an  a.8- 
semblage  of  particles  whose  diameters  do  not  exceed  a  small  fraction  of  the 
wave-length.  We  are  forced  to  suppose  that  the  difference  between  media 
whieh  is  the  cause  of  refraction  is  a  dynamical  and  not  a  statical  difference, 
that  the  rigidity  or  force  with  which  the  lether  resists  distortion  is  absolutely 
invariable.  In  this  view  there  is  nothing  novel.  Fresnel  distinctly  adopts  it 
in  the  investigation  of  his  c('l<'bmto<l  formula'  for  the  intoiisitics  of  reflected 
light;  and,  what  is  more  important,  (Jroens  rigorous  mtchanical  theory 
of  reflection  +  is  biised  on  the  same  assumption.  Cauchy  also,  to  whom 
much  of  the  credit  really  due  to  Green  baa  been  tianaferred,  starts  fipom 
the  principle  of  continuity  of  movement,  whidi  asserts  that  in  the  passage 
from  one  medium  to  another  there  is  no  break  in  the  continuity  of  the 
values,  either  of  the  displacements  or  of  their  differentiul  coefficients.  I 
believe  that  Qiuchy  has  nowhere  oxplaiiud  the  trround  or  significance  of 
hia  principle ;  but  it  is  easy  to  see  that  to  iissunie  the  continuity  ot  slraiu  is 
equivalent  to  aaserting  a  complete  continuity  of  statical  properties,  so  that, 
as  has  been  pmnted  out  by  ^ughttm^  Gauchy's  theory  is  essentially  the 
same  as  Green'a 

On  the  other  hand,  MacCullagh  and  Neumann  have  founded  their  in- 
vestigations of  reflection  on  the  hypothesis  that  the  difference  between 
media  is  statical  and  not  dynamicaL   There  is,  however,  no  difficulty  in 

•  Phil.  Mag.  for  .Tune  1871,  p.  HI.   [\Tt.  ix  ] 

t  CajfO).  Phil.  TraiM.  1838,  oi  Oreea'a  Math.  Paper: 

t  nu,  Mag.  &  4.  TCl.  vt.  p.  81. 
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showing  that  their  hyfMJthesis  is  as  inconsistent  with  the  phenomena  of 
regular  reflection  as  it  is  with  those  of  diifraction  from  small  particles,  as 
I  may  perhaps  explain  in  detail  on  another  oooasiom.  Bnt  there  is  one 
mgoment  urged  hy  them  againat  the  rival  view  which  deaerves  the  greatest 
attention.  How,  they  ask,  can  double  refraction  be  accounted  for  if  the 
elastic  forces  brought  into  action  by  a  given  deformation  of  the  fpther  are 
the  same  in  all  cases  ?  It  is  well  known  that  all  the  theories  of  double 
refraction  hitherto  given  by  Fresnel  and  his  followers  assume  expressly  that 
within  a  douhly  refiacting  medium  the  elasticity  varies  in  different  diieetiona. 
How  ia  it  poanUe,  in  inveatigatiDg  the  laws  oS  r^ection  from  the  aurbce 
of  isotropic  media,  to  suppoae  tiiat  the  statical  condition  of  the  ether  is 
invariable,  and  then,  when  we  come  to  doable  refraction,  to  turn  round  and 
aay  that  in  them  the  tether  has  a  rigidity  dependent  on  the  direction  of 
displacement  ?  I  am  not  surpruiod  at  the  importance  attached  by  MticCuUagh 
and  Neumann  to  this  objection.  Fresnel  and  Green's  investigations  of  re- 
flection are  indeed  ahadutely  inoonaiatent  with  the  received  views  aa  to 
the  cause  of  doable  lefiadaon.  We  find  onrKlvea  (Imi  in  tlub  poaitioa: 
either  we  must  give  up  Green's  theory  of  reflection,  which  is  the  only  one 
hitherto  proposed,  or  easily  conceivable,  capable  of  meeting  the  facts  of  the 
case;  or  else  we  must  abiindon  the  ideas  of  Fresnel  as  to  the  mechanical 
cause  of  double  refraction. 

MivcCuIIagh  and  Neumann  were  consistent,  though,  as  I  believe,  con- 
sistently wrong.  They  rejected  the  hypothesis  of  a  constant  rigidity  and 
variable  denrity  aa  incompatible  with  the  erirtenee  of  double  refraotioa. 
How,  indeed,  concMve  a  density  diflferent  in  diflfomit  direclaona  ? 

Fresnel  and  Qreen  were  inconsistent.  The  latter  baa  given  two  rigonma 
theoriea  of  doable  refraction*  whioh  difler  from  <me  another  in  important 
points,  but  agree  in  this,  that  neither  of  them  can  be  reconciled  with  his 
explanation  of  reflection ;  for  both  assume  that  the  forces  which  resist 
displacement  within  a  crystJil  vary  acconling  to  the  direction  of  displace- 
ment.   Precisely  the  siinie  remark  a])])lies  to  the  investigations  of  Cauchy. 

It  will  rcjulily  be  anticipated  that,  having  the  strongest  grounds  for 
believing  that  the  rigidity  of  the  tether  is  constant  whether  it  be  free  as  in 
vacnnm  or  entangled  with  the  moleculea  of  mattw,  I  adopt  the  latter  of  the 
two  alternatives  already  mmlaoiied,  and  look  in  anotiier  direction  for  the 
explanation  of  double  refraction.  In  takitig  a  step  which  may  seem  retro- 
grade, I  would  remark  that  we  are  not  abandoning  a  theory  in  itself  very 
complete  or  satisfiictory.  Fresnel's  explanation  of  double  refraction  will 
always  be  considered  worthy  of  his  great  genius ;  but  it  is  well  known  that 
as  a  rigorous  mechanical  theoty  it  will  not  bear  criticism.  Nor  do  the 
attempte  that  have  been  made  to  improve  apmi  it  carry  the  marie  of  truth. 

*  Comb.  mi.  Tntm.  18B7.  Oneals  JfaO.  Ptftn, 
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On  this  point  I  refer  to  the  excellent  report  on  double  refraction  by 
]^£asaor  Stokes  in  the  British  AaaoouUi&na  Report  for  1862,  and  will  only 
My  that  the  aiialflgy  between  the  vibrations  of  the  asther  and  thoie  whioh 
may  take  pboe  in  Mlide,  so  striking  as  long  as  we  confine  ourselves  to 
ordinary  media,  seems  to  break  down  when  we  pass  on  to  consider  the 
case  of  crystals.  For  rUreen  has  shown  that  the  elasticity  of  a  rrystallized 
mtdiiun  depends  in  general  on  twenty-one  constants*,  while  the  phenomena 
of  double  reiraction  in  biaxal  crystals  involve  only  six.  It  is  true  that, 
by  assumptions  mote  or  less  arbitnuy,  the  redundant  constants  may  be 
got  lid  of,  and  the  result  manipulated  so  as  to  agree  very  well  witii  ob- 
servation ;  but  no  one,  I  suppose,  would  consider  a  theory  arrived  at  in  snch 
a  manner  altogether  satisfactory.  At  any  nite  this  is  not  the  opinion  of 
ProfesHor  Stokes,  who  says  that  in  his  belief  the  true  theoiy  of  double 
refraction  is  yet  to  be  found. 

We  have,  then,  to  consider  this  question :  Can  double  refraction  be 
explained  if  the  statical  properties  of  the  ffither  are  independent  of  the 
associated  matter!  Osn  we  suppose  that  the  density  within  a  crystal  is  a 
foneUon  of  the  direction  of  vibration?  I  answer,  yes.  The  absurdity  is 
apparent  only,  and  disappears  on  more  attentive  examination.  As  I  am 
conscious  the  position  is  one  that  will  need  all  the  light  that  can  be  thrown 
upon  it,  I  think  it  well  to  give  an  illustration  of  a  comparatively  simple 
character  which  occurred  to  me  at  an  early  stage  of  this  imjuiry,  and  which 
was  of  great  use  in  drawing  me  in  a  general  way  the  poesibiltty  of  the  kind 
of  explanation  I  was  in  search  off. 

Let  a  solid  body,  such  as  an  ellipsoid,  be  so  suppwted  in  space  that  its 
centre  of  inertia  is  free  to  move  in  any  direction,  but  is  urged  by  springs  or 
otherwise  towards  a  certain  fixed  point  with  a  force  symmetrical  all  round 

and  proportional  to  the  displacement.  The  arrangement  may  be  supposed  to 
be  such  that  the  body  always  retains  its  parallelism.  Under  these  circum- 
stances, a  vibration  may  be  performed  in  any  direction,  and  its  period  is  the 
same  in  all  esses.  If  the  inertia  of  the  body  be  increased,  tiie  only  result 
can  be  that  the  motion  will  beeome  more  sluggish  and  the  period  longer. 
Here  we  have  the  analogue  of  singly  refracting  media.  But  now  suppose 
that  instea<l  of  moving  in  free  space  the  Ixwlv  is  immersed  in  a  fluid  of 
sensible  deasity.  According  to  known  theorems  in  hydrodynamics J^,  the 
inertia  of  the  fluid  adds  itself  to  the  inertia  of  the  body,  and  that  in  a 
manner  depoident  on  the  direction  of  vibsation.  An  extreme  case  will  make 
this  evident.  Sufqpose  that  the  eUipeotd  degenerates  into  a  eirsnlar  disk  of 
inconsiderable  thickness.  It  is  dear  that  if  the  vibration  be  performed  in 

*  See  nlKo  Thomson  and  TaVt  NcHmil  PhiUuepkg,  Appendix  0  to  Cb.  ra. 
f  [180'.).  The  HugK'eation  of  fin  inrrtm  lifTerent  In  difiBNOt  duwliaw  had  ban  made  noeb 
earlier  by  HanJune  (Phil.  Mag.  i.  p.  441,  1H61).J 
t  Thomnm  and  Tatt,  |  S81. 
a.  t.  8 
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ft  fine  porpenfii<'iilar  to  the  disk,  the  Hnid,  which  cannot  rea<iily  pass  from 
the  one  suii-  to  the  other,  will  gmitly  inipede  the  motion — that  is,  increase 
its  period ;  for  there  is  no  question  here  of  a  I068  of  energy  (vom  iriction  or 
vifloontj. 

It  is  equally  evidmit  thst  if  the  motion  be  in  the  plane  of  the  cKsk,  the 
fluid  has  no  eSSMi  and  might  as  well  not  be  there.  We  see,  then,  that,  to  all 
intents  and  purposes,  the  disk  has  a  density,  or  rather  inertia,  of  variable 
magnitude  dependent  on  the  line  of  vibration  and  symmetrical  round  an 
axis,  and  are  reminded  of  a  unuixal  crj'stal.  Next  suppose  that  we  try 
to  make  the  disk  vibrate  in  a  line  oblique  to  itself.  It  would  at  once  appear 
tiiat  sndi  a  vibrotion  cannot  be  performed  without  an  additional  oonstraint, 
which  we  may  suppoee  applied.  The  system  would  then  perfiorm  pendulous 
vibrations  whose  period  is  a  function  of  the  position  of  the  line  in  which 
the  centre  of  inertia  is  made  to  move.  Lagrange's  general  method  leads 
immediately  to  a  solution  of  the  whole  problem : — 

r=  kinetic  energA'  =  k  \Px'  +  Q(y'  +  i*)}, 
V  =  potential  energ}'  =  +     +  **) » 

whence  the  equations  of  vibratory  motion, 

+  Qy  +  /*y  =  0,      Qi  +  fu  =  0. 

showing  that  vibrations  along  x  cannot  be  performed  synchronously  with 
vibrations  along  y  or  z.    This  is  on  the  supposition  that  the  body  is  free ; 
but  if  it  be  constrained  to  a  line  f  making  au  angle  $  with  x,  we  have 
r  «  if « (P  co8»  6  +  Q  sin«  d).         V  =  i^^, 

whence 

(P  008?  +  g  ain»  tf)  I  + /»f  =  0, 
so  that  the  pehod  t  is 

g^^PcoB^^-i-gsin'g 
When  0^0,  let  t-ti;  when  0«9O*,  let  tbt,;  then 

T»«T,»COS»tf +  T,*sitfA 
There  is,  of  course,  one  ease  which  does  not  bring  out  the  peculiarity  for 
whose  sske  the  illustration  is  l»ongfat  forward,  I  mean  when  the  ellipsoid 

becomes  a  sphere.  The  only  effect  of  the  fluid  is  then  to  retard  the  motion, 
just  as  if  the  mass  of  the  sphere  itself  had  been  increased. 

From  the  problem  generally  we  may  infer  that  there  is  nothing  absurd 
in  the  idea  of  an  inertia  varying  with  the  direction  of  motion,  and  that  the 
want  of  symmetry  causing  double  refraction  may  be  attributed  with  as  great 
probability  to  the  dynamical  as  to  the  statical  conditions  of  the  question. 
We  know  nothing  about  the  real  nature  of  the  tsther,  and,  if  possible, 
stiU  less  about  its  rslations  to  ponderable  matter;  and  it  is  therefbre  the 
mmst  assumption  to  say  that  the  energy  of  motion  within  a  crystal  is 
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necessnrily  a  symnietrical  function  of  the  velocities  of  disphiccment.  But 
this  has  viriuaily  been  done  in  all  the  theunes  hitherto  given.  I  would 
ttven  go  finther*  and  ask  whether,  when  we  oraaider  the  eaomone  velooil^  of 
light  and  the  magnitude  of  the  fimeB  which  naiBt  distoartioii.  it  is  not  on  the 
whole  more  probable  that  the  relatively  considerable  effect  of  ponderable 
matter  is  due  to  its  action  rather  on  the  Small  quantity  (the  inertia)  than 
on  the  great  quantity  (the  rigidity)  i 

InBtead,  then,  of  aasnming  for  the  enogy  of  the  medinm 

let  us  take  the  most  general  quadratic  function  of  ^,  i],  ^,  containing  six 
coDStanta.  Even  this  form  is  somewhat  restricted;  for  it  may  be  that  the 
eneigy  cannot  be  expressed  at  all  as  the  anm  of  parts  ooixesponding  to  the 
various  elements  of  the  lether.  Ordinary  chromatic  dispersion  and  rotatory 
polarization,  which  is  a  phenomenon  of  the  same  nature,  show  that  the 
mutual  influence  of  the  parts  is  not  restricted  to  a  di^'tance  which  may  \ye 
regarded  jis  vanishingly  small  in  comparison  with  the  wave-length;  and 
although  iu  Cauchy's  theory  of  dispersion  the  mutual  action  is  supposed 
to  be  of  a  statical  character,  yet  the  fiict  that  there  is  no  dispersion  in 
Taenom,  when  regarded  from  the  point  of  view  of  the  present  paper,  leads 
rather  to  the  conclusion  that  the  mutual  influence  is  dynamical,  by  which 
I  mean  that  it  would  show  itself  in  the  expression  of  the  kinetic  rather 
than  of  the  potential  energy.  But  it  will  only  be  following  precedents 
to  drop  the  consideration  of  dispersion  in  explaining  a  theory  of  double 
refiaotion,  which  may  be  done  consistently  by  supposing  the  wave  veiy 
long. 

By  a  suitable  choice  of  axes  the  twms  involving  the  products  of  the 
vehMjities  may  be  got  rid  of,  so  that 


when  pz,  p„,  pt  are  positive  (quantities  representing  the  densities  corre- 
sponding to  the  three  coordinate  axes.  The  expression  of  the  potential 
energy  I  suppose  to  be  exactly  the  same  a^  in  vacuum ;  and  thus  by 
Lagrange's  general  method*  we  6nd  for  the  equations  of  motion. 


*  Tkmmn  mi  IVift,  Appaadiz  0.  Onm,  CnA.  Troat.  18W. 
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On  account  of  the  incompressibility  of  the  .vther,  8  is  very  small ;  but  it 
does  not  follow  that  the  terms  containing  it  are  to  be  omitted,  for  a*  ia 
correspondingly  great.  We  may,  however,  write  p  for  d'B,  and  p  may  then 
be  compared  to  a  hydrostatic  papesBiue.  The  problem  oi  donble  r^kaeticii 
is  solved  so  soon  as  the  laws  are  known  which  regalate  tim  poeaible  direotienu 
of  vibration  and  correspondiDg  TelocitieB  of  propagation  fiw  evoy  poaitian 
of  the  wave-front. 

Let  us  oonaider  a  plane  wave  whose  front  is  at  any  time  given  by 

so  that  2,  »  are  the  direetion-oosines  of  the  wave-normal,  and  V  the 
vdocity  of  propagation.  Also  let  0  denote  the  actual  displaoement  in  the 
plane  of  the  wave,  and     ft,  »  ita  direction.  Thus 

f-xtf,  n^t^.  f-*^; 


and 


Now  let 


.(2) 


.(8) 


where     and     are  complex  constants.  On  snbstitution  in  (2), 

and  since  tK  +  m/i  +  nv  —  0, 


(4) 


=0; 


V'px-b'     Vpg-b'  V*p,-b- 
or  if,  as  in  the  ordinary  notati(m,  a,     o  are  the  principal  velocities  of 
propagation* 


The  equations  determining  the  directions  of  vibration  an 

Ik  4      +  nv  0. 

*  Th*  metBing  of    is  ban  el 


/I     1\     m/1      1\  .  n/1     1\  „ 


(6) 
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Equations  (5)  aud  (6)  constitute  the  analytical  solution  of  tho  problem. 
I  had  originally  expected  to  reproduce  in  their  integrity  the  beautiful  laws 
of  IVeanel;  but  a  slight  exMnination  will  Aaw  that,  in  order  to  vBoaneile 
(5)  and  (6)  with  Fresnel's  eqiiatioD8»  we  mtut  write,  Ibr  F",  cf,  ft*,  e, 

F-«,   a-»,   6-*,  c-^, 

respectively.  The  directions  of  vibration  are  pcurallel  to  the  axes  of  the 
section  of  the  ellipsoid 

«^/a»  +  y»/6«  +  a»/c»  =  1 

by  the  plane  of  the  wave;  and  the  velocities  of  propagation  are  directly 
proportional  to  the  lengths  of  the  axes.  Accordingly  the  wave>surfiice 
is  the  envelope  of  planes  drawn  parallel  to  the  central  sections  of  Uie 

ellipsoid  ar'/a'  -f  j^/i*  +  i^/tf  »  1  at  distances  directly  proportional  to  the 
lengths  of  the  axes.  Fresnel's  surface  is  the  locus  of  points  situated  on 
the  normals  to  the  sections  of  tho  same  ellipsoid  and  at  the  same  distances. 
We  see,  therefore,  that  the  new  surface  is  related  to  Fresnel's  in  the  following 
way: — Through  any  point  of  the  latter  draw  a  plane  perpendicular  to  the 
tine  joining  it  to  the  centre;  the  envelope  of  theee  planes  is  the  former 
surface.  In  the  |nincipal  planes  of  a  biaxal  crystal  the  new  surfi&ce  agrees 
with  Fresnel's  as  regards  the  section  which  is  a  circle ;  but  the  other 
is  not  a  true  ellipse.  Within  a  uniaxal  crystal  one  ray  always  follows 
the  ordinary  law. 

In  ordinary  media  the  transversal  vibrations  can  be  propag-ated  without 
any  tendency  to  produce  dilatation  (positive  or  negative).  But  it  is  not 
so  here.  Suppose  in  our  illustration  that  the  centre  of  the  ellipsoid  is 
oonstnuned  to  move  in  a  certain  plane.  We  should  find  two  directions  of 
poasifale  vibratum  and  two  corresponding  periods,  just  as  for  light  in  a 
oystaL  The  question  presents  itself.  What  in  the  latter  case  takes  the 
place  of  the  external  con.ntraint  ?  The  remstnnce  of  the  cether  to  compression — 
is  the  answer.  Any  part  of  the  ;t"ther  during  the  passf^e  of  a  traiisversL- 
wave  over  it  tends  (except  in  particular  cases)  to  move  normally;  but  Lbe 
tendency  is  shared  by  all  the  other  parts  in  th»  same  sheet  parallel  to  the 
wave*fimit.  The  motion,  therefore,  cannot  be  actually  performed,  because  it 
would  involve  a  comfwession  of  the  medium,  which  by  hypothesis  requires  an 
infinite  force.  The  pressure  p,  however,  is  not  without  effect ;  for  it  modifies 
the  retlection  and  retraction  when  light  enters  a  crystal,  and  it  is  probably 
closely  connected  with  the  oblique  propagation  of  a  ray  in  the  interior. 
The  actual  directi<m  of  a  ray  is  to  be  found  from  the  wave-snrfooe,  jnst  as  in 
Fresnel's  theory. 

I  had  got  about  as  &r  as  this  in  my  original  work  when,  on  referoxse 
to  Professor  Stokes's  report,  I  was  greatly  surprised  to  find  allusions  to  a 
theory  of  double  refraction  mathematically,  if  not  physically,  identical  with 
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that  here  advanced.  After  insisting  on  the  importance  of  precise  meesure- 
mentB,  he  Mj8:->''To  make  my  meaning  clearer,  I  will  refer  to  EVenel's 
cooBtraeliaD,  in  vrhuAi  the  laws  of  polarisation  and  wave-velocity  are 
determined  by  the  aeetione*  by  a  diametral  plane  parallel  to  the  wave-firtmt, 
of  the  ellipsoid 

a-.v'  +  6y  +  c»z»=  1  (11) 

where  a,  b,  c  denote  the  principal  \v;ive-velocities.  The  principal  setuiaxes 
of  the  section  deterniiiie  by  their  direction  the  normals  to  the  two  planes  of 
polarization,  and  by  their  magnitude  the  reciprocals  of  the  corresponding 
wave-velocities.  Now  a  certam  other  phyakal  theoiy  which  might  be 
proposed  leads  to  a  construction  differing  from  Fresnel's  only  in  this,  that 
the  planes  of  polarization  and  wave-velocities  arc  detennined  by  the  section, 
by  a  diametral  plane  parallel  to  the  wave-front,  of  the  ellipsoid 

+       +  s-Zd*  - 1,  (12) 

the  principal  semiazes  of  the  section  determining  by  their  direction  the 
normato  to  the  two  planes  of  pohurisation,  and  by  their  magoitades  the 
corresponding  wava-velocitie&   The  law  that  the  planes  of  polarization  <3i 

the  two  waves  propagated  in  a  given  direction  bisect  respectively  the  two 
supplemental  dihedral  aiii^lrs  made  by  planes  passing  through  the  wave- 
normal  and  the  two  optic  axeu,  remains  the  same  as  before  :  but  the  positions 
of  the  optic  axes  ^emseJves,  as  determined  by  the  pruicipal  indices  of 
refraction,  are  somewhat  different;  the  difference,  however,  is  but  small 
if  the  diflEdreiDccs  between  a',  6*,  c*  are  a  good  deal  smaller  than  the  quantities 

themselves.  Each  principal  section  of  the  wave-siirfare,  insteml  of  being 
a  circle  and  an  ellipse,  is  a  circle  and  an  oval,  to  which  an  ellipse  is  a  near 
approximation.  The  difference  between  the  inclinations  of  the  optic  axes 
and  between  the  amounts  of  extraordinary  refraction  in  the  principal  planes, 
on  the  two  theories,  though  small,  are  quite  sensible  in  observation,  but 
only  on  condition  that  the  observations  are  made  with  great  precision.  We 
see  from  this  example  of  what  great  advantage  for  the  advancement  of  theoiy 
observations  of  this  character  may  be." 

And  again : — 

"  The  curious  and  unexpected  phenomenon  of  conical  retraction  has 
justly  been  regarded  as  one  of  the  most  striking  proofs  of  the  general 
correotues«  of  the  conclii.sions  resulting  from  the  theory  of  Fresnel.  But 
I  wish  to  point  out  that  the  phenomenon  is  not  competent  to  decide  between 
several  theories  leading  to  Fresnel's  construction  as  a  near  approximation.... 
We  see,  therefore,  that  the  limitation  of  the  number  of  tangmt  planes  to 
the  wave-surface  which  can  be  dniwn  in  a  given  direction  on  one  side  of 
the  centre  to  two,  or  at  the  most  three,  is  intimately  bound  up  with  the 
number  of  dimensions  of  space ;  so  that  the  existence  of  the  phenomeoou  of 
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internal  conical  refraction  i»  no  proof  of  the  truth  of  the  particular  form 
of  wave-sur&oe  aaaigned  by  Fresnel  mtber  than  tluit  to  which  8oni6  othcir 
theoiy  would  conduct.  Were  the  law  of  wave-velocity  eKpreesed,  for  example* 

by  the  ooostruction  already  mentioned  having  reference  to  the  ellipsoid  (12), 

tho  wavo-stirface  (in  this  case  a  snrfare  of  the  Kith  degree)  would  still  have 
plane  curves  of  contact  with  the  t  ingeiit-plane,  which  in  this  case  also, 
as  in  the  wave-surface  of  Fresnel,  arc,  as  I  find,  circles,  though  that  they 
should  be  etrelee  could  not  have  been  foreseen. 

"The  existence  of  external  conical  refraction  depends  upon  the  existence 
of  a  conical  point  in  the  wave-eorfiice,  by  which  the  interior  sheet  passes  to 
the  exterior.  The  existence  of  a  conical  point  is  not,  like  that  of  a  plane 
curve  of  contact,  a  necessary  property  of  a  wave-surface  Still  it  will  readily 
be  conceived  that  if  Frcsnel's  wavc-surfiice  be,  as  it  undoubtedly  is,  at  least 
a  near  approximation  to  the  tnie  wave-surface,  and  if  the  latter  have, 
moreover,  plane  curves  of  contact  with  the  tangent  plane,  the  mode  by 
which  the  exterior  sheet  passes  within  one  of  these  plane  curves  into  the 
interior  will  be  very  approximately  by  a  conical  point;  so  that  in  the 
imposaibility  of  operating  experimentally  on  mere  rays  the  phenomena  will 
not  be  sensibly  dift'erent  fruin  what  they  would  have  been  had  the  transition 
been  made  rigorously  by  a  conical  point." 

Between  the  theory  here  advanceil  aiifl  that  of  Fresnel  observation 
ought  to  decide;  but  it  does  not  appear  that  any  experiments  liitherto 
made  are  competent  to  do  so.  As  Professor  Stokes  points  out,  all  the 
measorements  which  are  to  be  cmnbined  in  oa»  calcvJaticn  should  refer 
to  the  same  epecimra  of  the  crystal;  otherwise  an  element  of  uncertainty 
is  introduced  sufficient  to  render  the  application  of  the  test  ambiguous. 
Should  the  verdict  go  against  the  view  of  the  present  paper,  it  is  hard  to 
see  how  any  consistent  theory  is  possible,  which  shall  embrace  at  once  the 
laws  of  scattering,  regular  reflection,  and  double  refraction. 

[1899.  Shortly  after  the  appeanmce  of  this  paper  Sir  G.  Stokes  pub- 
lished the  results  of  his  measurements  which  were  sufiiaent  "ahsoluteli/  to 
diaprove  thie  law  resulting  from  the  theory  whidi  makes  double  refraction 
depend  on  a  diflforence  of  inertia  in  diflfersnt  directions."  (Proe.  Bog,  8oe^ 
vol.  SO,  p^  443,  1872).] 
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ON  THE  REFLECTION  OF  UQHT  FROM  TRA.NSPARENT 

HATTER. 

[Pha.  Mag.  XUi.  pp.  81—97.  1871.] 

In  oonnezum  with  otber  investigationa  on  light  I  had  occasion  to 
oonaider  the  problem  of  reflection,  in  order  to  see  how  far  the  fiM^  might 

be  accounted  fur  by  the  diflferont  hypotheses  which  have  been  made  as 
to  the  condition  of  the  .-ether  in  transparent  matter.  Although,  sis  I  now 
find,  some  of  the  residus  then  arrived  at  have  been  already  given  by  Loreoz, 
of  Copenhagen,  the  publicatimi  of  the  praeent  paper  may  not  be  wttihout  uae, 
as  I  cennot  agree  with  him  on  many  imp(»tant  pointa,  and  gfeat  miaappre- 
henaion  aeema  to  prevail  on  the  anlgeet  genemUy. 

Starting  with  the  assumption  that  the  rigidity  is  the  same  in  the  two 
media,  and  that  the  vibrations  of  light  are  normal  to  the  plane  of  polari- 
zation, Fresnel  wa.s  led  to  the  conclusion  that  if  the  incident  vibration  be 
represented  by  unity,  the  reflected  vibration  is  given  by  the  expressions 

,sin  (d,  -  6)        tan  {8,  -  6) 

according  to  whether  the  plane  of  primitive  polarization  coincides  with  or  is 
perpendicular  to  the  plane  of  incidence.  The  process  by  which  the  first 
(aine)  formula  ia  obtained  ia  rigorous^  or  at  least  may  be  made  ao  by 
additional  explanationa.  With  regard  to  the  second,  the  reasoning  cannot 
be  considered  demonstrative,  although,  as  u  matter  <^f  fact,  the  arbitrary 
principle  assumed  (that  the  vibrations  in  the  two  media*  when  resolved 
parallel  to  the  surface  of  separation  are  equal)  and  the  conclusion  are 
approximately  true.  Fresnel  did  not  contemplate  the  possibility  of  a  change 
<^  phaae  which,  aa  we  now  know  from  Jamin'a  aiperimentaf ,  aooMnpaniea 
reflectico  in  one*  if  not  in  both  of  the  principal  casee. 

*  Ho  MoooBt  bdag  tahm  of  naUat-mMm. 

t  dtm,  it  ChtmUt  U  mz.  p.  81. 
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Green's  important  work  "  On  the  Laws  of  ReHection  and  Refraction  of 
Light  at  the  Common  Surface  of  Two  Non-crystallized  Media,"  was  read 
before  the  Cambridge  Philoeopliioal  Society  on  December  11,  1887,  and 
published  in  the  Tranaactions  for  1888*.  In  this  paper,  which  has  never 
received  on  the  Continent  the  attention  which  it  deserves,  Qreen  investi- 
gates the  equations  of  motion  of  an  elastic  medium,  setting  out.  as  we  should 
now  say,  from  the  principle  of  energy.  By  La^ange's  method  he  deduces 
both  the  general  equations  applicable  throughout  the  iutcriur,  and  the 
ofloditicms  whidi  must  be  satisfied  at  the  surfiuie  of  separation  of  two  media. 
The  statical  properties  of  an  isotropic  medium  are  defined  by  two  constants 
A  and  5,  the  second  expressing  the  rigidity,  and  the  first  depending,  though 
not  in  the  simplest  manner,  on  the  cowpressilnli'ti/.  For  the  huniniferous 
sther  it  is  shown  that  A  must  be  indetinitcly  great,  or  that  the  medium 
reeiste  change  of  volume  with  an  infinite  force.  During  motion  the  inertia  of 
the  medium  onnes  into  phiy,  and  a  constant  ezpressmg  the  density  must  be 
added  to  the  two  statical  constants  abeady  mentioned.  In  all  this  there 
seems  to  be  nothing  to  which  exception  cnn  be  taken,  unless  it  be  to  the 
assumption  (expressly  stated  by  Green)  that  the  spliere  of  sensible  action  of 
the  molecular  forces,  or,  as  I  should  prefer  to  say,  the  range  of  the  mutual 
influence  of  the  parts  of  the  medium,  is  insensible  in  comparison  with  the 
length  of  the  wave,  and  that  the  transition  firom  the  one  state  things 
to  the  other  at  the  bounding  sui&oe  is  so  nqpid  that  it  may  be  treated 
as  abruptk 

But  in  the  application  to  the  question  of  reflection  further  assumptions 
are  made  whose  significance  has  been  strangely  misunderstood.  When  light 
passes  from  air  into  a  denser  medium,  it  propagates  itself  slower  than  before 
in  the  ratio  of  /i  :  1,  but  this  consideration  alone  is  not  sufficient  to  lead  to  a 
definite  solution.   From  the  equation 

f/"/*'  P 

we  can  infer  nothinc;'  as  to  the  relation  between  B  and  B,,  which  mu.st 
be  known  before  further  progress  (other  than  tentative)  can  be  made.  From 
the  fact  that  in  all  the  known  gases  A  is  independent  of  the  nature  of  the 
gas,  Qreen  aigues  that  we  may  assume  the  same  for  B,  "at  least  when 
we  consider  those  phenomena  only  which  depend  mttely  on  difi^rent  states 
of  the  same  medium,  as  is  the  ease  with  light  "—an  inference  which  certainly 
appears  very  precarious.  In  a  not^  he  says,  "Though  for  all  known  gases  A 
is  independent  of  the  nature  of  the  gas,  perhaps  it  is  extending  the  analogy 
rather  too  far  to  assume  that  in  the  luminiferous  sether  the  constants 
A  and  B  must  always  be  independent  of  the  state  of  the  ether  as  found 

*  Bepti&t«d  in  Qnau't  M«t^^mat^^  Ptven,  «cUtad     Fenren,  Maemillta  Mid  Co.  1871. 
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in  differuQt  refracting  substaucuci.  However,  »iDCc  the  h^puthesis  greatly 
rioiplifies  the  equatiiHis  dae  to  the  sar&oe  of  janetioii  of  the  two  medm,  and 
is  itself  the  meet  simple  that  ooald  be  sdeeted,  it  Memed  natural  fint 

to  deduce  the  eonsequences  which  follow  from  it  before  trying  a  more 
compliratoil  one,  and  as  far  as  I  have  yet  found,  these  cotuequenoea  are  in 

accordance  with  observed  facts." 

In  a  very  wild  criticism  of  this  theory,  at  ihi  vnd  of  an  otherwise  sound 
paper*,  Kurz,  ha\nng  mistaken  the  meaning  of  ^-i,  B.  uttrihutos  to  Green  the 
absurd  assumption  that  the  wave-velocities  are  the  same  in  the  two  media, 
and  metaphorically  holds  up  his  handa  in  amazement.  I  need  hardly  point 
out  that  Green's  oonditiona  A^A„  B^B,  are  something  quite  different, 
and  imply  simply  an  identity  of  statical  properties  in  the  case  of  the  two 
media.  It  may  be  shown,  however,  that  the  first  (.^  =  is  unneoessar}',  a 
fact  which  Green  does  not  seem  to  have  jwrceivcd.  The  cause  of  the. 
refraction  is  a  variation  of  the  dynamical  property  (density).  The  rest 
of  Green's  reasoning  is  rigorous,  admitting  of  no  cavil.  When  the  vibrations 
are  normal  to  the  plane  of  inddenoe,  the  amplitude  of  the  reflected  vibration 
is  ezpressed  aoeurately  by  fVesnel's  sine-formula ;  but  the  tangent-formula  is 
only  applicable  to  vibrations  in  the  plane  of  incidence  as  a  first  approxi- 
mation. It  is  evident  that,  in  onler  that  theory  may  at  all  agree  with 
observation,  the  vibrations  of  light  must  be  supposed  to  be  performed 
normally  to  the  plane  of  polarization ;  indeed  the  two  assumptions  of  constant 
rigidity  and  normal  vilnationa  are  doeely  bound  up  together  in  all  parts 
of  optics.  The  effect  of  the  hypothetical  relations  A^A,tBt^B,iB  greatly 
to  simplify  the  hounding  conditions  wliich  then  express  the  equality  of  the 
comp'incnt  dis])Iaccments  and  Uieir  derivatives  on  the  two  sides  of  the 
separating  surface.  In  this  form  they  become  identical  with  the  so-called 
Principle  of  Continuity  of  Movement  stated  by  Cauchy,  who  does  not  appear 
to  have  seen  that  a  oontinnitgr  of  strain  implies  necessarily  a  oonUnuity  of 
statical  properties  across.the  surface  of  separation,  as  is  evident  in  a  moment 
from  D'Alembert's  principle.  So  far  there  is  absolute  agreement  between 
Green  and  Cauchy,  the  only  ilitren  nce  being  that  Green  wont  deeper  into 
the  matter  and  gave  the  interpretation,  if  not  the  justiticatiou,  of  the 
principle  assumed  straight  off  by  Cauchy.  The  divergence  which  exists 
between  the  resolts  of  the  two  thecuies  takes  its  rise  in  their  treatment 
of  the  longitudinal  wave  piodnoed  irhen  the  vibrations  are  in  the  plane 
at  incidence,  whose  consideration  cannot  be  dispensed  with,  although  its 
direct  effect  is  confined  to  within  a  few  wave-lengths  of  the  surface.  (Jreen 
merely  supposes  that  the  velocity  of  propagation  of  disturbances  depending 
on  change  of  volume  is  inlinite  in  both  media,  and  iiccordingly  arrives  at  a 
result  which  contains  only  one  constant — ^the  refractive  index ;  while  CSauehy, 

*  Pog0.  dHH.  vol.  criu.  p.  S9C. 
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on  the  other  handt  imagineB  a  aort  of  upacity  to  kwgitiidmal  vilnatioiis, 
in  ▼irtae  of  whieh  tho  wavw  are  damped,  and  introdooeB  a  new  oonstaot 

called  the  coofficiont  of  extinction.  Cauchy,  I  believe,  never  published  the 
proof  of  his  formul*  ;  but  the  want  has  been  supplied  by  (Jerman  physicists*. 
Whatever  jnay  be  thought  of  the  proces.se,s  by  which  they  are  obtained, 
there  can  be  uo  doubt  that  Cauchy 's  formula}  agree  very  well  with  the 
obwrvntionB  of  Jamin;  triiile  the  same  cannot  be  said  of  Qveen's  a»  tbejr 
stand  in  his  original  memoir.  A  modified  form  of  the  latter,  however,  has 
been  given  by  Haughtou4-,  to  which  I  am  inclined  to  adherei.  He  thought 
that,  by  supposing  the  incoinproRKibility,  though  great,  to  be  still  finite,  the 
second  constant  might  Ix'  introduced,  without  which  an  agi-eement  witli 
observation  is  impobsible.  Apart  from  the  difhculty  of  explaining  what 
beoomss  of  the  hmgitadinal  wave  when  the  incidence  is  nearly  normal, 
in  whidi  case  it  must  be  propagated  in  the  ordinaiy  way,  his  reasoning 
is  entirely  vitiated  by  an  oversight  already  remarked  on  by  Eisenlohr.  The 
difference  between  Cauchy's  formulae  and  (Jn  oti's.  ns  tiio(Iifiefl  by  Hanghton, 
is  barely  sensible  in  the  experiments  of  Janiin,  which  are  for  the  most  part 
confined  to  the  neighbourhood  of  the  polarizing  angle ;  but  according  to 
Kun^  whose  observattons  extended  over  a  wider  range,  the  latter  has  a 
decided  advantage  as  an  emfnrical  representation  of  the  fiuits. 

Quite  different  from  the  foregoing  is  the  thewy  of  MacCulhgh  and 

Neumann,  which  is  given  in  an  ticcessible  form  in  Lloyd's  '  Wave-Theory  of 
Light.'  The  following  principles  are  laid  down  as  the  bssis  of  investi- 
gation : — 

I.  The  vibrations  <tf  polahaed  light  are  paraUd  to  the  plane  of  polari- 
zation. 

II.  The  density  of  the  aether  is  the  same  in  all  bodies  as  in  vacuo. 

III.  The  vis  viva  is  preserved  ;  from  which  it  follows  that  the  masses  of 
the  <'vthor  put  in  motion,  nu)ltiplie<i  by  the  squares  of  the  amplitudes  of 
vibration,  are  the  same  before  ami  after  reflection. 

IV.  The  resultant  of  the  vibration.s  is  the  same  in  the  two  media  ;  and 
therefore  in  singly  refracting  media  the  refracted  vibration  is  the  resultant  of 
the  incident  and  reflected  vibrations. 

When  the  vibrations  arc  normal  to  the  plane  of  incidence,  and  therefore 
parallel  in  all  thrse  waves,  the  application  of  these  principles  gives  rigorously 
Fresnel's  tangent  ezpresuon.  If  the  vibrations  are  in  the  plane  of  incidenoe, 
the  fourth  principle  alone  leads  to  Fresnel's  sine-formula.  This  only  shown 
that  the  fourth  principle  is  inconsistent  with  the  others;  for,  as  we  shall 

*  Bear,  Fogg.  dim.  vola.  xci.  ud  xen.  Bianilobr,  fVfy.  Ami.  voL  etv.  f.  84S. 

t  Phit.  Mag.  8.  4,  vol.  ri.  p.  81. 
X  I'ogg.  AnH.  vol.  cvtu. 
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sec,  unexceptionable  rcjisoiiing  touiided  on  1.  and  11.  leads  to  an  altogether 
different  result  The  very  particular  case  of  IV.  required  when  the  vibrationa 
are  Donnal  to  the  plane  of  incidenoe  happens  to  be  oorreet.  In  nder  to 
prevent  mieapprehension,  I  should  say  tiiere  is  a  sense  in  whidi  IV.  is 
perfectly  true.  If  the  vibiations  belonging  to  the  longitudinal  soifiuse- 
waves  be  included,  it  expressps  merely  the  continuity  of  displacement,  a 
condition  which  must  neces.sarily  be  fultilled  according  to  any  view  of  the 
subject.  But  understood  in  this  true  sense,  it  does  not  caiiy  the  con- 
sequences deduced  from  it  It  remsina  thai  to  be  seen  what  the  magnitude 
of  the  reflected  wave  would  be  aoeording  to  principles  L  and  IL,  when  the 
light  is  polarized  in  the  plane  of  incidence.  Let  as  take  up  the  question 
after  the  method  of  Green,  and  inquire  what  are  the  consequences  of  the 
various  suppositions  which  may  be  made:  and  first  for  light  vibrating 
normally  to  the  plane  of  incidence. 

The  plane  of  separation  of  the  media  being  x  =  0,  let  the  axis  of  e 
be  parallel  to  the  fronts  of  the  waves,  so  that  z  =  0  is  the  plane  of  incidence. 
The  displacemeuta  in  the  two  mediii  are  in  general  denoted  by  i),  f; 
fi>  v,>  ^  i  l^ut  in  this  esse  ^,  ij,  {>»  17,,  all  vanish.  For  the  general  equatbn  of 
motion  we  have 

and  for  the  bounding  eonditioDB,  when  «mO» 


""dm  "dm' 
»,  »'  are  the  rigidities;  A     the  densitieB. 


f  -/(«» -i-Ay+o()+J'<-a«+^-i-«(X 

the  ooeffidents  h  and  c  being  necosssrily  the  same  for  all  tiuee  waves^  sinoe 
their  traces  on  the  surfiue  must  move  togetber.  urace  fiom  (8) 

and 

F'  _  a/a,  -  n'/n  ^ 

or,  since  bja  —  tan  6^      bja,  =  tan  0,, 

tan  e.  n' 


F    tan  e  n 
tan^'*'  n 


(8) 


an  equation  giving  the  ratio  of  the  reflected  and  incident  vibrations. 
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Com  L  (Qreea's)  n«»': 

/''GotB+ cot  e,"  an  l0,+e)' 

Case  11    (MacCuIlagh's)  /)=/)', 

Sinoe  genaiaUy  n/D :  n'jy^fk* :  1,  we  have 

n  sin^  * 

and  then  (3)  gives 

_  tan  (^,  -  6) 

If  we  assnine  the  complete  accuracy  of  Fresnel's  expressions,  either  caae 
agrees  with  ubst  i  vation ;  only,  if  n  =  n,  light  vibratea  normally  to  the  plane 
of  pniarizatinii  ;  while  if  D  =  D',  the  vibrations  are  parallel  to  that  plane. 
But  we  know  that  Fresuel'H  tangent-formula  is  uot  accurate,  and  that  there 
is  in  general  no  angle  of  complete  polariiation,  w  tliat  already  the  pre- 
enmptkm  is  in  &vour  of  Case  L;  but  I  would  not  lay  much  Btras  upon  this^ 
as  the  phenomena  investigated  by  Jamin  are  of  a  aeoondaiy  diancter,  and 
might  be  due  to  the  action  of  disturbing  canaes. 

Com  m.  We  may  suppose  that  n  and  D  both  vary.  Here  we  shonld 
obtain  something  between  Fresnel's  two  expressions,  wUdi  could  hardly  be 

reconciled  with  observation,  unless  one  variation  were  very  subordinate  to 
the  other.  Other  considerations  seem  to  exclude  this  case;  for  if  h  and  D 
both  vary,  there  is  nothing  to  prevent  their  varying  proportionally,  so  as  to 
leave  the  wave-velocity  unchanged,  ur/A=>l.  The  transmitted  wave  would 
then  not  be  turned,  although  there  would  be  a  finite  reflection.  Nothing  of 
this  kind  is  known  in  nature,  whichever  way  the  light  may  be  polarized. 
But  the  most  satisfactory  argument  against  the  joint  variation  is  derived 
from  the  theory  of  the  dit^raction  of  light  from  very  small  particles,  whose 
diameter  does  not  exceed  a  small  fraction  of  the  wave-length.  Hitherto 
there  has  been  no  theoretical  diflBculty.  Case  I.  is  only  a  translation  into 
analysis  of  the  reastming  of  F^resnel,  and  Case  II.  of  the  reasoning  of 
MacCuIIagh.  But  when  we  pass  on  to  the  consideration  of  the  problem 
when  the  vibrations  are  in  the  plane  of  incidence,  our  footing  is  no  longer  so 
sure.  However  close  the  analogy  may  be  between  the  phenomena  of  light 
and  the  transverse  vibrations  of  an  elastic  solid,  one  cannot  but  feel  that  it 
may  not  extend  to  those  motions  which  are  independent  of  rigidity,  and  of 
which  in  the  case  of  the  aether  we  have  no  direct  knowledge.  Still,  in  tiie 
absence  of  all  others,  we  cannot  do  better  than  fbUow  the  guide  which  has 
already  served  us  so  weU. 
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Since  the  tlisplaceraent  is  entirely  in  the  plane  of  incidence,  ^  =  0,  and 
t}  are  independent  of  z.    The  equations  to  be  satisfied  in  the  interior  of 
the  firat  medium  are*, 


dC'    ^  dx  [du-    du)  ^  dy  \dy    da-j  ' 


where 

Putting,  with  Ureen, 
we  find 

Two  similar  t'quatious  apply  tu  the  lower  medium. 
The  boundary  oonditunu  are 


of  which  the  first  pair  express  the  continuity  of  displaoemeiit,  and  the  second 
the  continuity  of  Jtrwfc  Aname 

.     ^  >  lower  medium. 

The  oueflicieut  of  t  mut>t  be  the  bauie  tur  all  the  waves  on  account  of  the 
periodieity,  and  b  must  be  the  nme  because  the  tiaces  of  all  the  waves 
on  the  {dane  of  sqianition  «aO  must  move  tcgetlrar.  The  caostants 
^\  ^"f...  are  complex.  From  (6)  we  get  the  following  relatunis^ 

Since  g  and  g,  are  indefinitely  great, 

c'*+i^-0,   a,'»+ft«»0;   (7) 

vdienoe  we  obtain 

OtMB.  or  ThooMMi  Md  IMt.  |  MS. 
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if  the  upper  medinm  oonespond  to  the  poeitiTe  m.  Eqiwtioiis  (7)  exprati 
the  inoompreaBibilitjr  of  die  nther  in  the  two  media»  for 

It  is  thaiefore  hardly  oonreet  to  oall  the  aurfiue-wavee  expreaeed  by  ^ 

hngihidincU.  They  are  more  allied  to  those  motions  with  which  we  have 
so  much  to  do  in  hydrodynaroio,  which  involve  neither  rotation  nor  yet 
change  of  volume. 

IKnee  fr/a«tan^,  6/a,»tan^„ 

a»-|-6*    sin*  0, 

a,^'+b^'~  sin'd  ~     ~  ' 

which  expreseeB  the  ordinary  law  giving  the  direction  of  the  refracted  wave. 

Wo  have  now  to  satisfy  the  bottndaiy  oonditiona.  From  the  oontinttity 
of  displacement, 

a'4>+b(ylr'  +  f")  =  a,4>,  -f  by(r, ,  I 
b<f>  —  a  i^lr'  —  yfr")  =  6  </),  —  Ufyjr,  ;  J 
or,  on  introducing  the  values  of  a,  a/,  and  putting  y^'  +  ^" ^X,-^'  —  V^"=  Y, 
+       1»  -  6    -  4v)  =  a  y  -  a,Vr,  (8) 

Were  we  to  ignore  the  8ur&ee-wave  altogether  and  pnt  ^  «  ^  *0,  equations 
(8)  would  give  us 


whence 

£z  ^=  1  -         sin  (6,  -  d) 
^'    A  +  y  ~  1  +  a,/a    sin  (f?,  +  6) ' 

Fresuel'a  first  expression.  This  is  exactly  what  has  been  done  by  Zcch*, 
and  is  in  fact  merely  a  trunslation  into  analysis  of  MacCullagh's  fourth 
principle.  The  wurthlesanesij  of  ihe  argument  is  sufficiently  shown  by  the 
oonstc^ration  that  no  assumption  has  yet  been  made  as  to  the  relatitms 
between  n,  n*,  A  other  than  that  implied  in  taking  the  ratio  of  the  wave- 
velocities  equal  to  It  is  as  necessary-  to  satisfy  the  second  pair  of  boundary 
conditions,  expressing  the  continuity  of  stress,  as  the  first ;  and  this  cannot  be 
done  without  the  introduction  of  huite  suriiace-waves.  Expressed  in  terms  of 
<f>,  ^,  they  take  the  form 

+  n)  ^ + («  -  n )  ^  +  2n  ^  -  simihr  expcession. 

*  Pogg.  Ann.  voL  ca.  p.  60. 
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or  OH  substitution  of  the  values  of  0,  -^^  with  regard  to  (8X 

^{«f»(a'^+^-2iit^)  +  2iia6r-^  {in'(a,'»'i'i^-2n*l^]  +  tn*a,lf^„  (9) 

n  {«^,-o*Z+t6(aF-o,^,)l  -tt'  16»Z-<^V»+*(»y-«»+r)}  (W) 

Altiioagh  tfi+  ¥  is  vanisliii^y  small,  m  ars  not  at  liberty  to  laave  it  out^ 
because  m  (of*  +  6*)  is  finite.   In  fiu»t 

m  (tt'»  +  6')  =  Dc\       VI  (a/*  +  6»)  =  Z)'c»  (11) 

for  we  may  neglect  n  in  comparison  with  m.    Using  these  we  obtain 

j,^- 1,^.1^  _»Z^3+.}  (.y 

Equations  (8),        and  (10)  contain  the  solution  of  the  problem. 
Caw  1.  Let  n- ft';  (9^  and  (10)  give 

Now  jy-.D^fi*  ;  so  that,  from  (8), 

^\    i  ft      3        i  5  ' 


or  smoe 


'=i^f^+'-'^'  <"> 

if  we  put 

^}-^-   

Fhnn  (13)  and  (14X 

2^  -  X  +  F  - +        -h  » tan  Jf  (/*•  - 1  )|  ^. , 

2^"  «  X  -  F  -      -        -  » tan  ^  Jf     - 1)|  ^, 

The  quantities  within  the  brackets  are  complex,  and  may  bo  exhibited  in 
the  forms  Re**,  ii'*** ;  e  and  e  then  denote  the  difl'ereucc  of  phase  between 
the  incident  and  refracted,  the  reflected  and  refracted  waves  respectively, 
and  are  given  by 

cot «  =  ^       1)  ^'**      ^  +  cot     =  ^  cot  {6  -6,)  ;   (15) 

by  trigonometrical  transformation,  with  use  of  relation  mnS^fitiaB,; 
cot  e  =  jfQ^:^  I- /*•  «>t   +  cot  d,\  =  -  ^cot  {0  +  $,). ...  (16) 
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We  have  seen  that  when  the  vihratiens  are  normal  to  the  plane  of 
inddenoe  there  is  no  difference  of  phase  between  the  incident  and  reflected 
waves,  unless  the  change  of  sign,  when  the  second  medium  is  the  denser,  be 
considered  such.  Now  what  Ih  observed  in  experiments  is  the  .icceleration  or 
retardation  of  the  one  polarized  component  with  regard  to  the  other,  and  is 
therefore  given  simply  by  e  —  ^.  The  ambiguity  must  be  removed  by  the 
eoDnderatiQn  that  when  the  incidenoe  is  n<Hrmal  tiiere  is  no  relative  ebange 
of  phase,  though  throughout  Jamin's  papers  it  is  asaamed  that  thwe  is  in 
that  case  a  phase-difference  nf  half  a  period.  I  am  at  a  loss  to  understand 
how  .Tamiii  eonld  have  eiitertuined  such  a  view,  which  is  inconsistent  with 
continuity,  inasmuch  as  when  ^  =  0  the  distinction  betwcrii  p(,lari«ition 
in  the  plane  of  reflection  and  polariz^itiou  in  the  perpendicular  plane  dis- 
appears. 

The  ratio  of  the  amplitudes  of  the  reflected  and  incident  vibrations  is 
given  by 

_  (-/t'cottf-f  cot  ^,)«  +  3f-(/x^-  1)"    cot^  (^+^,)  + 
B?"      cot  <^  +  cot  e,  f  -f-  J/-  ifj}  - 1 )»  ■  eot«  (tf  -  6,)  +  J/"  * 

The  cuiresponding  quantity  when  the  light  is  polarized  in  the  plane  of 
incidence  is 

R**  sm^(d~e,) 


and  therefore 


J2*    mafi0  +  B,y 

_  coH^  (d  +  6,) -i- sin^d  +  d,)  .  . 

R'^  ~  co8»  {d  -  e,)  H-  M'-  sin-^  {6-6,) 


Eiiuations  (14),  (15),  (16),  (17),  (18)  constitute  the  solution  of  the  problem 
on  the  hypothesis  that  u  =  n',  and  are  equivalent  to  results  given  by  Green. 

Com  2.  Let  D- D';  «' :  n-l :      (9^  and  (10)  assume  the  form 

(a«  +    (a  F  -  o,^,)  -  6»  (A**  - 1)  I?     -  X)  -  a  F  -     j . 

IJ?  (b^,  -  d'X)  -l^X  +  a,» =  -  (a*'  -  1 )  ib  (a  F  -  o,^,). 

the  value  of  <^  -  ^,  being  substituted  fn.m  ( s);  or,  on  expressing  a,  6,  &a  in 
terms  of  the  angles  of  incidence  and  refi-action, 

oot  0  7- cot  d,^,  =         8in«  6  j^^T"^  -  cot  F-  cot  0,^}^ , 

Ilk*     -  oot?  ^ X)  -  JC + cot?  0,^,  --»(/*«  - 1)  (cot  ^  y  -  cot  0,-^,). 

From  these  two  equations  the  values  of  X  and  Fas  functions  of  the  angle  of 
incidence  might  be  tabulated  with  any  given  value  of  ^i.  One  particular 
case  is  very  remarkable.   At  the  polarizmg  angle  (tan"^  /i)  the  am^ude  of 

R.  I.  9 
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the  retlected  wave  is  the  s;uuo  as  it  would  bo  given  by  Fresuel's  sine-formula — 
a  coincidence  for  which  1  have  not  beeu  able  to  see  any  reason. 

My  object  in  bringing  forward  the  present  hypothesis  is  to  disprove  it, 
and  is  sufficiently  attained  by  the  disproof  of  u  piirticuiar  case.  Let  us 
thwefore  suppose  that  the  difference  of  refrangibility  between  the  two 
media  is  ao  small  that  the  square  and  higher  powers  of  "  1)  may  he 
neglected.  In  tiie  small  terms  we  are  to  put 

X^F-c-f,,  cottf«cot0,. 

The  second  equation  gives 


while  from  the  first 


-     fl'  +  cot'd,  , 


Now  oo«*  ^,  -  oot^  ^ + -  l)/sin>  $, 

cot  ^,  =  cot  ^  ^  1  +  2^^)  appi^x- 

Henoe 

r-{l  +  (^.-l)[2j..^-2sin«d^]|^,. 
■^„_X-Y  ,,2ain«2g-l  co64g 

+  r  4cos*^        2"  1  +0082^' 

From  (19)  we  see  that  the  reflected  wave  vanishes  when  cos4tf=0; 
that  is,  when 

tf=ir/8,  or  tf  =  8ir/a 

It  appears,  then,  that  on  the  h}'pothe8i8  B^Uf,  there  would  be  two 

polarizing  angles  (w/8,  Stt/S  respectively)  whenever  the  difference  of  refrangi- 
bility  between  the  two  metlia  is  small.  Since  nothing  of  the  sort  is  observed, 
we  conclude  that  D  cannot  be  equal  to  D\  and  are  driven  to  adopt  Green's 
original  view  that  the  rigidity  of  the  sther  is  the  sjxnie  in  all  media. 

Results  substantially  equivalent  to  (19)  have  been  already  given  in  a 
different  form  by  Lorenz*,  who,  however,  has  not  discussed  them,  but  simply 
states  that  they  cannot  he  leoondled  with  IVesud's  fennuka  Curiooslj 
enough  he  has  tak^  the  same  particubu*  case  for  disproof  which  I,  without  a 
knowledge  of  his  work,  had  hit  upon.  Those  who  have  done  me  the  honour  of 
reading  my  papers  on  the  action  of  small  particles  on  light  will  understand 
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how  I  anticipated  the  two  polarizincf  anq'Ips  by  the  very  different  process 
there  employed.  Lorenz  draws  the  cent  hision  that  the  elastic  force  of  the 
ether  is  the  same  iu  all  trausparent  uacryMUiliiiie  substances  as  in  vacuo,  and 
(hat  the  viliratUMis  of  light  are  performed  normaUj  to  the  plane  of  polariza- 
tion.  He  mighty  I  think,  have  omitted  the  word  vneryataUine*. 

There  is  also  another  paper*!*  Lorenz  on  this  subject,  in  which  he 
endeaTouza  to  aooount  for  the  ofHrrection  to  Fresael'a  taogent-formala  required 
bj  fficperiment*  by  tu|qKidng  that  the  tranmtioii  from  the  one  medium  to  the 

other,  instead  of  being  sudden  as  we  have  hitherto  considered  it,  oooafoea 
a  distance  not  immeasurably  less  than  the  wave-length, — certainly  a  very 
reasonable  supposition.  But  there'  arc  two  objections  to  his  view  which 
are,  to  my  mind,  fatal  In  the  tirst  place,  Fresnel's  tangent-formula  does 
not  express  the  result  of  a  sadden  transition ;  and  what  is  more.  Green's 
fotmida  (17),  which  does  express  it,  deviates  from  the  tooth  on  the  other 
side.  The  difficulty  is  not  to  exfdain  why  Fresnel's  formula  m  not  accurately 

correct,  but  why  the  divergences  from  it  are  not  greater  than  wc  actually 
find  them.  According  to  (17),  the  light  reflected  at  the  polarizing  angle 
from  the  diamond  or  any  other  substances  of  high  refractive  index  would  be 
a  very  considerable  fraction  of  the  whole,  very  much  greater  than  what 
is  observed.  Another  objection  to  the  view  that  the  light  r^ected  at  the 
polarising  angle  is  due  to  the  want  of  abruptness  in  the  transition,  seems  to 
be  contained  in  the  consideration  that,  if  this  were  really  its  origin,  it  ought 
to  show  a  colour  corresponding  to  the  blue  of  the  first  order  in  Newton's 
scale,  being  to  all  intents  and  purposes  reflected  from  a  thin  plate.  Obser- 
vation, 80  far  as  I  am  aware,  gives  no  support  to  such  an  idea. 

Cauchy's  forrntihe,  which  ditier  from  (1.5),  (ItJ),  (17)  merely  by  the  sub- 
stitution of  —  c  bin  0  for  M,  agree  very  well  with  experiment ;  but  I  cannot 
regard  them  as  having  u  sound  dynamical  foundation.  The  introduetimi  of 
evanescent  waves  of  the  kind  used  by  Cauchy  involves,  as  Lorens  remarks,  a 
theory  of  imperfectly  elastic  media.  But  the  case  is  even  worse  than  this ; 
for  it  may,  I  believe,  be  shown  that  no  reasonable  theory  could  lead  to 
the  peculiar  form  of  evanescence  assumed  by  Cauchy.  Let  ua  examine 
this  point. 

If,  iu  the  investigation  of  Cauchy's  formula.'  as  given  by  Beer,  we  intro- 
duce the  functions  ^  and  ^  used  by  Green,  we  find  that  <f>  is  still  expressed 
by  an  expon«itial  fiinction  of  the  same  fimn  as  before,  vis.  ^(^•■•^rHQ.  The 
only  difiGmnce  is  that,  whereas  in  Green's  theory  a'* + ft* »  -i-p",  the  relation 
between  a\  (,  e,  according  to  CSaudiy,  is 

a'^  +  yt^-k^,  (20) 

*  Phil.  U«o,  S.  4,  voL  zu.  p.  61tf.  lArt.  >.] 
t  Pogg.  ifwk  voL  oxi. 
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where  k  is  the  eo-oalled  ooeffieient  of  extinotioiL  The  woridng  out  is  nearly 
the  same  as  before.  Instead  of  (8)  we  have 

o> -a;^,^b(ir,-X),      b(il>-<f,,)=aT-ar1r,  (21) 

Again,  since,  according  to  Cauchy's  principle,  m'  =  wt,  n'  =  »,  (9')  be- 
oomee,  in  virtoe  of  (20), 

 (M) 

(10)  18  wtfUaced  by 

2a'b<j>  +  (6-  -  a")  A'  =  2a/6^,  +  (i»  -  a,»)  ^„ 

or,  by  (21X 

From  (21),  (22), 

f>i~a         a  a!lfi-a'k* 

From  (24)  we  may  M  badt  <m  Green's  corrcspouding  equation  (18) 
by  patting  l;«0,  A;,bO,  ib, : •  l;  bat  Oaucby  supposes,  <m  the  con- 
trary, that         are  veiy  laige  in  oompariaon  with  6*.  and  writes 

a'mik,  a;^~ik, 

which  c<mvert  (24)  into 
Cauchy  further  takes 

(A:-- -/;,-')  27r/X  =  -e; 
SO  thatt  since  2w/X.Bintf«6,  the  solution  of  the  problem  is 

7  =  |^-i(^«-l)|.rin<?|t,. 

It  may,  however,  be  remarked  that  CSaachy  has  no  right  to  suppose 
that  e  is  a  constant  for  the  rays  of  diffsrent  wave-lengtha  In  fiuH>  if 

k  and  k,  are  constants,  e  varies  inversely  as  X ;  so  that  the  same  objectron 
arises  here  as  in  th(>  theory  "f  b)re!iz.  The  only  difference  between  (25) 
and  (12),  (13)  lies  in  tlie  substitution  of  -esin^  for  M.  It  is  therefore 
unnecesiiary  to  write  down  the  results  corresponding  to  (15),  (16),  (17),  (18). 

But  what  I  wish  particularly  to  point  out  is  the  extraordinary  differential 
equation  satisfied  by  0.  By  differentiating  the  expression  for  ^  and  sub- 
stitntion  in  (20X  we  find 


(25) 
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bat  die  form  of  ^  so  deteitnined  is  different  from  Oauchy's^  and  leads  to  a 
more  complicated  xdntion.  On  the  whi  K-  I  cannot  see  that  Cauchy's  theory 
of  reflection  has  any  cliiiin  to  be  consulend  H}Tiamical,  although  his  formullB 
are,  beyond  doubt,  very  good  cnipineal  representations  of  the  facts. 

I  now  come  to  the  modihcation  uf  Green's  theory  proposed  by  Haughton, 
If  M  were  an  arbitrary  constant  instead  of  a  definite  function  of  fi,  there 
would  be  but  little  difference  between  the  two  sets  of  formula ;  for  the  factor 
mx$  would  not  vary  greatly  in  the  neighbourhood  of  the  polariang  angle, 
where  almie  the  correction  to  Freenel's  <niginal  expression  is  sensible.  So  &r 
as  the  question  has  been  treated  experimentally,  the  balance  of  evidence 
seems  to  be  rather  against  than  for  the  factor  sin  6.  I  have  already  remarked 
that  Haughtou's  reasons  for  considering  .If  as  an  independent  constant 
cannot  be  sustained,  but  at  the  same  time  I  think  that  others  of  considerable 
force  may  be  given. 

In  a  supplement  to  his  memoir  "On  the  Reflection  of  Lightf,"  Qreen 
says:—" Should  the  radios  of  the  sphere  of  sensible  action  of  the  molecular 

forces  bear  any  6nite  ratio  to  \,  the  length  of  a  wave  4^  light,  as  some 

philosophers  have  supposed  in  order  to  explain  th<!  phenomena  of  dispersion, 
instead  of  an  abrupt  termination  of  our  two  media  we  should  have  a  con- 
tinuous though  rapid  change  of  state  of  the  oetherial  medium  in  the  immediate 
vicinity  of  their  tnz&oe  of  separation.  And  I  have  here  endeavoaied  to 
diow  by  probable  reasoning  that  the  effect  of  such  a  change  would  be 
to  diminish  greatly  the  quantity  of  light  r^eoted  at  the  polarizing  angle, 
even  for  highly  refractive  substances,  supposing  the  light  polarized  perpen- 
dicular tu  the  plane  of  incidence."  The  contrast  between  this  view  and  that 
of  Lorenz  is  remarkable. 

Referring  to  equation  (9),  we  see  that  when  n'^n,  it  reduces  to 


Now  although  the  transition  between  the  two  media  is  so  sudden  that  the 
piineipal  waves  of  tnosverse  vilwatimis  are  aflfocted  nearly  in  the  same  way 


I  am  at  a  loss  to  understand  how  any  meohauical  theory  of  imperfect 
elasticity  could  lead  to  such  an  oiuatiou*.  If  we  were  to  speculate  as  to  the 
most  probable  form  of  the  cquuiiuu  ol  motion,  we  should  perhaps  give  the 
preference  to 


Reaeopiag  tnm  the  anategy  of  elastic  solids,  we  Ibund 


(11) 


*  See  however  Art.  xvt.  tooUiotes,  pp.  142,  14ti.] 

f  CamtTUg$  IVmm.  18S9.  or  Gran's  wovki. 
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m  if  it  wore  uistantaoeous,  yet  we  may  readily  imagine  that  the  case  is 
ditiVrent  tor  the  surface-waves,  whose  existence  is  almost  couhaed  to  the 
layer  of  variable  density.   It  is  probable  that  the  ratio  of 

m(a'-  +  6')  :  m'{a,'*+b*), 

iustead  of  being  equal  to  1  :  approaches  much  more  nearly  to  a  ratio  of 
equality.   We  may  therefore  take 

where  fi**  ia  leas  than  /a*.  The  solation  is  the  same  as  before*  enept  that 
now  J#-0h«-1)/(;i»«+1). 

This  explanation  of  the  deviation  of  M  from  Green's  value  seems  to  me 
the  most  probable  i  but  the  ground  might  be  taken  that  the  densities 

concerned  in  the  propagation  of  the  so-called  Kintritudinal  waves  arc  unknown, 
and  may  po-ssibly  not  be  the  same  as  Ihof'e  on  which  transverse  vibrations 
depend.    For  sulphurct  of  arsenic,  Jamin's  experiments  give 

fi  =  '2ioi,  /^=l-083, 

showing  that  ^  is  very  considerdbly  less  than  /Lt. 

One  of  the  most  remarkable  of  .lamin's  results  shows  that  in  many  cases 
JU  is  negative,  or  fi^  less  than  unity.  There  are  a  few  substances  of  an 
intermediate  character  for  which  if  =  0  ;  and  then  Fresnel's  original  formulae 
express  the  laws  of  the  phenomena.  The  value  of  /» is  usually  about  1*45. 
No  adequate  explanation  has  hitherto  been  given  of  the  singular  law ;  and 
in  the  remarks  which  follow  I  wish  to  be  understood  as  merely  throwing  out 
a  suggestion  which  may  or  may  not  contain  the  germ  of  an  explanation. 

It  is  known  that  many  solid  bodies  have  the  power  of  condensing  gases 
on  their  surfaces,  a  property  on  which  the  action  of  Grove's  gaii-battery 
seems  to  depend  Now,  if  we  wen  to  suppose  that  at  the  sni&osa  cl  solM 
and  liquid  bodies  there  exists  a  sheet  of  ooiidensed  air,  whieh  need  not 
extend  to  a  distance  greater  than  the  wave-length,  but  is  of  an  optical 
density  corresponding  to  about /i  =  15,  the  occurrence  of  negative  values  of 
M  would,  I  think,  be  explained.  There  is  nothing  a  priori  very  improbable 
in  the  existence  of  such  a  sheet,  so  far  as  I  am  able  to  see;  but  it  is 
for  exp^jmenl  to  decide  whether  the  phenomena  observed  near  the  polarizing 
angle  depend  in  any  manner  on  the  nature  of  the  gas  with  which  the 
reflecting  body  is  in  contact,  and  whether  the  sign  of  M  may  change  from 
negative  to  positive  when  vacuum  is  substituted  for  atmospheric  air.  The 
fact  that  the  value  of  M  for  the  surface  of  separation  of  (say)  glass  and  water 
cannot  be  calculated  from  the  values  of  M  corresponding  respectively  to 
glass  and  air,  water  and  air,  seems  to  indicate  that  the  phenomeiMii  ii^  so  to 
q^eak,  of  an  accidental  diacaeter. 

[1889.  On  the  general  experimental  question  see  PhU  Mag.  voL  XXXUL 
p.  1. 1892.] 
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ON  A  CORRECTION  SOMETIMES  REQUIRED  IN  CT^RVES 
PROFESS  INC  J  TO  REPRKSENT  THE  CONNEXION  BETWEEN 
TWO  PHYSICAL  MAONITUDES. 

[PkU.  Mag.  XUL  ppi  441—444^  1871.] 

TnK  nature  of  the  correction  which  is  the  subject  of  the  present  paper, 
and  of  uut  infrequent  applicatiou  in  experimental  uiquiry,  will  be  best 
undenrtood  firom  an  example,  as  it  is  a  little  difficult  to  state  with  lull 
generality.  Suppose  that  our  object  is  to  detennine  the  dtstribatiaii  of 
heat  in  the  spectrum  of  the  sun  or  any  other  source  of  light.  A  line 
thennopile  would  be  placed  in  the  path  of  the  light,  and  the  deflection 
of  the  galvanometer  noted  fur  a  series  of  positions.  But  the  obHervations 
obtained  in  this  way  are  not  sharj) — that  ia,  they  do  not  correspond  to 
d^nvfs  values  of  the  wave-length  or  refimetive  index.  In  the  first  plaoe, 
the  spectrum  cannot  be  absolutely  pure;  at  each  point  there  is  a  CMtain 
admixture  of  neighbouring  rays.  Further,  even  if  the  spectrum  were  pure, 
it  would  still  be  impossible  to  operate  with  a  mathematical  line  of  it ;  so 
that  the;  result,  instead  of  belonging  to  a  simple  definite  value  of  the  inde- 
pendent variable,  is  really  a  kind  of  average  corresponding  to  values  grouped 
k>gether  in  a  small  dustw. 

For  the  sake  of  limplioity,  let  us  suppose  that  the  spectrum  is  originally 
pure,  and  that  the  larue  curve  giving  the  relations  between  the  two  quantities 
is  PQ£.  Also  let  MN  be  the  range  over  which  the  independent  variable 
changes  in  each  observation — in  our  case  the  width  of  the  thermopile. 
Then  the  observed  curve  is  to  be  found  from  the  tnie  by  taking  w,  the 
middle  point  of  MN,  and  erecting  an  ordinate  pni,  such  that 

pm.  Jfi\r«i area  of  curve  PQNM. 

The  locus  of  p  will  give  the  curve  expressing  the  result  of  the  observations. 
It  xemains  to  find  a  convenient  method  of  passing  fi«»n  the  one  curve  to 
the  other. 
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In  the  figure  PRQ  represents  the  true  curve,  MX  the  range  as  before ; 
Mm  =  mJS'  —  k\pia  the  point  on  the  observed  curve  found  in  the  manner 
described ;  Om  »  k,,  Bm  «  y„  pm  =  y\  Now 

ana  MPBQSM''  j  \dh 


Thus 


+   (A) 


which  shows  how      deduce  y  from  y. 
To  pass  backwaxda»  we  obaare  that 


80  that 
if  /k*  be  neglected.  Thus 


h*  <Py  _  fi'  fd^y'  _    d^y\  ^  A»  rf*/ 


6  duC' 


6  dx- 


(B) 


(A)  and  (B)  give  the  analytical  solution  of  the  problem;  but  tor  practical 
purposes  the  following  interpretation  iis  important : 

d}y  /r| 


t  /r)      ,  I        d>i  ,      d-u  A*) 


so  that 

In  pasring  from  the  observed  to  the  true  curve,  the  eurvatare  k  eveiy^ 
where  to  be  increased  instead  of  diminiahed,  and 

It  may  be  remaiked  that  while  it  is  always  possible  to  pass  aocmnstdy 
from  the  true  curve  to  that  derived  from  it  with  any  prescribed  range,  the 
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invme  problem  is  not  determinate  unless  it  be  anderstood  that  the  range 

is  small,  so  that  its  fourth  power  may  be  neglected.  The  practical  utility 
of  the  solution  obtained  is  scarcely  affected  by  this  consideration  ;  indeed  it 
is  only  when  the  curvature  of  the  carve  is  considerable  that  the  correction 

itself  is  of  much  importance. 

It  often  hapi)eus  that  the  connexion  between  the  two  curves  is  not  so 
simple,  at  least  at  first  sight.  Suppose,  for  example,  that  iu  the  case  taken 
as  an  illustration  the  spectrum  m  impoie  from  tJie  sensible  width  (2ft)  of 
the  inu^  of  the  sUt  The  observed  oonre  is  then  connected  with  trae  by 
a  double  intq;Eation, 

Now 

if  tiie  term  in       may  be  neglected.  Thus 


9     9^     tt  Adk' 


6 

The  mles  renwin  just  as  before,  except  that  instead  of  &  we  now  baye 
Simihirly,  when  the  want  of  sharpness  is  due  to  more  than  two 

causes,  we  must  replace  U  by  When,  as  often  happens,  the  product 

of  the  quantities  hk...  is  to  be  considered  as  giv(  ii,  the  exjx'rinients  are  best 
arranged  so  as  to  make  the  independent  quantities  equal  j  for  then  the 
agreement  between  the  two  curves  is  the  clcsest. 

The  practical  rule  to  which  we  are  led  by  the  considerations  explained  in 
this  jjaper  is  therefore  as  follows: — 

C&tit/trvixi  the  curve  representiny  the  immediate  I'esults  of  the  observations 
in  th»  urdxMiry  vay.  Let  Rm  be  any  ordinate.  Draw  parallels  PM,  QN 


at  dMtofioM  equal  to  h,  or  \S.h.']i,  and  join  PQ  outting  Bm  t»  S.  The  point  p 
on  the  true  curve  corresponding  to  tht  abeoisea  Om  ieiohe  found  by  taking  pB 
€qualtoono4hirdo/BStamd90lhatTpandSliieon€ppo*iiemde»o^ 
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ON   THE  VIBRATIONS  OF  A   (J AS   CONTAINED  WlTHli*  A 
RIGID  SPHERICAL  ENVELOPE. 

[London  Matk.  800.  Proo.  iv.  pp.  93—108,  1872.] 
Sbb  Theory  qf  Bound,  %  330,  331. 

[The  principal  resttlts  are  contained  in  the  following  table,  giving  the 
wave-lengths  of  free  plane  waves  wheee  periods  are  the  same  as  those  of  the 

proper  vibratiras  of  a  spherical  mass  of  radius  unity.  The  gravest  vibration, 
in  which  the  gas  sways  from  side  to  side  much  iis  in  a  cylindrical  pipe  closed 
at  both  ends,  corresponds  to  the  harmonic  term  of  order  unity.] 


Order  of  Harmonio. 


0 


2 


8 


4 


5 


6 


0 


1-8983 
•8iaS4 

•mn 

-44470 
•86486 

*ao8ss 


3-0186 
•S065S 

*4(»ao 

•BSBSS 


1-8800 
*iOU6 
•fBMB 
•48880 


1-888 
■7880 
•8948 


1118 
•6886 


2 
3 
4 
6 


Digitized  by  Google 


14 


INVESTIGATION   OF  THE  DISTURBANCE  PRODUCED  BY  A 
SPHERICAL  OBSTACLE        THE  WAVES  OF  SOUI^D. 

[London  Maih.  Soe,  Proc  rr.  ppb  258—288,  1872.] 
Sbb  Thsory  of  Samtd,  %  296.  884»  885. 

[One  principal  remit  of  the  mTeatigatioii  may  be  thus  stated.  If  the 
velocity-potential  (0)  of  primary  waves  inddent  upon  a  gaseous  Sf^erical 
olMtacle  at  the  origin  be  denoted  by 

^meaek(<U+m),  (1) 

in  which  a  xepresents  the  velocity  of  sound,  then  the  velocity-potential 
('^)  of  the  disturbance  due  to  the  obstacle,  reckoned  at  the  point  whose  polar 
oooidtnates  an  r,  pki^coaff),  ib  given  by 

where  T  represents  the  vdume  of  the  obstacle ;  m',  m,  a\  c  the  oominessi- 
Inlities  and  the  densities  of  the  obstacle  and  of  the  rest  of  the  mediuni 
respectively.  Further  il»2ir/X. 

By  supposing  in  (2)  that  9^,  m'  are  both  infinite,  we  may  obtain  the 
omesptHiding  solution  ifor  a  fixed  rigid  obstacle,  vis. 

t  -  -  ~  (1  +  i/*>  cos  A-  (ai  -  r)  (3)] 
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NOT£S  ON  BESSfiL'S  FUNCTIONS. 


IFhil.  Mag.  XLiv.  pp.  328—344,  1872.] 


[Most  of  the  results  are  embodied  in  Theory  of  Sound.  See  especially 
^  331,  332,  339  ;  Appendix  A.  The  following  problem  may  be  mentioned. 
A  rigid  cylinder  contains  inoompreaaible  fluid,  which  has  been  once  at  rest 
and  is  set  in  moti<m  in  such  a  nuuinw  that  at  a  certain  section  (perpendicular 
to  the  axis)  the  velocity  jmnillel  to  the  axis  is  expressed  by  1  +  fir*,  where  r  is 
the  distance  of  any  point  from  the  centre  of  the  section.  It  is  required  to 
determine  the  motion  and  the  enei^  thereof 

Taking  the  nxia  of  the  cylinder  as  Uiat  of  z,  and  t^O  for  the  plane 

section,  while  is  the  (!quation  of  the  cylinder,  we  have  the  following 

conditions  to  which  the  potential  if>  is  subject: — 

(1)  that  when  r  — 1,  d^/dr^O,  for  all  positiTe  values  of  j; 

(2)  that  when  $^0,  d^/dgmBl+fa*  fiom  r»0  to  r^l. 

The  complete  value  of  ^  is  found  to  be 


where  denotes  the  Bessel's  timet iun  of  zero  order,  and  the  summation 
extends  to  all  the  finite  roots  of  JJ  (p)  =  0. 

If  il  be  the  (great)  length  of  the  tube, 


in  which 


2  Kinetic  Energy  ^^1(1+  ^^)*  +  lewA^'Sp-", 
Sfr«- '0012822.] 
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ON  THE  REFLECTION  AND  EEFRACTION  OF  UGHT  BT 
INTENSELY  OPAQUE  MATTER. 

[PkU.  Mag.  XLIIL  ppi  321-^,  1872.] 

It  is,  I  believe,  the  common  opinion,  that  a  satisfactory'  mechanical 
theory  of  the  reflection  of  light  from  metallic  surfaces  has  beeu  given  by 
Onichy,  and  that  his  formulo  agree  very  well  with  obBervation.  The  reaalt^ 
however,  of  a  recent  examination  of  the  subject  has  been  to  convince  me 
that,  at  least  in  the  case  of  vibrations  performed  in  the  plane  of  incidence, 
his  theory  is  erroneous,  and  that  the  correspondence  with  fact  cl;unit<l  ior 
it  is  ilhisory,  and  rests  on  the  ivssumption  of  inadmissible  values  for  the 
arbitrary  constants.  Cauchy,  after  his  manner,  never  published  any  investi- 
gation d[  his  IbrmnkD,  but  contented  liitaaelf  with  a  statement  of  the  reenlts 
and  of  the  principlea  from  which  he  started.  The  intermediate  rtepa, 
however,  have  been  given  very  concisely  and  with  a  command  of  analysis 
by  Eisenlohr  (Pogg.  Ann.  vol.  CIV.  p.  .SOS),  who  has  also  eiidcav.mrt'd  to 
determine  the  constants  by  a  conipurisun  with  meiisurcments  niadf  by 
Jamin.  I  propose  in  the  present  communication  to  examine  the  theory 
of  reflection  from  tiiick  metallic  platee,  and  then  to  make  scmie  remaika  on 
the  action  on  lij^t  of  a  l&m  metidlic  layor,  a  subject  which  has  been  tnated 
ezperinientally  by  Quindra. 

Th<  peculiarity  in  the  behaviour  of  metals  towards  light  is  supposed  by 
Cauchy  to  lie  in  their  opacity,  which  has  the  effect  of  stopping  a  train 
of  waves  before  they  can  proceed  for  more  than  a  few  wav(>-length.s  within 
the  medium.  There  can  bo  little  doubt  that  in  this  Cauchy  was  perfectly 
right;  for  it  has  been  found  that  bodies  which,  like  many  of  the  dyes, 
exercise  a  very  intense  sdective  abstwption  on  light,  reflect  from  their 
surlaces  in  exceasiTe  fHroportion  just  those  rays  to  which  they  are  most 
opaque.  Permanganate  of  potash  is  a  beautiful  example  of  this,  given 
by  Professor  Stokes.  He  found  {Phil.  Mag.  vol.  vi.  p.  29."?)  that  when  the 
light  retlected  from  a  crj'stal  at  the  polarizing  angle  is  examined  through  a 
Nicol  held  so  as  to  extinguish  the  rays  polarized  iu  the  plane  of  incidence. 
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the  residual  light  is  green,  and  that,  when  analyzed  by  the  primi,  it  shows 
bright  bands  just  where  the  absorption-spectrum  shows  dark  ones.  This 
very  instructive  experiment  can  be  repeated  with  case  by  using  sunlight, 

and  iusteiid  ot  a  cr>'8tal  a  pitce  of  ground  glass  sprinkled  with  a  little  of  the 
powdered  salt,  which  is  then  well  rubbed  iu  and  burnished  with  a  glass 
stopper  or  otherwise.  It  can  without  difficulty  be  so  arranged  that  the  two 
spectra  are  seen  firom  the  same  slit  one  over  the  other,  and  compared  with 
aceiuacy. 

With  regard  to  the  chromatic  ▼ariatious,  it  would  have  seemed  meet 

natural  to  suppose  tluit  the  opacity  may  vary  in  an  arbitrary  manner  with 
the  wave-length,  while  the  optical  <lensity  (on  which  alone  in  (irdinary  cases 
the  refrjiction  de|)ends)  remains  constant,  or  is  subject  only  to  the  same  sort 
of  variations  as  occur  in  transparent  media.  But  the  aspect  of  the  question 
has  been  materially  changed  by  the  observations  of  Christiansen  and  Kundt 
(Pogg.  Ann.  vobk  OXLL,  CXLIIL.  GXLIV.)  on  anomalous  dispersion  in  Fuohsin 
and  other  colouring-matters,  which  show  that  on  either  side  of  an  absorjition- 
band  there  is  an  abnormal  change  in  the  refrangibility  (as  determined 
by  prismatic  deviation)  of  such  a  kind  that  the  retraction  is  increased  below 
(that  is,  on  the  red  side  of)  the  band  and  diminished  above  it.  An  analogy 
may  be  traced  here  with  the  repulsion  between  two  periods  which  frequently 
occurs  in  vibrating  systema  The  effect  of  a  pendulum  suspended  from 
a  body  subject  to  horisontal  vibration  is  to  inci-eas*,'  or  diminish  the  vii-tual 
inertia  of  the  mass  according  as  the  natural  period  of  the  pendulum  is  shorter 
or  longer  than  that  of  its  point  of  suspension*.   This  may  be  expressed 

*  [1R98.  If  f  be  the  dii^pliicenient  of  the  bolt  of  the  peodollllli,  wfaOM  l6Bgth  !•  t,  S  Uw 
cUsplaoement  of  the  point  of  support,  the  equation  for  {  is 


Tim  If  «  sacl  {  yvj  tm  tutpt  and 

For  the  reaction  of  the  |>«nduhim  t)])on  its  point  of  support  we  have 

Tha  sBmI  of  the  pendulam  npoii  ito  point  of  nippoit  is  Oflnfom  tfw  wme  ai  if  Am  idms  of 
(Im  laMar  mn  obanged  finom  Jtf  to 

Le.  in  the  ratio 

jfl  -  n- 

In  the  optical  application  the  vibration*  are  to  be  regarded  t»  forced,  bo  that  p  is  given.  I( 
tho  mriiam,  whoae  diiplacemgnta  «re  wpi— utod  by    te  tneb  that  the  w^pam  ol  Ibe  velocity  of 

propagation  is  invertiely  as  tho  denaity,  the  last  written  ratio  gives  the  square  of  tbo  : 
index  of  the  medium  (aa  altered  bj  the  pendulonu)  referred  to  its  original  state.] 
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by  saying  thftt  if  the  point  of  support  tends  to  vibrate  more  lupidly  than 
the  pendulum,  it  is  made  to  go  fester  still,  and  vim  ver$d.  Bebw  the 
aheofption-band  the  material  vibration  is  natuxally  the  higher,  and  henoe 

the  effect  of  the  associatod  matter  is  to  increase  (abnormally)  the  %'irtual 
inertia  of  the  a?ther,  and  therefore  the  refrangihility.  On  the  other  side  the 
effect  is  tiie  reverse*.  It  woul<l  be  difficult  to  exaggerate  the  importance  of 
these  &ct8  from  the  point  of  view  of  theoretical  optics ;  but  it  lies  beside  the 
olgect  of  the  present  paper  to  go  fiirthw  into  the  question  here. 

That  a  sufficient  opacity  as  competent  as  a  high  optical  density  to 
piodaee  an  abandaDt  refleotion  is  evklent  without  any  analysis.  So  long  as 
the  medium  into  whieh  the  light  seeks  to  penetrate  remains  nearly  at  rest, 
the  greater  part  of  the  motion  must  be  thrown  back  without  any  regard 
to  the  cause  of  the  approximate  quiesrenre.  Whether  the  sluggishness 
be  due  to  a  r^reat  inertia  nr  a  correspondingly  great  friction  is  in  this  resjiect 
of  no  importance.  In  order,  however,  to  account  for  the  reflection  from 
silver  (90  or  96  per  cent.)  without  opacity,  a  very  high  optical  density  would 
he  required,  much  higher  than  we  have  any  reason  to  think  at  all  likely. 
On  the  other  hand,  we  know  that  the  opacity  of  metals  to  light  is  very 
great 

In  this  oonnerioo  it  is  interesting  to  note  tiiat  some,  and  {wobably  many, 

non-metallic  subetanccs  possess  a  quasi-metallic  reflecting -power  for  dark 
radiation.  De  la  Prnv(vstaye  and  Desains  long  ago  remarked  on  the  lai'ge 
percentage  of  dark  ileal  relleeled  from  gliuss,  whieh  wait  much  in  excess 
of  that  calculated  from  Fresnel's  formulae  with  the  known  refractive  index. 
The  observation  seems  to  have  remained  uninterpreted;  but  we  cannot  well 
be  wrong  in  attributing  the  extra  reflection  to  an  opacity  to  the  rays  of 
daik  heat,  which,  always  great,  rises  somewhere  in  the  spectrum  to  such 
a  magnitude  as  to  damp  the  entering  rays  within  a  few  wave-lengths  of  the 
surface.  Nothing  but  direct  experiment  can  inform  us  what  substances 
are  sufficiently  op^K I ue  to  exercise  an  abnormal  reflection;  for  the  stoppage 
of  radiant  heat  by  a  plate  of  Mdinary  thicknese  may  well  be  complete  to 
sense,  and  yet  not  sufficiently  sudden  to  give  any  material  aasiatance  in 
reflection.  I  am  glad  therefore  to  be  able  to  refer  to  the  experiments  of  the 
late  PrnfrssMr  Alagnns  Ami.  vol.  CXXXIX.),  in  which  he  iuvestigate.s 

the  proportion  of  heat  reflected  by  plates  of  various  substances,  the  incident 
radiation  being  derived  from  moderately  heated  plates  of  the  same  or  of 
a  different  material. 

First  let  us  sec  what  fraction  of  the  incident  radiation  (uupolarizod) 
would  be  reflected  from  the  surfiue  a  substance  having  a  refractive  index 
of  1*5 — about  that  of  g^ass.  If     be  the  angle  of  incidence,  and  /  the 

*  Bee  SeUmeier,  Pogg.  Ann.  voL  czun.  p.  273,  1871. 
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corresponding  fraction,  I  find  by  calculation  froni  Fresnel's  formuke  the 
following : — 


e=o 

fl  =  62° 

1=040 

/s-043 

/s-OW) 

/=100 

This  is  for  one  surfiMse.  If  the  plate  be  quite  tnumpaieut,  the  reflection 
may  be  nearly  the  doable  of  the  above.  Now  for  f^an  at  an  aag^e  of  45% 
MtugmjB  found  no  smaller  value  of /than  '084;  and  as  this  must  be  attributed 
almost^  if  not  entirely,  to  the  first  surface,  it  is  dear  tiiat  something  not 
taken  account  of  in  Fresnel's  theory  must  have  come  into  operation.  But 
by  far  the  most  remarkable  result  wtus  with  fluor-spar  for  the  reflectiupf, 
and  rock-salt  for  the  radiating  plate.  The  reflection  at  33  was  no  lei>s 
than  '23,  at  45"  *242,  and  at  6S^  *336 ;  and  to  this  the  second  sur&oe  cannot 
contribute  sensibly.  Unquestionably  theref<ne  the  refleeting-power  of  fluor- 
spar for  a  certain  kind  of  dark  radiation  is  greatly  in  excess  of  what  can  be 
accoxinted  for  without  an  extreme  opacity — a  result  which  is  the  more 
remarkable  because  for  dark  radiation  in  gener:il  fluor-spar  is  one  of  the 
most  transparent  things  known*.  The  reflection  from  a  plate  of  rock-suit 
was  found  to  be  modi  the  same  as  frran  ghiss ;  but  here,  I  presume,  we  may 
consider  both  surfaces  to  be  operative,  in  whidi  case  the  result  is  normal  f. 
It  is  curious  tibat  opacity  first  diminishes  the  reflection  fi-om  a  plate,  and 
then  when  extreme  increases  it  again,  and  that  without  limit. 

The  effect  of  opacity  is  represented  mathematically  by  the  introduction 
into  the  differential  equation  of  a  term  proportional  to  the  velocity.  If  we 
suppose  that  x=0  is  the  surface  of  separation,  and  that  the  vibnitions 
are  parallel  to  z  and  perpendicular  to  the  plane  of  incidence  xy,  the  differential 
equation  in  the  upu4ue  medium  is 

where  fi  is  a  ponitire  constant  depending  on  the  opacity,  and  D  denotes 
the  optical  density.   In  the  upper  medium  ^  =  0,  and  the  equation  is 

Both  A  and  D,  are  subject  to  extensive  chrmnatic  variatSons;  and  the 

equations  arc  therefore  not  to  be  regarddl  as  general  equations  of  motion 
iq>ldicable  to  all  possible  cases.  It  is  probable,  however,  that  they  represent 

*  [1899.   The  remarkable  resulti^  in  thin  direction  recently  found  by  Rnb«n8  an  well  known.] 
+  According  to  the  exiHTinienlH  of  Masnon  and  Jainin,  the  trnnsniisKion  of  a  perffctly  trann- 
parent  plate  is  always  about  'J2  per  c«iit.,  whether  the  material  be  gla«a,  rock-salt,  or  alum.  This 
is  in  igMenMBtwltti  the  oahmlation  in  fhe  text»  as  aboat  8  per  oent.  woold  bo  Nfleelod. 
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with  suflicicnt,  if  not  absolnto.  accuracy  the  laws  of  motion  for  a  system 
of  plane  waves  of  given  period,  provided  that  suitable  values  of  h  and  D,  are 
ummed.  The  boandarjr  oonditioua  according  to  Green  and  Cauchy  (Phil. 
Mag.  Augimt  1871  [Art.  xl]),  expreasing  that  there  is  no  diaoontiiiiiitjr  in 
the  dieplacement  or  etnun,  are 

when  amO.   The  system  of  waves  is  given  by 


where 


o  =  -r-coea,   o  =  -r-sin^,   C«  — r—  «  —  . 

^  A»  Ai  T 


The  ooeffideots  6,  c  are  neeesBarily  the  same  all  through ;  the  multipliers 
t^t       ^  ten  oomplex.   The  boniidary  conditioos  being  the  same  as  for 

transparent  media,  wo  have  {Phil.  Mag.  August  1871)  ^7  =         •  *»"'y  'hat 

now  n,  is  not  real.    In  fact  if  n/D^y,  njD,  tmy^^  we  obtain  from  the 

differential  cquiitions 

c»  =  7»  (a*  +  6»),         -  i  hc/D,  =  7/  (a,«  + 

whence 

We  see  that  a,  ia  determined  aa  a  function  of  a  and  b  by  an  equation  of 
precisely  the  same  form  as  for  transparent  media,  the  only  difierenbe  being 
that  f/fi  is  now  no  longer  real  If  we  suppose  0,tohe  d^meA  by  the  equation 
sin0,»/t~^sintf,  we  may  use  tiie  forms  previously  investigated. 

From  the  physical  intmpretation  of     we  see  (ftaC  it»  rwl  part  w  jMstttw, 

and  imaginary  part  negaivm.  If  we  write  =  R'e^,  2a  must  lie  between  0 
and  —^TT,  This  remark  will  be  found  to  be  of  gr-oat  importance.  For 
instance,  the  assumption  by  Cauchy  and  others  of  a  real  negative  valui;  of  /a' 
in  their  treatment  of  the  no-ailled  longitudinal  waves  produced  when  light 
vibrating  in  the  plane  of  incidence  is  reflected  from  the  surfooe  of  trans- 
parent matter,  readly  corresponds  to  an  unstable  medium  in  which  the  forces 
resulting  from  a  diqtlaoement  tend  stfll  further  to  increase  it. 

The  value  of  ft  is  R/*,  and  at  perpendicular  incidence  (b—oy, 

J-±^i»  say 

as  the  sign  of  /a  is  in  our  power.    Now,  since  the  refracted  wave  is 
■^^a**^^******,  wherein  m  is  n^pridve,  we  see  that  the  real  part  of  a,  must 
a.   I.  10 
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IM  (f%  m  mtwuccnnm  avd  Einucmv  or  il<i 

U:  fifMiU^h,  mui'if:  the  imaginarj  fe^ti  »  oegaciTe.  The  mme  ia  tme  oi  Rt*'t 
m,m  Mh  t*k«a  ftmiirt, m  liea  betii«ea  0  mad  —  fr.  Since, m  w  have 
teen,  ta  ia  aitnated  in  tKe  aaae  qiMnliam,  m  moat  He  fetwecn  0  aad  — Jv. 

Th*  vaJrui      «  Ia  df  tf-Tmineti  hf  Um9m'"^k  hfi.   It  vanisbea  vtth  i,and, 

f»n  th*-  oth^  r  \\3kut\,  wh^n  A  :  i/),  is  Terr  grf-at,  approximate^  to  —  Jir.  In 
thn  '  Ttff-rri'-  \\\f:  r^ral  and  iir*Aginan'  parta  o€  ^  are  naxoericaiij  eqaal ; 
Ih*;  irriAgihary  part  i»  Dever  the  greater*. 

I  havr;  V-^Ti  thnfl  pftrtirTiUr  to  ^xamim-  rh»i  limit*  betwe<=-n  which  a  may 
\tt-<-An!v:  it  app-an  to  mo  that  th*-rf-  i.^  n  thi'  p-int  a  r!'  'i--  .  rnL-^^i-  n. 
wA  Ut  ntkj  error,  in  Ew*;nIohr  •*  lApHr.  In  that  inTe-ti^Ati-ro  the  necesbity  of 
a  limitation  on  the  magnitiidea  of  the  real  and  imaginaiy  part«  of  does  noi 
appouv  mainly  beeaone  the  anther  haa  aaromed  at  starting  cxpreaBiona  tot 
the  incident,  rrrflecUrd,  and  r»^fra/!ted  wavea  without  n  f^. ren«>^  t.)  the  differaitial 
equation*  tivifly  irrip!]»-'l.  To  "npprjse,  a^!  he  d<»-  t'  r  ^ilvtr,  that  a  =  83', 
and  th<  r'-for<'  2a  ia  taQtamount  to  the  aBe>umpaoa  ot'  »  medium 

♦•♦i«*;nfi;illy  iirij-tahlff". 

We  may  m/w  pn^jtetl  to  transftjnn  the  expre9«»D  tor  the  redtKrted  wave 

In  trnnM  of  tf„  a,fa^t»a0ftaa$„  where  sin  tf,s|i-*siDtf.  To  simplify 

the  expn-HNionH,  it  ia  conve  nient,  following  Caadiy  and  Eiaenlohr,  to  intro- 
duce two  auxiliaty  variables,  defined  by  the  equation 

whence 

^^9«    t    ff*9amv^0         .  .  _  Bin2asin»^ 
e'cnaSwI— •   --^  ,      (^atnSv*  ^ 

Thim 

a     oo!i<7'mn^      tna0  ' 

I  nppr.  li<  lul  (lint  tliiii  ronrluKiori  is  not  limited  to  the  particulir  form  of  the  difTerential 
o<|u«li<*n  wliioh  hM  boon  Mnuned.  Whatmar  that  maj  be,  wilt  almijt  ooasial  of  •  ml 
•ad  Ml  Imaalnftiy  pari,  of  whioh  tho  fomwr  wnnot  be  supposed  ncstttive  wifhont  oompromirfng 
tlin  .itnl.ilily  of  (lii>  mi-iliiim,  [IHflH.  TliiB  concluHinn  apiilies  in  Reneial  only  when  the  frcqnenoy 
of  vlhi  Ktion  in  vnry  low.  Wo  hmn  ultMdy  ■eea  (p.  143)  that  then  an  8MM  of  finite  f^uenciw 
for  whiok  «iP  h  a  ml  rM«atlt«  quantify.  Ooopan  Lannor,  Pktt,  Tnau.  toI  oxo.  p.  242. 1897.J 

+  III  KIw  tilolii'w  |.n|i..r  the  incident  wave  travels  in  the  direction  of  the  poailivo  x,  while 
1  Imro  KiiiiitoM)  Uio  <>|ipo«it«.  The  change  amooata  to  a  revoml  of  the  aign  of  c ;  and  Utoa,  on 
RiM>nlolir'a  rappaaltion,  the  ml  part  af  ^  oi«fa|  to  be  poetafo  aad  Iba  bneinaiy  part  also 
pntritlvot  bia  molt  nqaim  that  «ba  ml  part  abooM  bo  negatbo. 
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If  this  quantity  be  called  F,  aud  that  obtained  from  it  by  dianging  the  sign 

of  i  be  called  Q, 

where 

The  intensity  of  the  reflected  light  is  therefore 
cos'-  6  -  2Rc  C08  6  cos  {a  +  a)  +  /Pc' 


if 


cos=^-2i{cco8^co8(jt  +  a)  +  /C'c'_  { 
^'"cos»d  +  2/icco8^cos(tt  +  o)+iiV~      V  ' 

oot/aoo8(ti+a) ,  ,.  =  coe(i*+«).nn2taii-M  ^  . 


d  represents  the  change  of  phase;  its  tangent  is  given  by 

tan  d  =  sin  (a  +  u) .  tan  2  tan"'  (^^~^  • 

These  are  Oraehys  fi»iniil»  for  light  polarised  in  the  plane  of  incidence. 
At  perpendicuhir  incidence, 

$wmO,    0,-0,    G-l,  UsO, 

whence 

which  may  be  expressed  in  terms  of  7,  and  h  by  means  of: — 
JPccs2«-^.;  JPsin2«=-5^. 

7,  7,  CI/, 

In  the  esse  of  metal  the  reflected  light  is  a  large  pcrcctiUige,  and  therefore 
tan/ is  considerable.  This  can  <nily  be  when  Jt  is  great;  and  then  1/R 
is  relatively  small.  Af^nrozimately  therefore 

tan/--  -J^    -  JL-      Vg  +  ^'/c'A')  ■ 
or,  if  hjcD,  is  consideFable, 

•"/-^  \/^Js,'  -Wm »~''- 

Also 

7/7,-VA/Vi); 

uk!  thus,  when  the  opacity  is  so  great  that  the  reflected  light  is  a  laige 
fraction  of  the  whole,  its  intensity  will  be 

10—2 
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If  we  suppose  that  /;  is  constant  for  the  different  waves  of  light,  we  finH  that 
the  roflectiou  is  better  and  better  the  longer  the  wave,  since  c  varies  inversely 
aa  the  period  of  vilmtioii.  Host  metel^  it  mmld  appear,  refleet  the  red 
laja  in  greater  qoaatily  than  the  more  refirangihle,  and  dark  heat  hotter 
than  any. 

The  wave  ratering  the  metal  ia  repreaented  by  {^^<M>+«e^  or,  en  aah- 
stitutioQ  of  its  value  tor  a,. 

The  velocity  of  wave-propagation  is  cjRcoaaa  against  c/a  in  air.  Thus  in  a 
eertain  aenae  ^  coa  a  (that  is,  the  rtai  pari  of  fi)  may  be  regarded  as  the 
refiraetive  index  of  the  metal  §m  the  kind  of  light  under  oonaideFation ;  bat  I 

wish  to  remark  that  great  oonfiinon  has  ariam  in  the  use  of  the  cxpresoon 

"  refractive  index  "  as  applied  to  metallic  or  quasi-metallic  b<Klies,  the  same 
name  being  given  to  quantities  which,  though  coincident  for  transparent 

matter,  nuiy  here  diti'cr  widely. 

Expressed  in  terms  of  7,  and  A, 

J2 ooaa  =  ^^^^  [I  +  V(l  +  A'/e^A')!*  i 

or  if  hJcD,  be  very  laige^ 

*""'=7,\/(2o''z>,)=\/(2b;)- 

which,  we  have  seen,  presumably  increases  with  the  period  of  vibration.  In 
this  approximation  ve  have  supposed  that  the  influence  of  opacity  ia 
paramount^  ao  that  ain2as-.i,  and 

/i  cos  a  =  —  i2  sin  o  =  -fl/V2. 
The  wave-length  within  the  medium  may  be  taken  to  be 

on  aubstitution  of  the  value  of  e.  Hence,  if  A  be  eonstant,  the  wave-length 
in  the  metal  varies  aa  the  aquare  root  of  the  wave-length  in  air.  The 

quantity  here  called  the  iiitc  mal  wave-length  is  that  which  physically  best 
deserves  the  name;  and  it  is  connected  with  what  we  have  called  the 
refractive  index  by  the  usual  relation, 

Lutemal  wavie*length  *  external  wave-leqgth-i-refiaeUve  index; 

bat  it  moat  be  ranembered  that,  from  an  analytical  point  of  view,  the 
internal  wave-length  and  refractive  index  are  imaginary,  being  denoted 
by  X-rfft  and  fi  rwpectively. 
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The  liictur  isxpressing  the  absorption  is 

or,  iu  tortus  of  X', 

where,  it  will  be  reineinborcd,  both  x  and  t«,u  a  are  negjitivc,  showing  tliat,  il' 
a  be  coustant,  the  penetration  expressed  iu  terms  of  X'  is  always  the  same. 
In  cases  where  the  inflnenoe  of  opacity  is  overwhelming,  tan  a  » — 1. 

In  order  to  form  au  idea  of  the  sort  of  ma^itudes  with  which  we  aro 
dealing,  let  ns  take  dlver*~an  extreme  case.  Exact  measurements  of  Uie 
peroentage  of  lij^t  reiected  at  perpaidieiilar  incidmoe  are  wanting  (so  fiur  as 

I  know) ;  but  De  la  Provostayc  and  Dcsains  found  in  some  cases  a  reflection 
of  dark  beat  amounting  to  95  per  cent.   Using  this  in  our  formuise,  we  find 

22-|-Jt-**Scosa.89. 

Now,  since  cos  a  can  never  be  leas  than  l/v'2,  it  follows  that  \\R  can  be 
neglected  in  comparison  with  R\  and  thus  A*  80  cos  a; 

i{co8a>80cos^a;   Atiinas408in  2flt. 

If  we  further  suppose  that  the  great  value  oi  K  is  due  to  opacity,  we  may 
put  coeas  l/v'2,  and 

i2  =  40v^2,    iicusa^-iU,    i£Miua  =  -40. 

Thus  X' s  \/4(U  \  otherwise  the  ratio  of  X'  :  X  is  still  smaller. 

For  the  metals  it  is  probable  that  of  the  total  reflection  the  greater  part 
is  due  to  opacity ;  in  other  cases  it  often  happens  that  the  effect  of  opacity  is 
only  a  sliglit  increase  of  the  reflfctiun  that  would  otherwise  take  place. 
Let  us  intjuiiu  what  the  strength  of  absorption  must  be. 

If  denot<>  the  refractive  index  which  the  medium  would  possess  in 
virtue  of  its  density  alone  (7/7^),  we  have 

i^ccs2a»^«  BfrnkU^-it^ 

while  the  rcdectiou  is  given  by 

Reflection  —  !'*""^r-r 
tan/+l 

imd 

2cosa\      RJ    2cosa  Woos 2a       /*«  / 
from  which  it  appean  that,  when  a  is  small,  ita  effiact  depends  on  oP. 
On  the  other  hand  the  fiustor  reprosoiting  the  abacwption  is 
^-MA.ffrin*  or  approximately 
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in  wiiioh  the  ooeffident  of  «  varies  as  a.  For  uutance^  let  fl^«  The 
effect  on  reflection  would  be  insensible  to  ordinaxy  observation«  though  the 

opacity  is  so  great  as  to  halve  the  light  within  a  distance  equal  to  the  wave- 
length in  air.  Thus  it  is  evident  that»  in  order  to  aid  in  reflection,  opacity 
must  be  very  extreinc. 

We  have  hitherto  supjwscd  that  the  reflection  takes  place  at  the  boiiuding 
Burface  of  the  opaque  medium  and  air ;  but  it  is  cas)  to  adapt  our  formula; 
SO  as  to  express  the  result  when  the  first  medium,  still  supposed  tranqiarent, 
or  at  least  not  very  opaque  has  a  refinsotive  index  /»  dilforent  from  unity. 
The  only  change  required  is  to  write  jB  for  B.  Thus  at  pnpeodioular 
incidence, 

If  the  reflection  be  still  so  good  as  to  allow  of  the  neglect  of  the  second  t«rm, 
we  have 

tan/«-.    — . 
fi  cosa 

The  reflection  when  light  strikes  from  glass  on  silver  would  be  considerably 
loss  perfect  than  when  the  iirst  medium  is  air;  in  fact  the  percentage  not 
reflected 

2  jft'cosa 

So  much  for  vibrations  perpendicular  to  the  plane  of  inoidenca  When 

we  pass  to  the  consideration  of  vibrations  in  that  plane,  we  arc  embarrassed 
by  difficulties  of  the  kind  met  with  in  the  theory  of  ordinary  reflection,  here 
presenting  themselves  in  an  aggravated  form.  If,  following  Green,  wo 
assumed  the  equations  of  motion  applicable  to  elastic  solids  with  the  addition 
of  toma  proportional  to  the  velocity  to  represent  the  frictional  loss,  and 
further  supposed  that  the  rigidity  is  the  same  in  the  two  media,  while  the 
compressiltility  is  indefinitely  small,  WO  should  arrive  at  results  differing  only 
from  his  by  the  substitution  of  an  imaginary  for  a  real  refractive  index. 
But  we  know  from  experiment  that  Green's  results  are  not  verified  for 
transparent  media  without  a  modificutiou  of  doubtful  significance,  and  of 
magnitude  tncrsosin^  rapidly  with  /*.  It  is  therefore  useless  to  attempt 
to  apply  Green's  results.  The  only  other  comae  i^ppears  to  be  to  start  from  ■ 
fVesners  tangent-formula,  and  transform  that,  as  we  have  done  the  one 
involving  sines,  by  the  introduction  <»f  a  complex  refractive  index  (and 
angle  of  refraction).  This  is  what  ha.s  been  done  by  Cauchy  and  Eisenlulir. 
Following  a  process  similar  to  that  used  for  vibrations  normal  to  the  plane 
of  inddenoe  and  with  the  same  notation,  we  find  that  the  intenrity  of  the 
reflected  lij^t  is  rqnesented  by  tan(^— |ir),  where 

cotjr  ^  cos  (o  -  u) .  sin  2  tan-»  , 
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while  the  change  of  phase  ^  is  given  by 

Laoi  d  —  bin  (a  —  u) .  tau  2  tau~'  (  s,— ^ — 3) . 

However,  whal  we  should  moat  require  tat  compariaon  with  experiment 
relates  to  the  relative  intensities  oiid  changes  of  phiisc  of  the  two  puladaed 
components;  and  these  are  directly  obtained  by  Eisenlohr  by  transfonning 
Frcsnel's  corres|X)nding  expressinn*  after  the  introduction  of  the  complex 
refractive  index.    If  the  ratio  of  the  amplitudes  be  ciiUed  iau/i,  we  have 

00s 2/9 ■  COB («+«).  sin  2  tan"*  f  ™V 

^         '  \cii  CO8  0J 


tan  (<r— d)aain  (tt-i-  tt).  tan  2  tan~* 


c  and  u  being  determined  ii-s  before.  Eisenlohr  hjus  cuntjKired  these  forniula; 
widi  menmraaenta  made  by  Jandn  relating  to  the  so-called  principal  angle 
of  incidence  (making  -d  equal  to  ^)  and  the  corresponding  ratio  of 
amplitudes,  and  has  deduced,  as  I  have  already  remarked,  values  of  the 

constants  which  make  the  real  part  of  /i'  negative,  and  are  therefore  in- 
admissible.   Another  argument  leading  to  the  same  conclusion  is  as  follows. 

Con.sider  a  case  in  which  fi'  is  so  considerable  that  c  is  st-iisibly  equal  to 
\inity  a!id  a  to  zero,  or,  in  other  words,  so  refractive  that  the  entering  my  is 
always  sensibly  parallel  tt)  the  normal  of  the  surface ;  and  let  the  incitlent 
my  strike  the  sur&ce  at  that  particuhir  angle  which  gives  a  relative  phase- 
diffisrenceofa  quarter  of  a  period.  The  an^e  in  question  is  that  determined 
by  sin*9/ciicos(9»l;  so  that  ooe2/9— ccso.  Since  a  must  Ue  between 
0  and  —  Jit,  cos  2/9  must  he  compiised  between  the  limits  1  and  l/\/2. 
Now  in  order  that  the  reflection  may  be  perfect  at  all  aiiglcs  of  incidi-nco, 
it  is  only  necessary  that  the  density  or  opsicity  or  both  should  be  sufficiently 
laige;  and  then  cos  2)3  must  be  sensibly  equal  to  zera  And  yet  if  the 
fonnols  under  oonsideraliion  ware  trae,  there  would  always  be  a  certain 
angle  of  incidence  making  the  ratio  4^  the  two  polarized  components  veiy 
different  from  unity — a  sUxte  of  things  incompatible  with  a  nearly  complete 
reflection.  T  du  not  think  th;it  the  failure  of  the  foi  inul.e  for  light  vibrating 
in  the  plane  of  incidence  need  cnuse  surprise,  when  it  i.s  considered  that 
Fresnel's  tangent-formula,  which  forms  the  starting-point  of  the  investigation, 
is  not  verified  even  with  tnuiq[iarent  media^  and  differs  more  and  more  from 
the  truth  as  the  refiacttng«power  increases.  The  fiulure  of  themy  is  the 
more  unfortunate,  because  the  relative  change  of  phase  and  ratio  of  nm]>li- 
tudcs  for  thv  two  ]>olnriz(>d  components  nrc  precisely  the  qtiaiititiLS  btst 
adapted  to  experimental  measurement.    As  it  is,  we  must  conclude,  1  fear, 
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that  the  csrafiil  investigatuHiB  of  Jusin  on  the  snlgeot  are  at  fneeent  qii> 
available  for  the  purpose  of  forming  an  estimate  of  the  values  of  the  density 

and  opacity  of  the  various  mctak  Experiments  on  the  absolute  reflecting- 
power  of  tlie  metals  for  thu  differcut  parts  of  the  spectrum  at  perpendicular 
incidence  would  be  valuable  and  probably  easy ;  but  they  do  not  appear 
to  have  been  attempted. 

It  has  hitherto  been  supjxiscd  that  there  is  no  interruption  in  the  con- 
tinuity of  the  metallic  medium  within  such  u  distance  from  the  suriace  that 
the  intiomitted  wave  is  still  sensible.  This  is  a  very  diflformt  thing  firom 
assuming,  as  it  has  been  asserted  that  the  theory  does*,  that  the  reflection 
takes  place  entirely  from  the  surteice,  if  indeed  such  an  assumption  could 
have  any  meaning.  When,  as  in  the  experiments  of  Quincke,  the  met^illic 
layer  is  so  thin  as  to  transmit  a  sensible  quatitity  ot  light,  it  is  clear  that  the 
theory  requires  modihcation.  If  the  media  on  the  two  sides  of  the  metal 
are  optically  simihu-,  a  sufficient  reduction  of  the  thii&naBB  of  the  layer  must 
at  Uist  result  in  a  destructioii  of  the  reflection,  just  as  with  thin  transparent 
{dates. 

One  of  the  most  remarkable  of  Quincke's  results  relates  to  the  influence  of 
a  thin  metallic  layer  <m  the  pkate  of  the  transmitted  light.  In  many  cases 
the  pha.se  was  accelerated  so  as  to  be  in  advance  of  what  would  correspond  to 

a  layer  of  air  in  place  of  the  silver — an  cflFect  which,  according  to  ordinary 
ideas,  woultl  imply  a  retitictive  index  less  thau  unity.  However,  it  is  not 
difficult  to  see  that,  in  regard  to  the  effect  on  the  phase  of  the  transmitted 
wave,  the  influence  of  opacity  is  altogether  ditiforent  from  that  of  density. 
Aco(»ding  to  a  method  used  by  me  in  the  investigation  of  the  light  scattered 
from  very  small  particles  (as  in  the  sky)+,  we  may  sai^poee  that  the  incident 
wave  passes  on  undisturbed,  if  suitable  fi irons  are  imagined  to  Jict  on  the 
a-'ther  in  the  metal  in  order  to  compeiisute  for  the  alteration  of  optical  pro- 
perties. In  the  case  when  the  thiekness  of  the  metallic  plate  is  small 
compared  to  the  internal  wave-length,  this  point  of  view  possesses  con- 
siderable advantages,  and  gives  a  clear  insight  into  the  peculiarities  of  the 
question.  The  forces  which  we  must  suppose  to  act  in  the  region  of  the 
metallic  layer  divide  themselves  into  two  groups — one  dependent  on  variation 
of  density,  and  the  other  on  opacity.  The  first  set  correspond  in  phase  with 
the  acceleration  of  the  sether,  the  second  with  the  velocity.  There  is  thus  a 
difference  of  a  quarter  of  a  period.  In  my  former  paper  I  showed  that 
the  effect  of  a  force  acting  at  any  point  is  to  produce  at  anothw,  distant  r 
from  ibt  a  disturbance  whose  retardation  relative  to  the  force  is  r  simply. 
In  our  case  each  particle  of  the  plate  must  be  considered  to  be  a  centre  from 
which  a  disturbance  emanates ;  and  it  will  readily  appear  that  tha  phase  due 

*  WfiUner,  I.ehrhueh  der  experimfnialm  Phyiik,  VoL  n.  pb  471. 
t  Phil,  Mug.  k'dauMXj  1871.   IJixt.  via,} 
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to  tile  wholf  .system  of  forces  is  just  a  ijuarter  of  a  perio<l  behind  that 
correspuuduig  to  that  element  of  disturbance  which  sulTi'i-s  least  retjiixlation. 
Id  iact,  if  we  divide  the  whole  plate  into  iiuyghuusH  zoucs,  wc  kuuw  that  the 
effect  of  the  whole  is  the  half  of  that  of  the  first  cone.  Now  the  phase  of 
the  distuibaiioe  due  to  the  fint  aone  is  the  mean  between  that  comqKmding 
to  it8  centre  and  circumfeienoe^  of  which  the  latter  i.s  half  a  period  behind 
the  former.  Thus  the  wave  produced  by  the  set  of  forces  due  to  the  altera- 
tion of  density  is  a  ([uarter  of  a  period  behind  the  direct  wave  which  has  been 
■apposed  to  pass  through  undisturbed.  The  eifect  of  the  disturbance  is 
accordingly  a  maximum  on  the  phase  (calculated  without  allowance  for  the 
metallic  plateX  and  a  minimum  (to  the  order  of  approximation  hera  con- 
sidered,  vanishing)  on  the  intensity.  It  is  just  the  opposite  with  the  socond 
group  of  forces  due  to  the  opacity,  which  are  originally  a  quarter  of  a  period 
behind  the  Hrst.  The  disturbance  due  to  them  will  bt-  half  a  {XTiiMl  behitnl 
the  direct  wave  with  wliicb  it  has  to  be  coiniX)anded,  and  tlierefnre  produces 
a  uiaximuin  eH'ect  on  the  intensity  atid  a  vanishinij  one  uii  the  plxuic.  A  very 
thin  film  can  produce  no  efieet  on  the  phase  of  the  transmitted  light  in  virtue 
of  its  opacity,  howevw  great,  but  acts  just  as  if  it  were  dejnived  of  its 
absorbent  power  and  reduced  to  the  condition  of  an  ordinary  transparent 
plat<'.  Of  course  this  does  not  explain  the  nccelerad'on  of  phase  found  by 
Quincke  ;  but  it  shows  at  ie;ust  that  we  nujst  bt^  prepared  to  distinguish 
between  the  ed'ects  of  density  and  opacity,  though  these  are  in  the  same 
direction  so  &r  as  regards  the  mi^nitude  of  the  reflection  See. 

Let  UB  then  consider  analytically  the  behaviour  of  a  thin  metallic  plate 
when  light  is  incident  normally  upon  it.    Above  let  the  disturbance  be 

below  the  plate, 

In  the  interior  we  must  introduce  both  kinds  of  exponentials,  in  order  to 
represent  the  reflection  from  the  second  surfiuse.  Thus 

where     =  /ta  as  before. 

The  oondittons  to  be  satisfied  are  the  continuity  of  t  and  dX/dx  at  the 
two  surfaces  of  sepanition,  viz.  when  .r  =  0  and  when  ar  =  — 5,  which  give  four 
simple  equations  for  the  determination  of  B„  A',  A^*  On  elimination  of 
A't       we  obtain 

(ft.'  —  1)  I  sin  yjult 


A— 


2/i  cos  yjnh  +  (/t'  +  1)  i  sin  /Mtj  * 


008/ia£  +  (/ifc'  +  l)/2^.tsin/iaS* 
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These  exprcssiutiM  coiit.iin  the  ordiuHry  results  for  tnuD^meiit  plates.  Cun- 
aidetiog  fu  real,  the  reHecteU  wave  is 

(/>'-l)8inMaa 
V  V  ocNf^AMiS +0**  + 1)>  sin'  /ia5 

where 

M*+  1 

taiis-»-~2^-  tan /ia«. 
Similarly  the  transmitted  waye  is 

where 

tan  /  =  -  ^^^-^  tan 
If  /m5  be  veiy  small,  the  ezprenon  for  the  wave  becomes  approximately 

In  this  case  there  is  no  loss  oi  intensity  in  the  traoiiinitted  light,  and  the 
retardation  is  |(fi>'-l)& 

But  if  /t  be  complex  (equal  to  Re^), 

-  _  1)  I  sin  ( Re'^aS) 

' "  ZRe^  coH  { Re'-'dB)  +  i  ( idV  +  1 )  si n  ( He'^B) ' 

The  intetiMity  '>f  the  refloctcMl  liglit  is  to  be  fiMind  by  nmltiplying  B,  by  the 
quantity  derived  fjutu  it  by  chaugiug  the  sigu  of  u  The  numerator  of  the 
resulting  fraction  is 

(if*  -  2£'  cos  2a  •!>  l)8in  iiU^aB)fan  {Rt-^aS). 

The  piodact  <^  sines  is  the  half  of 

COS  12A  sin  a .  voa}  -  oos  {&ft  COS  a .  afi) 

=  ^  +  «ij  _  cos  [2R  CDS  a .  aS\. 

We  may  infer  that  the  intensity  of  the  reflected  light  is  nearly  pruporliunal  to 

_       2  cos  {2/^ cos  a.  aS\ 

For  transparent  media  the  sum  of  exponentials  reduces  to  the  constant  2, 
but  for  opatjue  media  it  iucreiu^es  rapidly  with  S.  After  the  Hi-st,  correspond- 
ing to  8  =  0,  the  minima  arc  no  longer  zero,  and  soon  all  flucluatiuu  becomes 
insensible. 

Another  effect  of  the  exponential  terms  is  to  displnce  the  position  of  the 
maxima  and  minima  with  respect  to  8.   They  tend  to  occur  eariier  than  they 
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otherwise;  would  do.  In  our  ignumnce  ot  the  vahies  of  the  constaats  it 
seems  hardly  worth  while  to  follow  the  result  more  minutely. 

The  traosformation  of  At  when  /t  is  complex  leads  to  a  long  expression  ; 
and  I  will  therefore  confine  myself  to  the  particular  ua^u  of  a  very  thin  layer, 
whose  thickneBS  does  nofc  amount  to  more  than  a  small  firaotiom  o£  the  wave- 
length. 

Let  the  reduced  expreeaoa  for  the  lavnsmitted  wave  be 

^^f.(arfc«  =  (amplitude)  e** 
Then     is  given  by  the  equation 

tansi 


if  we  denote  the  denominator  of  the  expix^sHiou  for  by  D,  that  derived 
fipom  it  by  chaagiug  the  sign  of  i  by  iX.  Now 

2?  -l  2   2  MO  +  cubes  m  B, 

if —  1  ^ —  — I  MO-l-cubes  m  o; 

.-.  D'-D  =  RWSH  sin  2a  -  iaS  (I  +  li^  cos  2a), 

+  D  »  2  -  J2Vt*a*  COS  2a  -     sin  2a .  a5 ; 

.         .    -  «S  (1  -f-  iP  cos  2a)  +  IP  sin  2a .  o«S« 
..taars  2-ii»co8  2a.a''6»-iJ^8in2a.o« 

a<(H-jB«eoe2a)     .  R* tna  2a .  tiS  f ,      _  „L  \\ 
2  t^"*"        2"       V    l  +  B^o(»2<J\' 

As  a  first  approximation, 

^.-iaS(l  +  Jiioos8a); 
and  the  transmitted  wave  is 

(ampUtude)  efa|^4W««»««-il»l+«; 

so  that  the  retardation  is  ^  {JR?  cos  2a  —  1)  S,  indepcudeut  of  the  qmcily,  as 
we  have  already  seen  it  ought  to  be. 

The  second  term  in  the  approximate  value  of  has  a  ooutnuy  eSeot 
to  the  fixst,  beoause  sin  2a  is  negative  Moreover  sm  2a  is  numerically  large. 
This  may  account  for  the  aooelemtion  of  phase  observed  by  Quincke— though 
if  this  explaiialik>n  be  correct,  there  must  always  be  a  retardation  when  the 
film  is  thin  enough.  It  may  happen  that,  in  virtue  of  the  great  opacity  of 
silver,  its  elimination  by  a  reduction  of  the  thickness  may  be  impracticable 
without  at  the  same  time  bringing  the  retardation  due  to  density  below  the 
point  at  which  it  could  be  detected. 
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Pogtscript. — Since  the  above  was  writteu  there  h<u>  apptjirt-*!  a  piipcr  by 
O.  K  Meyer,  entitled  "  An  Attempt  to  account  for  Anomalous  Disposion  ot 
IdghC*,  in  whicb  the  antlior  airives  at  aa  expraanon  far  the  rofractiTe 
index  eqaivBlent  to  that  finind  above  as  the  Talne     Retma,  namely 

J2  COS  O  =  1 1  +  V(l  +  h*/^m^  • 

OonBidering  h  coastant,  he  sees  in  thiii  an  explauatiou  of  anouialuus  dis- 
persion, inasmuch  aa  jBoosa  inereaees  with  \  (e«eX~*X  In  this  view  I 
cannot  at  all  agree.  Meyer  seems  to  have  overlooked  the  fiict  that  h  (in  his 
notation  m),  the  constant  of  opacity,  is  subject  to  enormous  chromatic 
variations^  in  comparison  with  which  those  of  X  may  be  treated  as  ipiite 
insif^mificjint.  But  this  is  not  all.  It  has  been  laid  down  by  Kuiult  as 
the  result  of  his  observations — and  a  vury  remarkable  and  suggestive  result 
it  is — that  the  anomalous  effect  is  not  couhued  to  those  rays  which  are 
intensely  absorbed.  Probably  indeed  the  eflbct  vanishea  at  that  part  of  the 
flpectnim  wbidi  oonesponds  to  the  centre  of  the  abeocpiion^band,  whiein, 
aocording  to  Meyer's  formula  (though  not  his  inteipretation  of  it),  it  should 
bo  a  maximum.  I  have  already  indicated  what  appears  to  inc  to  Ije  the  true 
mechanical  character  of  the  phenomenon  by  an  illustnitiou  derived  from 
ordinary  dynamics.  The  matlicmaticul  analysis  of  the  problem  referred  to, 
which  tarns  up  in  ahnost  all  branches  of  physics  dealing  with  vibmtioiii^ 
is  well  known  and  thoefine  need  not  be  givoi  here^. 

*  Pog0.  dim.  voL  CMur.  pi  80^  Inuidatad  in  PUL  Mof.  md.  sun.  pu  M. 

t  [iHfUt.  Scf  fr.otnoto  on  p.  142.  I  bavo  latoly  diaeoTcred  that  Maxwell  had  (earlier  than 
Belliaea-r)  oon&idered  the  problem  of  aDomaloog  disperaion.  His  resalta  were  given  in  the 
KstlHmtkd  TUpos  Bismiiistioii,  Jan.  H,  18W  (iw  Cambridgt  CWIcndv  far  tiist  jwr).  sad 
fh^f  snj  lum  Imsd  in  oij  BiiDd  whn  tiis  till*  of  tbii  pspw  1IM  wiiMai.] 
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FBEUMINABT   NOTE   ON   THB   BEFBODUOnON    OF  DIF- 
FRACnON^BATINCNS  BT  MEANS  OF  PH0T0GBAPH7. 

[Proceedings  of  the  Ro^  Society,  VoL  xx,  pp.  414 — 417,  1872.J 

DuRlNr.  the  last  autumn  and  winter  I  was  much  engapod  with  oxpori- 
raents  on  the  reproduction  of  gratings  by  means  of  photography,  and  met 
with  a  considerable  degree  of  success.  A  severe  illness  has  pruvunted  my 
poEBuing  the  sabjecfc  for  some  montliB,  and  my  nanlta  are  in  oonsequenoe 
etiU  fiu?  from  complete ;  bat  as  I  may  not  be  able  immediately  to  rasnme  my 
experiments,  I  think  it  desirable  to  lay  this  preliminary'  note  before  the 
Royal  Society,  rosorvitig  the  details  and  some  theoretical  work  oonnected 
with  the  subject  fur  another  opportunity. 

It  is  some  years  since  the  idea  first  occurred  to  mo  of  taking  advantage 
of  the  minvito  delineating  power  of  photograpliy  to  reproduce  with  facility 
the  work  of  so  much  time  and  trouble.  I  thought  of  constructing  a  grating 
on  a  comparatively  large  scale,  and  afterwards  reducing  by  the  lens  and 
camera  to  the  lequired  fineness.  I  am  now  rather  inclined  to  think  that 
nothing  would  be  gained  by  this  course,  that  the  constmction  of  a  grating  of 
a  given  number  of  lines  and  with  a  given  accur:icy  would  not  be  grently 
facilitated  by  enlarging  the  scale,  and  that  it  is  duuhtful  whether  photo- 
graphic or  other  leases  are  capable  of  the  work  that  would  be  required  of 
them. 

However  this  may  be,  the  method  that  I  adopted  is  better  in  every 
respect,  except  perhaps  one.  Having  provided  myself  with  a  grating  by 
Nobert  with  3000  lines  ruled  over  a  square  inch,  I  printed  from  it  on 
sensitiTe  dry  plates  in  the  same  way  as  tmnsparendes  for  the  hmton  are 
nsnally  printed  from  natives. 
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In  order  to  gnve  myself  the  best  chance  of  sncceSvS,  I  took  as  a  source  of 
light  the  image  of  the  sun  formed  by  a  lens  placed  in  the  shutter  of  a  dark 
toom,  I  hoped  m  tlus  way  thst,  evin  if  i^m  AaaHA  be  •  nuU  interval 
betweoi  ihe  lines  of  the  gnrating  and  the  eensitiTe  eorfiioe,  still  a  akodow 
of  tile  lines  would  be  thrown  acroes  it^  Results  of  great  promise  were  at 
once  obtained,  and  after  a  little  practice  I  found  it  possible  to  produce 
copies  comparing  not  unfavourably  with  the  original.  A  source  of  un- 
certainty lay  in  the  imperfect  flatness  of  the  glass  on  which  the  sensitive 
film  was  prepared,  though  care  was  taken  to  choose  the  flattest  pieces  of 
patent  plate.  The  remedy  is^  of  ooone,  to  use  woilced  glaas^  which  is 
reqnired  in  any  esse  if  the  magnifying-power  a  tdesoope  is  to  be  nuMle 
available. 

Almosk  any  of  the  diy  procensos  known  to  photogmphen  may  be  used. 
I  have  tried  plain  albumen,  albumen  on  plain  collodion,  and  Taupeiiot 

plates.  The  requirements  of  the  ca.se  difTer  niatcrially  from  those  of  onlinary 
photography,  sensitiveness  being  no  object,  and  hurduess  nxther  than  softness 
desirable  in  the  results.  After  partial  development,  I  have  found  a  treatment 
with  iodine  in  order  to  clear  the  transparent  parts,  vei-y  useful.  In  pro- 
ceeding with  the  intensifying,  the  deposit  foils  wholly  on  the  parts  that  are 
to  be  opaque.  It  is  more  essential  that  the  tnnqnxent  parts  shoohi  be 
quite  clear  than  that  the  dark  parts  should  be  vwy  opaque. 

The 'performance  of  these  gratings  is  very  satisfoetoty.  Li  examining 
the  solar  speotrom,  I  have  not  been  able  to  detect  any  decided  inferiority 

in  the  defining-powcr  of  the  copies.  With  them,  aa  with  the  original,  the 
nic'kol  line  between  the  D'h  is  easily  seen  in  the  thinl  spectrum.  I  work  iti 
a  dark  room,  setting  up  the  grating  at  a  dit>tauco  from  the  slit  fastened  in 
the  shutter,  and  using  no  collimator.  The  telescope  is  made  up  of  a  single 
lens  of  about  tirirty  indies  focus  for  object-glass,  and  an  ordinaiy  ejefnece 
held  independentiy.  I  believe  this  arrangement  to  be  more  efficient  than  a 
common  spectroscopy,  with  collimator  and  telescope  all  on  one  stand ;  at 
any  rate,  the  magnifying-power  is  considerably  greater,  and  it  seems  to  be 
well  borne. 

I  have  also  experimented  on  the  reproduction  of  gratings  by  a  very 
difiereiit  kind  of  photography.  It  will  be  remembered  that  a  mixture  of 
gelatine  with  bichromate  of  potash  is  sensitive  to  the  action  of  light, 
becoming  insoluble,  even  in  hot  water,  after  exposure.  In  oidinsiy  carbon 
printing  the  colouring-matter  is  mixed  with  the  gelatine  and  the  print  is 
developed  with  warm  water,  having  been  first  tiansferrod  so  as  to  expose 
to  the  action  of  the  water  what  was  during  the  operation  of  the  light  the 
hind  surface.  In  my  experiments  the  colouring-matter  was  omitted,  and  the 
bichrumated  gelatine  poured  on  the  glass  like  collodion  and  then  allowed 
to  dry  in  the  dark.  A  few  minuto^  exposure  to  the  direct  rays  of  the  sun 
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then  sufficed  to  produce  such  a  modification  under  the  lines  of  the  gratings 
that,  on  treatment  with  warm  water,  a  copy  of  the  original  was  produced 
capable  of  giving  brilliant  spectra.  In  tkeae  gdatme-gratinga  all  parte  are 
alike  transparent,  so  that  the  cause  of  the  peculiar  effect  must  lie  in  an 
alternate  elevation  and  depression  of  the  surface.  That  this  is  the  case  may 
ho  proved  by  pressing  soft  sealing-wax  on  the  grating,  when  an  impression 
appeai-s  on  the  wax,  giving  it  an  effect  like  that  of  mother-of-pearl.  It  is 
known  that  the  eflfect  of  water  on  u  gelutiuc  print  is  to  make  the  protected 
parts  project  in  conaeqoenoe  of  their  greater  abenption,  but  it  might  have 
been  expeeted  that  on  drpag  the  vhole  would  hnve  come  flat  again.  It  is 
diflBcuIt  to  say  exactly  what  does  happen;  and  I  am  not  even  sure  whether 
the  part  protected  by  the  scmtch  on  the  originnl  is  raised  or  sunk.  (Jelatine 
can  scarcely  be  actually  dissolved  away,  because  the  upix^rmost  layer  must 
have  become  insoluble  under  the  influence  of  light.  I  do  not  at  present  see 
ray  way  to  working  by  transfer,  as  in  ordinary  carimi  printing. 

I  have  not  jet  been  able  to  reduce  the  production  of  these  gelatine- 
giB^gs  to  a  oertainty,  but  can  hardly  doubt  the  possibility  of  doing  so. 
One  or  two  of  considemble  perfection  hun  been  made^  capable  of  showing 

the  nickel  line  between  the  iXa,  and  giving  spectra  of  greater  brightness 
than  the  common  photogra])h8.  Not  only  so,  but  the  gelatine  copy  surpa-sses 
even  the  original  in  respect  of  brightness.  The  reason  ia  that,  on  account  of 
tiie  broadening  of  the  shadow  of  the  scratch,  a  more  favourable  ratio  is 
established  between  the  breadths  of  the  sHemate  parts. 

Theoty  shows  that  with  gratings  composed  of  alternate  transparent  and 
opaque  parte  the  utmost  ftaetion  of  the  original  light  that  can  be  concen- 
trated in  one  spectrum  is  only  about  -f^t  and  that  tiiis  happens  in  the  first 
spectrum  when  the  dark  and  liright  pMto  are  equal.  But  if  instead  of  an 
opivjuc  bar  stopjiing  the  light,  a  transparent  bar  capabU>  of  retarding  the 
light  by  half  an  undulation  can  be  substituted,  there  would  be  a  fourfold 
increase  in  the  li^t  of  the  first  spectrum.  I  accordingly  anticipate  that  the 
gelatine-gratings  are  likely  to  prove  ultimately  the  bc»t,  if  the  conditions 
of  their  production  can  be  suffidentiy  msstexed. 

With  regud  to  the  application  of  the  photographs.  I  need  not  say  mudi 
at  present;  it  is  evident  that  the  use  of  gratings  would  become  more  general 
if  the  cost  were  re<iuce<l  in  the  proportion,  aay,<rf20  to  1,  more  particularly  if 
there  were  no  accompanying  inferiority  of  performance. 

The  specimens  sent  with  this  paper  are  Ix^th  capable  of  showing  the 
nickel  line  and  give  fairly  bright  spectra,  but  they  must  not  be  supi>osed 
to  be  tbe  limit  of  what  is  possible.  From  their  appearance  under  the 
microscope  I  see  no  reason  to  doubt  that  lines  6000  to  the  inch  can  be 
popied  by  the  same  method,  a  point  which  I  hope  shortly  to  pvt  to  the 
test  of  experiment. 
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ON  THE  AFPUCATION  OF  PHOTOORAPHT  TO  COPT 
DIFFRAGTION^RATINGS. 

IBi-itish  AsgociatioH  JUpoH,  1872,  p.  39.] 

Grut  interasl  Iim  alumyi  attnohed  itself  to  the  beantiftil  phenomena 
diBOOvered  by  IVaunhofer,  which  present  thctnBelves  when  a  beam  of  light 
falls  on  a  surface  niled  with  a  great  iiuinlKT  of  parallel  and  equidistant  lines. 
Their  unexpectwi  character,  tht-  brilliant  show  of  colour,  and  the  ready 
explanation  of  the  main  points  on  the  principles  of  the  Wave  Theory 
reoonmoKl  them  to  all,  n^e  the  working  physicist  recogniieB  in  them  the 
Iray  to  the  esaet  meaBuranent  of  wave-lengthe,  which  has  been  so  sj^endidly 
nsed  by  Angstritan  and  othem 

The  prodoction,  howerer,  of  gratings  of  sufficient  fineness  and  regularity 
is  a  matter  of  no  ordinary  diffictilty.  Inderd  the  exactness  required  and 
obtained  ia  almost  incredible.  The  wavr-kiif,nhs  of  the  two  sodium  lines 
differ  by  about  the  thousandth  part.  If  in  two  gratings,  or  two  parts  of  the 
same  grating,  the  average  interval  between  the  divisions  diffisfed  by  this 
ftaction,  the  leas  refirangiUe  sodium  line  of  one  would  be  superposed  on  the 
more  refrangible  corresponding  to  the  other.  In  point  of  fact  the  gratings 
ruled  by  Nobcrt  of  Bartli,  to  whom  the  siMi  iitific  world  has  b(>en  greatly 
indebte<l,  are  capable  of  distiii^niiahing  a  dirt'i  rciici'  of  wave-length  probably 
of  a  tenth  part  of  that  above  mentioned^  But  in  order  that  the  Z>-lines  may 
be  resolved  at  all,  th^  must  be  no  average  error  (mnntng  over  a  large  part 
of  the  gratmg)  of  part  of  the  interval  between  oimsecutive  lines.  When 
it  is  remembered  what  the  interval  is  (from  to  of  an  inch,  or  t  \  en 
leas),  the  degree  of  suoeess  which  has  been  readied  seems  very  remarkable. 

A  work  requiring  so  much  accuracy  is  necessarily  costly — the  reason, 
probably,  why  gratings  fit  to  be  used  with  the  telescope  for  the  purpose  of 
showing  the  fixed  lines  are  comparatively  rare.  The  hope  of  being  able  to 
peifeota  process  for  the  reproduction  of  gratings  at  a  omnparatively  cheap  rate 
has  induced  the  author  to  retuni  at  the  first  of^Dortunity  to  the  experiments 
described  in  a  Freliminary  Note  read  before  the  Royal  Society  in  June  last. 
Although  the  subject  is  as  yet  by  no  means  ezhansted,  the  author  thought  it 
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worth  whilfi  to  bring  before  the  Aaeoeiation  an  aMmmt  of  the  progress  that 
hu  been  made,  with  qpeoimena  of  the  rasnlts. 

The  method  at  prooedare  is  very  simple.    A  dry  plate  praparcd  by  any 

photoEHTiphic  process  on  a  flat  surface  of  glass,  or  other  tmnsparent  material 
not  atfectctl  by  the  flui<l  media  emplnvtMl,  is  brought  into  fi.ntuct  with  the 
ruled  surface  of  the  grating  in  a  priuiiug-fnime,  and  exposed  to  light.  In 
the  aathor^s  first  experimenta  he  oaed  exclnaiTeljr  as  a  sooroe  of  light  the 
image  of  the  aan  in  a  lena  <ii  abort  foeoa  plaoed  in  tiie  shutter  of  a  dukened 
room ;  but  so  small  a  source  is  not  necessary.  The  light  firam  the  clouds  or 
sky  reflected  by  a  mirror  thnmgh  a  hnjo  sovoral  inches  in  apcrtttrt^  will  be 
sufficiently  c^»llc^'lltrate^l  if  the  fmnu!  be  a  few  feet  distant.  The  author  has 
not  as  yet  specially  investigated  the  point,  but  he  believes  that  if  the  light 
were  too  much  diffuBed,  the  experiment  would  fitil.  Much  would,  no  doubt, 
depend  on  the  perfection  of  tiie  contact — an  element  very  likely  to  vary. 
The  variable  intensity  of  diffused  daylight,  which  it  is  almost  impossible 
to  estiniati'  with  preoisinn,  ha.s  induced  him  to  nso  cxohisivcly  in  his 
later  e.vpeninents  with  ordinary  photographic  plates  the  light  of  a  mode- 
rator lamp.  This,  with  globe  removed,  is  placed  at  a  distance  of  1  or  2 
feet  from  the  printing-frame,  the  diatanoe  being  carefully  measured. 
Working  in  this  way  there  is  little  difficulty  in  ^ving  omuecntiTe  platea 
any  relative  exposure  that  may  be  required.  A  collateral  advantage  is 
the  possibility  of  operating  at  any  time  of  the  day  or  night. 

With  regard  to  the  preparatiun  of  the  plate.s,  the  author  has  latterly  been 
using  the  tannin  process  introduced  by  Major  Russell.  A  preliminary 
coating  with  dilute  albumen  is  generally  advisable,  as  any  loosening  of 
the  film  from  the  i^ass  murt  be  avoided  on  account  of  the  distortion 
that  it  might  introduce.  In  some  states  of  the  collodion  an  edging  of  black 
varnish  put  on  after  the  expo-sure  i.s  sufl'icient  to  hold  the  film  down.  The 
glasses,  after  being  coated  with  c<>ll<Klion  (Mawson's  was  used),  are  immersed 
as  usual  in  the  silver  bath,  and  then  allowed  to  soak  in  distilled  water,  best 
contained  in  a  dipping-bath.  They  are  then  washed  under  a  tap  for  about 
half  a  minute,  and  put  into  the  tannin  solution  (about  15  graina  to  the 
ounce)  held,  in  the  author's  ptaotice,  in  a  small  dish.  The  author  usually 
prepares  his  plates  in  the  evening,  .standing  them  up  to  dry  on  blotting 
paper.  In  the  morning  they  are  in  a  fit  state  for  use.  Artificial  heat  might 
no  doubt  be  used  if  a  more  rapid  drying  were  desired. 

At  a  distance  <tf  about  1  foot  bom  tiie  lamp  the  exposure  required  is  four 
or  five  minutes.  The  development  is  the  most  critical  part  of  the  process. 
The  pyrogallic  solution  should  contain  plenty  of  acid  (acetic  or  citric),  and  its 
action  must  not  bo  pushed  too  far — the  mistake  which  a  photographer 
accustomed  to  mgative  work  is  most  likely  to  make.  At  this  stage  the 
spectra  given  by  a  caudle-tlame  are  not  very  brilliant,  on  account  €ii  the 
iodide  ot  nlver  still  covering  the  parts  whi<^  are  to  be  transparent  Any 
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trace  of  fog  i8  especially  to  be  avoided.  The  author  has  experienced 
advantage  in  many  cases  from  a  solution  of  iodine  in  iodide  of  potassium 
applied  to  the  film  previously  to  fixing ;  but  its  action  must  be  anfblly 
vi^ed,  or  too  mueb  sUver  will  be  cooTerfeed.  The  iodide  d  cQver  is  then 
dearad  away  with  hypostilphite  of  soda  or  ejrauude,  Mowed  by  a  oaieful 
washing  under  the  tap. 

With  regard  to  the  golatinc  copies,  the  author  has  not  much  to  add  to 
the  account  read  before  tho  Royal  Society,  The  process  is  very  simple  and 
some  of  the  results  very  perfect,  but  he  has  not  hitherto  succeeded  in 
■affioiently  nuMtering  the  details.  Plates  apparently  treated  in  precisely  the 
same  manner  turned  oat  Tory  differently.  That  diffieulties  should  arise  is 
not  very  extraordinary,  considering  the  novelty  of  the  method  ;  but  it  is 
carious  that  some  Df  the  very  first  batch  prepared  are  among  the  best  yet 
produced.  The  value  ot  tlie  re.sults  is  so  gi-eat  that  the  author  has  no  inten- 
tion of  abandoning  his  uttumpti),  and  perseverance  must  at  last  secure 
•aooesiC 

The  attthor  then  said  a  few  wmxla  about  the  perfinrmaace  and  proepeots  of 

the  new  copies.   Their  defining  power  on  tho  fixed  lines  in  the  solar  spectrum 

is  all  that  could  be  desired,  being,  .so  far  as  ho  can  see,  in  no  way  inferior  to 
the  originals.  In  the  third  spectrum  the  3000  to  the  inch  gratings  show  the 
line  between  the  JJ's,  if  the  other  optical  arrangements  are  suitable.  The 
fourth  line  of  the  group  6  is  distioguished  with  the  utmost  ease.  The 
autiior  is  not  sufficiently  familiar  with  speotrosoopie  work  to  make  an  exact 
comparison,  but  jiresumes  that  two  prisms  of  60°  at  Icjvst  would  be  required 
to  effect  as  much.  The  author  is  here  speaking  of  photogmplis  on  worked 
glass.  With  onlinary  patent  plate,  although  very  good  n  sults  may  be 
obtained  if  tested  by  the  naked  eye  only,  it  is  a  great  chance  whether  the 
maguifying  power  of  a  telescope  will  not  reveal  the  imperfect  character 
of  the  snrfece. 

With  direct  sunlight  the  light  is  abundantly  sufficient ;  but  it  is  here 
in  all  probability  that  the  weak  point  of  gratings  lies.  It  should  be 
{listinctly  imderstood  that  where  light  detlciont  gratings  will  not  compete 
with  prisms.  There  are  cases,  however,  where  the  saile  might  be  turned  by 
the  opacity  of  all  highljr  dispersive  substances  to  the  rays  under  examination. 
Even  if  glass  be  retained  as  the  substratum,  it  may  be  used  in  a  very  thin 
layer,  while  prisms  are  essentially  thick.  The  immense  advantage  of  a 
diffimction-spcctrum  for  the  investigation  of  dark  heat  need  not  here  be 
insi!5ted  on.  Taking  all  things  into  consideration,  it  is  probable  that  photo- 
gi-aphed  gratings  will  supersede  prisms  for  some  purposes,  though  certainly 
not  for  all. 

The  spocimeus  ezhiUted  by  Ur  Ladd  are  copies  of  two  gratings  by 
Nobert,  each  of  a  square  inch  in  surfeoe,  the  one  containing  3000  and  the 
other  6000  lines.  The  latter  cost  about  £20. 
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ON  THE  DIFFRACTION   OF  OBJECT-GLASSES. 

[Astron.  8oe.  Month.  Not.  xxxuL  pp.  59—63,  1872.] 

In  observing  the  Sun  with  a  tcK'Scopi'  aHtronmnei-s  li;ivc  to  adopt  soni(> 
device  iu  order  to  obviate  the  iujurious  efi'ectij  which  the  inleusc  light 
aod  heat  would  otherwise  faave  on  tiie  eye.  The  most  obfbitt  way  of  doing 
this  would  he  to  contract  the  aperture  of  the  ohject-glaas,  until  the  amount 
of  light  was  reduced  to  within  the  necessary  limit.  But,  as  is  well  known, 
such  a  course  cannot  be  followed  without  an  enormous  sacrifice  of  definition. 
The  image,  in  the  focus  of  the  object-glass,  of  a  mathematical  point  is  a  j^atch 
of  light  surrounded  by  riugis,  the  dimensiona  of  the  system  fur  a  given  wave- 
length varying  inversely  with  the  diameter  of  the  lens.  If  this  he  reduced 
by  a  diaphiagm,  the  patches  dilate,  thoae  whose  centres  arc  within  a  small 
distance  overlap,  and  the  resolving  poww  of  the  telesoope  suffaa. 

It  has  oocurred  to  me  that  the  result  would  be  quite  otherwise  if,  instead 

of  the  marginal,  the  central  parts  of  the  ghxsa  were  stoppotl  off,  so  that  the 
light,  coming  from  the  lens  to  the  focus,  fonned  a  h<illow  cone  of  rays.  In 
this  case  the  peculiar  advantage  of  a  large  aperture  would  not  be  lost,  while 
any  imperfections  arising  from  outstanding  spherical  abemtion  would  be 
much  diminished. 

The  general  dependence  of  the  diflOraction  phenomena  which  occur  at 
the  feeus  of  a  tdeaoope  on  the  aperture  and  wave-length  may  be  explained 
without  mathematical  analysis.   Consider  the  centre  of  the  image  given  by  a 

well-corrected  object-glass,  as  illuminated  by  secondary  waves  coming  from 
every  part.  Since  the  pha-ses  of  all  these  elements  agree  at  the  point  in 
question,  the  illumination  is  a  maximum,  and  varies  as  the  square  of  the 
area  of  the  object-glass.  Now  take  a  neighbouxing  point  in  the  focal  plane. 
If  the  difference  of  its  distances  from  the  nearest  and  furthest  point  of  the 
tens  be  but  a  small  fraotum  of  the  wave-length  [X]  of  the  light,  the  illumination 

11—8 
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mU8t  be  .sensibly  the  same  as  before.    The  disUince  which  it  Ls  ncressarv  to 
go  from  the  ceutrc,  in  order  that  the  illumination  may  bo  diminished  lu  a 
),  ^  u  ^  -       given  proportion,  will  evidently  vary  directly  with  X»  and  invendy  with  the 
*  diaameter  of  the  glaas.  If,  then,  we  ooTer  up  the  edge  of  the  glaaS)  the  image 

of  a  point  dilatee,  hot  no  sneh  effect  msaes  if  we  dbetnict  the  oentral  parts. 

Another  point  seems  to  deaenre  a  passing  remariL  Bed  glass  is,  I 
helieve,  often  used  to  diminish  the  solar  glare.  From  an  optical  point  of 
view,  this  is  the  worst  that  could  be  chosen,  for  the  ring  system,  being 
proportional  to  \,  is  the  largest  for  red  light.  The  wave-lengths  for  the 
fixed  lines  C  and  F  are  in  the  ratio  655:486.  The  substitution  of  a 
green-blue  light  for  red  wonld  therefore  be  equivalent  to  an  enlargement 
of  about  one-third  in  the  diameter  of  the  objeet-glasa 

ily  immediate  object  in  the  present  communication  is,  if  possible,  to 
indnoe  smne  astronomer  in  possession  of  a  good  telescope  to  make  a  fow 
obeervati<»8  on  the  de6ning  power  of  an  objeet-glaas  fffovided  with  a 
oentral  stop.    Tlie  subject  might  be  either  the  Sun  himself,  or  as  in 

Foiicault's  experiments  (Vonh  t,  Leron.i  d'Optiqite  Physique,  torn.  I.  p.  308), 
a  scale  illuminated  by  sunlight  ami  placed  at  a  sufficient  distance.  Any 
results  that  might  be  obtained  could  not  fail  to  interest  physicists 
gmerally. 

I  append  a  mathematical  statement  of  the  two  most  contnisted  cases, 
namely,  (1)  when  the  object-glass  is  completely  uncovered,  (2)  when  a 
narrow  maiginal  rim  is  al<me  left  to  act. 

I<et  dl  denote  the  amplitude  of  the  vibration  corresponding  to  a  ring 
{iwRdR)  of  the  object-glass  at  a  point  whose  distance  from  the  centre  of  the 
image  subtends  at  the  lens  an  an^e  0.   Then,  if  «  a  2r  sin  JK/X, 

where  f  oo6(ceoeA)<b&, 

IT  Jo 

is  the  fieaael's  function  of  zero  order. 

For  the  complete  apertore  from  0  to  i{,  we  have 

/  »  2ir  rMdRMiw  sin  $  RjX). 

The  Intensity  is  represented  in  the  two  oases  by  the  squares  of  dl  and  /. 
The  expression  for  /  may  be  written 

,    2trR*  f   ,  ^ 
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Now,  diffecentiAtion  being  draoted  by  aooento,  Jt{»)  satisfies  the 
equation 

SB 

IthlSDOb 

80  that  j^^^B},M±M^ 

» 

or  since      (a?)  =  -  Ji  («), 

m 

The  intensitiee  in  the  two  eases  are  aoeonfingly  in  the  ratio 

Let  us  consider  first  the  positions  of  the  dark  rings.  Their  radii  are 
given  by  the  roots  of  the  equations  Ji  («)  =  0  and  J,  (a?)  0. 

In  ease  (2)  {J^  («)■>  0)  the  valnes  of  a  corresponding  to  the  dark  rings  are 

241,  5-62,  9m,  11-8,  14-9,  18*1,  fte^ 

being  ultimately  of  the  form  (m  -  ^)  v  for  the  mdi  dark  ring.  These  are  Ibr 
the  pattern  given  by  the  marginal  rim  almie.  For  the  whole  lens  we  require 
the  roots  of /|  («)bO,  whidi  are 

383,    702,    1017,    13-3,   16-5,  19'6,  &c, 

the  mth  being  ultimately  (m  ■\-\)'tt.  So  far  the  advantage  lies  entirely  with 
case  (2).  If  the  size  of  the  imago  be  regarded  as  the  space  included  within 
the  first  dmk  ring,  the  rim  above  gives  a  smaller  image  than  the  whole 
lens  in  the  ratio  of  241 :  8*88,  or  about  1 : 1'8.  From  Foucaolt's  experiments 
(see  Verdet)  it  would  appear  that  the  effectiTe  image  does  not  extend  so  Cur 
as  even  to  the  first  dark  circle.  Something,  however,  may  depend  upon  the 
distribution  of  brightness.  The  functions  2ar't/,(«),  Jo( y)  have  their  greatest 
values  when  a;  =  0,  and  are  then  both  equal  to  unity.  But  the  maxima  after 
the  first  are  less  for  2a;~'/,  (x)  than  for  J,{x).  The  positions  of  the  maxima 
of  [J^{x)Y  are  given  by  the  equation  Jxifc)  =  0,  and  are  the  same  as  those 
just  found  for  the  nmishing  of  f2dr>  J,  <«))■. 

Corresponding  to  the  values  of  x, 

8*83,   7-02,   1017,  &c, 

we  have  for  /,(«)  without  regard  to  qgn 

•408,  -SOO,     *250,  ftc 
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The  squares  of  these  give  the  maxima  ilhiminatioiiB.  To  find  when 
2d;~'i/i(»)  18  a  maximum,  we  have  by  ditfereutiation, 

J/(j)-ar»J,(«)-0. 

But  by  a  fmperty  of  these  funetions» 

and  tiiereibxe  our  conditions  aie  amply  J,  («)  >  0. 

This  gives  for  te  ^iprodmately 

6-1,   8-4,    11-6,  &c. 

the  beries  bciug  ultimately  the  same  as  for  J^{x),  so  that  the  (m— l)th 
root  is  (m— I)  IT. 

The  corresponding  values  of  2x-*J^  (t),  without  regard  to  sign,  are 

•13,    -064,    040,  &c. 

For  convenience  of  comparison  I  have  drawn  up  a  table  of  the  maximum 
intensities,  and  of  the  places  where  the  maxima  and  minima  occur  in 
the  two  cases.  The  calculations  were  made  by  means  of  the  tables  of  Bessel's 
fiinctions  computed  by  l^msen  (Lommel,  Stndim  neber  die  BesB^edten 
Functtonmy. 


1 

Wliolo  Lens 

Marginal  Bim 

Intensity 

X 

Intensity 

0(X) 

1  (N  KID 

O'OO 

1-(H)0 

iHt  miu. 

3-H3 

UUOWJ 

2-41 

OOOO 

2n<l  max. 

51 

11-0170 

3-8.3 

OlfiO 

2nd  min. 

702 

00000 

5r,2 

OOOO 

3rd  max. 

8-4 

00<W1 

702 

ooyo 

Srd  min. 

1017 

ooooo 

8-66 

o-ooo 

4th  max. 

11-6 

00016 

1017 

0H)67 

4tbmiD. 

lS-8 

0«000 

OHXN) 

P.S.  Since  the  above  paper  was  written,  Mr  Dunkin  has  called  my 
attention  to  a  paper  by  the  Astronomer  Royal  on  "The  Diffmction  of  an 
AnnulMi-  Aperture"  {I'hil.  Mag.,  Jan.  1841),  with  which  I  was  previously 
unacquainted.  The  purport  of  the  two  papers  is,  however,  quite  different. 
My  object  was  not  to  solve  a  proUem  in  physical  optics,  but  to  direet  the 
attention  of  the  possessors  of  telescopes  to  the  theoretical  consequences  of 
using  a  central  Stop,  and  to  suggest  that  its  application  may  possibly  be 
found  advantageous  in  observations  where  light  would  otherwise  be  in  excels. 
There  is  no  pretence  of  originality  in  the  matlicniatics ;  indeed,  the  .solution 
of  the  problem  for  an  annulus  is  a  [usual]  step  in  the  treatment  of  the 
question  of  a  lens  with  full  aperture,  the  details  of  which  are  well  known. 
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AN  BXPERIMENT  TO  ILLUSTRATB  THE  INDnCTION  ON 
ITSELF  OF  AN  ELECTBIO  GUBRENT. 

lA^'ature,  vi.  p.  (ii,  1872.J 

It  18  well  known  that  the  sudden  development  of  a  current  in  m  condootoa' 
is  opposed  by  an  inflnenoe  analogous  to  the  inertia  of  ordinary  matter.  A 
powerful  movement  of  electrici^  cannot  be  suddenly  produced  ;  neither  can 
it  be  suddenly  stopped.    One  consequence  is  that  a  periodic  inteiTuption 

of  a  circuit  in  which  a  constant  eloctroniotivc  force  acta  is  sufficient,  when 
the  self-induction  is  great,  to  stop  all  sensible  current,  even  although  the 
intemiptions  themselves  may  be  of  very  short  duration.  Before  any  oopioua 
flow  can  be  produced  the  cirouit  is  broken,  and  the  work  has  to  be  begun 
over  again.  Whether  in  any  particular  case  the  influence  of  self-induction  is 
paramount,  or  not,  will  depend  also  on  the  resistance  of  the  circuit,  and  on 
the  rapidity  of  the  intermittonce.  The  magnitudes  which  really  come  into 
direct  comparison  are  the  interval  between  the  breaks,  and  the  time  which 
would  elapse  while  a  current,  generated  in  the  circuit  and  then  left  to  itself, 
foils  to  a  speoifie  fraction  (such  as  one  half)  of  its  original  magnitude.  In 
ordinary  cases  the  duration  of  transient  currents  is  but  a  small  part  of  a 
second  of  time,  so  that,  in  order  to  bring  out  the  effiaota  of  self-inductixm, 
the  breaks  must  recur  with  considerable  rapidity. 

There  ia,  however,  one  remarkable  exception  to  the  general  rule,  which 
occurs  when,  alongside  of  the  priucij^il  cuil  to  which  the  sluggishntnss  is  due, 
there  exists  an  independent  course  along  which  the  electricity  can  circulate. 
For  instance,  suppose  (hat  a  ooil  with  two  wires,  such  as  is  often  used  for 
electro-magnets,  is  so  arranged  that  one  wire  is  included  in  the  principal 
circuit,  while  the  ends  of  the  other  are  joined.  The  effect  of  the  second 
circuit  is  then  to  nontralise  the  self-induction  of  the  first,  and  so  to  increase 
largely  the  current  that  piusses  through  it.  Let  us  trace  the  progress  of 
the  pheuomeuuu;  supposing  that  the  first  circuit  has  been  closed  for  a 
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sufficient  time  to  allow  of  the  development  of  the  fell  cunent  which  can 
be  excited  by  the  actual  eleetromotiye  force. 

The  moment  the  rapture  is  complete,  the  currmt  in  the  fint  wire  must 

stop,  but  another  of  the  same  magnitude  and  direction  is  at  once  developed 
in  the  neighbouring  circuit.  In  fact,  in  virtue  of  its  inertia,  the  electrical 
motion  tends  to  continue  with  as  little  change  jis  jjossible,  a  result  which 
is  attained  iu  great  degree  by  the  forniatiuii  of  the  second  current  to  fill 
the  place  of  the  first.  In  a  short  time  the  induced  current  would  diminish 
and  become  insenrible  under  the  operation  of  reristaoce  (analogons  to  ordi- 
nary  friction);  but  we  are  supposing  that  before  this  takes  place  to  any 
consicierable  extent  the  contact  is  renewed,  and  the  electromotive  force  again 
begins,  in  the  fin^t  circuit,  to  jmsh  the  electricity  on.  It  is  now  that  the 
peculiarity  of  the  arraugenieut  manifests  itself.  The  current  instantly 
transfers  itself  back  again  to  the  first  circuit,  which  thus,  without  any  delay, 
has  the  advantage  of  the  full  cuirent  which  the  electromotive  ftioe  can 
sustain.  If  it  had  not  been  for  the  second  drcuit  and  its  ouirent,  the  develop- 
ment in  the  first  would  only  have  been  gradual,  and  by  supposition  so  slow 
that  it  would  be  checked  by  another  interruption  before  any  considerable 
progress  could  be  made.  In  short,  the  self-induction  of  the  principal  circuit 
is  virtually  destroyed*. 

In  my  experiment  the  |)i  im'i|)al  circuit  consisted  of  a  iSmee  cell  and  one 
wire  of  a  coil  bdongiug  to  u  large  eleetio-magnet,  and  which  I  may  call  Ai. 
The  int«rrapter  was  a  tumug>lbrk,  arranged  after  Hehnholta,  and  set  into 
regular  vibrations  of  about  128  per  second  by  an  independent  current  and 
battery.  The  fork  itself  Wi\s  forged  by  the  village  blark«iiiith,  and  the  whole 
aftair  was  home-made.  Across  one  prong  was  placed  a  Bort  of  rider  of  copper 
wire,  dipping  on  either  side  into  a  mercury  cup,  and  so  arranged  that  during 
the  vibratiGn  itsendsshould  raterand  leave  the  mercury,  thereby  establishing 
and  interrapting  die  continuity  of  the  dieuit  The  cunent  was  measured  by 
means  of  a  short-wire  galvanometer  whose  electrodes  were  connected  with 
two  neighbouring  points  of  the  circuit  in  such  a  manner  that  a  small  but 
constant  proportion  of  the  entire  current  [lassed  thruugh  the  in.strument. 
The  second  wire  of  the  coil  A^,  which  is  similar  to  the  first  and  put  on  ivitk 
formed  the  second  eneuit,  when  its  ends  were  jomed  hy  a  shcrt  wire.  In 
order  to  inerease  at  pleasure  the  effiaots  of  induction,  iron  wires  or  rods  of 
about  a  quarter  of  an  inch  in  diameter  were  provided,  whose  insertion  in 
the  coil  materially  increased  the  deoisiyenen  of  the  result. 

In  the  first  place,  the  deflection  produced  on  the  galvanometer  when 
the  ciccuit  was  permanently  completed  was  58%  which  to  fell  39**  when  the 

*  ICatheiMttoiMW  tanillar  villi  flw  flMOiy  of  dsotriollar  wtSL  iOlam  UiU  b7  pnttiag  Che  three 
indnetion  coefnoiontR  (in  MmrdTs  aolstion,  £,  Jf,  N)  «qaal,  sad  lbs  mfatmee  of  the  mooihI 

flinmit,  S,  equal  to  zero. 
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interrupter  was  at  work,  the  circuit  of  A .,  being  open,  and  without  iron.  On 
closing  A.,  the  deflection  rose  to  46".  ^4.,  was  again  opened,  and  onr  iron 
wire  iiitrodurt'd,  which  gave  30\  Two  wires  gave  25  ,  while  the  introduction 
of  thirty  reduced  the  deilection  to  12^  Again  closing  A^,  the  reading  was 
48*,  ruaed  to  44*  only  by  the  removal  of  the  iron.  It  waa  dear  that  the 
aecmd  circait  almost  aeeored  the  first  fivm  the  influence  of  induction,  whidi 
otherwise  greatly  reduced  the  electrical  dreulatimi.  I  may  add  that  the 
arrangement  was  very  efficient,  the  galvanometer  needle  remnitiing  perCactly 
steady,  ho  that  the  readings  could  be  taken  with  eoue  and  accuracy. 

Another  experiment  made  at  the  same  time  (about  two  years  ago)  may 
bo  noticed,  if  only  for  its  contrast  with  the  itivcrding.  The  rnil  ^1,,  b<  ing 
removed  from  the  main  circuit,  was  included  in  the  branch  with  the  galvano- 
meter, as  shown  in  the  figure.   Here  neither  the  insertion  of  iron  nor  the 


COIL 


cloeing  of  A.^  made  any  difference  ;  the  circuit  containing  the  coil  remaining 
always  closeci,  whatever  might  be  the  condition  of  the  other.  In  such  circum- 
stances the  average  current  indicated  by  the  galvanometer  is  independent  of 
the  aelf-induction  of  the  coil,  varying  only  with  the  resistance  in  the  branch, 
and  with  the  wmoge  difierenoe  of  potential  a;t  the  points  of  deiivation. 
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SOME  GENERAL  THEOREMS  RELATING  TO  VIBRATION& 

[Froceedinga  of  Uie  London  Mathematical  Society,  Vol  iv.  pp.  357 — 368, 

1873.] 

This  paper  ooDtaioB  a  diort  aoeount  of  ioin«  general  theorems,  with 
whidi  I  have  lately  beoomo  acquainted  during  the  preparation  of  a  work 
on  Acoustics.  As  they  seem  to  possess  considerable  interest^  I  take  the 
pitMent  opportunity  of  briugiiig  them  before  the  ^>ociety. 

Section  I. 

The  natural  periods  of  a  conservative  system,  vibrating  fredy  about  a 
eonfiguratwn  of  stable  equilibrium,  fulJU  the  ttationarg  condition. 

Let  the  system  be  referred,  in  the  usual  manner,  to  independent  oo> 
ordinates  ^j,...  whose  origin  is  taken  to  correspond  with  the  con- 

figuration of  equilibrium.  Then,  the  stjuare  of  the  motion  being  neglected, 
the  kinetic  and  potential  energies  arc  expressible  in  the  form 

7'= i  [11]  ^.^  +  i  m  H  +  +  [12]  hf,  +  (1), 

1^  =  i  {1 1 1  V^.*  +  U22}  t.'  +  +  [12]  ^|r,yfr,+  (2). 

where  [11]...,  (H}--.  are  constants,  subject  to  the  condition  of  making 
7*  and  V  always  positive.  For  the  present  purpose,  it  is  convenient,  though 
not  necessary,  to  transform  the  coordinates  in  the  maimer  explained  in 
Thomson  and  Tut's  KatuftU  Pkilosophtj,  §  887.  so  aa  to  reduce  T  and  V 
to  a  sum  of  squaiee; 

T^m^'+m^k'-^  (3). 

 (*). 

wheie  the  ooeflMents  are  necessarily  positive  The  natural  vilmtions  of 
the  system  aie  tiioee  represented  by  the  separate  variation  of  the  oocwdinates 
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;  and  tiie  oorrespondingdiffiBieiitial  eqiiataoos obtained bj  Lagxaage's 
metiiod  are  d  the  fbnn 

W^.+  W^-0  (6X 

sfaoiniig  that  the  poiod  of  the  natuxal  vilwatioii  ^  is  fftva  by 

T.-2«-[.]»^W»  (6). 

Let  118  now  suppose  that  the  syBtem  is  no  longer  allowed  to  choose  its 
type  of  vibiatiim,  bat  that  an  arbitrary  type  is  imposed  upon  it  by  a  suitable 
coostratntk  leaving  only  one  degree  of  fireedom.  Thns,  let 

i>i^A,e,   4>,  =  AA   &c.  (7), 

where  A^,  At,...  are  giveu  real  coeiiicieuts.  The  expressioua  for  T  and  V 
become 

r={i[i]ii,«+H2]^*+  }^  (8). 

V^{),[\\A^  +  i[2]A^+  (9). 

whence,  if  0  varies  as  cosjpt. 

This  gives  the  period  of  the  vilwation  of  constrained  ty^pe ;  and  it  is  evident 

that  the  periofl  is  stationary,  when  all  but  one  of  the  ciH-fficients  /I,,  ... 
vanish,  that  is  to  say,  when  the  type  coincides  with  one  of  those  natural  to 
the  system. 

By  means  of  this  theorem  we  may  pnjvc  that  an  increase  in  the  mass  of 
any  part  of  a  vibrating  system  ia  attended  by  a  prolongation  of  all  the 
natural  periods,  or  at  any  rate  that  no  period  can  be  diminished.  Suppose 
the  increment  of  mass  tu  Ix'  infliiitosimal.  After  the  alteration,  the  types 
of  vibration  will  in  general  be  changed;  but,  by  a  suitable  constraint,  the 
R\^tem  may  be  nuxde  to  retain  any  one  of  tho  former  types.  If  this  be  done, 
it  is  certain  that  any  vibration  which  involve.s  a  motion  of  the  part  whose 
mass  is  increased,  has  its  period  prolonged.  Only  as  a  particular  case  (as, 
for  example,  when  a  load  is  placed  at  the  node  of  a  vibrating  string)  can  the 
period  remain  nnehanged.  The  theomn  now  allows  us  to  assert  that  the 
removal  of  the  constraint,  and  the  consequent  change  of  type,  can  only  affect 
the  perio<l  by  a  quantity  of  the  second  order ;  and  that  therefore,  in  the 
limit,  the  free  period  cannot  be  less  thau  before  the  change.  By  integration 
we  infer  that  a  finite  increase  of  mass  must  prolong  the  period  of  every 
vibration  which  involves  a  motion  of  the  part  affected,  and  that  in  no 
case  can  any  period  be  diminished ;  but  in  order  to  see  the  oorrespondcnce 
of  the  two  sets  of  periods,  it  may  bo  necessary  to  suppose  the  alteration 
made  by  stops  The  convei-so  of  this  and  corresponding  theorems  relating 
to  an  alteration  in  the  potential  energy  of  a  system  will  now  be  obvious. 
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A  very  usel'ul  application  ol  the  pnnciplt;  may  be  made  to  the  ap- 
proxiiuate  calcuhitiuu  of  the  natural  periods  of  a  system  whose  coostitutioa, 
though  complicated,  is  but  slightly  different  torn  ome  of  a  much  simpler 
nature.  The  main  difficulty  of  the  geneia]  problem  cfmaists  in  the  detsnmn- 
ati<m  of  the  free  types,  which  may  involve  the  solutimi  of  a  difficult 
difforoiitial  equation.  We  now  see  that  an  approximate  kiiowlLtlge  of  the 
type  may  be  suffieieut  for  practical  purposes,  and  that,  in  the  chiss  <.»f  cases 
referred  to,  the  adoption  of  the  type  natural  to  the  approximate  simpler 
syBteoi  in  the  calculation  of  T  and  V  will  entail  an  eiror  of  the  boqqimI  Oifder 
only  in  the  final  reanlt. 

To  illustrate  this  question,  we  may  take  a  case  not  without  interest  of 
its  own — ^namely,  the  transverse  motion  of  a  stretched  string  of  nearly,  but 

not  quite,  uniform  longitudinal  density.  If  the  uniformity  were  exact,  the 
type  of  the  sth  component  vibration  would  be 

y  =  <^,sm  -J-   (11), 

where  I  is  the  length, « the  distance  of  any  partide  from  one  end,  and  y  the 

transverse  displacement.  In  accordance  with  the  plan  proposed,  we  are 
to  calculate  the  period  for  the  variable  string  on  the  supposition  that  (11)  is 
also  applicable  to  it.    We  find 

=   <^^>-' 

if  Zkp  being  small 

For  the  potential  eneigy  we  have  (Ti  being  the  tmsion)  the  usual 
expreanon 

^-<{th-'^-r*'-  w 

Hence,  if  the  solution  be 

^-ilco8(^*-e)  (U), 

the  period  r,  is  given  by 

^'-^.M'X'^'T''}  ^ 

As  might  be  expected,  th(>  effect  of  an  alteration  of  density  vanishes  at  the 
nodes,  and  is  a  maximum  midway  between  them. 

*  [Ab  «mtain  is  hm  mrmM,  ISBS.] 
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A  sitnilar  method  apjjlies  to  a  great  varictv  of  problems,  and  gives  the 
mean»  of  calculating  the  correction  due  to  the  uecessary  deviation  of  uuy 
actual  system,  on  which  ezperiments  can  be  made,  from  the  ideal  simplicity 
aammed  in  ^heotj, 

Anothw  point  of  importaooe  with  reference  to  this  application  has  yet  to 
be  notioed.  It  aiq>ears  from  (10)  that  the  period  of  the  vibration  corre- 
sponding to  any  hypotheticjil  tj'pe  is  included  between  the  greatest  and  least 

of  the  perii  Kls  natiinil  to  the  system.  In  the  case  of  systems  like  strings  and 
plates,  which  are  treated  as  capable  of  continuous  deformation,  there  is  no 
least  natural  period ;  but  we  may  still  assert  that  the  period  calculated  from 
any  hypothetical  type  cannot  exceed  that  belonging  to  the  gravest  normal 
typ&  When,  therefore,  the  object  is  to  estimate  the  longest  natm«l  period 
of  a  system  by  calculations  founded  on  an  assumed  type,  we  have,  d  priori, 
the  assurance  that  the  result  will  come  out  too  small.  For  example,  the 
value  for  t,,  given  in  (15),  is  certainly  less  than  the  truth,  while  the  error  is 
of  the  second  order  in  Ap. 

In  the  choice  of  a  hypothetical  type,  judgment  must  be  used,  the  object 
being  to  approadi  the  truth  as  nearly  as  can  be  done  without  too  great 
a  sacrifice  of  simpHoitj.    The  type  fiw  »  string  heavily  weighted  at  any 

point  might  suitably  be  taken  from  the  extreme  case  of  an  infinite  load, 
that  is  to  say,  the  two  parts  of  the  string  might  be  supposed  to  hr  straight. 
Even  with  a  uniform  unloaded  string,  the  result  of  the  above  hy|)otliesis  is 
not  so  very  far  from  the  truth.  Taking  y  =  i>u;  cos pt  from  x  =  0  to  x  =  ^l, 
we  find,  for  the  whole  staring, 

T^PP^^tpt.  r-m«^'cotfjpt; 

whence 

^'-^  <^®>- 

The  correct  result  for  a  uniform  string  is 

 •  a^i 

so  that  the  period  calculated  from  the  assumed  type  is  too  small  in  the 
ratio  of  tt  :  v''l2  or  f)07  :  1. 

A  much  closer  approximation  would  be  obtained  by  the  assumption 
of  a  parabolic  form 

y  =  i»(l-4*«/l^   (18). 

Fkoceeding  in  the  same  way  as  before,  we  should  find  a  period  too  short 
in  the  ratio  w :  ViO,  or  '9936 : 1,  In  order  that  the  natural  type  should  be 
parabolic,  the  denrity  of  the  string  would  have  to  vary  as  (j*-  4c^)r\  being 
thus  a  minimum  in  tiie  middle,  and  becoming  infinite  at  either  end. 
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The  gravest  tone  of  a  square  plate  is  obtained  when  the  t}-po  of  vibration 
is  such  that  the  nodal  lines  form  a  cross  passing  through  the  centre  of 
the  plate  and  parallel  to  the  edges.  The  next  type  in  order  of  importance 
gives  the  diagonals  tat  the  nodal  linea  Chladnt  feand  ezpnimentaUj 
that  the  interval  between  the  two  t<mea  was  about  a  fifth.  It  so  happens 
that  the  second  kind  of  vibration  can  be  completely  treated  theoretiailly, 
being  referable  to  the  simpler  case  of  th<-  vibration  of  bars*;  but  the  first 
has  not  hitherto  been  successfully  attacked.  I  find  that  if  we  assume  for  the 
type  of  vibration 

M^sycoBft   (19X 

the  nodal  lines  being  taken  fw  axes  of  m  and  y,  the  boundaiy  oonditioos  an 
satisfied,  and  the  calcnlated  period  oomes  oat  greater  than  that  aorrespooding 
to  the  disgonal  position  of  the  nodal  lines  in  the  ratio  of  1*37 : 1.  Since 
this  ratio  is  certainly  Unt  sniall,  Chladni's  result  is  about  what  might  have 

been  expected  from  theoretical  considerations. 

Before  leaving  the  subject  of  natural  vibrations,  I  wish  to  direct  the 
attention  of  mathematicians  to  a  p<jint  which  does  not  appear  to  have 
been  sufficiently  considered :  I  refer  to  the  expansion  of  arbitrary  functions 
in  series  of  others  of  specified  typea  Tlie  best  known  example  of  such 
expansions  is  that  generally  called  after  Fourier,  in  which  an  arbitxary 
periodic  function  is  analysed  into  a  scries  of  harmonics,  whose  jx-riods  are 
sub-multiples  of  that  of  the  given  function.  It  is  well  known  that  the 
ditlieulty  of  the  question  is  confined  to  the  proof  of  the  possibiliti/  of  tlie 
expansion ;  if  this  be  assumed,  the  determination  of  the  coefficients  is  easy 
enough.  What  T  wish  now  to  drsw  attention  to  is,  that  in  this,  and  an 
immense  variety  of  similar  cases,  the  possibility  of  the  expansion  may  be 
inferaed  irom  physical  considerations. 

To  fix  our  ideas,  let  us  consider  tlie  small  vibrations  of  a  uniform  string 
stretched  between  two  fi.\ed  points  We  know,  from  the  general  theor}',  that 
the  whole  motion,  whatever  it  may  be,  can  be  analysed  into  a  series  of 
harmonic  functioiis  of  the  time,  representing  component  vibrations,  e^ieh 
of  which  can  exist  by  itsel£  If  we  can  discover  these  normal  types,  we  shall 
be  in  a  positami  to  represent  the  most  general  possible  vibrati<m  by  combining 
them,  each  with  arbitmry  amplitude  and  phase.  The  nature  of  the  ncHimal 
types  is  given  by  the  soluti<m  of  the  differential  equation 

d^  +  ^  =  0   (20). 

wh^uie  it  appem  that  they  are  expressed  by 

y  =  sm  y ,       y  =  am  — ^   ,       y  =  sin   ^   ,  &c 

•  [1888.  Only  in  tha  oms  «1mm  PtriMon's  nUo  nnidiM:  saa  TlUart  of  Smuid,  i  SM.] 
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We  infer  that  the  mast  general  j)osition  which  the  string  can  assume  is 
capable  of  representation  by  a  series  ot  the  lurni 


which  19,  a  particular  case  of  Fourier's  theorem.   There  WOUld  be  no  difficulty 

in  pro%inp  it  in  its  most  geneml  form. 

So  fur  the  string  hius  been  supposed  uniform.  But  we  have  only  to 
introduce  a  variable  density,  or  even  a  single  load  at  one  point  of  the  string, 
in  <Hcder  oomidetelj  to  alter  tlie  ezpuBoo  iriiosc  possibility  may  be  uiftired 
fimm  dynamical  theoiy.  It  is  evident  that  corresponding  to  any  Bystem, 
whether  string,  bar,  membrane,  plate,  or  what  not,  there  is  an  appropriate 
expansion  for  an  arbitrary  function  of  one  or  more  variables.  Thus  the 
expansion  in  La  Place's  series  may  be  proved  by  considering  the  motion  of 
a  thin  layer  of  gas  between  two  concentric  spherical  surfaces,  the  expiuisiou 
in  Beesel's  functions  tedm  the  vibxations  of  a  einsolar  membrane,  or  <tf  the 
air  contained  within  a  rigid  (^linder,  Ac.  When  the  diffienlty  of  a  direct 
analytical  proof  of  even  these  simple  cases  is  considered,  the  advantage  of  the 
physical  point  of  view  will  be  admitted. 

The  method  of  definite  integration  (or  summation,  if  the  system  have 
only  finite  freedom),  by  which  the  constants  are  determined  to  suit  arbitrary 
initial  cn'cumstances,  is  well  known,  and  has  l>een  applied  to  a  gre^it  variety 
of  problems,  dealing  not  only  with  vibrations,  but  with  other  physical 
questions  such  as  the  oonduoti<Hi  of  heat ;  but  I  have  never  seen  the  reason 
of  its  success  distmctly  stated.  It  may  be  said  to  dq)end  on  the  charaeter- 
istio  property  of  the  normal  coordinates,  namely,  their  power  of  expressltig 
the  energy  of  a  system  as  a  Bum  of  Squares  only.  la  the  case  a  string,  for 
example,  we  have 

y«^8m-y-  +  ^8m-|-  +  , 

where  ^,  ^          are  the  normal  coordinates.   The  expression  for  the 

eneigy  is 

I  J^j/'dx,     or  I  j^dx      sm  -|-  +  ^  sm  ^—  +  | . 

If  by  the  solution  of  the  differential  equation,  or  othwwiae,  we  have 

wisurefl  ourselves  as  to  the  nature  of  the  normal  types,  we  may  assume, 
without  further  proof,  that  the  jiroducts  of  the  coordinates  will  disappear 
fix>m  the  expression  for  the  enetgy, — in  the  above  instance,  that 

rt 


will  vanish,  if  r  and  «  be  diffarent. 
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Sbction  IL 

The  Diuipaiion  FunOUm. 

The  original  equation  of  motion  of  a  syatem  in  raokangatar  coordinates,  as 
obtained  at  once  by  an  application  of  the  Plrininple  of  Virtual  Velocitiee,  is 

Sm  (af&r  +  yBy  +  Hz)  =  t  (X8x  +  1%  +  Z8z)  (21). 

When  transformed  to  independent  coordinates,  and  restricted  so  as  to  give 
the  equations  of  vibratorj'  motion  in  their  simplest  form,  thia  becomes 

I©-*"*-  

where  %S^|r,  +  ^,g-f,  +  ...  IB  the  transformation  of  S  (X&r+  FB^  +  JBSr), 
denoting  the  work  done  on  the  system  by  the  applied  fbices  daring  the 

hypothetical  displacement. 

If  wc  sejmrate  from  "it  the  finoes  which  depend  only  on  the  position  of 
the  system,  we  obtain 

d  (dT\  ,dV    ^  , 

The  principal  object  of  the  present  section  is  to  show  that  another  group 
of  forces  may  be  advantageously  treated  in  a  similar  manner. 

The  forces  referred  to  are  those  which  vary  in  direct  proportion  to  the 
component  velocities  of  the  parts  of  the  system.  It  is  well  known  that 
friction,  and  othor  sources  of  dissipation*  may  be  nseftilly  represented  as 

following  this  law  approximately ;  and  even  mh&a  the  true  law  is  different, 
the  prinr  ipal  features  of  the  case  will  be  brought  out,  Tlie  effect  of  Sttch 
forces  will  be  to  introduce  into  the  original  e(juation  terms  of  the  form 

't{€ubU-¥K^y^'¥thi^)   .(24), 

where  icb,  s^  are  the  eoeffidents  of  friction,  panllel  to  the  axes,  for  the 
particle  x,  y,  §.  The  transformation  to  the  independent  coordinates  is  effected 
in  a  similar  manner  to  that  of  2ii»(A&»  +  ^^-f  ifisX  t^id  gives 

where 

-  i  (11)     +  J  (22)     +  +  (12)        +  (25). 

F,  it  will  be  obser\ed,  is,  like  T  and  V,  a  nt^tessarily  positive  quadtatio 
function  of  the  coordinates,  and  represents  the  rate  at  which  enogy  is 
dissipated. 
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The  above  investigation  refers  to  fiwces  proportional  to  the  absolute 
velocities;  but  it  is  equally  im])nrtant  to  include  such  as  depend  on  the 
relative  velocities  of  the  ptirts  of  a  system,  find  this  fortunately  can  bo  done 
without  any  increase  of  complicjition.  For  example,  if  a  force  acts  on  the 
particle  Xi  proportional  to  X|  — i:,,  there  muHt  be  at  the  same  mumcut,  by  the 
law  of  actioD  and  reaction,  an  equal  and  opposite  fiwoe  acting  on  tt,.  The 
additional  terms  in  the  fundamental  equation  will  be  of  the  form 

which  may  be  writtien 

and  so  on  for  any  number  of  pairs  of  mutually  influencing  particl»«(.  The 
only  effect  is  the  addition  of  new  terms  to  which  still  appears  in  the 
form  (25)* 

The  existence  of  the  function  F  dova  not  seem  to  have  been  recognisod 
hitherto,  and  indeed  is  expressly  denied  in  the  excellent  AeouBtie*  of  the  late 
FlroC  Donkin  (p.  101}.  We  ehall  see  that  its  existence  implies  certain 
relations  between  the  coefficients  in  the  generalised  equations  of  moti<»i, 
which  cany  with  them  important  conaequencea 

Lagrange's  equation,  after  the  separation  from  ^  of  the  forces  propmtional 
to  the  displacements  and  veloeitiea,  whether  absolute  or  relative,  becomes 

.   

r  =  HiiJ^'+  +  [12]^,^,+.... 

^  =  i(ll)S^,«+  4(12)^,^,+  .... 

On  substitution,  we  obtain  a  system  of  equations,  which  may  be  wiitteu : 

ri>^r,  +  Uyfr,  +  13t,  +  =  % 

21  f  I  +  22^,  +  Tiyp-,  +  =  "ir, 

3l^,  +  32t«    33^1  +  -  % 


.(27). 


.(28). 


where  a  coefficient  such  as  rs  is  an  abbreviation  for  the  quadratic  operator 

It  is  to  be  cmn  fully  noticed  that  since  [rt]*[<r],  (r»)«(«r),  {rs)«{«r},  it 
follows  that  fis«r. 

*  The  differences  referrtKl  to  in  fhs  tnl  m»j  «f  «oana  pMS  iato  diflenntUl  ooeffiflieota 
in  the  oaae  of  a  oonUonoua  body. 

n.  I.  la 
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The  small  vibrations  of  a  system  free  from  diasipative  influences  can 
always  be  analysed  into  a  series  of  normal  component'*,  each  of  which  is 
similar  in  character  to  that  of  a  system  possessing  but  one  degree  of  freedom. 
It  is,  in  general,  otherwise  with  the  vibrations  of  a  dissipative  system. 
These  may,  indeed,  be  enalyaed  into  oomponenta  of  the  qnad-bamooie 
type  (Thomson  and  Tut,  |  849);  bat  these  but  are  different  in  diaiaeter 
from  the  vibration  of  a  simple  dinipative  system.  For  instano^  tiio  ajetMn, 
supposed  to  be  animated  by  one  component,  does  not  \iase  simnltanoonsly 
through  the  configuration  of  (ji|nilihrium.  The  reawn  of  the  dirt'en  nci!  will 
appear  at  onco.  When  there  is  no  friction,  a  suitable  transformation  of 
ooofdinates  will  always  reduce  T  and  F  to  a  som  of  squares,  and  the 
equations  of  motion  become 

+11]     =  &C, 

the  same  as  for  a  simple  i^stem.  Ibe  praeenoe  of  firictioa  will  not  interfere 

with  the  reduction  of  2*  and  V;  but  the  transformation  pro|ier  Ibr  them  will 
not  in  general  suit  also  the  requiremmtB  of  F,  The  equation  can  then  only 
be  reduced  to  the  form 

(ll^,  +  (ll)^  +  (18)^  +  +   (S9). 

and  not  to  the  simple  form  expreenng  the  vibration  of  a  system  of  one 
degree  of  freedom. 

W*i  +  (1)^+Ul*i«*i   (30)l 

We  may,  howevw,  ehoose  iHiidi  two  of  the  three  ftmetiotts  we  shall  reduce, 
and  the  aeleetion  would  vaiy  aooording  to  oiroumstanoee. 

Cases,  however,  arise  in  which,  owing  to  the  special  character  of  the 
system,  the  same  transfonnation  of  ooordioates  will  reduce  all  three  functions 
to  sums  of  squares,  and  then  the  motion  possesses  an  exceptional  simplicity. 
Under  this  head  the  most  important  are  probably  when  is  of  the  same 
form  as  T  or  V.  In  the  problem  of  the  string,  if  we  assume  a  direct 
retarding  forco  proportional  to  the  velocity,  we  have  F  proportional  t-o  T ; 
if  the  dissipation  is  due  to  viscosity,  we  might  iiavu  F  proportional  Ui  V. 
The  same  ezceptioDal  redaction  is  possible  when  i*  is  a  linear  function  of  T 
and  F,  or  when  T  is  itsdf  of  the  same  form  as  F.  In  any  of  these  cases 
the  equatimis  of  motion  for  each  component  are  of  the  same  form  as  fiir  a 
dissipative  system  with  one  degree  of  freedom,  and  the  elementary  types 
are  characterised  by  the  fact  that  the  whole  system  pfisses  .simultaneously 
through  the  conHguration  of  equilibrium.  It  appears  that  the  law  of 
friction  usually  assumed  for  a  string  is  of  an  exceptional  character,  and  leads 
to  results  of,  in  some  respects,  delusive  simpUdty. 
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Skction  ni. 


The  present  section  is  devoted  to  the  proof  and  illustmtinn  of  a  very 
import luit  law  of  a  reciprocal  character,  connecting  the  forces  and  motions  of 
aay  two  types.  Particular  cases  of  it  have  been  noticed  by  previous  writent ; 
Irat  the  gauenl  tbeorem  ia»  I  believe,  new,  and  indeed  oould  not  be  proved 
withoat  tbe  Teealfee  of  the  preoeding  section. 

The  following  partial  statement  will  convey  an  idea  of  its  nature: — 

Let  a  periodic  force  Nl',,  equal  to  A,  cos  pt,  act  on  a  system  either  con- 
servative, or  subject  to  dissipation  represented  by  the  function  F,  giving  the 
forced  vibration  =  kA,  cos  (jit  -  «),  where  « is  the  ooeflficient  of  amplifeade, 
and  c  the  retardation  of  phase.  The  theorem  assarts  that  if  the  qrBtsm  be 
acted  on  by  the  force  ^r^^rooiipit  the  corresponding  forced  motion  of 
tjpe  t  will  be 

yftg^tcA,  cos  (pt  —  e). 
The  solution  of  the  general  equations  (28)  may  be  expressed  in  the  form 

^     d.U  d.l2 


ci.21  (2.22 


.(81). 


mheaee  V  denotes  the  determinant 


11.  12.  18, 

21.  22,  23. 
31,   32,  33, 


(82), 


and  the  piirtial  ilitlerentiations  are  made  without  recognition  of  the  relations 
iF  s  rs,  &c.   By  the  nature  of  detonunants  it  follows  that,  since  ir  -  ti, 


d.fh  d.ir 


.(88X 


Thm  the  component  displacement  ^r,  due  to  a  force  %  is  given  by 


..(34> 
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If,  now,  we  inqaire  what  the  effiset  of  a  force  will  be  in  pfoduoiiig  the 
displaoement  of  type     we  find 

 •••••(»). 

su  that  ill  virtiK-  of  (33)  the  relation  of  ^fr,  to  in  the  aeoond  caee,  is  the 
same  as  the  rehition  of       to       in  the  first. 

Distinguishing  the  second  case  by  a  dash  affixed  to  the  correeponding 
quantities,  let  us  take 

where  the  coefficiLiits  A,,  A,'  may,  without  lo^  of  generality,  be  supposed  to 
be  real.   The  solution  may  be  expressed  in  the  form 

where  djdt  is  replaced  by  ip  iu  V  and  its  differentials.  Hence  by  (33) 
we  eee  tiuil 

i*r>r-il.t/  (87X 

which  is  the  sjmibolieal  expranion  of  the  reciprocal  theorem  with  reject 
botii  to  amiditade  and  phaM.  If  «•  then  will  ^/  —  ;  bat  it  must 
be  remembered  that  the  forces  and  displacement's  of  different  types  are  not 
necessarily  comparable.  The  following  stntcmtiit  will,  however,  hold  ^ikxI  in 
all  cAses : — The  force  '^1'^'  does  as  much  work  on  the  motion  due  to  as  4^, 
does  on  the  mution  diu;  to 

There  is  an  important  class  of  cases  to  which  our  principle,  general  as  is 
the  jiroof  just  given,  would  not  at  first  sight  appear  to  apply.  Among  these 
may  be  noticed  systems  in  which  the  cause  of  the  dissipation,  or  of  part  of  it, 

is  the  conduction  and  n\diation  of  heat.  The  dissipation  cannot  always  be 
represented  by  a  function  F,  which  shall  he  the  same  in  form  under  all 
circumstances.  1  am  not  i\t  present  in  a  position  t«  disctiss  this  cjuestion 
completely ;  but  there  is  one  consideration  which  may  here  he  referred  to  as 
sufficient  to  bring  a  huge  additicmal  field  within  the  sweep  of  the  demonstra- 
tioa  Since  the  investigation  is  concerned  only  with  harmonic  motions  of 
period  (p),  it  will  be  sufficient  for  the  establishment  of  the  theorem  if  the 
dissipation  function  exist  /or  all  vibmliom  of  the  given  period. 

A  few  examples  tna\'  promote  the  comprehension  of  a  theorem  which,  on 
account  of  it.s  extreme  generality,  may  appear  vague. 

Let  A  and  li  be  two  points  of  a  uniform  or  variable  s( retched  siring. 
If  a  peritnlic  transverse  force  jict  at  A,  the  same  vibnition  will  be  produced 
at  .0  as  would  have  ensued  at  A  had  the  force  acted  at  B. 
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Id  a  space  occupieil  by  air,  let  A  and  li  be  two  ssourceii  of  dusturbauce. 
The  vibFatiom  ezdted  at  A  will  hjKve  at  i9  the  same  relative  amplitude  and 
phase  as  if  the  ptaoes  were  exdiaoged.  Helmholts  (Cirett^  Band  LTII.)  haa 
proved  this  result  in  the  case  of  a  uniform  fluid  without  friotioOt  in  whieh 

may  be  immersed  any  number  of  rigid  fixed  solids;  but  w»>  are  now  in 
a  position  t<»  assort  that  the  reciprocity  will  not  be  interfered  with,  whatever 
number  of  strings,  membraues,  forks,  &c.  may  be  present,  even  though  they 
are  mbject  to  damping. 

The  theorem  includeH  the  optical  law,  that  if  one  point  can  be  seen  from 
a  eecond,  the  eeoond  can  also  be  seen  fimn  the  fint,  whatever  reflections 
or  refiaotions  the  Ught  may  have  to  nndeigo  on  its  passage. 

A  last  example  may  be  taken  from  electricity.  Let  there  be  two  linear 
condactmg  circuits  A  and  B,  in  whose  neighbourhood  there  may  be  any 
numb<>r  of  others  (either  closed  or  terminating  in  condensers),  or  solid 

conducting  masses.  The  theorem  assorts  that  an  electromotive  force  acting 
in  A  gives  the  same  variable  current  in  i?  as  would  be  produced  in  A  if  the 
electromotive  force  were  transferred  to  B. 

[1890.  An  application  of  the  principles  of  this  paper  to  the  "Time- 
moduli  of  Dissipative  Systems"  will  be  found  iu  British  Assoc.  Report, 
Aberdeen,  p.  911,  1885.] 


Digitized  by  Gopgle 


22. 


ON  THE  NODAL  LINES  OF  A  SQUABS  PLATK 

[Phil,  Mag.  XLVi.  pp.  166—171,  246—247,  1878.] 
See  Theory  of  Sound,  §  226. 

[1899.  In  genoml  the  bending  of"  a  square  plate  with  free  edgefi  tjikes 
place  iu  both  plauea;  but  when  the  material  is  such  that  Fuisson's  ratio 
vanishes,  ie.  when  longitudinal  extmBimi  entuls  no  lateral  oootractton,  the 
bendii^  may  be  in  one  only,  so  that  the  sorfiMse  remains  cylindxicaL 
In  this  case  the  bending  follows  tlie  law  of  a  simple  bar,  and  the  nodal 
system  consiBts  of  two  straight  lines  parallel  to  one  pair  of  edges. 

By  snpeiposing,  after  Wheatstone,  two  such  modes  of  vibntion,  the 
phases  being  the  same  and  the  amplitudes  equal  or  opposite,  WB  obtain 
othernoda!  Hystcms  esusily  constructed  from  the  known  functions  expressing 
the  free  vibraliuus  of  a  bar.  In  the  latter  vase  .syiuuietrjr  suffices  to  shew 
that  the  nodal  lines  are  the  diagonals  of  the  plate.] 
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NOTE  ON   A  NATURAL   LIMIT   TO   THE  SHARPNESS  OF 

SPECTRAL  LINES. 

[Nati»n,  YcL  tiu.  pp.  474.  476,  1878.] 

In  the  eiplaoataom  nBually  given  of  the  Inoadening  of  the  fixed  lines 

with  increased  preasuro,  it  appears  to  be  assumed  that  their  finite  width 
depends  upon  the  distiiihance  produced  by  the  mutual  influence  of  the 
colliding  moleculea  I  desire  to  point  out  that  even  if  each  individual 
molecule  mm  allowed  to  ezeeuie  its  vibntione  with  porfeot  regularity, 
the  raBultiog  speetml  tine  would  still  ham  a  finite  width,  in  oonsequence 
of  the  motion  of  the  molecules  in  the  line  of  sight.  If  there  be  any  truth 
at  all  in  the  kiiicf  ic  theory  of  gases,  the  molecules  of  sodium,  or  whatever 
the  substance  may  ])r,  are  moving,'  in  all  directions  indifferently  and  with 
velocities  whose  magmtudes  clui>ter  about  a  certain  mean.  The  law  of 
distrihtttion  of  velocities  is  probably  the  same  as  that  with  which  we  are 
familiar  in  the  theory  of  enors,  aooofding  to  wluch,  the  number  of  molecules 
affected  with  a  given  velocity  incrsases,  the  nearer  that  velocity  is  to  the 
mean. 

By  the  principles  of  this  theory  of  gases  the  mean  square  of  the 
velocity  of  the  molecules  can  be  deflnood  from  the  known  pressure  and 
mass.  If  V  denote  the  velocity  whose  .square  is  e(|ual  to  the  mean,  it  is 
found  that  for  air  at  the  freezing  |xjint,  v  =  485  metres  per  second. 

At  the  temperature  of  tiame  the  velocity  may  be  about  three  times 
greater.  For  ^e  purposes  of  a  rough  estimate  it  will  be  accurate  enoo|^ 
to  take  the  mean  velocity  of  the  molecules  at  1600  metres  per  ssomid, 

and  that  of  light  at  300,000,000  metres  per  second.  The  wave-length  of  the 
lif,'ht  (Mnitted  by  a  molecule  moving  with  the  mean  velocity  from  the  eye 
will  therefore  bo  greater  by  about  five  millionths  than  if  the  molecides  were 
at  resti    The  double  of  this  will  be  a  moderate  estimate  of  the  width  of  the 
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spectml  line,  as  determined  hy  the  cause  under  conaideration.  We  may 
conclude  that  however  nue  the  gUt  and  howevcv  perfect  oar  inBtrameot 
may  he,  a  fixed  line  cannot  he  reduced  to  within  narrower  limits  than  ahoat 
a  hondredth  part  of  the  interval  between  the  sodium  lines.  I  must  leave 
it  to  spcctroscopists  moro  pmctisrfl  and  skilful  than  myself,  to  say  whether 
this  result  is  iu  agreement  with  the  appearance  uf  the  spectrum. 

[1899.  The  applicaticm  of  Doppler's  principle  to  moving  moleculea  had 
been  given  two  or  three  yean  earlier  hy  Lippich  iPoj^.  Atm.  1 139,  pw  4f65, 

1870). 

The  .subject  is  further  discussed  in  a  memoir  on  the  Limit  to  Interference 
when  Light  is  radiated  from  Moving  Molecules  (Phil.  Mag.  vol.  27,  p.  298, 
1889),  and  a  calculation  is  given  of  the  actual  sti-ucture  of  a  spectrum  linu 
upm  the  hana  of  Maxwell'a  law  for  the  distrib<iti<m  of  velodtiea  in  a  gas.] 
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ON  THE  VIBRATIONS  OF  APPROXIKATBLT  SIMPLE 

STSTElia 

[Phil.  Mag.  XLVi.  pp.  ;J57— 361,  1873;  xlviii.  pp.  25b— 262,  187 4.J 
Sb  Tkmrif  of  8<mnd,  %  90,  91*  102. 

[1899.  The  suggestioo  of  Art  xxi,  p.  178,  is  here  developed  If  the 
system  is  vsried,  we  get  in  place  of  <3)»  {4\ 

r+ «r- i  ([1]  +  «  [1])  +  «  [12]  + 

F+aF- 1  <{11  +  $  {1|)     +  ...+« {12}  ^+  .... 

In  the  original  ^ystsm  a  normal  vibration  is  represented  by  the  sole 
variation  of  ^  proportionally  to  cospft,  where  |v*—  [r]  -i-  [r].  In  the  altered 
system  the  new  type  is  determined  by 

« 

and 

in  whidi  the  summatioii  extends  to  all  values  of  *  other  than  r.  It  is  to  be 
obierved  that  the  terms  under  the  sign  of  summation  are  of  the  ttoond  oider 
in  8  [rs],  S  (rt),  repnded  as  small  quantitien] 
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ON  THE  FUNDAMENTAL  MODES  OF  A  YIBBATING  SYSTEM. 


[PhU,  Mag.  xltl  pp.  484—489,  1878.] 

See  Theort/  of  Sound,  §  164. 

[1899.  The  jCfeneral  theory  is  ilhistmted  by  the  case  of  a  bar  vibmting 
laterally.  The  normal  functions  arc  usually  found  from  an  oniiuary  differ- 
ential equation  with  application  of  certam  terminal  conditions,  and  the 
conjugate  property,  represented  by  fuvda^O,  is  usually  established  in  the 
same  way.  It  is  shown  that  the  natural  foundation  for  the  ootijugate 
imperty  is  the  original  variational  equation  from  which  in  the  method  of 
Green  the  ordinaiy  differential  equaUon  is  deduced.] 
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VIBRATIOJSS  OF  MEMiiKANES. 


[L<mdifH  MiUtietH.  Soc.  Proceedings,  v.  pp.  9 — 10,  1873.] 
Thioiy  of  Sound,  S  210,  211. 

[1899.  This  is  an  application  <»f  a  theorem  of  AiL  zxi,  to  the  effect 
that  an  increase  in  the  potential  eneigy  of  a  vibrating  system  is  attended  1^ 
a  rise  in  pitch,  extending  to  all  the  fundamental  modes.  If  the  system 
consist  of  a  uniformly  stretched  membrane  with  a  fixed  edge,  it  fullows 
that  any  contraction  of  the  boundary  must  cause  an  elevation  of  pitch, 
because  the  new  st^ite  of  things  may  be  conceived  to  difier  from  the  old 
merely  by  the  introductioQ  of  an  additional  oonstraintb  Springs  (without 
inertia)  are  sapposed  to  urge  the  line  of  the  propoeed  boundary  towards  its 
equilibrium  poettioo,  and  gradually  to  beeome  atiffer.  At  each  step  the 
vibrations  become  more  rapid,  until  they  approivoh  a  limit,  corresponding 
to  infinite  stiffiiess  <rf  the  springs  and  absolute  fixity  of  their  points  of 
application. 

I'sc  is  also  made  of  the  theorem  that  if  the  aieft  of  A  membvsno  be  given, 
the  pitch  is  gravest  when  the  form  is  circular.] 


Diyiiizea  by  Google 


27. 

HARMONIC  ECHOES. 

[Nature,  viii.  pp.  319,  320,  1873.] 

AOOORDIHO  to  Dr  Brewer*  "The  hanuonic  edio  xippeats  in  a  different 
tone  or  key  the  direct  aound.  The  harmonic  is  generally  either  the  third, 
fifth  or  tenth  of  the  tonic... On  the  river  Nahe,  near  Bergen,  and  not  fiir 

from  Coblentz,  is  an  echo  thus  rlcscrihod  by  B:\rthiu.s: — It  makes  seventeen 
repetitions  at  unequal  intervals.  »Suinet lines  the  echo  seems  to  appruiich  the 
listener,  sometimes  to  be  retreating  from  him ;  uometimes  it  is  very  distinct, 
at  othen  extremely  feehle ;  at  one  time  it  is  heard  at  the  rigiit,  and  the  next 
at  the  left ;  now  in  nnjaon  with  the  direct  aoond,  and  preeently  a  third,  fifth, 
or  tenth  of  the  ftiudamental.  Oocasionally  it  seemn  to  combine  two  or  more 
voices  iu  harmony,  but  more  finequently  it  reeembles  the  voice  of  a  single 
mimic. 

"At  Paisley,  in  Snjtland,  there  18  a  somewhat  similar  echo  in  the  burying- 
placp  of  L(jrd  I'aLsley,  Marcjuis  of  Abcrcorn.  Mu.sical  notes  rise  softly,  swell 
till  the  several  echoes  have  reverbemted  the  sound  either  iu  uuisou  or 
harmony,  and  then  die  away  in  general  cadence. 

"At  the  Lake  of  Killamey,  in  Ireland,  is  a  very  celebrated  harmonic 
echo,  which  renders  an  excellent  second  to  any  simple  air  played  on  a  bugle. 

**  There  was  formerly,  according  to  the  anthority  of  Dr  Birch,  an  harmonic 
echo  no  less  remarkable,  seventeen  miles  above  Qhuigow,  near  a  mansion 
called  Rosneath.  If  a  trumpeter  played  eight  or  ten  notes,  the  echo  would 
repeat  them  correctly  a  third  lower.    After  a  short  silence  another  repetition 

wjus  heard,  still  lower  than  the  fornn^r :  and  after  a  similar  pause  the  same 
notes  were  repeated  a  third  time,  in  a  lower  key  and  feebler  tone,  but  never- 
theless, with  the  same  nndeviating  fidelity.   This  echo  no  longer  exista" 

*  BMmr.  On  Sami  amd  ftt  PAmmmmm  (1864),  p.  SOB. 
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It  18  difficult  to  believe  that  these  descriptions  arc  accurate,  but  that 
they  have  a  basis  of  truth  there  can  be  little  doubt.  My  attcntiou  was  Hrst 
drawn  to  the  sulgect  by  an  echo  at  Budgebury  Park,  the  country  residence  of 
Mr  Benefocd  Hope.  The  Bound  of  a  woman's  voice  was  retmrned  fipom  a 
pkataiion  of  fits,  silnated  acroas  a  valley,  with  the  pitch  rowed  an  octave. 
The  phenomenon  was  unmistakeabic,  although  the  original  Hound  roquured 
to  be  loud  and  nither  high.  With  a  man's  voice  we  did  nut  succeed  in 
obtiiining  the  etlect. 

At  the  time  I  had  no  idea  that  sneli  an  alteration  of  pitch  hjvd  ever  been 
observed,  or  was  postiible ;  but  it  soon  occurred  to  me  that  the  explanation 
was  similar  to  (btt  which  I  had  given  of  the  bine  of  the  sky  a  year  or  two 
previously  (PhU.  Mag.  Feb.  1871).  Strange  to  say,  at  the  very  time  of  the 
observation,  I  had  in  my  portfolio  a  mathematical  investigation*  of  the 
problem  of  the  dislurbaiKM'  of  tlu-  waves  of  sound  by  obstacles  which  are 
small  in  all  their  dimensions  n  lativcly  to  the  length  of  the  Hoiind-waves.  In 
such  a  case  (precisely  as  iu  ttn-  parallel  problem  for  light)  it  appears  that  the 
reflecting,  or  rather  diverting,  power  of  tiie  obstade  varies  inveiady  as  the 
fourth  power  of  the  wave-length.  When  a  composite  note,  sneh  as  that 
proceeding  from  the  human  throaty  impinges  on  the  obstacle,  its  components 
are  divi-ited  in  very  different  proportions,  A  group  of  small  i>bstacles  will 
return  the  first  harmonic,  or  octave,  sixteen  times  more  powerfully  than  the 
fuudamuutul.  After  this,  it  is  not  hard  to  understand  how  a  wood,  which 
may  be  considered  to  be  made  up  <^  a  great  number  of  obstacles,  many  of 
which,  in  two  or  three  of  their  dimensions,  are  small  in  oomparison  with  the 
wave-length,  returns  a  sound  which  uppean  to  be  raised  an  octave. 

The  increased  reflection  of  course,  at  the  expense  of  the  direct  sound. 
If  we  conceive  a  group  of  small  obstacles  to  act  on  a  train  of  plane  waves  of 
sound,  the  effect  will  be  a  diliiised  echo,  which  may  be  heard  on  all  sides* 

appearing  to  proceed  from  the  grf»up,  and  the  direct  waves  whirh  maintain 
their  direction.  If  the  original  sound  he  composite,  the  diffused  echo  contains 
the  higher  elements  in  excessive  proportion,  and  for  the  same  reason  the 
direct  wave»  being  shorn  of  these  higher  elements,  will  appear  duller  than 
the  original  sound.  It  is  well  known  that  pure  tones  are  liable  to  be  esti- 
mated an  octave  too  low,  and  thus  it  may  be  possible  that  a  note  in  losing 
its  harmonies  may  appear  to  fall  an  octave. 

What  is  here  called  the  direct  sound  may  itself  be  Cf)nverted  into  an  echo 
by  regular  reflecti(»n.  For  r-xample,  if  a  plane  wall  were  covered  with  Hmall 
projections,  there  would  be  a  diffused  echo,  due  to  the  projections  in  which 
the  higher  elemokta  preponderated,  and  an  ordinary  echo,  obeying  the  law  of 
reflection,  in  whioh  the  lower  elements  would  preponderate. 

*  finoo  oommantaisa  ia  n  wbhUM  ftmi  to  flw  MallHimHwil  Sooia^p  [Art.  xrr]. 
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NOTE  ON  THE  NUMERICAL  CALCULATION  OF  THE  ROOTS 
OP  FLUCTUATING  FUNCTIONS. 

{PtoeeedMnjf$  of  the  London  Maihmatieal  Sooiety,     ppi  119-^124^  1874.] 

There  is  an  important  class  of  functions,  often  occurring  in  phydoal 
investigatiouH,  whoso  numerical  calculation  is  easy  wht-ii  the  argument  ia 
either  small  or  great.  In  the  first  case  the  function  m  readily  calculated 
ftom  an  aaomding  aerifl^  which  is  alwayi  convergent  and  might  be  employed 
whate?er  the  value  of  the  variable  may  be,  were  it  not  for  the  length  to 
which  the  calculations  would  ran.  When  the  argument  is  great,  a  series 
proceeding  by  descemlin;^  powers  is  employed,  whose  character  is  quite 
different.  In  this  aise  the  series  is  of  the  kind  called  semi-convergent, 
though  strictly  speaking  it  is  not  convergent  at  ail ;  fur,  when  carried  suth- 
oiently  far,  the  sum  of  the  aeries  may  be  made  to  exceed  any  awignable 
quantity.  But^  though  ultimately  diveigent,  it  begins  by  oonveiging,  and 
when  a  certain  point  is  reached  the  terms  become  very  small.  It  can  be 
proved  that,  if  we  stop  here,  the  sum  of  the  terms  alreatly  dbtnined  represents 
the  required  value  of  the  functions,  subject  to  an  ermr  which  in  general 
cannot  exceed  the  hist  term  included.  Calculations  founded  on  this  series 
are  thorelisre  only  approximate ;  and  the  d^pree  of  the  approximation  cannot 
be  carried  beyond  a  certain  point.  If  more  terms  are  included,  the  result  is 
made  worae  instead  of  better.  In  the  class  of  functicns  referred  to,  the 
descending  series  is  Hbiin(l;uit ly  julequato  when  the  argument  is  large,  but 
there  will  usually  be  a  region — often  the  most  interesting  pjirt  of  the  whole — 
where  neither  series  is  very  coavcaieut.  The  object  of  the  present  note  is  to 
point  oat  how  a  part  of  the  difficulty  thence  arising  may  sometimes  be  met. 

Though  the  method  in  question  is  not  limited  to,  it  arose  out  of  and  is 
well  exemplified  by,  the  case  of  Beesel's  fbncti<nut,  which  are  required  among 
other  poiposea  to  represent  the  vibratians  of  a  dreubr  membnine,  or  of  air 
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ooDtained  withiu  a  c^liudrical  axsc.  The  roots  of  the  equation  obtained  by 
equating  the  fiinotion  to  lero,  give  the  possible  periodft  of  vibnitiiODt  and  the 
meohaniot  of  the  queetioa  show  (m  in  all  anoh  caaea)  that  no  imagi'ntfy  or 
oonplex  root  can  occor. 

If  the  funotion  of  the  nth  otder  be  denoted  aa  naual  by  /n(«X  ^  aaoend- 
ingaeziee  is 

•'•^'^"25TXM^l){^~2T2iH:2   

which  is  alwaya  nltimatoly  oonveigent,  whatever  may  be  the  valnea  of  a  and  n. 
When,  however,  s  ia  oonaidemUe,  the  aenea  becomea  perfectly  ueleaa  finr 
arithmetical  pnrpoaea.  The  doBoending  aeriea  ia 

/2\if,     (l'-4n»)(3»-'^n»)        )      ,      ,       ,  v 
•^•^^^"W  Y~  OTa^  ^'  +  ...|coe(*-i«— l«,r) 

\TJi  rrOW  +...jain(5-iir-tnir). 

 (2> 

This  aeriea  terminate!  when  n  is  of  the  form  (integer  -f  and  then  of  course 
constitutes  the  expreoinon  of  the  function  in  finite  terms,  but  otherwi.sc  it 
runs  on  to  infinity,  and  bocomos  ultinmtoly,  in  all  cases,  divergent.  In 
numerical  ciilculatious  we  are  to  include  only  the  wnvergent  part. 

When  z  is  very  ^eat,  it  ia  evident  that  the  roota  of  the  eqaatimi 
Jn{s)  =  0,  tend  to  the  form 

TT  .     IT  .  2  m  —  1 

where  «»  ia  an  integer. 

For  purposes  of  explanation  it  will  be  aoflieient  to  take  the  particular 
caae  of  n»0,  worited  oat  by  Prof  Stokes  in  hia  pi^er^On  the  nnmerical 
calenlation  of  a  chus  of  definite  tntegnJa  and  infinite  aeriea  V 

To  catenlate  the  roota.  we  find 

s  ,  .  -OSOeei     -053041  .  -262051  ^ 

+   (8), 

which  is  adequate  for  all  the  nK>t8,  except  the  first  corresponding  to  in  =  1. 
If  we  denote  the  roots  in  order  by    ,  p„  &C.,  we  get 

p,  -i-  ir  =  1-757098,  Ji>.    tt  =  4  7527, 

ir  =  2-754568,  i^i  h-  tt  =  5  7522, 

P4  -r  TT  =  3-7534,  +  'w  =  6-7619. 

*  Camtridgt  3VaiiMC(uHW,  vol.  n.  ISfiO. 
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[S8 


The  higher  the  onler  of  the  root,  the  more  accurately  it  can  be  calculated 
Irom  this  Hcrios,  but  an  accurate  value  of  the  tirst  rout  oui  only  be  derived 
from  the  aaoendiDg  series.  To  attain  this  end  in  the  oidmary  way  requires  a 
oonriderable  expmditure  of  computation.  My  object  ia  to  show  how  the 
difficultjr  may  be  evaded. 

Betnrning  to  the  general  fiinction  Jn(s),  and  excluding  the  n  aero  roots, 
that 


*    2.aii+2"'"2.4.2a+2.ai»+4    '""(^ "ft*) 

moat  be  an  identical  equation.  Taking  the  logarithms  of  both  sides,  expand- 
ing, and  equating  like  powen  of  s,  we  find  that 


2».ii  +  l' 


2*(n  +  l)'.»  +  2* 


y    TL   y   fin  -f  11  

"2»(n+l)F.»+2.n  +  8*  2'(n  +  l>«(»  +  2)». «  +  8.n  +  i* 

5  _„  2.7n-H9  

^    ■»«(f»  +  l)F(a  +  2)^.i»+8.»+4.n+5' 

the  l.-ist  result  requiriug  a  good  deal  of  reduction. 

If  n  =  0, 

Sfr»-i,  Ip-*^^,  2r*=T*f.  2tfr*-T^.  ^-"-nttmr. 
If 

Now  Xp~**  must  depend  mainly  on  the  firat  root,  and  being  known  numeri- 
cally may  be  used  to  derive  an  accurate  value  of  that  root  with  the  assistance 
of  approximate  values  <^  the  other  roots.   We  have,  when  n  *  0» 


it" 

•00yo()48+ 

3976 

IKO 

- 

17 

3 

IT** 

1 

•00S60661 


and 

SO  that 


w«2 


Pt"  122880 
-0001546224 - 


I851$a-0001MS8S9. 
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Seven  ngnificant  figures  in  pr*^  require  only  three  in  ti^lp^*,  so  (hAt  all 
the  roots  after  the  third  i|ught  be  neglected,  and  the  values  of  the  second 
and  third  themselves  are  otily  required  to  be  known  roughly.  The  resulting 
value  of  A  is 

The  advaatiige  of  the  present^  method  would  appear  to  depend  upon  the 
combined  use  of  both  the  asoedding  and  descending  series. 

The  value  of  pi  might  of  Course  be  calculated  from  or  the  sum  of 

any  other  inverse  powers.  The  advantage  of  using  a  high  power  is  that  tbe 
result  becomes  approximately  independent  of  the  other  roots,  and  the  toith 
power  was  chosen  as  fiwilitkting  the  uumerical  calculations.  If  a  highw 
power  than  the  tenth  were  require<l  the  algebraical  reduction  would  become 
loDg,  but  this  might  easily  be  compensated  by  an  advantage  in  the  arith- 
metic. 

As  far  as  the  20th  power  inclusive,  the  LXjj;in.snMi  n>ay  be  made  without 
much  difficulty  hy  the  aid  of  the  table  giveu  on  p.  775  of  De  Moigan's 
Differential  vmd  Integral  Oaleidut.  In  this  way  the  value  of  pi  (for  n^O) 
might  be  obtained  to  6  or  7  significant  figures  without  any  allowance  fisr 
Pi,  p»»  ite. 

The  method  is  equally  suooeasful  in  its  application  to  the  case  of  1. 
We  find 

pr''  +  -00000000355:3  =  BnS^  =  000001469365, 

whence  f>,»  3^1706 -r219670ir. 

In  oases  where  there  is  a  difficulty  about  the  two  first  roots,  it  might  be 
possible  to  obtain  the  desired  results  by  usiug  the  values  of  two  of  the  sums 
of  powers,  e.g.  and  In  calculating  the  value  of  l^p'^  a  large 

number  of  roots  would  have  to  be  included,  but  the  calculation  could 
generally  be  facilitated  by  the  use  of  approximate  fbrmulm.  Fm  example, 
in  ihe  case  of  the  roots  after  a  eertain  point,  say  |v>  might  be  adequately 
represmtedby^BiRir.  Then 

where  the  last  term  is  |,  by  a  known  formula,  which  is  in  fiiet  dmivable  from 

inasmuch  as  Jj  (z)  =  (2/w*)*  sin  z. 

A  more  important  <(uestiuu  arises  us  to  whether  this  method  can  be 
applied  to  calculate  the  argument  corresponding  to  a  prescribed  value  (0)  of 
the  fianetion,  other  than  sero.  It  might  appear  that  this  could  always  be 
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done,  inasmuch  u  when  ^,  another  fiinotion,  vim.  «/*,(#) vanidiM. 

Hut  then  the  roots  of  fehis  last  fnnctioQ  are  not  all  real,  and  therefore  cannot 

be  calculated  by  the  same  meth(xl  as  beforo.  Novortholoss,  if  <f>  were  small, 
so  that  the  tirat  three  or  four  roots  were  real,  it  would  seetn  that  the  complex 
rootb  would  be  large  euough  to  be  dispensed  with,  as  uut  »eusibly  iuduencing 
the  value  of  Sp~'*,  and  then  the  firat  root  could  he  deduced  with  sufficient 
precision  from  the  values  of  the  other  real  roots  as  calculated  by  aid  of  the 
desoewfing  series.  I  am  not  sufficiently  acquainted  with  numerical  calcula^ 
tions  to  say  whether  thii  application  could  ever  be  practically  useful.  If  too 
laborious  for  the  systematic  tabulation  of  a  function,  it  might  perhaps  be 
occasionally  available  as  a  control. 

Xov.  22nJ. 

Prof  Cayley,  to  whom  the  preceding  note  was  referred,  has  pointed  out 
that  a  similar  result  may  be  attained  by  a  method  given  in  a  paper  by 
Eneke,  "AllgemraM  Anfltfsung  der  numerisehen  Qleichungen,"  CrM$f  t  xxn. 
(1841),  pp.  198— m 

"Taking  the  equation 

0  =  1  -  <ia?  +  6flf  -  Cflf  +     — «^ -  flr*' +  jb^  — ... ; 

if  the  e4uatiou  whose  roots  are  the  s^]uares  of  these  is 

then      a,->a^-2&.  6^ « - Soe Sd,  «,*-«*-2M4  2a«-2/, 

rf,"  =  #  -  2«  +  -Ih/-  2ag  +  2h,  &c. ; 

and  we  may  in  the  same  way  derive  Ot,  b»,  c»i  ^»  ^t^oux  Qu  bi,  Ci,  &c.,  and 
so  on. 

As  regards  the  function 

■  2"  .  r  («  +  1 )     ~  2 . 2»  +  2 2 . 4 . 2»  +  2.2i>  +  4 ' ' *  }  ' 
we  have  as  follows : 

<r>-2^.»+l.  o,-'-2«.(«  +  iy.«+2, 

Br««2^.»+l.«i4  8.  6k-*-2P.(ft-M.ii-|-8)F.n4-8.ii-l-4, 

0^  -2'.8.i»-l-l...«+8,  «»,'-*-2".8.(»4-l...n«l>8)P.n+4...n+6, 

d^-2».8.ii4l...n+4,  <^-i-2».8.<ii+l...n+4)^.n  +  6...»-f8. 

s^  »  8».  3 . 5 .  n-h  1  ...n +5. 

/-»-2".y.6.n+l...»+6, 

^•=2».8'.6.7.»+l,..m.7, 

*-»-2"..V.5.7.n+l...«  +  «, 
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5n4-ll 


2'.(»  +  l)*(n  +  2>'tt  +  3.n  +  4' 
25n«  +  231n+542 


2" .  (»  + 1 .  n  + 2)*  (n  +  3 .  n  +  4)^  n  +  5 . . .  n  +  8  • 

^  420;!*  +  7640i?*  +  5375 2;^'  +  1 8.5430n'  +  31 1 387»  +  202738  , 
"•'2'*(n  +  l)P(tt  +  2)*(»-t  3.ii+4/tt  +  6.i»  +  6.n  +  7.«  +  b  " 

T*       A         *    »  101360 

If  n  -  0,  -  a,  =  gj- -  ^     =        suppose ; 

wheaoe  -  2*404825." 

It  will  be  aeen  that  the  expression  a,  for  %p-^'  gives  a  voy  aoeuiate 
value  of  jh,  withont  any  allowance  for  the  otiier  roota. 

If  n  - 1.  we  have  -  a-  -  a,  =  ^.  ^^^^^  7  ; 

whence 

a  »  3-831090, 

and  this  is  the  approximate  value  of  |h>  get  a  oonected  value,  we  may 
take 

i>.  =  a(i  +  TV«"2:p-«); 
or,  if  all  bat|i^  may  be  omitted, 

Li  the  present  case  jib «  7015,  so  that 

jh^9X  1-0000089  =-  8-831705. 

It  mny  be  obst-rvod  that  the  value  obtained  without  correction  for  the 
higher  roots  is  always  au  uudcr-estimate. 

*  I  have  alterod  the  coefficient  of     io  the  numemtor  from  23672  to  aHl&'i. 


13—2 
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A  HISTORY  OF  THE  MATHEMATICAL  THEORIES  OF  ATTRAC- 
TION AND  THE  FIGURE  OF  THE  EARTH  FROM  THE 
TIME  OF  NEWTON  TO  THAT  OF  LAPLACE.  By  T.  Tod- 
BVSTBR,  M.A.,  F.R.S.  Two  Volumes.  (London,  Macmillan  &  Co. 
1873.) 

[Ikt  Academy,     ppi  176—177.  1874;] 

Scmrainc  men  wmst  often  experience  a  feeling  not  far  removed  fiponi 
alarm,  when  we  contemplate  the  flwxl  of  new  knowledge  which  each  year 
brings  with  it.  New  societies  spring  into  existence,  with  their  Proceedings 
and  TranaactiuuH,  laden  with  the  latest  discoveries,  and  new  journals  con- 
tinnslly  appear  in  nspcnae  to  the  growing  demand  for  popular  science. 
Every  year  the  additions  to  the  common  etodc  of  knowledge  become  more 
bulky,  if  not  more  valuable  ;  and  one  is  impelled  to  ask,  Where  is  this  to 
end  ?  Most  st\ident3  of  science"  who  desire  soiii*'thinsj  more  than  a  general 
knowledge,  feel  that  their  powers  of  actjui.sition  antl  retention  are  already 
severely  taxed.  It  would  seem  that  any  considerable  addition  to  the  burden 
of  existing  information  would  make  it  idmoet  intolerable. 

It  may  be  answered  that  the  knMleney  of  real  sdenoe  is  ever  towards 
simplieity ;  and  that  those  departments  which  suffer  seriously  ftom  masses  of 

undigested  material  are  also  those  which  least  deserA'e  the  name  of  scienre. 
Hiippily,  there  is  louch  truth  in  this.  A  new'  method,  or  a  new  mode  of 
eunception,  easily  gra.s|)e(i  wlu'ii  once  presented  to  the  mind,  may  sujjersede 
at  a  stroke  the  results  of  years  of  labour,  making  clear  what  was  before 
obeeure,  and  binding  what  was  ftagmentary  into  a  coherent  whole.  Tme 
pgogrooo  consists  quite  as  much  in  the  mwe  complete  assimilation  of  the  old, 
as  in  the  aooumulation  of  new  facts  and  inferences  whidi  in  many  cases 
ought  to  be  regarded  rather  as  the  raw  materials  of  science  than  as  .science 
itself.  >ievertheles«,  it  would  be  a  mi.stake  t<^  suppose  that  the  present 
generation  can  afford  to  ignore  the  labours  of  its  predecessors,  or  to  aasume 
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that  so  much  of  them  us  is  really  valuable  will  be  tbuud  embodied  in  recent 
memoin  and  treatises.  Of  lihe  dapgers  of  such  a  oourae,  ffistoiy  |;ive8  ample  < 
warning.  The  case  of  Toang  will  at  onoe  auggeet  itself  as  that  of  a  man  who 
from  ▼arious  causes  did  not  succeed  in  gaining  due  attention  from  his  eon- 
temporaries.  Positions  which  hv  h;ul  already  occupied  were  in  more  than 
^  one  instance  reconquered  hy  his  successors  at  a  great  expense  of  intellectual 
enei-gy. 

It  is  one  of  the  objects  of  books  like  Mr  T<xihunter's  to  check  this 
deplorable  waste  of  labour,  by  bringing  together  all  the  writings  of  the  older 
authors  which  bear  on  certain  selected  subjects.  No  one  who  has  not  tried 
it,  can  imagine  how  much  time  is  lost  in  hunting  badnrards  and  iwwaids 
through  endless  Transactions  and  periodicals  in  various  tongues,  many  of 
them  difficult  of  access,  for  memoii-s  of  which  after  all  the  value  may  proVO 
very  trifling.  When  the  problem  in  hand  is  of  no  great  diflBculty,  the 
student  may  even  find  an  independent  attack  the  shortest  in  the  end.  There 
cannot  be  two  opinions  as  to  the  great  importance  of  the  work  that  Mr 
Todhuater  has  undertaken.  It  is  <«ie  d^iMnding  much  dear-sigfatednefls 
and  patience,  and  we  are  not  surprised  to  learn  that  it  occupied  seven  yeaiSi 
Some  may  think  that  the  same  tal  iits  and  industry  would  be  better  devoted 
to  original  work :  but  it  must  be  allowed  that  to  elucidate  and  render 
acces-sible  the  labours  of  others  may  be  a  service  a-s  valuable  a.s  the  addition 
of  new  material  to  the  common  store.  To  <k  ny  this  would  be  an  error 
parallel  to  that  of  some  economists,  who  glorify  the  labourer  and  mamifae-  > 
turer  at  the  expense  of  the  merchant 

The  theory  of  Attraction  and  of  the  Figure  of  the  Earth  is  a  subject  to 
which  most  of  the  greatest  nmthematieianB  have  eonteihated.  In  itadf  of  great 
interest,  it  was  the  occasion  of  the  invention  of  the  mathematical  weapons 

which  have  since  been  so  successfully  used  in  almost  all  branches  of  Physics. 
The  fii-st  steps  or  nither  strides  were  made  by  Newton.  Hi.s  theorems  with 
ru^pcct  to  the  attraction  of  spheres — that  a  ."Spherical  shell  exerts  no  furee  on 
an  intcrmil  particle,  and  atti-acts  an  external  one  exactly  as  if  its  mass  was 
concentrated  at  the  centra— are  the  foundation  of  the  whole  subject,  and  it  is 
difficult  to  imagine  anything  more  simple  and  beantilhl  than  his  expositum 

of  them.  To  him  we  owe  the  first  investigation  of  the  earth's  figure.  A 
mass  of  uniform  attracting  fluid,  if  at  rest,  would  evidently  shape  itself  into 
a  sphere.  The  question  is,  How  will  this  form  be  altered  when  the  whole 
revolves  ?  What  will  be  the  effect  of  the  centrifugal  force  ?  Newton's 
eolation  <rf  this  important  problem  was  not  complete ;  but  on  the  assumption 
that  the  form  might  be  that  of  an  oblate  sfriieroid,  or  as  !fr  Todbnnter  calls 
it,  an  OUatum,  he  investigated  the  degree  of  eccentricity  and  the  law  of 
variation  of  gravity  at  the  surface.  Though  progress  had  been  made  by 
Stirling  and  Clairaut,  the  gap  in  Newton's  work  was  not  fully  filled  up  until 
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the  time  nS  Ibdatuin,  who  proved  oondiuively  that  the  conditions  of  rehliTe 
equilibrium  were  satisfied  in  the  case  of  an  oblatum. 

The  period  eminaeed  in  Hr  Todhuntei^s  histoiy  oKtends  to  the  fint 
quarter  of  the  present  coitnry.  Perhaps  this  was  the  best  point  at  which  to 
stop,  though  a  slight  sketch  of  more  recent  discoveries  would  have  been 
acceptable.  The  most  itiipoi  tant  part  of  the  work,  considered  jus  a  book  of  • 
reference,  is  probably  thi'  analysis  of  the  memoirs  of  Legendre  and  Laplace ; 
but  for  the  genuine  student  of  acicntitic  hiBtury  the  earlier  etl'urts  are  of 
equal,  if' not  superior,  interest  The  whde  work  bears  evidence  of  its 
author's  well-known  care;  and  the  daima  cS  the  various  mathematieiBas, 
whose  labours  are  reviewed,  appear  to  be  discussed  with  perfect  impartiality. 
D'Alembert  and  Ivory  are  perhaps  those  whose  reputations  suffer  most  in 
Mr  Todhunter's  hands,  while  Laplace  takes  a  }K)sitioM  even  higiier  than  had 
been  assigned  to  him  by  previous  writei-s.  Without  a  complete  suney  of 
earlier  memdrs  it  was  difficult  to  know  how  much  of  the  Miocmiqm  Cfytte 
was  origina],  and  how  much  borrowed ;  for  TiiqBlsoft,  like  too  many  modem 
IVeneh  writen,  was  not  in  the  habit  of  admowledging  his  obli^tkms. 

In  such  a  work  as  that  before  us  accuracy  and  completeness  are  almost 

everything,  and  minor  defects  may  well  be  passed  over.  Of  course  many 
points  arc  discussed  which  admit  of  some  difference  of  opinion.  Tn  estimating 
the  value  of  various  contributions  to  his  subject,  Mr  Todhunter  shows  perhaps 
a  tendency  to  prefer  rigour  of  treatment  to  originality  of  conception.  But 
the  strictest  proof  is  not  always  the  most  instructive  or  even  the  most 
oonvinong.  To  deserve  the  name  of  d^nonstcation  an  aigument  should 
make  its  subject-matter  plain,  and  not  merely  Ibroe  an  almost  unwilling 
assent. 
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ON  THB  MANUFACTURE  AND  THfiORT  OF  DIFFRACTION. 

GRATINOa 

[PhU,  Mag.  XLVII.  pp.  81—93.  198—205,  1874^] 

In  A  "Freliminary  Note  on  the  Rqiroductioii  of  Diffinetion-gmtings  by 

moaDB  of  Photography,"  published  in  the  Proceedings  of  the  Rojfoi  SotMty 
for  1872,  and  in  the  Philosophical  Magazine  for  November  of  the  same  year 
[Art.  xvii],  I  gave  a  short  account  of  experiment's  with  which  I  had  been 
for  some  time  occupied.  A  few  further  details  were  commxmicated  to  the 
^tiflh  Associatiou  at  Brighton  {BriL  Assoc.  Report,  p.  39)  [Art.  xviii].  I 
now  propose  to  give  the  reralta  of  more  recent  expexienoe  in  the  praetlwl 
manufacture  of  gratings,  as  well  as  some  theoretical  ooodonons  whieh  have 
been  in  manuscript  since  the  sabject  first  engaged  my  attention. 

There  are  two  distinct  methods  of  copying  practised  by  the  photogi-apher 
— (1)  by  means  of  the  ranipm,  (2)  by  contact-printing.  The  6rst,  if  it 
were  pnvcticable  for  our  piirposc,  would  have  the  advantage  of  leaving  the 
scale  arbitrary,  so  that  copies  of  varying  degrees  of  hueuess  might  be  taken 
from  the  same  odginal.  By  this  OMthod  I  have  obtained  a  photograph  of  a 
piece  of  striped  stuff  <m  sudi  a  soale  that  there  was  room  for  about  iOO  lines 
in  front  of  the  pupil  of  the  eye,  capable  of  showing  lateral  images  of  a  candle; 
but  I  soon  found  that  the  inherent  imperfections  of  our  optical  appliances,  if 
not  the  laws  of  light  themselves,  interposed  an  almost  insuperable  obstacle  to 
obtaining  adequate  results. 

However  perfect  a  lens  may  be,  there  is  a  limit  to  its  powers  of  con- 
densing light  into  a  point.  Even  if  the  source  fhtm  which  the  light 
pcooeeds  be  infinitely  small,  the  image  still  consists  of  a  spot  of  finite  size 
sonounded  1^  dark  and  hdf^t  rings.  That  this  must  be  so  may  be  shown 
by  general  considerations  without  any  calculations.  If  a  lens  is  absolutely 
free  from  abeiration,  the  secondary  waves  issuing  from  the  different  parts  of 
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its  hinder  surfiMie  agree  peilbetly  in  pluue  at  the  fiical  pmnt.  Let  us  oon- 

sider  the  illumination  at  a  ne^hboaring  point  in  the  focal  plane.  If  the 
distance  between  the  two  points  is  so  small  that  the  difference  of  the 
distances  between  the  point  uiider  consideration  and  the  nearest  and  furthest 
part«  of  the  object-glass  is  but  a  small  fraction  of  the  wavc-ieugth  (X),  the 
group  of  aeotmduy  waves  are  still  sensibly  in  agreement,  and  ther^bie  give  a 
resaltant  illumination  the  same  as  before.  At  a  certain  distance  from  the 
focal  point  <iie  secondary  waves  divide  themselves  into  two  mutually  destrue- 
tive  groups,  corresponding  to  the  nearer  and  further  parts  of  the  object-glass. 
There  is  therefore  here  a  dark  ring.  Further  out  there  is  again  light,  then 
another  dark  ring,  and  so  on,  the  intensity  of  the  bright  rings,  however, 
rapidly  diminishing. 

The  radius  r  of  the  first  dark  ring  subtends  at  the  centre  of  the  lens  an 
angle  $  given  by 

tintf=  61^* 

where  R  is  the  radios  of  the  leoM.   lif\»  the  focal  length,  we  have 

Let  us  now  suppose  that  the  proUcnn  it  to  cover  a  square  inch  with  3000 
lines.  On  account  of  the  curfituie  of  the  fidd  it  would  be  impossible  to 
obtain  extreme  definition  over  the  surface  of  a  square  inch  with  a  less  focal 
distance  than  (say)  four  inches.    If  wc  take  /=  4  and  X  =        ,  we  find 

10,000  r' 

which  gives  R  —  2  for  r  =  j^jj^j .  That  is  to  say,  if  the  focal  length  were 
4  inches  and  aperture  '4  inch,  the  first  dark  ring  corresponding  to  one  of  the 
lines  would  fidl  on  the  fi>cal  point  of  the  neighbouring  one— a  state  of  things 
apparently  inconsistent  with  good  definition.  It  is  true  tiiat  the  aperture 
might  well  be  greater  than  half  an  inch,  so  that  it  may  seem  possible  to 
satLsfy  the  retiuirenients  of  the  ea>e.  But  the  result  of  the  above  calculation, 
being  founded  on  the  supposition  of  entire  freedom  from  aberration,  both 
spherical  and  ehromatie,  is  subject  in  practice  to  a  laige  modificafekm.  In 
astroDcmucal  teleooopca,  where  everything  is  saerifioed  to  the  requirement  of 
extreme  definition  at  the  centre  of  the  field,  the  theoretical  limit  is  sometimes 
closely  approached  ;  but  the  case  is  very  different  with  a  photographic  lens. 
In  fact  the  very  tirst  thing  it  oceuis  to  a  photographer  to  do,  when  he  wishes 
to  improve  the  dehuition,  is  to  contract  the  aperture  of  his  lens  by  means  of 
a  stop— ft  course  which  would  be  attended  with  the  opposite  remit  in  the 
case  of  a  perfect  object-glass^  or  even  a  good  astronomical  telescope.  While, 

*  Verdet,  Ltfotu  d'Optiqut  Phyiiqut,  vol.  i.  p.  806. 
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thcrclbrc,  it  might  be  too  much  to  say  that  the  reproduction  ot  HOOO  lines  in 
an  iuch  by  lens  and  camem  is  imposbible,  the  attempt  to  do  hu  without  very 
apedal  appliances  appears  in  a  high  degree  unprumiaing.  It  would  certainly 
require  a  lens  more  than  usually  ftee  from  sphorieal  abenatioii,  and  unlike 
either  a  telescopic  or  a  photographic  object-glaas*,  achromatic  (if  the  expres- 
sion may  be  allowed)  for  the  chemical  rays,  unless  indeed  the  latter  require- 
ment could  be  evaded  by  using  approximately  homogeneous  light,  it  must 
be  understood  that  uotbiug  is  here  said  against  the  practicability  of  coveriug 
a  small  space  with  lines  at  the  rate  of  3000  to  the  inch,  a  feat  fwobably  weU 
witiiin  the  powers  of  a  good  microsct^c  object-glass. 

The  method  of  contact-printing,  on  the  other  hand,  is  free  from  optical 
difficulties.  The  photographic  film  prepared  on  a  flat  piece  of  glass  (or  other 
support)  may  be  brought  by  moderate  pressure  in  a  printing-frame  within  a 
very  short  distance  of  the  lines  of  tiie  original  grating :  and  if  the  source  of 
light  be  moderately  small  and  the  rays  fall  iKj^n  ndicularly,  the  copy  rarely 
fikils  in  defiuitiou,  unless  through  some  photographic  defect  When  direct 
processes  not  depending  on  development  are  employed,  the  unclouded  li^t 
of  the  sun  is  necessary.  To  avoid  too  much  diffused  light,  I  usually  place 
the  printing-frame  on  the  floor  of  a  room  into  which  the  sun  shines,  and 
adjust  its  position  until  the  light  reflected  from  the  plate-glass  front  is  sent 
back  approximately  in  the  durection  of  the  sun.  Too  much  time  should  not 
be  lost  iu  this  operation,  which  requires  no  particular  precision.  Usually 
I  out  off  part  of  the  extraneous  light  by  partially  closing  the  shutters;  bat 
I  cannot  say  whether  this  makes  any  difference  in  the  result.  Those  who 
are  accustomed  to  this  kind  of  experimenting  will  know  that  it  is  often  less 
trouble  to  take  a  prccatitton  than  to  find  out  whether  it  is  really  necessaiy. 
In  an  early  stage  of  an  investigation,  when  the  causes  of  failure  are  numerous 
and  unknown,  it  is  best  to  exclude  everything  that  can  possibly  be  supposed 
to  be  prejudicial.  When  the  principal  difficulties  have  been  overcome,  it 
will  be  time  enough  to  determine  what  precautions  are  necessary,  if  the 
questiim  has  not  been  already  settled  by  accidental  experience. 

In  the  case  i.f  (i(  v.-Iopod  plates  there  is  more  choice  of  lii^'hts  in  conse- 
quence of  the  higher  sensitiveness.  I  have  u.sed  .succes.sfidly  cloud  or  skylight 
retlected  horizontally  from  the  zenith  by  a  mirror  through  a  hole  of  two  or 
three  iuches  diameter  iu  the  shutter  of  a  darkened  i-oom,  the  frame  being 
set  up  in  a  vertical  plane  at  a  few  feet  distance.  The  principal  objection  to 
this  plan  is  the  difficulty  of  estimating  the  exposure  with  proper  precision^ 
a  difficulty  which  is  mora  felt  than  in  ordinary  photography,  it  is  con- 
venient to  develop  a  good  many  copies  at  once.  On  a  really  fine  day  th<? 
image  of  the  sun  formed  by  a  condensing  lens  of  short  focus  placed  in  the 

*  Photogr^hio  Imum  an  «oRMtad  om  the  principle  of  making  the  "viau«l  and  obemiml 
fiMi'*  ooiDoMwit,  vliiali  ImOs  to  a  difflamnt  oooatraottoa  fkom  whal  woold  Iw  adopted  wan  Um 
♦hiialol  ngpt  akma  aMmdad  to. 
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shutter  (as  used  in  diffraction  experiments)  constitutes  a  very  convenient 
source  of  light.  As  the  exposure  in  only  a  few  secoDtls,  there  ia  no  didiculty 
in  dodging  iai^Hted  elouds,  whose  progress  may  be  tfatobed  team  within  by 
examining  their  tmope  with  a  oolound  glaia.  When  there  is  any  haae  this 
method  is  not  more  eatia&otoiy  than  the  other. 

With  the  more  senaitive  prooeBsee  artificial  light  may  be  employed.  I 

have  done  a  good  many  copieB  by  the  aid  of  a  moderator-lamp  (without  the 
globe)  at  two  feet  distance  from  the  frame.   An  Argand  gae-flame  would 

probably  be  still  better. 

The  priuling-fraine  I  employ  has  a  thick  plate-glass  front,  against  which 
the  orit^inal  grating  and  the  prepared  plate  arc  pressed  by  screws.  These 
are  more  under  control  than  the  springs  generally  used  in  the  common 
printing-frames.  When  eveiything  is  ready,  the  original  is  placed  on  the 
glass  front  of  the  frame  with  the  engraved  fiu»  upwards,  care  being  taken  to 
exclude  all  grit  by  means  of  a  camel's-hair  brush.  The  prepared  plate  is 
then  placed  face  downwards  on  the  grating,  then  a  pad  to  equalize  the 
pressure  (I  have  used  one  of  india-rubber),  and  on  the  pad  the  rigid  back  of 
the  frame,  on  which  the  screws  are  made  to  press  with  a  moderate  force. 
When  the  film  is  delicate,  care  should  be  taken  to  place  it  in  the  proper 
position  at  once  without  sliding. 

The  two  surfiues  of  the  plate-glass  front  of  the  printing-frame  and  the 
back  of  the  original  grating  may  be  cleaned  in  the  ordinar}*  way  with  a  soft 
cloth  or  wash-leather;  but  the  engraved  face  of  the  grating  requires  more 
delicate  treatment.  If  touched  at  all  with  a  solid  (wash-leather),  the  greatest 
care  should  be  used.  I  prefer  to  wash  it,  when  soiled,  with  a  strenm  of 
water  from  a  tap,  afterwards  flooding  it  with  pure  alcohol  and  setting  it  up 
to  drain  and  dry  spontaneously.  Sometimes  I  have  found  nitric  acid  useful ; 
but  I  alwajrs  tiy  to  avoid  the  rubbing  oontaet  of  a  solid.  Ilieee  precautions 
have  been  so  suoossaful  that,  after  several  hundred  copies  have  been  taken, 
the  originals  have  scarcely,  if  at  all,  deteriorated. 

For  the  support  of  the  photographic  film  it  is  no  doubt  most  satisfiietoty 

to  use  optically  worked  "  parallel "  ghv^s.  Ordinary  glasi  would  fail,  for  two 
reasons.  In  the  first  plare  it  would  generally  be  impossible  to  »;ecure  a 
sufficiently  close  contact  in  the  printing.  But  even  if  this  difficulty  could  be 
surmounted,  the  spectrum  given  by  the  copy  would  not  bear  the  magnifying- 
power  which  it  is  generally  denrable  to  apply.  It  is  indeed  evident  that  the 
glass  support  of  tiie  grating  requires  the  same  precision  of  workmanship 
as  the  ol^eet-i^aas  of  the  telescope  used  in  conjunction  with  it. 

Although  ordinary  glass  taken  at  random  is  inadmissible,  I  have  done  a 
great  number  of  excellent  gratings  on  selected  pieces  of  patent  plate.  In 
order  to  choose  the  beat,  I  lay  the  plates  on  a  table  in  such  a  position  that 
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the  bars  of  a  window  or  skylight  are  seen  reflected  in  them.  Each  bar 
appears  in  general  double,  one  image  corresponding  to  each  surface.  By 
sliding  the  plate  about,  while  the  head  is  kept  still,  irregularities  are  easily 
detected  by  the  shifting^  or  corvatare  of  the  imagee.  From  a  package  of  two 
doieii  6x4  platea  as  iaeaed  by  photoign^ihio  dealeia,  three  or  four,  often 
lying  together,  may  usually  be  selected  as  flat  enough  for  the  purpose,  or  at 
any  rate  docidodly  superior  to  the  remainder.  It  is  worth  notice  that  the 
object  aimed  at  i.s  Jhttne.ss  of  the  two  faces,  e.xact  parallelism  being  of  much 
less  consequence ;  for  it  is  evident  that  the  interposition  of  a  truly  worked 
prism  of  very  acute  an^e  would  produce  no  evil  result  A  glass  is  thexdbre 
not  to  he  rejected  merdy  because  the  two  images  of  the  bar  seen  reflected  in 
it  are  decidedly  separated  The  question  is  rather  whether  this  separation 
remains  constant  as  the  plate  is  moved  about  without  rotation.  I  have  never 
seen  a  piece  of  patent  plate  that  could  not  be  at  once  distiugui.shed  from 
worked  gla^  in  the  way  described ;  so  that  the  test  is  abundantly  sufficient 
for  the  purpose.  The  more  delioate  methods  by  which  woifced  glass  is 
examined  would  be  less  practically  usefbL 

Whatever  kind  of  glass  be  used,  if  the  photographic  process  be  at  all 
oomplicatedf'theire  is  considerabb  economy  of  labour  in  preparing  comparsp 
tively  Urge  pieces,  to  be  afterwards  cut  with  the  diamond  to  the  required 

size.  A  5x4,  or  even  a  4J  xS|,  f^te  will  do  very  well  for  four  gratings. 
In  the  cjusc  of  worked  glass  economy  is  an  object ;  but  when  patent  plate  is 
used  I  should  recommend  5  x  +  glasses,  as  a  margin  is  convenient.  Even 
when,  as  in  the  collo<iiii-chlonde  process  to  be  presently  described,  the  plate 
for  each  grating  is  prepared  separately,  it  is  convenient  to  perform  the 
prsHminary  operatioos  of  deaning  and  albumenising  on  laigar  fneoes.  The 
cutting  of  prepared  plates  requires  a  little  care.  I  place  them  face  down- 
wards on  a  sheet  of  clean  paper,  make  the  diamond  cuts  on  the  back,  and 
then,  before  breaking,  remove  as  much  as  possible  of  the  gliLss  powder.  As 
it  is  important  to  prevent  any  grit  from  getting  between  the  him  and  the 
engraved  fooe  <^  the  original,  I  usually  bmah  the  surfooe  with  a  korge  camel's- 
hair  brush  kept  scrupulously  clean. 

In  the  preparation  of  the  plates  I  have  used  a  considerable  variety  of 
methoda  The  inocess  with  gelatine  and  biohnmiate  of  potash  desoribed  in 
my  previous  papers  has  decided  advantages;  but  all  my  efforts  to  obtam  a 
mastery  of  it  have  been  unavailing.  Plates  prepared  to  all  apj)earancc  in 
precisely  the  same  manner,  and  even  at  the  same  time,  turned  out  differently, 
while  modifications  purposely  introduced  seemed  to  be  for  the  most  part 
without  effect.  It  required  a  strong  scientific  prejudice  to  hold  the  uuiformity 
ot  nature  in  the  foce  of  so  much  advene  evidenoe.  The  uncertainty  of  this 
method  is  provoking,  as  some  of  the  results  are  exceedingly  good ;  but  I  gave 
up  my  att^pts  sooner  than  I  might  otherwise  have  done  in  oonseqnenoe  of 


Digitized  by  Gopgle 


204 


OS  THE  MANCFACTUBS  AND  THSOBT 


[80 


the  discovery  of  another  n^othod  by  which  mo8t  of  the  advantages  of  the 
gelatine  prooess,  namely  simplicity  uf  maniputatiim  and  brilliancy  of  reaalta, 
might  be  attained  with  much  less  risk  of  fiulm«. 

It  is  very  possible  that  a  photographer  skilled  in  the  etnpluyinent  of 
gelatine  might  snooeed  where  I  &iled.  In  case  any  such  should  wish  to 
make  the  attempt,  I  will  mentimi  a  few  points  that  seemed  imiwrtant  The 
solution  of  gelatine  should  he  cirefnlly  filtered.  For  thick  liquids  containing 
gelatine,  albumen,  the  best  Hltering  nmterial  that  I  ]s.nqyf  of  is  tow. 
The  tow  should  be  cleiuied  from  grease  by  boiling  with  soda  and  subsequent 
washing,  and  a  small  plugget  of  it  pushed  with  moderate  kxee  into  the  neck 
of  the  fimnel.  Some  arrangement  must  be  adopted  for  keeping  the  gelatine 
hot,  or  the  operation  will  hardly  succeed.  It  is  important  that  the  coat  of 
gelatine  should  be  even,  for  which  object  the  glass  must  be  free  from  grease, 
and  the  plate  on  which  the  prepared  glasses  are  put  away  to  set  perfectly 
level  Even  then  a  good  deal  depends  on  the  manipulation;  but  this  is 
soon  learned.  The  uniformity  of  the  coat  may  be  tested  by  the  colour  when 
the  plate  is  placed  on  a  sheet  of  white  paper  and  examined  in  a  weak  white 
light.  By  candle-light  the  colour  of  weak  bichromate  of  potash  is  scarcely 
Wsible.  The  exposure  may  be  from  two  to  six  minutes  to  the  direct  rays  of 
the  sun.  I  have  not  been  able  to  detect  any  deterioration  when  the  plates 
WOTe  kept  a  few  days  in  the  dark  before  being  used. 

A  photographer  accustomed  to  either  the  plain  albumen  or  the  Taupenot 
process  will  find  it  very  suitable  far  gratings.  The  hardness  of  the  siuAce, 
which  allows  varnish  to  be  dispensed  with,  is  a  great  advantage.  In  my 
experiments  with  plain  albumen,  the  principal  difficulty  was  the  purely 
photographic  one  of  avoiding  stains.  It  must  be  observed,  however,  that  in 
actual  use  the  gratings  are  not  seen  in  focus,  and  that  e.xcellent  spectra  may 
be  obtained  trom  copies  which  a  photographer  would  be  inclined  to  throw 
away  at  once  as  hopelessly  fiunt  and  dirty.  The  objection  to  the  Taupenot 
process  is  the  trouble  of  preparing  the  plates ;  but  this  is  much  mitigated 
when  the  plan  is  adi^ted  of  preparing  huge  pieces  to  be  afterwanb  cut  up. 

Among  those  requiring  development,  the  tannin  process  is  the  one  with 
which  I  have  been  most  suooessfiil.   In  order  to  counteract  the  well-known 

tendency  of  the  film  to  loosen,  a  preliminary  coating  of  dilute  albumen  or 
gelatine  is  generally  necess^lry.  In  the  production  of  gratings  the  photo- 
grapher must  nut  be  satistied  with  merely  keeping  the  film  on  the  glasa; 
the  slightest  tendency  to  looseness  must  be  coosidMed  highly  objeeyonable. 
The  plates  are  coated  witii  Mawsoo's  collodion,  excited  in  an  ordmaiy  silver- 
bath,  washed  first  in  distilled  water  and  afterwards  under  the  tap,  and  then 
immersed  for  a  minute  in  a  well-filtered  15-gr8un  solution  of  t^innin.  On 
removal  from  the  tannin,  they  are  set  up  comerwise  on  blotting-paper  to 
drain  and  dry. 
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For  the  development  of  these  plates  I  prefer  a  soltttion  of  gallic  add 
employed  in  a  diBh,thoii|^  I  have  obtained  veiy  good  resnlts  by  the  ovdinaty 
method  with  pyrogaUie  acid.  Prepare  the  two  following: — 

(1)  OalUc  add      ...      100  grains. 
Alcohol    ....       8|  OB. 
Distilled  water  ...       8|  oc 

(S)  Nitrate  oT  silrar  100  gmns. 

Glacial  acetic  aoid   .  2  oz. 

Distilled  water  .  16  os. 

The  dish  used  for  developing  should  be  of  glass,  and  is  best  cleaned  with 
a  little  strmip  nitric  acid,  which  may  be  used  over  and  over  again.  The 
developing  solution  is  prepared  by  mixing  (1)  and  (2)  in  equal  parts  and 
diluting  with  water  to  half  the  strength.  The  alcohol  helps  to  keep  the  film 
tight;  and  the  development  is  well  under  control  In  warm  weather  the 
operation  may  take  an  hour;  hut  much  depends  upon  the  exposure,  and 
still  more  upon  the  temperature.  The  proper  point  to  which  to  carry  the 
development  can  only  be  learned  by  experience;  but  the  beginner  is  most 
likely  to  err  on  the  side  of  excesH,  piu-ticularly  if  he  uses  pyrogallic  acid.  If, 
as  is  dssiiahle,  the  film  be  creamy  and  thick,  the  spectra  of  a  candle  do  not 
appear  to  advantage  at  this  staga,  in  consequence  of  the  unaltered  iodide  of 
silver.  For  Hxing. "  hypo"  is  the  safest,  though  qranide  may  be  used  if  the 
film  will  bear  it. 

Tannin  plates  when  finished  are  hardly  secure  without  varnish ;  but 
there  i.s  considerable  risk  of  spoiling  gratings  in  the  operation  if  an  ordinary 
negative  varnish  be  used.  The  crystal  (beu/.oie)  varuish,  which  is  applied 
cold,  is  much  easier  to  use  and  gives  adequate  protection. 

But  the  process  which  I  am  now  most  inclined  to  recommend  is  that 
introduced  by  Hr  Wharton  Simpson,  and  known  as  the  coltodio-ehloride 
procesa  The  collodion,  which  may  be  piocured  ready  for  use  from  Messrs 

Mawson  and  Swan,  of  Neweastle»  consists  of  an  emulsion  of  finely  divided 
chloride  of  silver  held  in  suspension  Viy  the  dissolved  gun-cotton,  together 
with  a  carefully  adjusted  exces.s  of  liee  nitrate.  After  a  time  the  chloride  of 
silver  is  precipitated  and  the  preparation  becomes  useless;  but  if  properly 
mixed  in  the  first  instance,  it  will  remain  fit  for  use  for  weeks  or  eT«i 
months.  In  the  |»oduction  of  gratings  the  consumption  is  veiy  small; 
80  thatk  if  required  for  this  purpose  alone,  it  is  well  to  order  it  in  small 
quantities. 

In  order  to  secure  a  proper  adhesion,  I  have  found  a  preliminary  coating 
of  albumen  absolutely  necessary.  The  white  of  an  egg  beaten  up  with  a 
pint  of  distilled  water  gives  a  solution  of  sufiicient  strength.  The  plates, 
previously  deaned,  are  coated  in  any  way  that  may  be  found  convenient,  and 
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fchen  art  up  on  blotting-paper  to  dnin  and  diy.  The  principal  preoMitioDs 
neoetMuy  are  to  filter  the  albumen  very  careftilly  and  to  work  in  a  room  free 

fr  Diii  flust.  It  will  generally  be  convenient  to  prepare  a  considerable  number 
of  platt's  al  a  tiroo.  Though  of  ahiiost  infinitesimal  thickness,  the  film  of 
albumen  pnxhu cs  a  vt-ry  marked  eflect.  Without  the  albumen  the  .skin  of 
collodion  will  usually  come  right  away  from  the  glass  when  washed  under 
the  tap ;  with  it  the  adhesion  is  remarkably  good,  and  the  film  eo  tough  as 
even  to  bear  rubbing  with  the  finger  while  wet 

The  plate  w  coated  with  ooUoifion  in  the  ordinary  way,  and,  after  resting 

a  few  seconds,  is  dried  by  heat  over  a  apiiit-lamp  or  otherwise.  After  the 
plate  ha-s  been  mjvde  quite  warm,  it  is  put  aside  in  the  dark  to  cool  and  to 
absorb  a  certain  amount  of  moisture  from  the  atmosphere.  This  may  take 
five  or  ten  miautes.  If  the  plate  is  used  too  soon  the  result  is  unsatisfactory; 
but^  on  the  other  hand,  it  will  not  do  to  leave  it  long  enough  to  become 
eenmbly  moistw  Something  will  probably  depend  on  the  particular  aami^e  of 
cidlodio-diloride. 

mie  exposure  required  is  about  five  or  seven  minutes  to  the  autumn  sun. 

On  a  hazy  day  something  more  may  be  required ;  but  if  there  are  many 
clouds  about,  the  experimenter  will  do  well  to  postpK)ne  operations. 

On  removal  from  the  frame,  the  plates  may  be  placed  in  a  dish  of  water 
until  it  is  convenient  to  finish  them.  They  are  fixed,  without  any  toning,  in 
a  dilute  solution  of  hyposulphite  of  soda,  such  as  is  used  for  paper  prints, 
and  then  eareftiUy  wadied.  The  most  eflfeetive  washing  is  a  combination  of 
rinsing  and  soaking.  Hy  practice  is  to  rinse  the  plates  under  the  tap  for 
half  a  minute  in  order  to  remove  the  greater  part  of  the  hyposulphite  of 
soda,  and  then  to  allow  them  to  soak  for  an  hour  or  two  in  water  changed 
two  or  three  times.    After  a  final  rinsing  the  plates  tnay  be  set  up  to  dry. 

GratinL,'s  finished  in  this  way  give  excellent  definition,  but  the  spectra  are 
rather  deficient  in  brilliancy.  This  defect  is  of  less  importance  than  might 
be  supposed ;  for  in  order  to  see  the  finer  fixed  lines,  sunlight  is  in  any  case 
indispensable,  and  with  sunlight  there  is  usually  illumination  to  spare. 
Nevertheless,  as  gratings  are  likely  to  be  laigely  used  for  the  purpose  of 
popular  illustration  under  circumstances  where  artificial  light  must  be 
employed,  I  am  gl;wi  to  be  in  a  position  to  recommend  a  simple  mode  of 
treatment  by  means  of  which  the  brilliancy  of  the  spectra  may  be  materially 
enhanced.  For  this  purpose  it  is  only  necessary  to  treat  tiie  fixed  and 
washed  impression  with  a  solution  of  corroaive  auUimate.  When  the  whiten- 
ing efiect  is  complete,  the  plate  must  be  again  washed  and  then  set  up  to 
dry.  Considered  as  a  photographic  transparency,  the  grating  is  reduced 
rather  than  heightened  in  intensity  by  this  process.  The  cause  of  the 
improvement  of  the  spectra  will  be  touched  upon  presently.  These  mer> 
cury-treated  gratings  cannot  be  vamidied  wiilKNit  aaerificiiy  most  of  the 
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advautage  of  the  melhod.  I  have  ocouiiouall}  applied  the  same  treatmeDt 
wicoflwfuHy  to  tannin  plates. 

When  not  in  use,  the  finished  gratings  should  be  kept  in  a  dry  place  and 
protected  firam  dust  and  other  atmospheric  depont  For  this  purpose  they 
may  be  put  amy  wrapped  in  paper.  For  a  short  time  there  is  no  objection 
to  leaving  them  standing,  face  inwards,  against  a  wall }  but  a  better  plan  is 
to  plaoe  them,  face  downwards,  on  a  flat  and  tborooghly  clean  piece  of  plate- 
glasa 

The  original.s  from  which  I  have  hitherto  taken  copies  are  three  in 
number.  Two  are  by  Nobert,  and  contain  respectively  8000  and  GOOD  lines, 
in  each  case  ooTuing  a  square  inch  (Kuis).  On  a  casual  inspeetion  the 
aeoand,  apart  from  the  greater  number  of  its  line^  would  be  prefeired  as 
presenting  a  more  even  appearance.  The  8000-line  grating  is  divided  into 

three  parts,  giving  s])ectra  of  differing  degrees  of  brightness,  corresponding 
no  doubt  to  a  variation  in  the  cut  of  the  diamond  or  other  stone  employed,  a 
peculiarity  which  is  faitbluily  prwierved  in  the  copies.  But  on  actual  trial  it 
is  found  that  the  spectra  of  the  SOOO-line  gmting  are  much  the  best  in 
respect  of  definition;  and  the  same  difference  is  ohsenred  in  the  copies. 
The  superior  brilliancy  of  the  closer-ruled  grating  is  thus  of  little  or  no 
advantage  for  the  investigation  of  the  solar  spectrum.  In  order  to  make 
good  use  of  it,  a  higher  degree  of  magnify ing-power  would  be  necessary  than 
the  definition  of  the  spectra  will  bear. 

The  other  original  grating  was  engraved  by  Mr  Rutherfvird,  of  New  York, 
and  was  kindly  lent  me  by  Mr  Browning ;  it  contains  6000  lines  to  the  inch. 
Owing  to  a  change  of  remdenoe,  I  have  not  hitherto  had  an  opportunity  of 
testing  either  the  original  or  the  copies  on  the  solar  spectrum ;  but  I  may 
observe  that  in  respect  of  brightne.ss  they  fall  far  short  of  Nobert'a  This,  as 
I  have  already  remarke<l,  is  not  always  an  objection ;  and  the  accuracy  of 
division,  on  which  definition  depends,  is  said  to  be  very  superior*. 

In  testing  gratings  I  prefer  to  work  in  a  dark  room.  The  slit  is  fastened 
in  the  window-shutter,  out-side  which  is  placed  the  heliostat  or  porte-lumthe. 
As  slits  are  frequently  required  in  optioed  experiments,  and  as  usually  made 
are  rathw  expensive,  I  may  be  allowed  to  mmtion  a  very  simple  method  by 
which  serviceable  slits  may  often  be  obtained.  A  piece  of  ghiss  is  covered 
with  tinfoil,  which  must  be  made  to  adhere  well ;  I  havt-  found  a  weak 
shellac-varnish  a  suitable  cement.  The  alcohol  is  allowed  to  evajwrate,  and 
the  thin  layer  of  shellac  softened  by  heat  In  order  to  make  a  slit,  it  is  only 
necessaiy  to  lay  a  straight-edge  on  the  tinfoO  and  to  draw  a  Hno  with  a  sharp 
knife,  afterwards  wiping  the  line  of  the  cut  with  a  rag  moistoied  with  alcohol 
The  width  and  regularity  of  the  slit  may  be  judged  of  by  holding  it  dose  to 

*  Draper,  "  On  DiftrMtion-SpMtram  Photography."  Phil.  Mag.  Dw.  1873,  p.  419. 
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the  eye,  and  olwerving  the  appearance  presented  by  a  distant  candle.  The 
narrower  the  aperture  the  amn  dilated  (hi  the  direotioa  of  the  width  of  the 
slit)  the  image  will  appear.  Broader  elite  maj  be  made  by  removing  the  foil 
between  two  peiallel  cute. 

At  a  dietanoe  of  18  feet  or  more  from  tiie  shutter  am  i^bced  the  grating 
and  the  object-glaaB  of  the  obserriiqf>telefloope.   In  making  the  preliminary 

adjustments,  it  is  convenient  to  use  a  slit  so  wide  that  the  spectra  and  the 
light  reflected  from  the  gniting  can  bo  seen  un  a  screen.  By  the  second  the 
aspect  of  the  plane  of  the  gi-aiiug  can  be  judged  of;  and  when  the  line  of 
spectra  is  horiaontal,  it  will  be  known  that  tiie  lines  of  the  grating  are 
vertical  and  parallel  to  the  dib  As  olgect-ghMs,  I  am  in  the  habit  of  using 
a  single  lens  of  about  24  inches  solar  focua  The  eyepiece  is  a  high-{)ower 
achromatic,  supplied  by  Mr  Browtiing,  and  forms,  with  the  object-glass,  a 
teleiicope  of  much  higher  mugnif)  iiig  j)o\ver  than  is  ortlinarily  used  in  spectro- 
scopes. Without  a  high  power  it  is  impossible  to  bring  out  the  full  value  of 
the  grating.  In  order  to  obtain  the  best  definition,  it  is  neoessaiy  to  adjust 
carefully  the  aspect  of  the  object-glass;  and  I  find  ^t  the  best  aspect  is  not 
always  the  same.  It  is  possible  that  the  performance  of  other  optical  instru- 
ments might  occasionally  be  improved  if  means  were  provided  for  a  slight 
alteration  in  the  direction  of  the  optic  axis  of  one  of  the  lenses  employed. 
The  grating  itself  I  usually  place  approximately  in  the  position  of  minimum 
deviation. 

The  copies  on  worked  glass  by  the  ordinary  photographic  proceases  and 
by  the  modification  of  the  oollodio-ehloride  last  described  rarely  fail  in  d^ni- 
tion.  With  the  miginal  (8000)  grating,  or  with  the  ot^nes,  I  can  make  out 
nearly,  but  not  quite,  all  that  is  shown  in  Angstrom's  map.  With  this 
grating  the  third  spectrum  is  generally  the  most  serviceable.  When  the 
picked  |)atent  plate  is  employed,  there  will  generally  be  a  proportion  whose 
periormaucc  is  less  satisfactory,  though  few  which  would  not  give  very  fair 
results  when  tested  by  a  low  power  only.  Some  cannot  be  considered  inferior 
to  the  worked  ghu»,  at  least  when  the  objeot-glaas  is  specially  adjusted  for 
them.  In  many  cases  the  definition  may  be  considerably  improved  by  the 
use  of  a  diaphragm  in  the  form  of  a  horizonUd  slit,  .so  placed  that  only  the 
relit  ml  part.s  of  the  lines  of  the  grating  are  opemtive.  In  respect  of  brilliancy, 
gratiugs  may  be  more  quickly  judged  of;  it  is  suthcieut  merely  to  examine 
the  spectra  of  a  candle  placed  in  a  dark  room. 

The  lines  themselves  are  of  course  too  close  to  be  seen  without  a  micro- 
scope ;  but  their  presenoe  may  be  detected,  and  even  the  interval  between 
them  measured,  without  optical  aid,  by  a  method  not  depending  <m  the 

production  of  spectra  or  requiring  a  knowled|ge  of  the  wave-length  of  light. 

If  two  photographic  copies  contnining  the  same  number  of  lines  to  the  inch 
be  placed  in  contact,  him  to  him,  in  such  a  manner  that  the  lines  are  nearly 


Digitized  by  Google 


OF  DimtAcnoir-ORATiNGn. 


209 


panllel  in  the  two  gratings,  a  system  of  parallel  bars  develops  itself,  whose 
direction  bisects  the  ezteroal  auglo  between  the  directiona  of  the  original 
lineB,  and  whoee  distanoe  incronaoo  as  the  angle  of  inclination  diminishee. 
The  oauM  of  the  phenomenon  will  he  readily  understood  by  drawing  on  paper 
two  sets  of  equally  distant  and  not  too  thin  bars  inclined  at  a  small  angle. 
Where  the  opaque  and  transparent  parts  severally  overlap,  the  obstruction  of 
light  is,  on  the  average,  less  than  the  double  of  that  due  to  each  set  sepa- 
rately*, and  consequently  these  places  appear  by  comparison  hrigfat.  The 
interval  between  the  hars  is  evidently  half  the  long  diagonal  of  the  rhombus 
formed  by  two  pain  of  consecutive  lines,  and  is  expressed  by  a  cos  ^  ^  -r  sin  $, 
or  approximately  a-i-0,  where  a  is  the  interval  between  the  primary  lines, 
and  0  the  mutual  inelination  of  the  two  sets. 

When  parallelism  i>i  vory  cU)sely  approached,  the  bars  become  irregular, 
in  consequence  of  the  imperfection  of  the  ruling.  This  phenomenon  might 
perhaps  be  made  useful  as  a  test. 

If  the  planes  of  the  films  be  not  quite  parallel,  bars  parallel  to  the 
original  lines  may  appear  w  hen  the  line  of  intersection  of  the  planes  is  in  the 
same  direeticHi.  Thn  arises  from  a  foie-shortaung  of  one  <rf  the  sets,  making 
it  equivalent  to  a  grating  of  a  somewhat  higher  degree  of  fineness. 

Wh«i  examined  under  the  microscope,  the  opaque  bar  <m  the  copy,  whieh 

corresponds  to  the  shadow  of  the  groove  of  the  original,  is  seen  to  be  compo- 
site, being  not  unfrequently  traversed  along  its  length  by  several  fine  lines  of 
transpjirency.  In  one  case,  where  the  copy  was  on  common  glass,  this  effect 
went  so  far  that  at  certain  parts  of  the  grating  the  periodicity  was  altei'ed  by 
eadi  line  splitting  into  two^  the  first  spectrum  altogether  disappeariqg.  Jn 
order  to  make  this  observation,  the  eye  should  be  placed  at  the  point  where 
the  pure  spectra  are  formed  and  be  focussed  on  the  grating  The  places  in 
question  will  then  ^>pear  as  irregular  duk  banda 

The  disappearance  of  the  first  spectrum  is  very  unusual ;  but  it  is  common 

for  banfls  to  appear  when  the  eye  is  adjusted  to  the  place  of  the  fourth  and 
higher  spectra.  When  the  onior  is  high,  the  bands  will  not  be  black,  but 
coloured  with  light  belonging  to  one  of  the  other  spectra.  There  is  no  diffi- 
culty in  understanding  how  this  occurs.  In  the  process  of  copying,  the  groove 
of  the  original  is  widened  into  a  bar,  whose  width  depends  on  the  closeness 
of  contact,  an  element  which  necessarily  varies  at  different  parts  of  the  plate. 
The  dark  bivnds  are  the  l<x:us  of  points  at  which  the  relation  of  the  alternate 
parts  is  such  as  to  destroy  the  spectrum  in  question. 

I  have  not  had  an  opportunity  of  trying  the  method  of  copying  on  lines 
closer  than  (iOOO  to  the  inch ,  but  1  have  no  doubt  that  the  limit  of  riueaess 
was  not  attained.    I  should  expect  to  find  no  difficulty  with  lines  10,000  or 

*  Th«  ofttiMiaatiMa  iMte  will  «m4j  prore  this  tem  Um  law  of  abtoplioo. 
a.   I.  14 
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12.000  to  the  inch:  but  beyond  that  jxjint  it  is  possible  that  the  meth(xl 
would  fail,  or  re4uiru  special  precautious,  such  as  the  use  of  extra-flat  glass 
and  greater  piewwie  to  cnwro  doae  contact  in  the  |iriiitiiyg.  For  ptdimmarjr 
«qperiiiMiite  I  shomld  be  indined  to  tiy  mica  as  »  eopportk  whose  fleiihOitjr 
would  ftdlitate  s  dose  contact  I  may  mention  that  I  have  done  copies  of 
the  3000-line  grating  on  sheets  of  mica,  such  as  may  be  obtained  very  thin 
and  smooth  from  thf  photogniphic  dealers.  For  more  convenient  manipula- 
tion in  the  preliminai^'  stageti  of  preparation,  the  mica  should  be  mounted  on 
ft  sheel  <tf  i^aas  of  the  same  siae  as  itaelf.  A  small  drop  of  water  interposed 
wiU  eoiiiTe  a  suffioiMitly  doie  adhesum. 

I  ham  tried  to  take  copies  of  copies,  hot  with  indifferent  snooesB,  even 
when  the  perfcamanoe  of  the  first  was  not  peroeptifaly  inferior  to  that  of  the 
original 

Gratangs  may  he  coined  without  the  aid  of  photography  hy  amply  taking 

a  cast.  Following  Brewster,  I  hate  obtained  a  fair  result  by  allowing  filtered 
gelatine  to  dry  after  being  poured  on  the  3000  Xobert.  This  method,  how- 
ever, is  attended  with  much  more  risk  to  the  original,  and  is  besides  open  to 
other  objections,  sufficient,  I  think,  to  prevent  its  competing  with  photo- 
graphy. ^  

The  remainder  of  this  paper  is  principally  occupied  with  theoretical 
conpidemtioiis  relating  to  the  performance  of  gratings  ctiusidered  as  light- 
analyzing  apjwratUH.  The  more  popular  works  on  the  theory  «)f  light  give 
only  the  main  outlines  of  the  subject,  and  pass  over  almost  in  silence  the 
important  questions  of  illumination  sad  deioition.  On  tiie  other  hsnd,  the 
mathematical  treatises,  such  ss  Airy's  "Tracts**  and  Verdet*s  Lefont,  though 
they  give  analytical  results  involving  most  of  the  required  information,  are 
occupied  rather  with  explaining  the  prmluetion  of  spectra  as  a  diffraction- 
phenomenon  than  with  investigating  on  what  conditions  their  ]>erfection 
depends.  On  examining  the  question  for  myself,  I  came  to  the  conclusion 
that  the  theory  of  gratings,  as  usually  presented,  is  racumbered  with  a  good 
deal  that  may  properly  be  regarded  as  extraneous. 

One  of  the  first  things  to  he  noticed  is  the  extraordinary  precision 
required  in  the  ruUng.  The  diflfisienoe  of  wave-length  of  the  two  sodium- 
lines  is  about  a  thousandth  part  If,  therefore,  we  suppose  that  one  grating 
haa  1000  lines  in  the  space  where  another  has  1001,  it  is  evident  that  the 
first  grating  would  produce  the  same  deviation  for  the  less-refrangible  D 
line  that  the  second  would  produce  for  the  more-reti-angible  D  line.  We 
have  only  to  suppose  the  two  combined  into  one  in  order  to  see  that,  in  a 
grating  required  to  reiolve  the  D  line,  there  must  be  no  systematic  irregu- 
huity  to  the  extent  of  a  thousandth  part  of  the  small  intenraL  Single  Ikes 
may»  of  course,  be  out  of  position  to  a  much  laiger  amount.  It  is  esqr  to 
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see,  too,  that  the  same  aoonracy  is  required,  whatever  be  the  order  of  the 

spectrum  examined. 

The  precision  of  ruling  actually  attainrfl  in  gratings  is  very  great.  In 
the  3000  Ni»bert  it  is  certain  that  the  average  interval  between  the  lines 
does  not  vary  by  a  six-thousandth  part  iu  passing  from  one  half  of  the 
grating  to  the  otiier;  for  the  D  linee,  when  weU  defined,  do  not  appear  so 
broad  as  a  sixth  part  of  the  space  eepanitiqg  thenu 

In  oonaklflring  the  inflaenoe  of  tiie  namher  of  lines  («)  and  the  order  of 
the  spectrum  (m),  we  will  suppose  that 

the  ruling  is  accurate,  and  that  plane 
waves  arc  incident  perpendicularly  upon 
the  face  of  the  grating  whose  width  is 
represented  in  the  figure  by  AB.  But 
inasmuch  as  a  large  part  of  the  phe- 
nomenon covered  by  the  usual  nu^e- 
matical  invastigation  depends  upon  the 
limitation  of  the  gniting  at  A  and  B,  we 
shall  find  it  convenient  to  take  first  the  simple  case  of  an  aperture  represented 
by  AB,  and  afterwards  to  consider  the  influence  of  the  ruling. 

In  the  perpeudiculai-  direction  BG  all  the  secondary  waves  emanating 
firon  AB  are  in  complete  agreement  of  phase,  and  their  resnltant  accordingly 
attains  its  tugfaflst  possible  value.  In  a  direction  BP,  making  with  BC  a 
very  small  angle,  the  agreement  of  phase  will  be  disturbed.  If  BP  be  so 
drawn  that  the  projection  of  AB  upon  it  is  equal  to  X,  the  phases  of  the 
secondary  waves  will  be  distributed  uniformly  over  a  contplete  peri«xl,  and 
the  resultant  will  therefore  be  nU.  The  same  result  must  ensue  whenever 
BD  is  an  exact  multiple  of  \. 

For  the  intermediate  directions  wc  require  a  little  more  calculation. 

The  phase  of  the  resultant  will  always  con-espond  with  that  of  the 
secondary  wave  which  issues  from  the  middle  of  the  aperture.  If  »  denotes 
the  retardation  of  any  element  with  vespeot  to  this  one,  the  amplitode  of  the 
resoltant  is  given  hv 

J  -iR 

where  i2  is  the  relative  retardation  of  the  extreme  parte  A  and  £,  w,  on 
int^xation, 

einiJS 

This  expression  gives  the  magnitude  of  the  resultant  amplitude  compared 
with  that  in  the  principal  direotimi  BO,  where  all  the  oompon«its  agree  m 
phase. 
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The  composition  of  elementary  viUmtious  whdsc  phases  vary  uniformly 
within  certain  limits  may  be  ilhistrated  by  a  mechanical  analogy.  Each 

elementary  vibration  is  represented  by  a  force 
proportional  to  the  element  of  dreular  aro  PQ  and 
acting  at  0  along  a  direction  OP,  making  with  a 
fixed  line  of  reference  OX  an  angle  cofTeflponding 
to  the  phase  of  the  vibration.  The  force  may  be 
supposed  to  he  due  to  the  attraction  of  the  arc  on 
a  particle  placed  at  0.  The  group  of  vibratioDS  is 
thus  represented  by  the  group  of  feroes  whose 
directions  are  distribated  unilbimly  through  the 
angle  AOB;  and  the  resultant  of  the  forces,  found 
by  resolving  in  the  ordinary  way,  represents  on  the  same  system  the  resultant 
of  the  vibrations.  In  the  present  case  AOB  corresponds  to  B,  and  the  inte- 
grated expression  sin  -r  denotes  the  ratio  of  the  resultant  force  to  the 
aggregate  of  its  componoits  calculated  without  allowance  for  the  difference 
of  direction — that  is,  as  if  the  whole  attracting  mass  were  concentrated  at  X. 

According  to  what  has  been  alrsady  explained,  (dn  ^  ^Ry  vanishes 
when  is  an  even  multiple  of  ^w.  The  pceitions  of  the  maxima  (drter- 
mined  by  tan  ^R  =       do  not  exactly  bisect  the  ai^es  between  the  vanish* 

ing  directions ;  but  it  will  be  sufficient  for  our  present  purpo.se  to  note  that 
the  principal  maximum  (if  =  0)  is  unity,  and  that  the  others  do  not  differ 
greatly  from  (2/37r)-,  (2/57r)*,  (2/7 Tr/,  &c.  It  is  evident  that  on  either  side  of 
the  principal  direction  the  illumination  fidls  off  with  great  rapidity.  If  AB 
is  1  (inch)  and  X  =  ,  the  angle  CBPcorrespoiMling  to  the  first  minimum 
is  <mly  about  5". 

The  image  of  an  infinitely  narrow  line  of  ligfat  (whose  lei^|th  is  perpen- 
dicular to  the  plane  of  the  diagram)  as  formed  by  an  object-glass  with 

aperture  AB,  is  thus  a  series  of  parallel  stripes,  composed  of  a  central  narrow 
band  whose  illumination  varies  from  a  nuiximum  in  the  middle  to  zero  at 
the  edges,  enclosed  by  parallel  bands  of  rapidly  decreasing  illumination.  We 
have  now  to  examine  the  effect  of  the  niHng. 

For  the  sake  of  simplicity,  we  will  take  tirst  the  rasp  of  a  grating  com- 
posed of  transparent  bars  of  width  a,  alternating  with  opaque  bars  of  width  d, 
and  consider  the  central  image  or  spectrum  of  sero  order.  In  the  principal 
direction,  BC,  the  secondary  waves  are,  as  before,  in  complete  agreemmt,  but 
the  amplitude  is  diminished  by  the  ruling  in  the  ratio  a:a  +  d.  In  another 
direction,  making  a  small  angle  with  BC  .such  that  the  relative  refanlation 
of  A  and  B  amounts  to  a  few  wave-lengths,  it  Ls  easy  to  see  that  the  mode  of 
interference  is  the  same  as  if  there  were  no  ruling.  For  example,  when  the 
direction  is  such  that  the  projectimi  of  AB  upon  it  amounts  to  one  wave- 
length, the  elementaiy  components  neutralise  one  another,  beeanse  their 


Digitized  by  Google 


80]  DiprRAmoy-ORATtNoa  81S 

phases  are  on  the  whole  distributed  symmetrically,  though  diacontinuously, 
round  the  entire  circumference.  The  only  effect  of  the  ruling  is  to  diminish 
the  amplitude  in  the  ratio  a:a  +  d',  and  except  for  the  differenoe  in  illumi- 
nation, the  appearance  of  a  line  of  light  is  exactly  the  same  as  if  the  aperture 
were  perfectly  free. 

The  lateral  images  occur  in  such  directioos  that  the  projection  of  the 

element  a  +  d  of  the  grating  upon  them  is  an  exact  multiple  of  X.  The 
effect  of  each  element  of  the  grating  is  then  the  same;  and  unless  this 
vanishes  on  account  of  a  particular  adjustment  of  the  ratio  a  :d,  the  resultant 
amplitude  beoomee  coo^MfatiTely  very  great  These  directions,  in  which  the 
retardation  between  A  and  B  is  exactly  mnX,  may  be  called  the  principal 
directions.  On  either  side  of  any  one  of  them  the  illumination  is  distributed 
according  to  the  same  law  as  for  the  central  image  (m  =  0),  vam.shiug,  for 
example,  when  the  retanlation  amounts  to  (mn  ±  1)  X.  In  considering  the 
relative  brightness  of  the  different  spectra,  it  is  therefore  sufficient  to  attend 
merely  to  the  principal  directione,  provided  that  the  whole  deviation  be  not 
so  great  that  its  cosine  differs  oonsiderably  frmn  unity*. 

.Under  the  restriotaon  just  stated*  the  intensity  of  the  seoondaiy  waves 
may  be  supposed  not  to  be  diminished  by  the  oblupiity;  and  thus  we  obtain 
tor  the  ratio  of  brightnesses : — 


amw 


B     b  J      2am7r1'      a  +  dV  .  ,  amir 

BmlBt^W       OOS«<te+    -     ,     =   ~-  8in»— — ,; 

-S+3 

where  Bm  denotes  the  brightness  of  the  mih  spectrum,  and  B,  of  the  central 
image. 

J£  B  denotes  the  brightness  of  the  central  image  when  the  whole  of  the 
spsoe  occupied  by  the  grating  is  transparent,  we  have 

B^:B  =  a*:{a  +  df. 


and  thus 


»»*ir*      a  +  d  * 


The  sine  of  an  angle  can  never  be  greater  than  unity;  and  consequently 
under  the  moat  favourable  ciifumstances  only  1  w'Tr*  of  the  original  light 
can  be  obtained  in  the  mth  .spectrum.  We  conclude  that,  with  a  grating 
composed  of  transparent  and  opaque  parts,  the  utmost  light  obtainable  iu 
any  one  spectrum  is  in  the  first  (the  central  image  not  being  included),  and 
diete  amounts  to  l/w",  or  about  and  that  for  this  purpose  a  and  d  must 
be  equal 


*  Thii  point  is  pariiafs  made  dauar  bj  aappoding  (be  origiiul  light  to  be  always  incident  at 
•a  aagla  tfiat  ihadttlMMI  ^aotram  ondsr  owBakhratioa  oaeois  in  tba  nonaai  diraetioa. 
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WliMi  <l  «  a,  the  gatmX  fbrmula  beoomes 
allowing  thaCwfaen  m  ib  even,  Bm  vaaislieB)  and  that^  wben  m  is  odd, 

The  third  ipeetram  has  thus  only  one^unth  of  the  bfillianqr  <vf  the  tint 

It  is  here  supposed  that  the  light  is  homogeneoiis;  hut  if  it  be  compoeed 
(rf  elements  of  oontinnonsly  varying  wave-leqgth,  another  fiustmr,  1/m,  must 
be  introduced,  due  to  the  varying  elongation  of  the  spectra.  The  deficiency 

of  li^ht  accompanying  an  increased  dispersion,  however,  is  nothing  peculiar 
to  gratings,  and  may  be  met  by  a  proportional  widening  of  the  slit,  without 
lowernig  the  original  stjindard  of  purit}'. 

Another  particular  case  of  interest  is  obtained  by  considering  a  .small 
relatively  to  a  +  d.    Unless  the  spectrum  be  of  high  order,  we  bave  simply 


80  that  the  brightDess  of  all  the  (lateral)  spectra  is  the  same.  According  to 
this,  the  spectra  oS  a  sodium-flame  obeyed  through  a  grating  shouhl  be  of 
equal  brilliaiu^  when  a  is  small  relatively  to  a+d.  In  the  grating  with 

3000  lines  this  condition  is  fulfilled ;  but  the  theoretical  result  is  contradicted 
by  observation,  the  second  and  thini  lateral  spectra  being  much  brighter 
than  the  first.  I  am  not  in  a  jMjsition  to  explain  the  discrepancy,  which  I 
only  noticed  while  drawing  up  this  paper  for  the  press.  Unless  due  to  some 
mathematical  bhmder,  the  cause  would  appear  to  be  deep-seated.  The  eflfoct 
of  ah  ittsoffieient  namwness  <tf  grooves  would  be  in  the  opposite  dureotion. 

Our  ezpreerions  have  been  obtained  witlKmt  taking  into  aocoont  the 
reflection  fiNnn  the  &oe  of  the  gratmg ;  and  therefine  the  light  stopped  by 
th(  i  paque  parts,  together  with  that  distributed  in  the  central  image  and 
lateral  spectra,  ought  to  make  up  the  original  IwightoesB.  Thus,  if  a  we 
ought  to  have 

112         1     1  \ 
which  is  true  by  a  known  theraem.   Li  the  general  case, 

a  result  which  may  be  verified  by  Fourier's  theorem. 

By  Babmet's  principle  it  is  a  matter  ot  indiifereuce,  so  far  as  the  bright- 
ness ci  the  lateral  spectra  are  concerned,  whether  a  represent  the  wid^  of 
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the  transparent  or  of  the  opac^ue  part,  inasmuch  as  the  secondaiy  waves  from 
the  traiMrpareiit  and  opaque  parts  together  would  give  a  aero  reraltanth  The 
aame  oonolnaum  may  be  derived  firom  the  exproaaiop  fw  the  ratio  Bm :  B. 

From  the  valae  of  ^ :  ^  we  see  that  no  lateral  apectnun  can  etupaas 
the  central  image  in  brightness ;  but  this  result  depeada  upon  the  hypothesis 
that  the  lines  of  tho  grating  act  by  opacity,  which  is  generally  very  far  from 
being  trvie.  In  an  engraved  glass  grating  or  in  a  gelatine  copy  there  is  no 
opaijue  material  present  by  which  light  could  be  absorbed,  and  the  effect 
depends  on  a  dlfferoioe  of  retardation  due  to  the  alternate  pai-ts.  It  ia 
remaxkable  that  this  point  is  never  aUuded  to  in  the  ordinary  treatises  on 
optics,  and,  so  far  as  I  know,  was  first  noticed  by  Quincke  {Pogg.  Ann. 
vol.  CXXXII.  p.  321,  1H07),  who  mafle  a  theoretical  anrl  exjierimental  exami- 
nation of  the  phenomena  ])reseutcil  when  light  is  di^'racbed  at  the  edge  of 
a  transparent  obstacle.  My  attention  was  first  drawn  to  it,  before  I  was 
acquainted  with  Qoincke's  work,  by  observing  that^  contrary  to  my  anticipa- 
tions, it  was  possible  for  the  lateral  spectra  of  a  soda-flame  to  exceed  the 
central  image  in  brilliancy.  When  once  the  question  is  raised,  the  explana- 
tion is  easy  enough :  for  if  the  grating  were  composed  of  equal  alternate 
parts,  both  alike  transparent  but  giving  a  relative  retardation  of  half  a  wave- 
length, it  is  evident  that  the  central  image  would  be  entirely  extinguished, 
while  the  first  spectrum  would  be  four  times  as  bright  aa  if  the  alternate 
parts  were  opaque.  If  it  were  possible  to  introduce  at  every  part  of  the 
aperture  of  the  grating  an  arbitrary  retardation,  all  the  light  might  be  con- 
centrated in  any  desired  spectnim.  By  supposing  the  retardation  to  vary 
uniformly  and  continuously,  we  fall  on  the  ca.sG  of  the  ordinary  prism ;  but 
there  would  then  be  no  analysis  of  light,  except  sntA  as  dependa  on  the 
variation  of  retardation  with  wave-length.  To  obtain  a  dilBraetion-speetnim 
in  the  ordinary  sense  containing  all  the  light,  it  would  be  necessary  that  the 
retardation  should  gradually  alter  by  a  wave-length  in  parsing  over  each 
clement  of  the  grating  and  then  fall  bsick  to  its  previous  value,  thus  spring- 
ing suddenly  over  a  wave-length.  It  is  not  likely  that  such  a  i-esult  will 
ever  be  obtained  in  practice;  bat  the  ease  was  worth  statiqg,  in  wdw  to 
show  that  there  is  no  theoretical  limit  to  the  concentration  of  light  of 
assigned  wave-length  in  one  spectrum,  ^ 
and  as  illustrating  the  frequently  ob- 
served unsymnietrical  character  of  the 
spectra  on  either  side  of  tho  central  image. 

We  have  now  to  consider  the  depend 
deuce  of  the  rnaMng-fower  of  a  gratiqg 
on  the  number  of  its  lines  (n)  and  the 
Older  of  the  spectrum  observed  (wt). 

Let  BP  be  the  direction  of  the  principal  maximum  for  the  wave- 
length X  in  the  mth  spectrum ;  then  the  projection  of  AB  on  BP  is  mn\ 
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[repreaenting  the  relative  retiidatum  of  the  extreme  nya  which  paae  through 
A  udA  B^,  If  BQ  be  the  direction  oorreqpoiidiiig  to  the  first  mioimam,  the 
pngeotioQ  of  AB  on  BQ  is  (mn  +  1)X.  Sappoee  im>w  dutt  X-f  is  the  wave- 
lei^;th  for  which  BQ  gives  the  prindpal  maximum,  then 

(mn  +  1)X  s  mn  (X  +  Sx); 

whence 

X  mm* 

which  diowB  that  the  reaolving-power  varies  directly  as  m  and  n*. 

It  is  not  possible  to  say  precisely  under  what  circumstances  a  double  line 
would  appear  to  be  resolved— something  no  doubt  would  depend  on  the 

intensity  of  the  light — but  it  seems  pvcbable  that  there  wuuld  be  no  distinct 
resolution  when  the  two  images  are  separated  by  only  half  the  width  of  the 
central  band  of  either.  If  this  be  so,  we  may  take  X'mSX.  as  the  least  number 
of  grooves  capable  of  resolving  in  the  wth  spectrum  a  double  line  whose 
wave-lengths  are  X  and  X  +  ^  In  the  case  of  the  soda-lines  SK/X  is  about 
;  and  thwefore  to  resolve  them  in  the  fint  spectrum  would  reqnupe  1000 
grooves,  in  the  second  spectrum  500,  and  so  on.  It  is  evident  that  if  the 
ruling  be  perfectly  accurate  and  the  illumination  sufficient,  the  work  may  be 
aooompliahed  with  comparatively  few  lines  by  using  a  spectrum  of  elevated 
order. 

The  result  of  an  attempt  to  determine  experimentally  the  number  of  lines 
necessary  to  resolve  U  m  the  solar  spectrum  may  here  be  recorded.  The 
8000>to-the-inch  Nobwt  was  used,  its  horixontal  aperture  being  limited  by 
the  jaws  of  an  acyustable  slit  From  the  width  of  the  slit  found  to  be 
necessaiy  the  number  of  lines  in  opexatioD  was  calculated. 

In  the  first  spectrum  1200  lines  were  required,  in  the  second  680,  and  in 
the  third  375.  These  numbers  should  be  in  the  ratio  (> :  3  : 2;  but  the  last^ 
which  presents  the  greatest  deviation,  was  difficult  of  exact  measurement. 

The  number  of  lines  necessary  in  the  first  spectrum  is  very  much  what 
might  have  been  expected.  The  effect  of  a  limitation  of  the  aperture  of  the 
grating  by  a  slit  whose  length  is  horizontal,  is,  of  course,  ij[uite  diA'ei'ent.  As 
the  slit  k  narrowed,  the  im%e  of  a  jN>tat  would  be  dilated  in  a  vertical  direc- 
tion; but  this  is  <^  no  moment  when  tiie  subject  of  observation  is  itself  a 
unifbnn  vertical  lino.  As  was  mentioned  in  the  first  part,  the  definiti<m  is 
oSbea.  materially  improved. 

*  If  we  define  as  the  dinperiion  in  a  particulai  part  of  the  Bpcctriim  the  ratio  of  tlM 

angalar  ioteryal  d9  to  the  oorreBponding  increment  of  waTe-leugth  d\,  we  may  exprost  it  faf  a 
rtrj  liraplfl  famala.  For  flw  aHantioB  of  w«T»-l«ngfh  entaila,  at  Hbm  two  Ihnits  of  a  ■*«*^»**-» 

ware-front,  a  relative  retardation  equal  to  mnd\.  Hence,  if  a  be  the  width  of  the  dlftlfltld 
beam,  and  d6  the  angle  through  which  the  wave-front  is  turned,  ade  =  mniK,  or 

diaperaioD  =  ddld\ = mn/a.] 
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Since  a  grating  resolves  in  proportion  ti>  ihv  total  number  of  its  groovos, 
it  might  be  supposed  thai  the  defiuing-power  depends  on  different  principles 
in  the  cam  of  gratings  and  prisms;  but  the  distinetiim  is  not  fundamental. 
The  limit  to  definition  arises  in  both  cases  from  the  impoeaibility  of  repre" 
senting  a  line  of  light  otherwi'^e  than  by  a  band  of  finite  though  narrow 
width,  the  width  in  both  cases  depending  only  on  rht-  horizontal  aperttire 
(for  a  given  X).  If  a  grating  and  a  prism  have  the  same  horizontal  aperture 
and  dispenioQ,  they  will  have  equal  re8olving-[>ower8  on  the  spectrum ;  the 
greater  dispersion  is  the  only  cause  of  the  superiority  of  the  difihustion* 
spectra  of  high  order. 

In  estimating  the  value  of  light>analyzing  apparatus,  there  are  three 
things  to  be  oonsidered — the  brightness,  the  purity,  and  the  apparent  magni* 

tude  of  the  rtjsulting  spectrum.  In  the  case  of  a  prism,  where  the  loss  of 
light  hy  rcHcction  and  abs<)r])tion  may  in  a  rougli  approximation  bo  neglected, 
the  first  two  characteristic's  are  inseparably  connected,  whether  a  teh  scope 
be  used  or  not,  so  long  as  the  pupil  of  the  eye  is  filled  with  light.  In  what- 
ever degree  the  purity  be  enhanced,  whether  by  inCTeasing  the  dispersion  or 
nanowing  the  slit,  in  the  same  degree  must  the  brightness  suflfor.  The 
angular  magnitude  of  the  spectrum  is  merely  a  ({uestion  of  magnifying-power. 
No  matter  how  small  the  dispersion  may  be,  the  spectnim  may  3'et  be  made 
to  appear  as  lung  as  we  please  by  sufficiently  increasing  the  focal  length  of 
the  object-glass  and  the  power  of  the  eyepiece.  But  if  the  brilliancy  is  not 
to  sa£fer,  the  sise  of  the  prinu  and  the  aperture  of  the  telescope  must  be 
proportionally  increased;  for  otherwise  the  condition  will  be  violated  of 
keeping  the  pupil  filled  with  light.  There  are  thus  two  ways  of  obtaining  a 
powerful  spectroscope.  The  first  is  to  procure  a  great  dispersion  by  multi- 
plication of  prisms ;  the  second  is  to  be  satisfied  with  a  small  dispersion,  and 
attain  the  necessary  length  of  spectrum  by  a  high-power  telescope,  which 
may  involve  a  larger  aperture.  It  may  be  questioned  whether  the  second 
method  has  received  as  moeh  attenticm  as  it  deserves.  When  there  is  %ht 
to  spare,  a  higher  power  than  usual  may  often  be  employed  advantageously 
without  an  augmentation  of  aperture. 

In  th«-  case  Ot  gratings  the  question  is  complicated  by  the  choice  of 
spectra ;  but  some  remarks  may  perhaps  be  useful,  iluch  misapprehension 
appears  to  e.xist  as  to  the  nature  of  the  advantage  derived  irom  close  ruling. 
It  is  generally  supposed  that  the  closer  the  ruling  the  greater  the  resolving- 
power  of  the  instmmoit;  but  this  is  for  the  most  part  a  mistake.  When 
tiiere  is  no  Umitation  on  the  order  of  the  spectrum  to  be  observed,  resolving- 
power  depends  not  on  the  closeness  but  on  the  oocKroey  of  the  ruling.  Let 
us  take  the  case  of  a  grating  with  3000  lijies  in  an  inch,  and  consider  the 
effect  of  interpolating  an  additional  300U  lines.  The  effect  of  the  addition 
will  be  to  destroy  by  interference  the  first,  third,  and  the  odd  spectra 
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generally ;  while  the  advantage  gained  iu  the  qwotm  ct  eveu  uixier  is  not  in 
diapenioii,  nw  in  reeolving-poww,  bat  nmply  in  briUiaocgr.  wbidi  is  inereaeed 
to  fonr  times.  If  we  now  snppose  luUf  the  gntii^  to  be  cut  sway,  so  as  to 

leave  3000  lines  in  half  an  inch,  the  diqmsion  will  evidently  not  be  altered, 
while  the  brightness  and  resolving-power  are  halved  Tf,  therefore,  rcsolving- 
power  be  our  object,  we  should  aim  at  covering  a  considerable  breadth  with 
very  accurately  placed  lines,  rather  than  at  extreme  closeuesii  uf  the  linea 
themaelTea.  On  the  other  hand,  fiir  experiment  on  dark  heat,  or  whenever  n 
narrow  slit  is  not  avaihiUe,  resolving-power  is  of  less  importance,  and  the 
best  grating  will  be  one  that  covers  the  largest  space  with  the  finest  lines. 

I  have  already  mentioned  that  my  6000>to-the>inch  Nobert  defines  not 
only  not  better,  bat  decidedly  worse,  than  the  <me  with  9000  lines  in  the 

inch.  This  inferior  definition  is  probably  an  accident ;  for  there  seems  to  be 
no  theoretical  reason  for  it.  In  Inightnees  the  ckMer-ruled  grating  has 
greatly  the  advantage. 

The  preceding  investigations  arc  founded  on  the  principles  ordinarily 
adopted  in  explaining  diffraction-phenomena,  and  not  on  a  strict  dynamical 
theory.  In  the  present  state  of  our  knowledge  with  respect  to  the  nature  of 
light  and  its  relations  to  ponderable  matter,  vagueness  in  the  fundamental 
hypotheses  is  rather  an  advantage  than  otherwise ;  a  precise  theory  is  almost 
sure  to  be  wrong.  Nevertheless  it  is  often  instructive  to  examine  optical 
questions  from  a  more  special  point  of  view ;  and  therefore  I  hope  that  an 
investigation  of  an  ideal  grating  on  dynamical  principles  will  not  be  out  of 
place,  though  not  veiy  closely  connected  with  the  preceding  portion  of  the 
pu|3er. 

In  actual  gnitiugs  the  lines  or  gi'ooves  t>ccur  at  the  boundary  of  two 
media  of  diti'erent  refrangibilities ;  but,  for  the  sake  of  simplicity,  we  shall 
here  suppose  the  me£am  on  both  aides  to  be  the  same.  The  grating  will 
thus  consist  simply  of  bars  (infinitely  long)  whcse  optical  properties  diflSar 
frmn  those  of  the  rest  oS  the  medium ;  and  we  furthw  suppose 

(I)  that  the  vaiiatiim  of  optical  properties  depends  upon  a  diftrenoe  of 
inertia,  and  is  small  in  amount; 

(8)  that  the  diameter  of  the  bars  is  veiy  small  in  rehttion  to  the  wave> 
length  ot  light. 

The  supposition  that  refraction  depends  upon  a  difference  of  inertia  is 
that  of  Fresnel  and  Green,  and  has  been  shown  by  the  latter  to  lead  to 
Fresnel's  laws.  In  several  papers  in  this  niat^rizijie*,  I  have  shown  that,  if 
the  analogy  with  an  elastic  solid  holds  good  at  all,  no  other  supposition  is 
reconcilable  with  the  focts  of  the  reflection  of  light  firom  surfiwMs  and  its 

•  FkU.  Uag.  1871.  £Aito.  vin,  n,  u.] 


Digitized  by  Google 


80] 


OF  DinrRAonov-OBATiNas. 


S19 


diffisctioD  by  small  particles.  Whether  true  ur  uot,  it  is  at  any  rate 
mechanically  possible. 

Since  the  bars  are  very  small,  the  effect  of  each  is  quite  indopendent  of 
the  rest ;  and  so  the  dynamical  theory  need  only  concern  itself  with  one.  In 
my  paper  "On  the  Light  from  the  SkyV  I  proved  that  tiie  effect  of  a  body 
in  distorbing  the  waves  of  light  ineident  upon  it  may  be  calculated  by 
ordinary  integration  from  those  of  its  parts,  provided  that  the  square  of  the 
alteration  of  mechanical  properties  may  be  neglected.  This  proposition, 
though  true  as  stilted,  requires  some  caution  in  use,  and  is  pniciically 
inapplicable  when  the  body  is  elongated  in  the  direction  of  original  propa- 
gation, because  the  dimemnon  of  the  body  in  tiiis  direction  divided  by  X 
may  occur  as  a  &ctor  in  the  terms  omitted.  In  the  present  case,  however, 
where  the  light  is  ineident  normally  to  the  plane  of  Uie  grating,  this  diffi- 
culty does  not  arise. 

Let  the  bar  under  consideration  be  taken  for  axis  of  s,  and  let  the  axis 
of  a;  be  parallel  to  the  direction  of  z 
propagation  of  the  original  light.  The 
original  vibration  is  thus,  according  to 
the  polarisation,  parallel  to  ei^er  s 
or  y.  We  will  take  fii-st  the  former 
case,  where  the  disturbance  due  to  the 
•  bar  must  be  symmetrical  in  all  direc- 
tions round  OZ,  and  parallel  to  it. 
The  dement  of  the  distoibanoe  at  A  doe  to  PQ  {cU)  wiU  be  proportional  to 
df  in  amplitude^  and  will  be  retarded  in  phase  by  an  amount  eomepmding 
to  the  distaiK  <  r.  In  caleolating  the  efibet  of  the  whole  bar,  we  have  to 
orasider  the  int^;xal 


Now  the  denominator  =  Jr  —  R  Jr  -i-  B,  a  product  of  which  the  second 
factor  may  be  treated  as  constant  in  the  integration  in  view  of  the  fact  that 
the  parts  for  which  r  ditfers  much  from  R  destroy  each  other's  effects.  After 
this  simplification  tiie  integral  may  be  evahiated  by  means  of  the  formula 


The  reaolt  is 


Jo  V«        Jo    V«        V  2 


«  rkil.  Mag.,  1S71.   IJM.  vtu.] 
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inhowiug  that  the  total  effect  is  retarded  behiud  that  due  to  the  element 
at  0.  This  result  is  aDalugous  to,  though  different  from,  that  of  the  oidiiiary 
integration  by  Huyghens's  sones.  In  that  ease  the  effiact  of  each  sone  is 
very  nearly  the  same,  and  therefore  the  whole  is  the  half  of  that  of  the  finrt* 
zone.  If  the  first  zone  be  divided  into  rings  by  circles  drawn  so  that  r 
increases  in  arithmetical  progression,  the  rings  will  be  nf  equal  area,  and 
therefore  the  phase  of  the  resultant  vibration  will  be  halfway  between  that 
oorresponding  to  the  centre  and  circumference — that  is,  will-  be  retarded 
relatively  to  the  centre  by  one  fourth  of  X.  In  the  present  case,  if  the  bar 
be  divided  on  the  same  principle  so  that  each  piece  gives  a  result  retarded 
behind  its  predecessor,  the  lengths  will  rapidly  diminish  from  the  centre 
outwanls,  and  therefore  the  saine  argument  does  not  apply.  The  retardation 
of  the  resultant  relatively  to  the  central  element  is  less  than  before,  on 
account  of  the  preponderance  of  the  central  parts. 

By  the  result  investigated  in  tny  paper  previously  referred  to.  if  T  be  the 
Volume  of  the  elomeut  PQ,  D  ami  the  original  and  altered  deuaities,  the 
disturbance  at  A  due  to  the  element  is 

—D  »n«  cos -^(ft«-r)» 

the  original  vibration  at  PQ  being  denoted  by  cos  (27r6</X).  a  is  the  angle 
between  the  ray  PA  anrl  the  direction  of  original  vibration  QZ\  but  in  the 
present  application  we  may  put  sin  a  =  1,  since  only  the  centml  parts  are 
really  operative.  If  we  replace  T  by  Adz,  A  being  the  sectional  aiea  of  the 
bar»  and  nse  the  integral  juat  investigated,  we  find  for  the  efibet  of  the 
whole  bar 


If -h  Air    /\       27r/.,    ^  M 


corresponding  to  oos  (Sirftf/V)  for  the  incident  light. 

When  the  original  vibration  is  parallel  to  y,  the  disturbance  due  to  the 
bar  will  no  longer  be  eynunetrical  round  OZ,  If  a  be  the  angle  between  0« 
and  the  direetioti  of  the  scattered  ray,  it  is  only  necessary  to  introduce  the 
fiMstor  cos  a  in  order  to  make  the  preceding  expression  applicable. 

If  the  direction  of  the  original  vilnation  be  inclined  at  an  angle  $  to  OEt 
and  that  of  the  scattered  ray  at  an  ang^e    we  have  <hi  resolutioii 

tan    —  cos  a  tan  6, 

which  expresses  the  important  law  enunciated  by  Stokesf- 

*  TIm  AMtor  w  mw  ioadvartenUf  omitted  in  tlw  original 
t  "  Djoamiflil  Theoiiy  of  DMhMHon,"  Cmk  Tmn.  toL  b. 
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The  preceding  investigation  dcix^nds  upon  the  smnllness  of  D'  —  D  9» 
well  as  of  ^  ;  but  where  the  original  vibrations  are  parallel  to  the  bar,  the 
result  is  correct  to  all  powers  of  D'  —  D.  I  find  that,  if  the  bar  be  dreular 
and  composed  of  material  for  which  the  doisity  is  Bt  and  the  rigidity  n'  (the 
coxreflponding  qtumtities  for  the  rest  of  the  medium  being  D  and  n)»  the 
eziNreeBion  for  the  scattered  vibration  is 

eonespomding  to 

7  =  008—  at 

for  the  inddent  light  at  the  centre  of  the  bar*.  If  we  snppoee  that  n'an, 

this  agrees  with  the  result  already  found;  and  it  is  correct  if  the  bar  be 
small  enough,  whatevw  may  be  the  magnitude  of  (JJf  —  D)lD» 

[For  further  work  upoB  this  subject  see  PkiL  Mag.  vol.  XL  p.  196»  1881.] 

*  LAn  MUtlogona  intwtigatioa  it  sivcn  in  Theoq/     Sound,  |  M8.] 
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[Naiwt»  XI.  p.  6,  1874.] 

There  is  one  point  connected  with  Mr  Darwin's  explanation  of  the  bright 
colours  of  flowers  which  I  have  never  seen  referre<i  to.  The  assumed  attrao- 
tiveness  of  bright  colours  to  insects  would  appeal-  to  involve  the  supposition 
thAt  the  colour- vision  of  insects  is  approximately  the  same  as  our  own. 
Sorely  this  is  a  good  deal  to  take  for  granted,  vihea  it  is  known  that  evm 
among  onrBelvea  oolour>Tision  varies  greatly^  and  that  no  inconsiderable 
number  of  persons  exist  to  whom,  for  example,  the  red  of  the  scarlet  gera- 
nium is  no  bright  colour  at  all,  but  almost  a  match  with  the  leaves. 
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[Pha.  Mag.  ZLViiL  pp.  462—466.  1874;  ZUZ.  pp.  188—186.  1876.] 

In  a  paper  "  On  some  General  Theorems  relatiug  to  Vibrations,"  pub- 
lished in  the  Mathematical  Society's  Proceedings  for  1873  [Art.  XXl],  I 
proved  a  very  general  reciprocal  property  of  systems  capable  of  nbiafeing. 
with  or  without  dissipation,  about  a  position  of  stable  cquilibriam.  TIm 
principle  may  be  shortly,  though  rather  imperfectly,  stated  thu8:-r-If  a 
periodic  force  of  harmonic  typo  and  of  given  amplitude  and  period  act 
upon  the  system  at  the  point  P,  the  resulting  displacement  at  a  second 
point  Q  will  be  the  same  both  in  amplitude  and  phase  as  it  would  be  at 
the  point  P  were  the  force  to  act  at  Q. 

If  we  suppose  the  period  of  the  force  to  be  very  great,  the  effisets  both  of 
dissipation  and  inertia  will  ultimately  disappear,  and  the  system  will  be  in  a 
condition  of  what  is  called  moveable  equilibrium ;  that  is  to  say,  it  will  be 
found  at  any  moment  in  that  eouHguration  in  wliich  it  would  be  maintained 
at  rest  by  the  then  acting  forcea,  Hupi>osed  to  remain  unaltered.  The  stiitical 
theorem  to  which  the  general  principle  then  reduces  is  so  extremely  simple 
that  it  can  hardly  be  supposed  to  be  altogether  new;  neverthdess  it  is  not 
to  be  found  in  any  of  the  works  on  mechanics  to  which  I  have  access^  and 
was  not  known  to  the  phyaicists  to  whom  I  have  mentioned  it.  In  any  case. 
I  think,  two  or  three  pages  may  not  improperly  be  devoted  to  the  cousidera* 
tion  of  it. 

Let  the  system  be  referred  to  the  independent  coordinates 
reckoned  in  each  esse  torn  tiie  configuiation  of  equilibrium.  Since  only 
small  displacements  are  contemplated.      Ac  are  smsU  quantities  whose 
squares  am  to  be  neglected.    Then,  if  "^u  ^„  &c.  are  tile  impressed  feroes 
of  the  coiTCsponding  types,  the  equations  of  equilibrium  are  of  the  form 


...  *  ^9Ft 


(A) 


*» 
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being  the  same  in  number  as  the  degrees  of  freedom.  It  may  be  observed 
that  fonses  of  a  constant  oharaoter  need  not  be  inoloded  in  4ko. ;  for  the 
eflfect  of  socli  18  only  to  alt^  the  configuration  of  equilibrium,  and  tbey  may 
be  sappoeed  to  be  alieady  accotmted  for  in  the  estimation  of  that  confignxatum. 

If  the  system  be  conservative,  as  is  here  supposed,  the  coefficients  in  the 
equatioos  (A)  are  not  all  independent;  for  iu  order  that  an  eneigy-funotion 
may  eatb,  any  ooeffident  such  as  a„  must  be  equal  to  the  oovreeponding  o^. 

The  solatim  of  equations  (A)  is 

■■        +  An^t  + . •. , 


where  V  demotes  the  determinant 

On  <ht  I 
On    Ou   Oa**>  I 

and 

in  which,  theieforo,  by  a  property  of  determinants. 

Art  —  ^tr- 

In  the  application  that  we  are  about  to  make  it  will  be  supposed  that  all 
the  forces  but  two  vanish,  for  example  that  ^„  &c  vanish.  Under 
these  circuiustuuces  we  obtain  from  (B) 

Vf,  -  Anift  +  An"*,,       V^,  -  An'Vx  +   (C) 

equations  which  determine  the  displacements  "^i,  when  the  forc^  are 
given.  The  consequenoes  which  follow  from  the  fust  that  Au  "  A^  may  be 
exhibited  in  three  ways. 

First  Propotitim. — Suppose  Yt»0.   FVom  the  second  equation,  we  see 

that  V>^,,  ^  .1  Similarly  if  we  had  supposed  ^i  =  0,  we  should  get 
V'^,  =  ^,j%,  showing  that  the  relation  of  to  in  tke  second  cote  M  tke 
same  aa  the  relation  of      to  %  in  tlie  first. 

In  order  td  fix  our  ideas  we  will  take  the  ea^^e  of  a  rod,  not  necessarily 
uniform.  su]»p  rted  in  any  manner  in  a  hi»rizont;d  position — for  example, 
with  ouu  end  clamped  and  the  other  free.    Then,  if  P  and  Q  be  any  two 
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points  of  its  lt'n<iih,  wo  assert  that  a  pound  weight  hnnp^  on  at  P  will  give 
the  same  linear  deflection  at  Q  as  is  observed  at  P  when  thf  weight  is  hung 
at  Q\  and  the  only  thing  on  which  our  conclusit>u  depends  is  the  propor- 
tionaUty  of  straiiis  and  streBBes.  If  we  t»ke  angular  instead  of  linear  diaplaoe- 
ments,  the  theorem  will  run : — A  given  couple  at  P  will  produoe  the  same 
rotation  at  Q  as  the  oouple  at  Q  would  give  at  P.  Or  if  one  displacement  be 
linear  and  thf  other  angular,  the  result  may  he  stated  thus : — A  couple  at  P 
would  do  as  much  work  in  acting  over  the  rotation  at  P  due  to  a  simple 
force  at  Q,  as  the  force  at  Q  would  do  in  acting  over  the  linear  displacement 
at  Q  due  to  the  couple  at  P.  In  the  last  case  the  statement  is  more  oompli- 
cated,  since  the  forces,  heing  of  diffoent  kinds,  cannot  be  made  eqnaL 

Second  Proposition, — Suppose  that     =  0.   Then,  from  (0), 

From  this  wo  conclude  that  if  i-t  'jiven,  it  retpnres  the  same  force  M',  to  keep 
^1  =  0,  a«  would  be  required  in  ^,  to  keep     =  0,  if  -^i  had  ttts  given  value. 

Thus,  if  the  rod  be  supported  at  P  so  that  that  point  cannot  fall,  while  Q 
is  depressed  one  ineh  by  a  force  there  acting,  the  reaction  on  the  support  at 
P  is  the  same  as  it  would  have  been  on  a  support  at  Q  if  P  had  been 
depressed  one  inch*. 

Third  PropoeitioH. — Suppose,  first,  that  %  »  0.  Then,  from  (C), 

Secondly,  suppose  ^tsO.  Then 

^,:^,  =  -A»:A.^. 

Thus,  7i'heii  alone  acta,  the  ratio  of  di.yAacements  :  W  the  negative  of 
tJte  ratio  of  tlie  forces       :      neces.sari/  to  keep  y^.^  =  0. 

If  the  ro<l  is  8upp<irted  at  P  rind  bent  V)y  a  forcf  acting  (lowiiwanls  at  (J^, 
the  reaction  bears  the  sime  ratio  to  the  force  as  the  displact'ineiit  at  Q  would 
bear  to  the  displacement  at  P  when  the  unsupported  rod  is  bent  by  a  force 
applied  at  P. 

In  this  proposition  the  interchange  of  P  and  Q  gives  a  different,  though 
of  course  an  equally  true  statement  The  first  two  pn^posittons  are  them- 
seWes  reciprocal  in  form. 

The  seeond  and  third  propositions,  as  well  as  the  firsts  admit  of  the 
extension  to  the  vibrati<ms  of  systems  subject  to  inortia  and  dissipation ;  but 
I  do  not  here  pnrane  this  part  of  the  subject 

*  Tha  veriAosUoB  of  Umm  raanlte  with  iod«  rudomij  isppocM,  or  sMm  e«n|illflated 
■Uuetoiet,  i^vm  a  my  good  espanaMital  eMniw. 

a.   L  15 
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Our  fundamental  equations  (C)  may  be  arrived  at  with  less  analysis  and 
perhaps  equal  rigour  b^'  a  somewhat  moditied  procesH.  The  couditiuii^  that 
the  fovoes  Sas.  -noMi,  impooe  Uaemr  teltttioiis  on  the  ooofdinetea,  end 

Tirtnallj  rddnoe  the  degreee  oi  freedom  enjoyed  by  the  fltjfetem  to  two.  Bnt 
for  only  two  independent  oooidinstee  we  have  et  onoe 

=  6k.^+ fttet..  +   (D) 

wheie  the  ooeffieiaite  (u,  &b  are  equal  The  equality  <^  the  ooeffieientB 
i^,  6a  is  a  oQuequenoe  of  the  existenoe  of  an  eneigy-fonetioii,  or  may  be 
proved  de  novo  by  taking  the  flystem  round  the  cyde  of  oonfigorations  repre- 
aented  by  the  square  whose  angular  points  are 

^-01     ^-0)     ^-11  f^-n 
♦.-oj  fw^oj- 

From  (D)  we  may  dednee  the  three  propodtions  directly*  or  mediately 
with  the  aid  of  (CX  which  is  merely  the  algebraic  solntion  of  (DX 

Finally,  I  would  remark  that  essoitially  the  same  method,  though  with  a 

somewhat  different  intopretation,  is  applicable  to  systems  other  than  those 
0(mtemplated  in  the  preceding  demonstrations.  In  thermodjnamics  the 
condition  of  a  body  is  regarded  as  depending  on  two  indejx'iident  coordinates 
such  as  the  temperature  and  volume ;  and  by  the  principles  of  that  subject 
it  ia  known  that  a  function  of  that  condition  exists,  repreeentiiig  the  w<h^ 
that  can  be  got  out  of  the  system  in  reducing  it  to  a  standard  oonditiim  of 
volume  and  temperature,  any  communication  or  abstraction  of  heat  being 
made  at  the  standard  tempenitnre.  The  simplest  course  that  can  be  taken 
is  along  an  adiabatic  up  to  tlie  standard  temperature,  and  then  along  the 
isothermal  until  the  stiindard  volume  i.s  attained.  If  the  actual  condition  of 
the  body  be  defined  by  v  +  dv,  t  +  dt,  while  the  standard  condition  corre- 
sponds to  0,  ^  we  have  tat  the  available  eneigy,  or  entropy  (dt\ 

2de  =  dpdv  +  d(f>dt, 

where  dp  is  the  variation  of  pressure,  and  d^  the  variation  of  the  thenuo- 

dynaiiiic  function. 

In  this  equation  dv,  dt  correspond  to  yjr^;  dp,  d(f>  to  '4',,  and  df 
conesjMjnds  to  the  potential  energy  of  the  purely  mechanical  system.  Our 
first  proposition  shows  that,  if  (i^  =  0,  dtjdp  hss  the  same  value  as  that  of 
cb/d^  when  there  is  no  variation  of  {Hressure,  the  interpretation  of  which  is 
that  the  heat  (measured  as  work)  necessary  to  increase  the  volume  by  unity 
at  constant  pressure,  is  numerically  equal  to  the  j)r<)<luct  of  the  absolute 
temperature  into  the  increase  of  pressure  required  Uj  raise  the  temjjerature 
one  degree  when  no  heat  is  allowed  to  escape.  (See  Maxwell's  Heat,  p.  167.) 
In  like  manner  the  other  propositions  may  be  inteipreted. 
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Since  the  publication  of  the  paper  in  the  Dccriiiber  Number  ot"  the 
Philosophical  Magasine,  entitled  "  A  Statical  Theorem, '  I  have  made  some 
tolerably  oanful  experimental  measniemente  in  illoetratioii  of  one  of  the 
results  there  given,  which  are  perhaps  worth  recording.  The  **ijBban'* 
consiHted  of  a  strip  of  plate-glass  2  feet  long,  1  inch  broad,  and  about  ^  inch 
in  thickness,  supported  horizontally  at  its  onds  on  two  vory  narrow  ledges. 
In  the  first  experiment  two  points,  A  and  li,  were  marked  upon  it,  A  near 
the  centre,  and  B  about  5  inches  therefrom,  for  which  the  truth  of  the 
theorem  was  to  be  tested.  When  a  weight  W  is  suspended  at  At  the  deflee- 
tion  in  a  vertical  direction  at  B  should  be  the  same  as  is  observed  at  A  when 
IT  is  attached  at  A 

The  weigbt  was  suspended  from  a  hook  whose  pointed  extremity  rested 
on  the  upper  surface  of  the  bar  at  the  marked  points.  In  this  way  there  was 
no  uncertainty  as  to  the  exact  point  at  which  the  weight  was  applied.  The 
measurements  of  deflection  were  matle  with  a  micrometer-screw  rending  to 
the  ten-thousandth  of  an  inch,  the  contact  of  the  rounded  extremity  of  the 
screw  with  its  image  in  the  upper  snrfiMse  of  the  glass  being  obemed  with  a 
magnifier.  The  reading  in  each  pontion  was  repeated  four  times,  with  tiie 
following  results. 


Com  1.    W  hung  at  A.  Deflection  observed  at  B : — 


IT  on. 
79 

82 

79 

76 


IP  off. 
1478 

1473 

1476 

1474 


Mean  .  .   79  Mean.  .  .  1474 

The  deflection  at  B  due  to  IT  at  il  was  therefore  1395. 

Can  2.    W  hung  at  B.   Deflection  observed  at  A  :— 


IF  on. 
60 

47 

45 

46 


W  oO. 

1447 
1449 
1445 
1446 


Mean  .   .   47  Mean .   .   .  1447 

Accordingly  the  deflection  at  il  due  to  TT  at  £  was  1400. 

The  differmce  of  the  two  deflectianii,  amounting  to  only  about  ^  per  cent., 
is  quite  as  small  as  could  be  espeeted,  and  is  almost  within  the  limits  of 
experimental  error. 

la— 2 
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In  the  second  experiment  the  test  wjus  more  severe.  If  being  replacetl  by 
another  poiut  B'  7^  inches  distant  from  A,  instead  of  only  5  inches.  The 
deflectkniB  in  iba  two  eum  hero  oame  ont  idantioal  Mid  equal  to  998 
divuaoiiB^  W  bdng  the  same  as  before.  With  W  aAA^  the  deflectioii  at  A 
m  about  1700 ;  and  tvith  W  at  B\  the  deflection  at  1}'  was  760. 

The  theorem  here  verified  might  sometimes  be  usefiil  in  determining  the 

curve  of  deflection  of  a  bar  when  loaded  at  any  point  A.  Instead  of  obserr* 
ing  the  deflection  at  a  number  of  points  /*,  it  might  be  simpler  to  mensure 
the  detioctions  at  the  fixed  point  A,  while  the  load  is  shifted  to  the  various 
points  P. 

For  tlie  benefit  of  those  whose  minds  rebel  against  the  vagueness  of 
geueralized  coordinates,  a  more  special  proof  of  the  theoretical  result  may 
here  be  given.  The  equation  of  equili1»ium  of  a  bar  (whose  section  is  not 
necessarily  uniform)  is 

li^U)'^'-  

in  which  for  the  present  ;ij)])liration  Y  denotes  the  impressed  force,  not 
inclnding  the  weight  of  the  bar  itself,  and  y  is  the  vertical  displacement 
due  to  Y. 

Let  y,  y  denote  two  sets  of  disphMsementa  ootrespondi^g  to  the  foioes 

1".  Then 

where  the  integration  extends  over  the  whole  length  of  the  bar.  Now, 
int^ipting  by  parts, 

in  which  the  integrated  terms  always  vanish  in  virtue  of  the  terminal  con- 
ditions. In  the  present  case,  for  example,  y,  ^,  tfy/dafi,  d^/dtfi  vanish  at 
each  extremity.  Thus  the  left>hand  member  of  (B)  vanishes,  and  we  derive 

J{y'Y-yY'\dx»0.   (C) 

Let  us  now  suppose  that  Y  vanishes  at  all  points  of  the  bar  except  in  the 
neighbourhood  ct  A,  and  abo  that  V  vanishes  except  in  the  neighbourhood 
of  B.  Then  from  (OX 

or  if  JYda=:  J  Y'dx, 

=  yu  (D) 

as  was  to  be  proved. 

and  TsH't  MmmI  rabMgOy,  |  CIT. 
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A  aiinUar  method  is  applicable  to  all  such  caaei. 

I  maj  here  add  that,  ooirespoading  to  each  of  the  statical  propositions  in 
my  former  paper,  there  are  othoi-s  relating  to  initial  motions  in  which 
impidse.'i  and  ><ehiciiies  take  the  jilaci-  of  /(//rev  and  displacenieiUs.  Thns,  to 
take  au  cxituiplc  from  electricity,  if  A  and  B  represent  two  cux:uittf,  the 
sudden  generation  of  a  given  oorrent  in  one  of  them  gives  rise  to  an  electro- 
motive impnlse  in  the  other,  which  is  the  same,  whether  it  be  ^  or  JB  in 
which  the  cmnrent  u  generated.  Or,  to  express  what  is  really  the  same 
thing  in  another  way,  the  ratio  of  the  currents  in  A  and  li  due  to  an  electro- 
motive impulse  in  B  i.s  the  negative  of  the  ratio  of  the  impulses  in  B  and  A 
necessary  in  order  to  prevent  the  developmeut  of  a  current  in  B.  ThetjC 
Statements  are  not  affected  by  the  presence  of  other  dnmits,  C,  D,  &c.,  in 
which  indttoed  currents  are  at  the  same  time  excited. 

[1899.  The  following  presentation  of  the  matter  is  due  to  Pro£  ETeretfe. 

A  weight  Wt  corresponding  to  /Fife  above,  applied  at  the  point  A 
produces  a  drop  a  at  ^  and  a  drop  6  at  while  a  weight  W  applied 
at  B  pri  nliK  es  a  drop  «'  at  A  and  h'  at  B.  If  both  weights  be  iji  operation, 
the  potential  energy  of  deformation  is  definite,  and  its  valne  may  be  arrivcKi 
at  in  two  ways  by  applying  the  weights  in  ditferent  ordcrn.  If  we  first  apply 
IK,  the  potential  energy  so  far  is  ^Wa;  and  if  wc  then  apply  W  the 
additional  potential  energy  is  ^1f' ^4-  BV,  making  altogether 

In  like  manner  if  the  order  of  application  be  reversed,  we  find 

iWa  +  iW'b'+W'b. 

Accordingly 

Wa'^  W'b, 

as  was  to  be  proved.] 
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INiUure,  XI.  pp.  308,  309,  1875.J 

In  the  Pinlosupkical  Magazine  for  February  there  is  a  paper  by  Mr  R. 
fioaanqaet  on  ihe  matiiemai^al  theory  of  thia  instrumrat,  in  which,  however, 
as  it  appears  to  me,  the  prineipal  points  of  interest  are  not  touched  upon. 

As  the  rciiKirkB  that  I  have  to  offer  will  not  require  any  atmlyiiiii  for  their 
elucidiitiou,  I  venture  to  send  them  to  Nature  as  more  likely  than  in  the 
Philosophical  Magazine  to  meet  the  eyes  of  those  interested. 

The  origin  of  the  instniniont  hsi-s  led,  ;i.s  I  cniinot  but  think,  to  consider- 
able misconception  as  t^)  it,s  real  acouslicnl  eli!ira(  t<  r  The  object  of  Mr 
Hamilton  and  his  predecessors  was  to  combine  the  mu.siail  (^ualitietj  of  a 
string  with  the  sustained  sound  of  the  organ  and  hannoniom.  This  they 
sought  to  effect  by  the  attachment  of  a  reed,  which  could  be  kept  in  con- 
tinuous vibration  by  a  stream  of  air.  Musically,  owing  to  Mr  Hamilton's 
immense  enthusiasm  and  porsevrranco.  the  result  appears  to  be  a  success, 
but  is,  I  think,  atvnistically  (roiisidfiid,  .sduirthini^'  very  ditlermt  fiotn  what 
was  originally  mteuded.  I  believe  that  the  xjwlrunjent  ought  to  be  regarded 
rather  as  a  modified  reed  instrument  than  as  a  modified  string  instrument. 

Let  us  consider  the  matter  more  cloeely.  The  string  and  reed  together 
form  a  system  capable  of  vilnating  in  «  number,  tiieovetically  infinite,  of 
independent  fundamental*  modes,  whose  periods  are  calculated  by  Mr 

Bosanquet.  The  corresponding  series  of  tones  could  only  by  accident  belong 
to  a  harmonic  scale,  and  certainly  cannot  coexist  in  the  normal  working  of 
Mr  Hamilton's  insLriuneut,  one  of  whose  chanictcristics  is  great  sweetness 
and  smoothness  of  sound.  I  conceive  that  the  vibration  of  the  system  is 
rigorously  or  approximately  simple  harmonic,  and  that  accordingly  the  sound 

*  lu  the  meelMiuoKl,  not  the  mtuicai  mom;. 
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emitled  directly  from  the  reed,  or  striag,  or  from  the  nsniianco-board  in 
connection  with  the  string,  is  simple  harmonic.  On  the  other  hand,  it  is 
certain  that  the  note  actually  h»  ird  is  compound,  and  capable  of  being 
teflolved  into  several  coinponcnt.s  with  the  aid  of  resouatorH. 

The  explanation  of  thin  apparent  contradiction  is  very  simple.  Exactly 
as  in  the  case  of  the  ordinary  free  reed,  who«e  motion,  us  has  been  found  by 
several  observers,  is  rigorously  simple  harmonic,  the  intermittent  stream  of 
Mr,  which  does  not  take  its  motion  from  the  reed,  gives  rise  to  a  highly 
compound  mnsical  note,  whoee  gravest  element  is  the  same  as  that  of  the 
pure  tone  given  by  the  string  and  resoiKuirc-board.  One  effect  of  the  string, 
therefore,  and  that  probably  an  important  one,  i.s  to  iiitcn.'^ify  the  gravest 
tone  of  the  compound  note  given  by  the  intermittent  .stream  of  air. 

The  fact  that  the  pitch  of  the  system  is  mainly  dependent  upon  the 
string,  .seems  to  have  di.stracte<i  attention  fioin  the  iiiij)ortaiit  part  played  by 
the  stream  of  air,  and  yet  it  is  obvious  that  wind  cannot  be  forced  through 
sndi  a  passage  as  the  leed  affinds  without  the  prodnotioD  of  sound.  A  few 
veiy  simirfe  wperiments  would  sotm  decide  whether  the  view  I  am  advo- 
cating is  correct,  hut  I  have  not  hitherto  had  an  opportunity  <ji  making  them 
properly.  I  may  mention,  however,  that  I  have  noticed  on  one  or  two 
occasions  an  immediate  falling  off  in  the  sound  when  the  wind  was  cut  off, 
although  the  string  and  reed  reraaiued  in  vibration  for  a  second  or  two 
longer.  A  resonator  tuned  to  one  of  the  principal  overtones  was  without 
effect  when  held  to  tiie  string,  hut  produced  a  veiy  msrked  alteration  in  the 
chaiaeter  of  the  sound  when  held  to  the  reed. 

It  will  be  sera  that  according  to  my  explaoatiim  the  fwincipal  acoustical 
ehaneteristic  of  the  staring — ^that  its  tones  finrm  a  harmonic  sotle— does  not 

come  into  play,  the  oflSce  of  the  string  being  mainly  to  ooav^y  the  vibration 
of  the  reed  itself  (jus  distinguished  from  the  wind)  to  the  rcsonance-boartl  and 
thence  through  the  air  to  tlie  ear  of  the  observer.  A  second  advantage  due 
to  the  string  ap]X'ars  to  be  a  limitation  of  the  excursion  of  the  reed,  whereby 
die  peculiar  roughness  of  an  ordinaiy  reed  is  in  great  measure  avmded. 
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GENfiliAL  THEOREMS  RELATING  TO   EQUILIBRIUM  AND 
INITIAL  AND  ST£ADY  MOTION& 

[PhiL  Mag.  xlol  pp.  218— 224^  1875.] 

Ip  a  maberial  system  start  from  rest  under  the  action  of  given  impulses, 
the  energy  of  the  actual  motion  exceeds  that  of  any  other  which  the  system 
might  have  been  guided  to  take  hy  the  operation  of  mere  constraints ;  and 
the  diSereuce  is  equal  to  the  energy  of  the  motion  which  must  be  com- 
pounded with  either  to  produce  the  other  (Bertrand).  A  proof  of  this 
interesting  theorem  is  given  in  Thomson  and  Taif  s  Naltwal  Philosoj^y, 
§  311 — by  a  slight  modificatioii  of  which  a  more  general  result  may  he 
arrived  at,  giving  rise  to  important  oorollariea 

Let     Q,  R  denote  the  oompcments  of  impulse  on  the  partide  m,  and 

^1  yt '  the  component  velocities  assumed.  Then,  if  i',  ^,  i'  denote  any  other 
velocities  consistent  with  the  oonnexioos  of  the  system,  the  Principle  of 
Virtual  Velocities  gives 

S  l(P  -HI*)*'  +  (Q  -  my)y'  +  (Ji  -  ml)  J')  =  0,  (1) 

hy  means  of  which  the  initial  velocities  4     vre  completely  determined. 

In  equation  (1)  the  hypothetical  velocities  i\  &c.  are  any  whatever 
consistent  with  the  oonstitution  of  the  system ;  hut  if  they  are  limited  to  be 
such  as  the  system  could  acquire  under  the  operatimi  of  (he  given  impulses 
with  the  assistance  of  mere  canstiaintH,  we  have 

%T  =  Sm(«*  + 1?^+ J**) «  2(Pir + iiiOi  (2) 

This  includes  the  case  of  the  actual  motion. 

Retm^umg  nuw  to  the  general  case,  suppose  that  E'  denotes  the  function 
E'  =  t  {Px  +      +  iii')  -  i  :ivi      +     +  i'O  (8) 
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hwooming  finr  the  aotnal  motion 

EmT^\lm(a^  +  f  +  z')  (4) 

or,  for  an^  motion  of  the  kind  considered  in  (2), 

E'  =  r^^lm{if*  +  ^  +  if*).  <5) 

For  the  diffisfenoe  between     and  S  in  (3)  and  (4),  we  get 

^ - ^' «  i  Sm (ir"  +  jr"  +  i*)  +  4 Sj» +  y'»  +      -  S {Pit'  +  Qy'  +  Rz), 
in  which  by  (1), 

2  C^»'  +  ^'  +  i2»0  =  2m  (Ai'  +     +  ii') ; 

80  that 

E-E'  =  \  2m  f(*  -*')•  +  (y  -  y')»  +  (i  -   (H) 

which  shows  that  I'J  is  a  maximum  for  the  actual  motion  (in  which  case  it  is 
equal  to  T),  and  exceeds  uuy  other  value  E'  by  the  energy  of  the  difference 
of  the  real  and  hypothetical  motions.  From  this  we  obtain  Bertrand's 
theorem,  if  we  introduce  the  fiirtiiw  limitation  that  the  hypothetical  motion 
is  such  as  the  system  can  be  goided  to  take  by  mere  oonsferaints;  for 
then  by  (K) 

By  means  of  the  general  theorem  (6)  we  may  prove  that  the  energy  due 
to  given  impulses  is  increjxscd  by  any  diminution  (however  local )  in  the 
itiertia  of  the  system.  For  whatever  the  motion  ac(juired  by  the  altered 
Hyhtem  may  be,  the  value  of  E  corresponding  thereto  (viz.  T)  is  greater  th<an 
if  the  vehwities  had  renuaned  unchanged;  and  this,  again,  is  evidently 
greater  than  the  actual  B  (vis.  T)  of  the  original  motion.  The  total  inerease 
of  energy  is  equal  to  the  deoteaae  which  the  alteration  of  mass  entails  in  the 
eneigy  of  the  former  motion,  together  with  the  energy  (under  the  new  condi 
tions  of  the  system)  of  the  diHerence  of  the  old  and  new  motions.  II"  the 
change  be  small,  the  latter  part  is  of  the  second  order. 

On  the  other  hand,  of  oouiae,  any  addition  to  the  mass  lessens  the  effect 

of  the  given  impulses. 

A  similar  deduction  may  bo  made  from  Thomson's  theorem,  which  sUmds 
in  remarkable  contnist  with  that  above  demonstnited.  The  theorem  is,  that 
if  a  system  be  set  in  motion  with  prescribed  velocities  by  means  of  applied 
forces  of  oonrespcmdiug  types,  the  whole  energy  of  the  motion  is  Im  than 
that  of  any  other  motion  folfiUing  the  prescribed  velodty-ecmditions.  "And 
the  excess  of  the  eneigy  of  any  other  such  motion,  above  that  of  the  actual 
motion,  is  equal  to  the  energy  of  the  motion  which  would  be  generated  by 
the  action  alone  of  the  impulse  which,  if  compounded  with  the  impulse 
producing  the  actual  motion,  would  produce  i\xm  other  suppotMid  motion." 


Digitized  by  Google 


284 


OEHBRAL  THROBBMS  BBLATING  TO 


[84 


From  this  it  Mlow8  readily  that,  with  given  veloeity-ooiiditii»is»  the  mexgy 
oi  the  initial  moti<m  of  a  system  rises  and  foils  aooosding  as  the  inertia  of  the 
fltystem  is  inereased  or  diminished*. 

We  DOW  pass  to  the  investigation  of  some  statical  theiwems  whtdi  stand 
in  near  relation  to  the  resalts  we  have  just  heen  oonstderiog.  The  analogy 

is  80  close  that  the  one  set  of  theorems  may  be  derived  from  the  other  almost 
mochanically  by  tho  substitution  of  "force"  for  "impulse,"  ;in<l  "  pntcntial 
energy  of  deformation"  for  "kiuetin  enertjy  of  motion."  A  similar  mode  of 
demonstration  might  be  used,  but  it  will  bo  rather  more  conveuieut  tu 
employ  generalised  ooordinates. 

Consider  then  a  system  slightly  displaced  by  given  forces  from  a  position 
ct  stable  equilibriuhkj  from  which  configuration  the  ocxndinates  are  reckoned. 
The  potential  eneigy  of  the  diqJacement  K  is  a  quadratic  fiinctioii  of  the 
oootdinates  ^»  ift,,  be, 

»^=i«u^*+4«.tt'+   0) 

If,  then, 

+  -  (8) 

where      ^s*  &e.  are  the  fbiocs,  S'  will  be  an  absolute  maximum  lor  the 

position  actually  assumed  by  the  system.  In  ecjuation  (8),  V  is  to  bo  under- 
stood merely  as  nn  itbhreviatioii  for  the  right-hand  member  of  (7),  and  the 

displacements  -^/r,,  Sic  are  any  whatever. 

In  the  position  of  equilibrium,  ainoe  then  Sfi  dVfd^, 

i?=.F-4C*'.f^+^,^,+  ...);   (9) 

and  tiius 

E-E'  =  ^  {^,ylr,  +  ...)+  F'  -  {%y}r,'  +  . . . ) 

=  i       -  to  + ...  +  r  -  4  (>lr»^/  + ...). 
Now,  by  a  reciprocal  property  readily  provedf, 


+ ^v^; + ... = + +  (10) 

and  also 

i^'-i^i'tk' +   (11) 

wh«re  NK/,  fte.  is  die  set  of  forces  neosssary  to  maintain  the  configuration 
Thusby<10)and(llX 

^  -  ^  =  i      -  ^.')  (V^.  -  t.')  +  (12) 


a  positive  (juautity  reprcseutiug  the  potential  energy  of  the  deformation 
i^i  —  '^ih  ^c.   Thus  E'  attains  its  greatest  value  E  in  the  cose  of  the  actual 

*  See  a  paper  by  the  aQthor  on  Beaonance,  Phit.  Tnuu,  1871.  p.  94  [Art.  v.  f.  Sll, 
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coTifignratioii,  and  tho  excess  of  this  vnhm  E  over  any  other  is  the-  p'  tontial 
energy  of  the  displacement  which  must  be  compounded  with  either  U>  pnwluce 
the  other.  So  far  the  displaoomcnt  represented  by  &c.  is  any  whatever; 
bat  if  ive  oonfine  onnelveB  to  displaoements  due  to  the 
diffniog  finom  the  actual  dupkcements  only  by  reaaon  of  the  introductioo  of 
constraints  limiting  the  freedom  of  the  system,  then  E'  ^V*\  and  the  theurcin 
as  to  the  maximum  value  of  E'  may  \n'  stated  with  the  substitution  cf  V'  for 
E'.  Thus  the  introduction  of  a  constraint  has  the  effect  of  duiunishing  the 
potential  energy  of  deformation  of  a  system  acted  on  by  given  forces;  and 
die  amoiiiit  of  die  dinuavtion  ut  the  ^potential  eueigy  of  the  diioeiioe  of  the 
defennations*. 

For  an  example  take  the  case  of  a  horiaootal  rod  damped  at  one  end  and 
free  at  the  other,  from  whidi  a  weight  may  be  suspended  at  the  point  Q.  If 

a  constraint  is  applied  holding  a  point  P  of  the  rod  in  its  place  {e.g.  by  a 
support  situated  luidrr  it),  the  ])oteiitial  energy  of  the  bending  due  to  the 
weight  at  Q  is  less  than  it  would  be  without  the  constraint  by  the  potential 
energy  of  the  diiiereuce  of  the  deformations.  And  since  the  potential  energy 
in  eitiier  ease  is  proportumal  to  the  desoent  of  the  point  we  see  that  the 
eflfoct  <A  the  constraint  is  to  dimimsh  this  descent 

The  theorem  under  consideration  may  be  placed  in  a  dearer  light  by  the 
foUowing  interpretation  of  the  fimction  B, 

In  forming  the  conditions  of  equilibrinm,  we  are  only  concerned  with  the 
foroes  which  act  upon  the  system  whc  n  in  that  position  ;  but  we  may,  if  we 
choose,  attribute  any  consistent  values  to  the  forces  for  other  positions. 
Suppose,  then,  that  the  forces  are  constant,  as  if  produced  by  weight.s. 
Then,  in  any  position,  E  denot^is  the  work,  positive  or  negative,  which  must 
be  done  upon  the  system  in  order  to  bring  it  into  the  configuration  defined 
by  FaO.  Thus,  to  return  to  the  rod  with  the  weij^t  suspended  from  Q,  B 
represents  the  work  which  must  be  done  in  order  to  bring  the  rod  from  the 
configuration  to  wliich  E  refers  into  the  horizontal  position.  And  this  work 
is  the  diff"ereiicf  between  the  work  necessary  to  niise  the  weight  and  that 
gained  during  the  uubeuding  of  the  rod.  Further,  if  the  configuration  in 
question  is  one  of  equilibrium  with  m  without  the  assistance  of  a  constraint 
(sudi  as  the  support  at  P),  tiie  woric  gained  during  the  unbaadii^  is  exactly 
the  half  of  that  required  to  raise  the  weight ;  so  that  E  is  the  same  as  the 
potential  eneigy  of  the  be&diqg,  or  ha^  the  work  required  to  raise  the 
weight. 

When  the  rod,  unsupported  at  /*,  is  bent  by  the  weight  at  Q,  the  point  P 
drops.  The  energy  of  the  bending  is  tho  same  as  tile  total  work  required  to 
rerton  the  rod  to  a  hwiaoatal  position.  Now  tiiis  rsstoiation  may  be  eflfected 
in  two  st^  We  may  first,  by  a  foroe  aj^Iied  at  P,  raise  that  print  into  its 

*  Compue  Miii.waU't  Tktom  o/  Ueai,  p.  ISl. 


Digitized,  by  Gopgle 


886 


OBTBRAL  THBOBBMS  RBLATINO  TO 


[84 


proper  pcxition,  a  proceii.s  requiring  the  exjK'iiditure  of  work.  The  system 
will  iiuw  bo  iu  the  sarnu  cuuditiuu  a»  that  iu  which  it  would  have  been  found 
if  the  point  P  had  been  <mginally  supported ;  and  therefore  it  requine  lees 
woric  to  restore  the  conOguratkm  0  when  the  system  is  under  eonstraint 
than  when  it  is  free.  AooordiDgly  the  potential  eneigy  of  defbimation  is 
also  leas  in  the  formor  case. 

We  may  now  prove  that  any  relaxation  in  the  stiffness  of  a  system 
eqtiilibnite<i  by  given  forces  is  attended  by  an  increase  in  the  potential 
energy  of  defonnatiou.  For  li  the  original  couHguration  be  maintained,  E 
will  be  greater  than  bdine,  in  omiseqneiioe  of  tiie  (Buiinatioa  in  the  energy 
of  «  givoi  definrmatbn.  A  fwHori,  thorefore^  will  E  be  greater  when  the 
sjstem  adjusts  itself  to  eqmlibrinm,  when  the  value  of  E  is  as  gi-cat  as 
poesible.  Conversely,  any  increase  in  F  as  a  function  of  the  coordinates 
entails  a  diminution  in  the  actual  value  of  V  corresponding  to  eijuilibrium. 
Since  a  loss  of  trccdom  may  be  regarded  as  an  increase  of  stid'uess,  we  see 
again  how  it  is  that  the  introduction  of  a  oonstraint  diminishes  V, 

The  statical  anakgue  <tf  Thomson's  theorem  for  initial  motioos  refovs  to 
qratems  in  whieh  given  deformations  are  produced  by  the  necessary  forces  of 
corresponding  typea — for  example,  the  ro<^l  of  our  former  illustration,  of  which 
the  point  P  is  displaced  through  a  given  distance,  as  might  be  dene  by 
raising  the  support  situated  under  it.  The  theorem  is  to  the  effect  that  the 
potential  energy  K  of  a  system  so  displaced  and  in  equilibrium  is  as  small  as 
it  can  be  under  the  circumstances,  and  that  llie  energy  of  any  othw  oonfigtt* 
ration  exceeds  this  by  the  energy  of  that  configuration  which  is  the  difference 
of  the  twa 

To  prove  this,  suppose  that  the  conditions  are  that  -^^  yp-.^,  ifr,,...yfrr  are 
given,  while  the  forces  of  the  remaining  types  ^r+u  ^r+a.  vanish.  The 
symbfjls  &c.,  &;c.  refer  to  the  iictual  equilibrium-configuration,  and 
■^i+A-^/r,,  ylr^  +  Ayfr^,  kc,  A^,,  '^K,  +  A^j,  &c.  to  any  other  configura- 
tion subject  to  the  same  (Zi^/>/uc«»i«u^couditious.  For  each  suffix,  therefore, 
mAtr  A-^  or  "9  vanishea  Now  for  the  potential  energy  of  the  hypothetical 
defonnaticm  we  have 

2(F+AF)-W  +  A^,)(^  +  A^  +  ... 

+  AH'j .  Ai^i  +        A^,  +  (13) 

But  by  the  reciprocal  relation, 

of  which  the  f<nrmer  by  hypothesis  is  aero.  Thus 

SAF-A'Ti.AV^i  +  Ari.A^-l-...,   (14) 

as  was  to  be  proved. 
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The  etVcMit  <>f  a  relaxation  in  stifiness  must  clearly  be  to  diminish  V;  for 
such  a  dimiuutiou  would  ensue  if  the  configuration  rcinaiuud  unaltered,  and 
therefiHre  still  more  when  the  qretem  returns  to  equilihriani  under  the  altered 
conditions.  It  will  be  understood  thftt  in  particular  cases  the  diminution 
spoken  of  may  vanish. 

The  eaaaexioa  between  the  two  statical  theorems,  dealing  respectively 
with  systems  subject  to  given  displacements  and  systems  displace<l  by  given 
forces,  will  be  perhaps  bnmght  out  more  clearly  by  another  demonstration  of 
the  latter.  We  have  to  show  that  the  reiuuvul  of  a  constraint  in  attended  by 
an  inevaase  in  the  potential  enogy  of  deformation.  By  a  suitable  choice  of 
coordinates  the  conditions  of  constraint  may  be  expressed  by  the  vanishing  of 
the  first  r  coordinates  ...  ^r-  The  relation  of  the  two  cases  to  be  com« 
pared  is  expressefl  by  supposing  the  forces  of  the  remaining  types  "^^+1,  ■•. 
to  be  the  sjime,  so  that  AM'^+i.  &c.  vanish.  Thus  for  every  surtix  either  yft 
vanishes  or  else  A^.  Accordingly  X-^^^  is  zero,  and  therefore  also,  by  the 
law  of  reciprocity,  ^"VA^.   Hence,  as  above, 

2AV=2A^AVr  (15) 

showing  that  the  removal  of  the  constraint  increases  the  potential  cnergj-  by 
the  potential  energy  of  the  diflFerence  of  the  deformations. 

Corresponding  to  the  above  theorems  for  T  and  V,  there  are  two  more 
relating  to  the  ftmetion  J^introdneed  by  me  in  a  paper  printed  in  the  Pro- 
ceedings of  the  MathsmaHeal  Society  for  1873  [Art.  ul],  expressing  the  eflfocts 
of  viscosity.   We  have  here  to  consider  systems  destitute  both  of  kinetic  and 

potential  energy,  of  which  proliubly  the  best  example  is  a  combination  of 
electrical  conductor's,  conveying  currents,  whuse  inductive  effects,  dependent 
on  inertia,  may  be  neglected.  The  equations  giving  the  magnitudes  of  the 
steady  currents  are  of  the  finrm 

itfVrf^-*.  .(16) 

where  ^  is  a  quadratic  function  (in  this  case  with  constant  coeffidents)  of  the 
velocities  -ijr,,  &c.,  representing  half  the  dissijijition  of  energy  in  the  unit  of 
time,  aiul  M', ,  are  the  electromotive  forces.  It  is  .scarcely  necessary  Ui 
go  through  the  proofs,  as  they  are  precisely  similar  to  those  alre;uiy  given 
with  the  substitution  of  F"  for  T,  and  steady  forces  for  impulsea  The 
analogue  of  Bertrand's  theorem  tells  us  that,  if  gieen  eieetrometiee  fbreea  act, 
the  development  of  heat  in  unit  time  is  diniini.shed  by  the  introductitm  of  any 
constraint,  ob,  for  example,  breaking'  <me  of  the  contacts  And  bv  comparison 
with  Thomson's  th(M>reni  for  initial  moti<»ns  we  leurri  that,  if  fiiren  ntrrentfi  Ix' 
maintained  in  the  system  by  forces  of  corresponding  types,  the  whole  develop- 
ment of  heat  is  the  least  possible  under  the  circumstances  (IfaxweU's  Steo- 
md  MagmtHam^  |  S84).  And  precisely  as  before^  we  might  deduce 
corollaries  relating  to  the  effect  of  altering  the  redstaoce  of  any  part  of  the 
ewnbination. 
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[Boy.  Jntit.  Fne.  til  pp.  386--889, 1875;  Katun,  zi.  pp.  464—455. 1876.] 

Thb  aeooiMl  law  of  thenuodynamicB,  and  the  theoiy  of  dissipation  foanded 

upon  it,  hius  been  for  some  years  a  favourite  subject  with  mathematical 
physicLsts,  but  has  not  hitherto  received  full  recognition  froin  engineers  and 
chemists,  nor  from  the  scientific  public.  And  yet  the  (juestioii  under  what 
circumstauces  it  is  possible  to  obtain  work  from  heat  is  of  the  first  import- 
ance. Merely  to  know  thai  whoi  work  ie  done  by  meana  of  heat,  a  so-called 
eqaivalent  of  heat  disappears  is  a  very  small  part  of  what  it  concenis  ns  to 
reeogniae. 

A  heat-engine  is  an  apparatus  capable  of  doing  work  by  means  of  heat 
supplied  to  it  at  a  high  temperature  and  abstracted  at  a  lower,  and  thenno* 
dynamics  shows  that  the  fraction  of  the  hent  supplied  capable  of  conversion 
into  work  depends  on  the  limit-s  of  temperature  lietween  which  the  machine 
operates.  A  uoa- condensing  steam-engine  is  not,  properly  speaking,  a  heat- 
engine  at  all,  inasmuch  as  it  requires  to  be  supi^ied  with  water  as  well  as 
heat,  but  it  may  be  treated  correctly  as  a  heat-engine  giving  up  heat  at 
212°  Fahr.  This  is  the  lower  point  of  tempemture.  The  highw  is  that  at 
which  the  water  hoils  in  the  boiler,  perhaps  ;}G()  Fahr.  The  range  of  tem- 
perature available  in  a  uon-cundensing  steam-engine  is  therefore  .small  tat 
best,  and  the  importance  of  working  at  a  high  pressure  is  very  apparent.  Jn 
a  condensing  engine  the  heat  may  be  delivered  up  at  80*  Faltf. 

It  is  a  radical  defect  in  the  steam-engine  that  the  range  of  temperature 
between  the  fumaoe  and  the  boiler  is  not  utilised,  and  it  is  impoasible  to 
raise  the  temperature  in  the  boiler  to  any  great  extent,  in  consequence  of  the 

tremendous  pre«isure  that  would  then  Ix'  developed.  Then*  seeni'?  no  escape 
from  thin  difHcidty  but  in  the  use  of  some  other  fluid,  such  iis  a  hydrocjirbon 
oil,  of  nmch  higher  boiling  point    The  engine  would  then  consist  of  two 


Diyiiized  by  Google 


8ft] 


ON  THE  M8BIPATI01I  OF  BinEIMlT. 


299 


parts — an  oii-engine  diking  in  heat  at  a  high  temperature,  an<i  doing  work 
by  means  of  the  fall  of  heat  down  to  the  point  at  which  u  atcam-engine 
becomes  available,  and  seooodly  a  steam-engine  receiving  th«  heat  given  oat 
by  the  oil-engine  and  working  down  to  the  ofdinary  atmospheric  tern- 
peratora. 

Heat-engines  may  be  worked  backwards,  so  as  by  means  of  work  to  raise 

heat  from  a  colder  to  a  hotter  body.   This  is  the  principle  of  the  air  or  ether 

freezing  machines  now  coming  into  extensive  use.  In  thin  appHration  a 
small  quantity  of  work  goen  a  long  way,  ivs  the  range  of  temperature  through 
which  the  heat  lias  t<j  be  raised  is  but  small. 

If  the  work  required  for  the  freezing  machine  is  obtained  from  a  steam- 
engine,  the  final  result  of  the  operation  is  that  a  fall  of  heat  in  the  prime 
mover  is  made  to  produce  a  rise  of  heat  in  the  freezing  machine,  and  the 
question  arises  whether  this  operation  may  be  eflfoeted  without  the  inter- 
vention of  mechani<  il  work.  The  problem  here  proposed  is  solved  in  Carry's 
freezing  apparatus,  described  in  most  of  the  text-books  on  heat.  There  are 
two  eonimunicating  vessels,  A  and  B,  which  are  used  alteniately  as  boiler 
and  coudeuser.  In  the  first  part  of  the  operation  aqueous  ammonia  is  heated 
in  A,  until  the  gas  is  driven  off  and  condensed  iiiider  etmsideiable  pressure 
in  Bf  which  is  kept  cool  with  water.  we  have  a  (hll  of  heat,  the 

absorption  taking  place  at  the  high  temperature  and  the  emission  at  the 
lower.  In  the  second  part  of  the  openition  A  is  kept  cool,  and  the  water  in 
it  soon  recovers  its  power  of  absorbing  the  ammonia  gas,  which  rapidly  distils 
over.  The  object  to  be  cooled  is  placed  in  contact  with  B,  and  heat  passes 
from  the  colder  to  the  hotter  body.  Finally  the  apparatos  is  restored  to  its 
original  oondition,  and  therefore  satisfies  the  deAnitiaa  of  a  heat-eqgine. 
M.  Carrd  has  invented  a  continuously  working  machine  on  this  principle, 
which  is  said  to  be  very  efficient 

Other  freezing  arrangements  depending  on  solution  or  chemical  action 
may  be  brought  under  the  same  principle  if  the  cycle  of  operations  be  made 
complete. 

Whm  heat  p.as8es  from  a  hotter  to  a  colder  body  without  producing 
work,  or  some  equivalent  effect  such  as  raising  oth»!r  lieat  from  a  colder  to  a 
hotter  body,  energy  is  said  to  be  dissipated,  and  an  opportunity  of  doing 
woik  has  been  lost  never  to  return.  If  on  the  other  hand  the  fiUl  of  heat  is 
fiiUy  utilised,  there  is  no  dissipation,  as  the  original  condition-  of  things 
might  be  restored  at  pleasiiie;  Imt  in  practice  the  full  amount  of  work  can 
never  l>e  obtaiaed,  in  cooRequence  of  friction  and  the  other  imperfections  of 
our  machines. 

The  prevention  of  unnorrssary  dissipation  is  the  guide  to  economy  of  fin-l 
in  industrial  operations.    Uf  this  a  good  example  is  afforded  by  the  regene- 
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rating  furnaces  of  Siemens,  in  which  the  burnt  gases  arc  passed  through 
a  passage  stacked  with  fire-bricks,  and  are  not  allowed  to  escape  until  their 
temperature  is  reduoed  to  a  very  moderate  point  After  a  time  the  produeta 

of  oombuBtion  are  passed  into  another  passage,  and  the  unbumt  gaseous  fuel 
and  air  are  intnKluced  through  that  which  has  previously  been  heated.  The 
efficiency  of  tlie  arrangement  dej)en(ia  in  great  degree  on  the  fjvct  that  the 
cold  fuel  is  brought  first  into  contact  vvitli  the  colder  parts  of  the  flue,  and 
does  not  take  heat  from  the  hotter  parts  until  it  has  itself  become  hot.  In 
thia  way  the  fitU  of  heat  »  never  great,  and  there  is  comparatively  little 
diflripation. 

The  principal  diffieulty  in  economy  of  fbel  arises  from  the  fitet  that  the 
whole  bll  of  heat  from  the  temperature  of  the  furnace  is  seldom  available  for 

one  purpose.  Thus  in  the  iron  smelting  furnaces  heat  below  the  temperature 
of  melting  iron  is  absolutely  useless.  Hut  when  the  spent  gases  are  used  for 
raising  steam,  the  same  heat  is  used  over  again  at  another  part  of  its  fall*. 
There  is  no  reason  why  this  process  should  not  be  carried  further.  All  the 
heat  discharged  team  non-oondmising  steamoengines,  which  is  more  than 
nine-tenths  of  the  whole,  might  be  used  for  warming,  or  drying,  or  other 
operations  in  which  only  low  temperature  heat  is  necessary. 

The  chemical  bearings  of  the  theory  of  dissipation  are  veiy  important, 
but  have  not  hitherto  leoeived  much  attention.  A  chemical  transformation 
is  impossible,  if  its  occurrence  would  involve  the  opposite  of  dissipation  (for 
which  there  is  no  convenient  word)  ;  but  it  is  not  tme,  on  the  other  hand, 
that  a  transformation  which  would  involve  dissipation  must  necessarily  take 
pbce.  Otherwise  the  existenoe  of  ex|do8ives  like  gunpowder  would  be 
impossible.  It  is  often  stated  that  the  development  of  heat  is  the  criterion 
of  the  posaibility  of  apn^msed  transformation,  though  exceptions  to  this  rule 
are  extremely  well-known.  Tt  is  sufTieicnt  to  mention  the  solulidii  of  a  salt 
in  water.  This  ope'nition  involve.s  dissipation,  or  it  would  not  occur,  and  it  is 
not  difficult  to  see  how  work  might  have  been  obtained  in  the  process.  The 
water  may  be  placed  under  a  piston  in  a  cylinder  maintained  at  a  ligorously 
constant  temperature,  and  tho  piston  sbwiy  raised  until  all  the  water  is 
evaporated,  and  its  tension  reduced  to  the  point  at  which  the  salt  would 
begin  to  absorb  it  at  the  tem|>erature  in  qucsfi(ni.  After  the  salt  and  vapour 
are  in  contact  the  piston  is  ujade  to  descend  until  the  solution  is  etTected. 
In  this  process  work  is  gained,  since  the  pressure  under  the  piston  during 
the  expansum  is  greater  than  at  the  corresponding  stage  of  the  contraction. 
If  the  salt  is  dissolved  in  the  ordinary  way  energy  is  dissipated,  an  oppor^ 
tunity  of  doing  work  at  the  expense  of  low  temperature  heat  has  been  missed 
and  will  not  return. 

*  [18M.  Tbte  illnatrntion  ii  ioappropriato,  iQaattiMh  m  Am  blMft  hraaoa  gMM  an  ttfll 
oomlNutildfl^  and  niN  ttmm  in  virtiM  of  dMrnJaJ  notiaa.] 
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The  diffieulty  in  applying  thermodynamical  principles  to  chemistry  ariies 
from  the  fiict  that  ohemioal  tnuuformatioDS  oaimot  generally  be  suppoeed  to 
take  fdaee  in  a  reversible  maimer,  eyen  although  unlimited  time  be  allowed. 

Some  progress  has,  however,  recently  been  made,  and  the  experiments  of 
Debray  on  the  influence  of  pressure  on  the  evolution  of  carbonic  anhydride 
from  chalk  throw  considerable  li^ht  on  the  matter.  By  properly  accommo- 
dating the  pressure  and  temperature,  the  coutjtituents  of  challv  may  be 
separated  or  reocmtpoanded  without  diaripation,  or  rather  diaaipatioii  may 
theoretieally  be  reduced  without  limit  by  makiiig  the  operation  slowly 
enou^ 

The  poaribililj  of  chemical  acti<m  must  often  depend  on  the  denaity  of 
the  reacting  aubstanoes.  A  mixture  of  oxygen  and  hydrogen  in  the  proper 
proportions  may  be  exploded   by  an  electric  spark  at  the  atmospheric 

pressure,  and  energy  will  be  dissipated.  In  this  operation  the  sjjark  itself 
ueed  not  be  considered,  as  a  given  spark  is  capable  of  explcMling  any  quantity 
of  gaa.  Suppose,  now,  that  previously  to  explosion  the  gas  is  expanded  at 
oonatant  temperature,  and  then  after  explodon  brought  back  to  the  fbnner 
Vfdnme.  Since  in  the  combination  there  ia  a  oondensation  to  two-thirds,  the 
pressure  required  to  compress  the  aqueous  vapour  is  less  than  that  exercised 
at  the  same  volume  by  the  uncoinbined  ga.'^t's,  and  accordingly  work  is  gained 
on  the  whole.  Hence  the  explosion  in  the  expanded  state  involves  less 
dissipation  than  in  the  condensed  state,  and  the  amount  of  the  difference 
could  be  inereaaed  without  limit  by  carrying  the  expanaion  far  raough.  It 
follows  that  beyond  a  certain  point  of  rarity  the  explosion  cannot  be  made,  aa 
[according  to  what  has  been  said  its  occurrence]  could  not  then  involve  any 
dissipation.  But  although  thf  ti-ndency  to  combine  diniini.shes  as  the  gas 
becomes  rarer,  the  heat  developed  during  the  combination  remains  approxi- 
mately constant. 

It  must  be  remembered  that  the  heat  of  combiiiati<tu  is  gi'iicnilly 
developed  at  a  high  temperature,  and  that  therefore  work  may  be  done 
during  the  cooling  of  the  products  of  combustion.  If,  therefinre,  it  ia  a 
neceasity  of  the  oaae  that  the  act  of  combo8ti<m  should  take  place  at  a  high 
temperHtiiri',  the  possibility  of  explosion  will  ceaae  at  aa  earli^  point  of 
rare&ction  than  would  otherwiae  have  been  the  case. 

It  may  probably  be  found  that  many  mixtures  which  diow  no  tenden<7 
to  explode  under  ordinary  oooditiona  will  become  exploaiTe  when  anffidently 
condensed. 
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ON  THE  WORK  THAT  MAT  BB  GAINED  DT7BIN0  THB 

KimQ  OF  OASES. 

IPhiL  Mug.  xlitl  pp.  311—319,  1875.J 

The  well-known  fivct  that  hydrogen  tends  to  escape  through  line  aperturea 
more  rapidly  than  air  enters  to  supply  its  place,  even  although  the  advantage 
of  the  greater  pmsure  may  be  on  the  side  of  the  air,  proves  that  the  opera- 
tiini  of  miziiig  the  two  gnaes  has  a  certain  meohanieal  value.  In  a  oommoii 
form  of  the  OKperiment  a  tube  containing  hydrogen  and  closed  at  the  upper 
end  with  a  porous  plug  of  plaster  of  Paris  stands  over  water.  In  a  short  time 
the  Rscape  of  hydrogen  creates  a  partial  vacuum  in  the  tube,  and  the  water 
rises  accordingly.  Whenever  then  two  gases  are  allowed  to  mix  without  the 
perfonnance  of  work,  there  is  disupation  of  energy,  and  an  opportunity  of 
doing  work  at  the  expense  of  low  temperatnie  heat  has  been  for  ever  lost 
The  present  paper  is  an  attempt  to  calculate  this  amoant  of  work. 

The  result  at  which  I  have  arrived  is  extremely  simple.  It  appeat^i  that 
the  work  that  may  be  done  during  the  mixing  of  the  volumes  r,  and  Vj  ot 
two  diffrrcnt  gases  is  the  siiine  as  that  which  wouhl  be  gained  during  the 
expaiLsiou  ot  the  first  gay  from  volume  Vg  to  volume  Vi  +  v.^,  together  with  the 
work  gained  durii^  the  expansion  of  the  second  gas  from  to  v,  +  Vt,  the 
expansions  being  supposed  to  be  made  into  vacuum.  Now  these  expansions 
UKiy  be  considered  actually  to  take  place  ;  and  thus  the  role  is  Inought  under 
Dalton's  principle  that  each  gas  behaves  to  the  other  as  a  vacuum.  It  is 
understood  that  the  gases  follow  the  conmion  law  of  indejx'riflent  pres.sures, 
so  that  the  total  pressure  is  always  the  sum  of  those  which  would  be  exerted 
by  each  gas  in  the  absence  of  the  other. 

We  will  take  first  the  case  when  one  gas  is  condensable,  and  estimate 
how  much  w<Nrk  must  be  done  in  order  to  separate  the  omnponento  of  a 
mixturei   Suppose,  then,  that  a  long  ojlinder,  closed  at  the  botttnn,  contains 
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a  uniform  mixture  of  (for  exani[»lu)  hydrogen  and  steam  confined  under  a 
piston,  and  that  the  walla  of  the  cylinder  are  maintained  at  a  constant 
tempemtuie.  When  the  pisim  deeoenda,  heat  will  be  generated ;  but  the 
operation  it  aappoeed  to  prooeed  so  slowly,  that  not  <nily  is  the  tranperataie 
x^goronaly  constant  throughout,  but  also  the  mixture  is  at  any  time  in  that 
condition  which  it  would  finally  attain  were  the  descent  of  the  piston 
arrested.  The  pressure  on  the  piston  resisting  the  descent  is  by  hypothesis 
the  sum  of  those  which  it  would  experience  from  the  hydrogen  and  steam 
separately*.  When  the  apaoe  under  the  piston  is  redneed  to  that  whieh  the 
gtnxk  qnaattty  of  steam  is  o^ble  of  saturating  at  the  given  tempemturs^ 
condensation  oommenoes  and  continues  as  the  steam-qiaoe  is  gradually 
dimiaished. 

By  oairying  this  process  sufficiently  ftr»  the  condensation  of  the  steam 
may  be  effected  with  any  desired  degree  of  completeness,  and  tiios  the  water 

and  hydrogen  separated.  A  necond  moveable  piston  may  now  be  inserted 
immediately  over  the  condensed  water,  and  a  very  gradual  expansion  allowed 
until  the  original  total  volume  is  recovered.  If  the  second  piston  be  allowed 
free  motion,  the  constituents  of  the  original  mixture  are  now  separated, 
under  equal  praasnres,  and  occupying  the  same  total  volume  as  before ;  and 
the  question  is^  how  much  wcA  has  been  expended  in  aoiving  at  this  state 
of  things? 

In  view  of  the  fact  that  during  the  first  part  of  the  operation  the 
hydrogen  and  steam  preas  indt  ))on<lcntly,  it  is  clear  that  the  total  work  done 
is  the  same  as  that  which  would  be  reipiired  to  compress  the  hydrogen  from 
the  original  volume  Vi  +  v,  to  the  volume  v,  if  no  steam  were  present,  together 
with  the  work  necessary  to  compress  the  steam  from  v,  +  v,  to  if  no  hydro- 
gen weie  present  And  since  every  step  of  this  process  is  revmible,  the 
same  amount  of  work  might  be  gained  in  making  the  mixture,  and  is  diasi- 
pated  if  the  mixture  is  allowed  to  take  place  by  free  diffusion. 

The  same  argument  will  apply  when  the  condensation  of  one  of  the  gases 

is  eflFected  by  chemical  mean.s.  Suppose,  for  example,  that  we  have  a  mixture 
of  carbonic  anhydride  an<l  hydrogen  at  a  re<i  hent,  and  that  it  is  proposcfl  to 
absorb  the  carbonic  gas  with  quicklime.  It  has  been  proved  by  Debray  that 
at  every  temperature  above  a  certain  point  caibonic  gas  in  ooutact  with 
quidKlime  and  carbonate  has  a  definite  tension ;  any  excess  will  be  absorbed 
by  the  lime,  and  any  deficiency  supplied  by  a  decomposition  of  the  carbonate. 

If  the  tension  of  the  carbonic  gas  in  the  given  mixture  be  h^her  than 
that  propor  to  the  temperature  absorption  will  take  place  in  an  irreversible 
manner.  In  order  to  iwevent  dissipation,  the  mixture  of  gases  must  be  fint 

*  For  ttM  wtkt  ot  simplicity  we  amy  sappoBa  •  vMnaitt  00  Um  oUier  side  of  the  pialOB, 
fkont^  of  eooiee,  uqr  eoiuauik  |maHm  woold  give  flnsUy  no  nMlt. 
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expanded  until  the  tension  of  the  carbonic  gas  is  no  higher  than  that  corre- 
sponding to  the  temperature  at  which  it  is  proposed  to  work.  When  the 
contact  is  made,  the  mixture  may  be  vety  slowly  oondeniad,  so  tbal  aftw  the 
pMDt  is  passed  at  which  chemical  action  oommencefl,  the  tension  <^  the 
oarbonic  anhydride  remains  constant.  This  process  may  be  oontiiraed  until 
nearly  all  the  carbonic  anhydride  is  absorbed.  Tlie  liydrogen  may  then  be 
separated.  The  space  over  the  carbonate  of  lime  must  next  be  slowly 
increased  until  the  original  quantity  of  carbonic  gas  has  been  again  evolved, 
when  the  connexion  with  the  quicklime  most  be  cut  off.  It  now  only  remains 
to  reduce  the  separated  gases  to  the  same  prosiare  and  to  a  total  vdnme 
equal  to  tiiat  of  the  original  mLttura, 

Vram.  the  preceding  considerations  we  may,  I  think,  infer  that  the  law 

above  stated  is  general  whenever  the  gases  really  press  independently ;  for  it 
is  difficult  to  see  how  its  truth  could  depend  on  what  would  seem  to  be  the 
accident  of  the  existence  or  uou-existeuce  of  a  chemical  capable  of  absorbing 

one  or  other  of  the  gases. 

It  is  worthy  of  notice  that  exactly  the  same  rule  applies  for  the  meehauical 
value  of  the  separation  of  two  gases,  even  when  the  pressures  are  difterent ; 
fat  we  get  the  same  result  whether  we  first  before  mixing  allow  the  pressures 
to  become  equal  and  add  the  woik  gained  in  this  process  to  that  due  to  the 
subsequent  mixing,  or  whether  we  calculate  at  once  the  work  due  to  the 
separate  expansion  of  the  two  gases  firom  their  original  volumes  to  the  total 
volume  of  the  mixture. 

In  like  manner  the  work  that  can  be  gained  during  the  mixing  of  any 
number  of  pure  and  difterent  ga.'^es,  which  press  indejXMidently,  is  the  sum  of 
those  due  to  the  expansions  uf  the  several  gases  from  their  original  to  their 
final  volumes,  where  the  volume  of  a  gas  is  und^stood  to  mean  the  space  in 
which  the  gas  is  confined. 

The  next  problem  whidi  presents  itself  is  that  of  finding  the  work  that 
may  be  done  during  the  mixture  of  two  quantities  of  mixed  gases  for 
example,  oxygen  and  hydrogen.    Suppose  the  two  mixtures  to  be  contained 

in  a  cylinder,  and  separated  from  one  another  by  a  piston  which  moves  freely. 
The  rule  is  that  the  work  re<|uire(l  to  be  estimated  is  that  which  wuuM  be 
gained  during  the  equalization  of  the  oxygen-pressures  if  the  hydrogen  were 
annihilated,  together  with  that  whidi  would  be  gained  during  tiie  equalisa- 
tion of  ^e  hydrogen-pressures  if  the  oxygen  were  annihilated. 

If  the  proportions  of  the  gases  are  the  same  in  the  two  mixtures,  and  also 
the  total  pressures,  there  is,  of  course,  no  possibility  of  doing  work.  If,  on 
the  other  hand,  the  gas  on  the  one  side  of  the  piston  be  pure  oxygen,  and  on 
the  other  side  pure  hydrogen,  the  more  general  rule  reduces  to  that  abeady 

given  for  pure  gases. 
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I  now  pass  to  another  pfoof  of  the  fiindamental  rale,  depending  mi  the 

poenbility  of  separating  two  gases  of  different  densities  bj  means  of  gravity. 
In  a  vertical  column  maintaiued  at  a  uniform  temperature,  two  gases  which 
press  independently  will  arningL'  thenisclves  each  as  if  the  other  were  absent. 
Consequently,  if  there  be  any  dirtLTcncc  in  density,  the  percentage  compo- 
sition will  vary  at  different  heigh  li^,  and  a  partial  separation  of  the  gases  is 
tiiaseffiscted. 

Imagine  now  a  laige  reservoir  containing  gas  at  sensibly  constant 
proooure,  on  which  ie  mounted  a  tall  narrow  vertical  tube;  and  finb,  in  order 
to  understand  the  operation  more  easily,  let  there  be  only  one  kind  of  gas 
present  If  p  he  the  pressure  and  p  the  donitj,  p^i^*  rinoe  tiie  tem- 
perature is  constant ;  and  if  X  be  the  height  measured  from  the  reservoir  in 
which  the  pressure  is  P, 

whence,  by  integration, 

P'^Pr^  (1) 

exproBSes  the  law  of  varuition  of  pMSSure  with  he^bt.  Suppose  now  tiiat  a 
small  quantity  of  gas  of  volume  v  is  (1)  removed  from  the  top  of  the  tube, 

(2)  comprebsed  to  voluinc  {'„  until  it  is  of  the  same  pressure  as  the  gasin  the 
reservoir,  (3)  allowed  to  fall  through  the  lieight  z  to  the  level  of  the  reservoir, 
and  (4)  forced  iutu  the  resiTvoir.  The  effect  <>f  this  scries  of  operations  is 
m'f,  and  there  can  be  ueither  gain  nor  loss  of  work.  The  work  gained  in  the 
first  operatioo  is  consumed  in  the  fourth,  nnce  pv^Pv^t  so  that  attention 
may  be  confined  to  tiie  second  and  third  operations.  Now  the  work  con" 
snmed  in  the  compression  from  « to  s^  is 

ri»<fo-iv,r*^-p«,iog^-p«,iog^i  (2) 

and  the  work  gained  in  the  descent 

And  these  are  equal,  once  log(P/j»)»/i«;  so  that  on  the  whole  no  woik  is 
lost  or  gained. 

The  case  is  different  when  there  are  two  kinds  of  gases  present 

Although,  as  before,  the  work  gained  in  the  first  operation  is  consumed  in 

the  fourth,  there  is  no  longer  compensation  in  the  second  and  third  opera- 
tions. If  P,  and  I\  are  the  partial  pressures  in  the  reservoir,  the  work 
required  for  the  compression  from  v  to  is 

{P«  +  P.)i^logJ. 
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Uu  the  ulLer  haud,  the  wurk  gained  iu  the  descent  is 

if  Qi>  are  the  partial  pressuivH  of  the  abstracted  after  condensatioii  to 
volume  v..   Thus,  on  the  whole,  if  If  be  the  work  done  oa  the  guM,  aaoe 

Now  /J,    1\€      aod  »pi  =  v,Qt ;  so  that  »P|«^i* »  v,Q,. 
Accordingly 

Similarly 

=  log  ^ ; 
«»  * « 

and  thuii 

w^-ivjQ.iog^; +  Q.iog^|  (8) 

SiiH<'  the-  prc;)ce88  is  reversible,  (3)  ^nvrs  tin-  work  which  may  bv  done 
during  the  uiixiug  of  a  volume  of  two  gasew  uuder  the  piirtiiil  prei<«ure8 
Q^  aud  Qji  with  a  large  quantity  of  the  same  gases  under  an  equal  total 
profloure,  bnt  with  partial  prewurea  P,  and  P,. 

The  quantity  denoted  by  W  can  never  be  negative.  To  verify  this  from 
(3X  write  it  in  the  tatm 

where 

Pi  P,         .       Qi        .       Q*  . 

^-^r^rpT.  y-jr+T?,. 

Now  (Todbonter's  Algebra,  p.  392)  if  a.  6.  c, ...  be  any  positive  qoan- 
tities, 

a  +  b  +  c  +  d+  ...    ,  ,  J  vi 

i^uppoMe  that  a,  b,  c,  ...  coubist  of  p  equal  quantities  a  and  q  equal  quantities 
/8;  then 

n  n*^ 
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If  DOW  we  take 

pln^af,   qlw^y,   a=^x/d,  ^^yly, 

we  see  that 


and  thexefore,  amoe  m^y^X,  that  W  b  always  positive  unlefls  a«/9,  in 
whieh  case  the  oompodtioii  of  the  two  mixtures  is  the  same,  and  W  vanishes. 

We  have  now  to  show  bow  the  formula  for  the  mixture  of  two  pure  gases 
may  be  derived  from  (8).  Let  e,  be  the  volume  of  the  first  gas  and  of  the 
second,  at  the  constant  pressure  P,  +  A.  The  value  of  the  intwdiflurion  of 
«i  and    must  be  the  same  as  that  <>f  their  diffusion  into  a  large  quantity  of 

a  mixture  whose  composition  is  i(K;iit.iL.ul  with  that  the  mixture  of  r,  and  v.,. 
For,  on  this  supposition,  the  separtition  of  the  two  mixtures  spoken  of  would 
Lave  no  meehaiiical  value.  Now  by  the  value  of  W  for  the  ditiusiun  of  a 
quantity  r«  of  pure  gas  into  a  laige  quantity  of  a  misture  whose  partial 
pressures  are  Pi  and     is  (since     and  Qt\ogQt  vanish) 

ir-(P.  +  P.)flilog^^';  (5) 

and  hence  the  value  of  W  for  the  interditfusiou  of  the  quantities  i?,  and  »,  is 

IT-ei  (P,  +  P.)  log  ^/^+  tk(P.  +  PO  log  » 
or»  since  by  hypothesis  P| :  Pi  a  v, : 

w  -  (i>, + {.^  log      + ^  log  ':!±^} 

.(i>.,^^,^OH±^*  

Thm  equation  sgrees  with  the  rule  enunciated  at  the  beginning  of  this  paper, 

inasmuch  as  (P,  +  P,)  t>,  log  *^  *^  represents  the  work  gained  in  the  oxpan- 
sion  of  the  first  gas  fxtm  volume  i^  to  volume  sk  +  «hf  and 

(Pi  +  P^i,,log^ 

reprssenta  the  ecnresponding  quantity  for  the  seoond  gas. 

The  significance  of  e(|uation  (5)  may  perhaps  be  more  fully  brought  out 
fay  the  following  investigation  of  it  Whatever  the  relative  proportions  of 
the  two  gases  in  the  reservoir  may  be,  it  will  always  be  possible  bj  ginng 
high  enonj^  to  obtain  a  small  quantity  of  the  lighter  gas  in  any  required 
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degree  of  purity.  The  removal  of  this  at  the  top  of  the  lube,  its  condensa- 
tioD  to  the  pressure  in  the  reservoir,  the  iall  to  the  level  of  the  reservoir,  aud 
the  intraductiiRi  into  the  raaerroir  would,  on  the  whole,  require  no  work  to 
be  done  if  this  kind  of  gae  had  elone  been  prcoont.  Hie  only  effect  4^  the 
heavier  gas  is  to  rcuder  necessary  a  greater  condensation  in  the  third 
operation  ;  and  thus  W  is  the  work  that  is  require<l  to  condense  the  gas  from 
the  partial  [(rrssure  P^  to  the  toUil  pressure  in  the  reservoir  P,  -f  P..,  whence 
equation  (5)  follows  at  once.  If  it  is  desired  to  isolate  a  small  quantity  of 
the  heavier  gas,  the  tube  must  be  taken  downwards. 

It  10  to  be  obeyed  tiiat  the  work  required  to  force  a  given  quantity  of 
gas  into  a  huge  reservoir  ocmtaining  gas  at  tiie  auae  preceure  is  independent 
of  this  pressure,  sino^  according  to  Bojrie's  btw«  v  is  (timiniBbed  in  the  same 
proportion  that  p  is  increased. 

•  The  principle  of  dissipation  may  be  employed  to  prove  that  the  pressure 
in  a  vertical  column  of  mixecl  ga^ses  is  greater  when  there  is  free  diffusion 
than  when  tho  £t;us»'s  are  uniformly  mixed ;  for  if  the  ga-sos  be  allowed  to  rise 
from  the  reservoir  tolerably  quickly  (or  if  a  series  of  moveable  pistous  be 
interpolated),  the  composition  in  the  tube  will  be  the  same  as  in  the  resenrair. 
If  free  diffiieicm  be  now  allowed,  there  must  be  dissipation.  The  wiginal 
state  of  things  will  be  restored  if  the  miiture  be  slowly  forced  badt  into  the 
reservoir;  and  accordingly  the  work  consumed  in  condensation  must  be 
greater  than  that  gaint'd  in  tht-  expansion.  In  fact  it  may  be  proved  alge- 
braically by  a  process  somewhat  similar  t^o  that  applied  to  equation  (3),  that 
the  pressure  of  the  gases  under  free  diffusion  p,  where 

|>  =  P,e-''''  +  /^,e  "«*  (7) 

is  greater  than  the  presBure  of  a  uniform  mixture  j)',  where 

p'«(A  +  P^e-«*ft??f'  (8> 

■ 

It  is,  however,  possible  to  ima^e  other  distribntioos  whidi  shall  give  a 

pressure  greater  than  (7).  The  mechanical  equilibrium  gives  one  equation 
involvii^  the  two  quantitiee  pi  and  ptt  via. 

 -w 

and  the  sabeidiaiy  oonditions  are  that  pi  =  JPi,  p% «  when  #  a  0.  Hence 
we  may  take  as  the  most  general  solution, 

jh  -  Pie-"'*  t       J  V'*JICcI«, 
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where     is  an  arbitrary  function  of  z.   Thus  the  total  pressure 

Pi+Jh  =  PiC-""  +  Pte-"^  +  j'^  [*HmC»-«>  _  ir«<»-«)j  Xdx.   (10) 

For  free  diffiirion  Z-iO;  hut  it  oould  almijfs  be  taken  lo  m  to  nuike  the 
int^Fal  either  poaitiTe  at  n^atiTe,  as  might  be  desired. 

The  wofk  required  to  deoompoaa  a  mixture  of  gasea  is  in  general  small, 
and  oould  scarcely  be  of  mueh  importance  from  an  industrial  point  of  view. 

When,  however,  the  pruporti<m  of  one  ingredient  is  very  insignificant,  more 
work  is  reijuired.  Thus  the  sepamtiun  of  the  ciirboiiic  anhydride  from  the 
atmosphere  would  reijuire,  rehitively  to  the  quantity  obtained,  a  much  hirger 
expenditure  of  work  than  the  separation  of  the  oxygen.  Thus  euusideration 
shows  that  extreme  purity  in  any  gas  will  always  be  attained  and  maintained 
with  difficulty.  Even  when  the  necessary  work  is  small,  as  in  the  separatioa 
of  oxygen  from  the  atmosphere,  it  is  well  to  bear  in  mind  that  some  wock  is 
abwlutely  essential.  The  reversible  absorption  of  the  oxygen  of  air  may  be 
eftectcd  by  a  substance  like  bsiryta;  but  we  must  not  expect  to  recover  the 
pure  oxygen  at  the  same  temperature  and  under  a  pressure  e(|ual  to  the 
total  pressure  at  which  it  was  absorbed.  Either  the  temperatore  most  be 
raised,  or  the  gas  most  be  exhausted  at  a  pressure  less  than  that  und« 
which  it  existed  in  the  mixture  during  the  absorption*.  It  is  just  possible 
that  this  point  might  be  found  Uj  be  of  practical  importance  in  the  solution 
of  the  problem  of  extracting  oxygen  from  the  air. 

•  [im.  TUs  Is  tlM  BMthod  tsiplofsd  in  the  Biia  fiouim,  sabss«aMt|r  iatradaaid.] 
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See  FhU.  Mag.  L  pfk  257—279,  1876;  Art.  xxzyiii.  below. 

TIm  fiMSt  that  (he  period  of  a  giTen  mode  of  vflmtun  <^  liquid  io  a 
ojrlindrical  vessel  of  infinite  depth  and  of  section  always  similar  to  itself  (0.jr« 
alwajn  circular)  is  proportional  to  the  square  root  of  the  linear  dimension  of 
the  Bection,  follows  from  the  theory  of  dimensions  without  any  calc\ilrttion. 
For  the  only  quantities  ou  which  the  period  (t)  could  depend  are  (i)  p  the 
dflonty  of  the  liquid,  (ii)  g  the  aooeleration  of  gravity,  and  (iii)  the  linear 
dimeonoii  d.  Now,  aa  in  the  ease  of  the  common  pendalom,  it  is  evidCTt 
that  r  cannot  depend  upon  p.  If  the  density  of  the  liquid  be  doubled,  the 
force  which  arts  upon  it  is  also  (iouhled,  and  therefore  the  motion  is  the 
same  m  before  the  change.  Thus  t,  a  time,  is  a  function  of  d,  a  length,  and 
of  g.  Since  ^  is  of  —  2  dimensions  in  time,  t  a  g~^,  and  therefore  in  order 
to  be  independent  of  the  onit  of  length,  it  must  vary  as  d^,  inasmuch  as  g 
is  of  one  dimemrion  in  length.  Henoeraii^^.  This  reaaoiing,  it  will  he 
observed,  only  applies  when  the  depth  may  be  treated  as  infinite,  [or  when  it 
bean  some  constant  finite  rado  to  the  linear  dimension  of  the  section]. 
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Thb  theory  of  waves  in  a  iinifonn  caiml  of  rectangular  section,  in  the 
case  when  the  length  of  thr  wave  is  great  in  (•(itnptirison  with  the  depth  of 
the  canal  and  when  the  muxuuuui  height  ul  the  wave  is  small  in  comparisun 
with  the  awne  qiuuitity,  via  given  long  ago  by  Lagrange,  and  is  now  well 
known.  A  wave  <^  any  form,  subject  to  the  above  oonditionB,  is  propitiated 
unchanged,  and  with  the  veli>city  which  wouM  be  acquired  by  a  heavy  body 
in  falling  through  half  the  depth  of  the  canal.  The  velocity  of  propagation 
here  referred  to  is  of  course  relative  to  tlie  undisturbed  water.  If  we  attri- 
bute to  the  water  in  the  canal  a  velocity  et^ual  and  oppoHite  to  that  of  the 
wave,  the  wave>fomi,  having  the  same  lelatlve  velocity  as  before,  is  now  fixed 
in  qpaoe*  and  the  problem  beoomes  one  of  $ttad]f  motion.  It  is  under  this 
aspeet  that  I  propoae  at  present  to  consider  the  question ;  and  we  will  tiiere* 
fore  suppose  that  water  is  flowing  along  a  tube,  whose  section  undergoes  a 
temporary  and  gradual  altcmtion  in  consequence  of  a  change  in  the  vertical 
dimension  of  the  tube.  The  principal  question  will  be  how  far  the  pressure 
at  the  upper  sur&oe  can  be  made  oonsfeant  by  a  suitable  adju»tmeut  of  the 
velocity  of  flow  to  the  foroe  of  gravity. 

That  the  two  oanaea  which  tend  to  produce  variatimi  itf  pressure  at  the 
upper  sni&oe  act  in  oppositioa  to  eadt  other  ia  at  once  ev^ent.  If  there 

were  no  gravity,  the  pressure  would  vaiy  on  account  of  the  alteration  in  the 
velocity  of  the  fluid.  Since  there  must  be  the  same  total  flow  across  all 
sections  of  the  pipe,  the  fluid  which  approaches  an  enlargement  must  lose 
velocity,  and  the  change  of  momentum  involves  an  augmented  pressure.  On 
this  aoooont,  therolbte,  there  ia  an  increased  piasauie  at  a  phee  of  enlaige- 
ment  and  a  diminiahed  piwaem^  aft  a  oontraction.  On  the  other  hand  the 
^bot  of  gravity  is  in  the  opposite  direction,  tmdtng  to  prodooe  a  Icea  of 
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pressure  at  the  upper  surface  where  that  surface  is  high,  and  a  gain  of 
pressure  where  (he  surface  is  low.  This  effect  of  gravity  is  independent  of 
the  vdoeity ;  hat  (be  dMutgea  of  preasore  due  to  aooelendon  and  reterdatioa 
depend  on  the  velocity  of  ^ow,  and  we  can  thwefiwe  readily  understand  that, 
with  a  certain  definite  velocity  ot  flow,  componsation  may  take  place,  at  least 
approximately.  When  this  happens,  the  condition  of  a  free  surface  is  satis- 
fied, the  cunstraiut  may  be  rciiiuvud,  and  wc  are  left  with  a  Htatiouary 
wave-fimn. 

In  (he  theory  of  long  waves  it  is  assumed  that  the  loigth  is  so  great  in 
proportion  to  the  depth  of  the  water,  that  the  velocity  in  a  vOTtical  direction 

can  he  neglected,  and  that  the  horizontal  velocity  is  uniform  across  each 
section  of  the  canal.  This,  it  should  be  observed,  is  perfectly  distinct  from 
any  supposition  its  to  the  height  of  the  wave.  If  I  be  the  undisturbed  depth, 
and  h  the  elevation  of  the  water  at  any  |)oiut  of  the  wave,  u,,  a  the  velocities 
corresponding  U)  I,  I  +  h  respectively,  we  have,  by  the  condition  of  continuity. 

By  the  principles  of  hydrodynamics,  the  increase  of  pressure  due  to  rotarda* 
tion  will  be 

On  the  other  hand,  the  loss  of  pressure  due  to  heij^t  will  be  gph ;  and  there- 
fine  the  total  gain  oS  pressure  over  the  undisturbed  parts  is 


If  now  the  ratio  h:l  he  very  small,  the  coefficient  of /t  becomes 

and  we  conclude  that  the  condition  of  a  free  surface  is  satisfied  provided 

%i^  =  gl.  This  determines  the  rate  of  flow  in  order  that  a  stationary  wave 
may  be  p<jssible,  and  gives  of  course  at  the  same  time  the  velocity  of  a  wave 

in  htill  water. 

If  we  suppose  the  condition  u^  =  gL  satisfied,  the  change  of  pressure  is,  to 
a  second  approximation, 

which  showB  that  the  pnnure  is  defective  at  all  parts  of  the  wave  where  h 
diffen  from  zero.  Unless,  therefore,  h*  can  be  neglected,  it  is  impossible  to 
satisfy  the  condition  of  a  free  surface  for  a  stationary  long  wave — which  is 
the  same  as  saying  that  it  is  impossible  for  a  long  wave  of  finite  height  to  be 
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propagated  in  still  water  without  change  of  type.  If,  howev.  i,  h  he  every- 
where positive,  a  better  result  can  be  obtained  with  au  iDcrcaiHKl  value  of  u,; 
and  if  A  be  emrywhae  negative,  with  adimi&iaiied  valm.  We  ufiw  tiuit  a 
positive  wave  moves  with  a  somewhat  highw,  and  a  negative  wave  with  a 
somewhat  lower  velocity  than  that  due  to  half  the  undisturbed  depth. 

[1899.  The  approximation  may  be  coutiuued  as  follows.  lu  a  small 
positive  progresrive  wave  the  relation  between  the  particle-velocity  ii  at 
any  pomt  (now  reckoned  relatively  to  the  parts  outside  the  wave)  and  the 
elevation  h  is 

If  this  relation  be  violated  anywhere,  a  wave  will  emerge,  travelling  in  the 
negative  direction.  Let  us  now  picture  to  ourselves  the  case  of  a  positive 
progressive  wave  in  which  the  changes  of  velocity  and  elevation  are  very 

gradual  but  hecotne  important  by  accumulation,  and  let  us  itKiuire  what 
conditions  must  be  .satistied  in  order  to  prevent  the  formation  of  a  negative 
wave.  {Theory  of  Sound,  §  251.)  It  is  clear  that  the  answer  to  the  question 
whether  or  not  a  native  wave  will  be  generated  at  any  point  will  depend 
upon  the  state  of  thing.s  in  the  immediate  neighbourhood  of  the  point,  and 
not  upon  the  state  t)f  things  at  a  distance  from  it.  and  will  therefore  be 
determined  by  the  criterion  applicable  to  small  disturbances.  In  applying 
this  critenou  we  are  to  consider  the  velocities  and  elevations,  not  absolutely, 
but  relatively  to  those  prevailing  in  the  neighbouring  parts  of  the  medium, 
so  that  the  form  of  (1)  proper  for  the  present  purpose  is 

du=^[yj{l  +  h)].dh;   (2) 

whence 

+   (8) 

This  is  the  relatitm  between  u  and  h  neoeaaary  for  a  long  positive  progresrive 
wave. 

Consider  now  the  vdocity  of  the  crest  of  a  wave  of  elevation  A.   It  b 

propagated  relatively  to  the  surrounding  water  with  the  velocity  due  to  the 
depth  {1  +  h)  ;  but  in  addition  to  this  there  is  the  particle-velocity  defined 
above.   The  velocity  of  the  crest  relatively  to  still  water  is  accordingly 

+  A)  -  Vi)  +  Vltf  + 

or  approximately 

Vl^(^  +  3A)}.   (4) 

as  given  by  Airy.] 

Although  a  oonstant  gravity  is  not  adequate  to  compensate  the  changes 
of  pressure  due  to  aooelemtion  and  retardation  ia  a  long  wave  of  finite  height^ 

it  is  evident  that  complete  compensation  is  attainable  if  gravity  be  a  function 
of  height  i  and  it  is  worth  while  to  inquire  what  the  law  of  force  must  be  in 
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order  that  iuug  waves  of  unlimitefi  height  may  travel  with  type  unchanged. 
II /he  the  fime at  height  A,  the  oonditiom  of  ooiiBtant  prewmo  is 

whsDoe 

/      «»*  d     I*  ,  I* 

2  (i4<<+A)»~"*  (<  +  *)•• 

which  shews  that  the  fiwce  must  vary  inreraely  as  the  cahe  of  the  distanoe 
from  the  bottom  of  the  oanaL  Under  this  law  the  mam  may  he  el  -any 

height,  and  they  will  be  propagated  unchanged  with  the  veloeity  */{ffU 
where/i  is  the  force  at  the  wduturbed  UvA. 

The  same  line  of  thought  may  be  applied  to  the  case  of  a  long  wave  in  a 
canal  whose  section  is  uniform  but  otherwis<^  arbitran,'.  Let  ^-1  bo  the  area 
of  th*>  section  below  the  undisturbed  level,  h  the  breadth  at  that  level 
Then,  aa  before, 

if  A  be  email ;  whence 

Now  by  dynamics  —  ^A, 

if  the  opper  eurbce  be  firee;  and  thus 

which  gives  the  velooity  ot  projKigation.  In  the  case  of  a  rectangular  section 
we  have  the  same  result  as  before,  since  A  =  hi. 

The  energ}'  of  a  long  wave  is  half  potential  and  half  kinetic.  If  we 
suppose  that  initially  the  8url<vce  i»  diitplaced,  but  that  the  purticleii  have  no 
velocity,  we  shall  evidently  obtain  (as  in  the  case  of  eonnd)  two  equal  wavet 
travelling  in  oppcxnte  direetions,  whose  total  energies  are  eqnal,  and  together 

make  up  the  potential  eneigy  of  the  original  displacement.  Now  the  eleva- 
tion of  the  derived  waves  must  be  half  of  that  of  the  original  displacem^t, 
and  arntnlinLjly  the  potential  energies  less  in  the  ratio  of  4  :  1.  Since 
therefure  the  jMitential  energ}'  of  each  derived  wave  is  one  ijuai'ter,  and  the 
total  enei^y  one  half  of  that  of  the  original  displacement^  it  follows  that  in 
the  derived  wave  the  potenUal  and  kinetic  energies  are  equaL 

We  may  now  investigate  the  ^eel  on  a  long  wave  of  a  giadnal  alteration 
in  the  breadth  of  the  canal  and  the  area  of  the  sectifln.  The  potential  eneigy 

of  the  wave  varies  directly  as  the  length,  breadth,  and  square  of  the  height ; 
and,  by  what  has  been  proved  above,  the  same  is  true  of  the  total  energy. 
Now  the  length  of  the  wave  in  various  parts  of  the  canal  is  obviously 
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pruportiooal  to  the  velocity  of  propagation,  viz.  i^{Alb)\  and  we  may  there- 
fore write 

J?ceV(il/fr).(heiglit>>.6. 

But  when  ihe  altenttioii  in  the  omuU  ie  very  gradoal,  theve  is  no  eennble 
refleofcion  and  ihe  enugy  of  the  wave  oontinuee  oonsfeant ;  to  that 

height  X  A~^h~^. 

In  the  case  of  a  rectangular  aection, 

height  oc2~iiri. 

Theae  vemilta  are  dne  to  Qieen»  Ketland,  and  Aiiy*.  The  aame  method 
may  be  even  more  easily  applied  to  the  sound-wave  moving  in  a  pipe  of 
gradoally  vaiying  section. 

The  theoiy  of  long  waves  may  be  applied  in  many  casos  to  ascertain  the 
effect  on  a  stream  of  a  contraction  or  enlargement  of  its  channel.  If  the 
section  of  the  channel  up  to  the  natural  level  of  the  stream  be  altered  from 
-4,  to  A,  the  equation  of  continuity  gives 

(il+6A)tt-ii,ii„ 

where  h,  the  breadth  at  the  sur&ce  of  the  water,  is  rappoeed  not  to  vary  with 
height.   The  oonditimi  of  a  free  surface  is 


or 

A,*        1  ^ 

whidi  shows  that  A  can  never  exceed  the  height  due  to  the  velocity  1%,  as  is 
indeed  otherwise  obvious. 

If  the  variations  in  A  and  b  are  small  as  well  as  gradual,  and  if  we  put 
Ji- J*-f-&l,  wefind 

When  tin-  vflM(>ity  (/„  is  less  than  that  of  a  free  wave,  17.4,,  >  ?m,',  and  h  has 
the  same  .siyn  as  ;  viz.  a  eontnK  tlon  of  the  ciiannel  produces  a  depression 
of  the  suriace,  ami  an  enlargement  produces  an  elevation.  But  if  the 
velocity  <slt  the  stream  exceed  that  of  a  free  wave,  these  effects  are  reversed, 
and  an  entaigement  and  oontractimi  the  section  entail  respectively  a 
dei»«esion  and  an  elevation  of  the  suHhcew 

If  the  velocity  of  the  stream  is  nearly  the  same  as  that  of  a  free  wave^  a 
state  of  things  is  approached  in  which  a  wave  can  sustain  itself  in  a  statimiary 

*  Stokas,  BrU.  Aaate.  Stfort  m  Hfirodfmmtet,  1846. 
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position  without  rc(|iiiriiig  a  variatiou  in  the  channel;  and  then  the  effects 
of  such  a  variation  are  naturally  much  intensified. 

We  must  not  forget  that  these  calculations  pnx;eed  on  the  supposition 
that  a  steady  motion  is  possible.  It  would  appear  that  the  motion  thus 
obtained  is  oncUUe  in  tiie  case  where  ihe  velocity  of  the  strain  exceeds 
that  of  a  free  wave.  If  we  suppose  the  upper  surface  to  oonsist  of  a  moveable 
i  nvi  lnpe,  it  would  indeed  be  in  equilibrium  whi  n  disposed  according  to  the 
law  above  investigated  ;  but  if  a  displacement  bo  made  and  steady  motion  be 
conceived  to  be  re-established,  the  pressure  of  the  fluid  will  be  less  than 
before  if  the  displacement  be  downwards,  but  will  be  increased  if  the  displace- 
ment be  upwards ;  so  that  the  finises  brought  to  bear  on  the  ravelope  are  in 
both  cases  in  the  direction  of  diqslaoement.  The  expiessbn  for  the  variation 
of  pressure  at  the  envelope  is 

Th§  SoUtmy  Wave. 

This  is  the  name  given  by  Ifr  Soott  Russell  to  a  peculiar  wave  described 
by  him  in  the  British  AssociaHon  Report  for  1844.   Since  its  length  is  about 

six  or  eight  times  the  depth  of  the  canal,  this  wave  is,  to  a  rough  approxima- 
tion, included  under  the  theory  of  long  waves;  but  there  are  several  circum- 
stances observed  by  Mr  Russell  which  indicate  that  it  has  a  character 
distinct  from  that  of  other  long  waves.  Among  these  may  be  mentioned  the 
very  diffnnent  behaviour  of  solitary  waves  according  as  they  are  positive  or 
n^iatave,  viz.  according  as  they  consist  of  an  elevation  or  a  depression  from 
the  undisturbed  level.  In  the  former  cnac  the  wave  has  a  remarkable 
permanence,  being  propagated  to  great  distances  without  much  loss;  but  a 
negative  wave  is  soon  broken  up  and  dissipated. 

Air)',  in  his  treatise  on  Tides  and  \V;ives,  still  probably  the  best  authority 
on  the  subject,  appears  not  to  recognize  anything  distinctive  in  the  stjiitnry 
wave.   He  says : — "  We  are  not  disposed  to  recognize  this  wave  as  deserving 

the  ^thets  'great'  or ' primary/  and  we  conceive  that  ever  since  it  was 

known  that  the  theory  of  shallow  waves  of  great  length  was  contained  in  the 

equation  d*X/dP  =gK  d^Xldx*,  the  theory  of  the  solitary  wave  has  been 

perfectly  well  known."  And  again,  "  Some  experiments  were  made  by 
Mr  Rus.scll  on  what  he  calls  a  negiUive  wave — that  is,  a  wave  which  is  in 
reality  a  progressive  hollow  or  depression.  But  (we  know  not  why)  he 
ai^)eais  not  to  have  boon  satisfied  with  these  experiments,  and  has  omitted 
them  in  his  abstract  All  the  theories  of  our  IVth  Section,  without  excep- 
tion, apply  to  these  as  well  as  to  potUm  wnve^  the  sign  of  the  coefficient 
only  being  changed." 


Digitized  by  Google 


88]  ON  WATB.  257 

On  the  other  hand,  Professor  Stokes  says*: — "It  is  the  opinion  of  Mr 
RuHsell  that  the  solitary  wave  ia  a  pheuomeoou  sui  yetieris,  in  no  wise 
deriving  its  character  firam  the  circumstances  of  the  generation  of"  the  wave. 
His  experiments  seem  to  tender  this  conolnsion  probable.  Should  it  bo 
correct,  the  analytical  eharaoter  of  the  solitary  wave  remains  to  be  dis- 
covered." 

The  tlieory  of  the  solitary  wave  has  been  considered  by  Eamshaw  {Camh. 
Trans,  vol.  Vlll.),  who,  distrn.sting  what  he  calls  analytieal  approximations, 
bases  his  calculation  on  a  supposed  result  of  experiment,  namely  that  the 
horiaomtal  velocity  is  aniibnn  over  each  section.  Thii^  as  we  have  seen,  is 
the  fundamental  aasnmption  in  the  theoiy  of  long  waves;  but  when  the 
length  of  the  wave  is  moderate,  such  a  state  of  thing.s  is  impos.sible  in  a 
frictionless  fluid  which  h;us  been  once  at  rest;  for  it  involvt-s  molfcular 
rotation.  In  fact  if  there  be  a  velocity-potential,  the  horizontal  veloeily  " 
satisiieii  Laplace's  equation  d^ujdx^  +  d*ujdy*  =  0,  uud  ihurefurc  cauuot  be  u 
function  of  m  without  being  also  a  fimotion  of  y.  The  motion  investigated 
by  Eamshaw  has  therefore  molecular  rotatum;  and  the  rotation  remains 
constant  for  each  particle  ;  otherwise  the  equations  of  fluid  motion  would  not 
be  satisfied.  Thi.s  is  the  cxplanatton  of  the  difficulty  with  which  Esirnshaw 
meets, — that  while  the  necessary  conditions  are  sjitisHcMi  in  the  wave  itself, 
there  is  discontinuity  iu  passing  from  the  wave  to  the  undisturbed  water. 
The  disomtinuity  arises  tcom  the  fitct  that,  as  there  is  no  rotation  outside 
the  wave,  it  is  necesssiy  to  suppose  finite  rotations  imparted  to  the  particles 
as  the  wave  reaches  and  leaves  them.  It  is  evident  that,  except  in  the  case 
of  very  long  waves,  u  must  be  treated  as  a  function  of  y  as  well  as  of  a 

In  conBidering  the  theory  of  long  wave.s  (reduced  to  n  st  by  imparting 
an  opposite  motion  to  the  water),  we  saw  that  it  wa.s  impossible  to  satisfy 
the  condition  of  a  free  surface  if  the  height  of  the  wave  weix*  finite.  It 
oocuired  to  me  to  inquire  whether  there  might  not  be  compensation  in 
certain  cases  between  the  variation  of  pressure  at  the  upper  surface  due  to  a 
finiteness  of  height,  and  the  variation  due  to  a  departure  from  the  law  of 
uniform  horizonttd  velocity  proper  to  very  long  waves.  It  was  conceivable 
that  the  surfjice-condition  \n  the  case  of  a  wave  of  given  finite  height  might 
bi'  better  satisfied  by  a  moderate  than  by  a  very  great  wave-length.  In  this 
way  I  have  obtained  what  seems  to  be  a  perfectly  satisfiustory  approximate 
theoiy  of  the  solitary  wave. 

If  «  and  V  be  the  horixontal  and  vertical  velocities  in  a  stream  moving  in 
two  dimensions  without  molecular  rotation,  and  ^  the  potential  and 
stream  functioni),  we  have 
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Hence,  if  the  bottom  of  the  canal  be  taken  for  axis  of  tre  may  take  fer  u 
and  Vf  anoe  thej  aatiafy  lApIaoe's  equation. 


where  /(x)  is  the  slowly  variable  value  of  u  at  the  bottom  when  y  =  0.  and 
aooente  indicate  differentiation  with  respect  to  w.  The  ooneeponding  expres- 
sion for  ^  is 

♦  -  f-  rX:sr  *  i^t^ttts/"  -  <«> 

This  equation  applies  to  the  upper  boundar}',  if  we  understand  by  yfr  the 
there  constant  value  of  the  stream-function,  and  it  gives  as  a  relation  be- 
tween the  ordinate  of  the  boundary  and  the  function  /. 

If  p  be  the  preesore  at  the  upper  auifroe,  we  have 

_  ft 

-2^-^«S^y  +  tt«  +  *», 

where  C  is  some  constant.    We  will  writi;  for  brevity, 

tt«  +  «»-er-2iry;   (D) 

and  the  object  of  the  invest^tion  is  to  examine  how  far  it  is  poarible  to 
make  w  constant  by  varying  the  form  of  y  as  a  function  of  w.  Since 

our  equation  becomes 


or,  on  substituting  for  u  its  value, 

1.2-'  +1.2.8.4-^      «»!-V    H-y^  " 

Between  this  equation  and  (C),ymay  be  eliminated  by  HUCooBsive  approxima- 
tion ;  and  we  obtain  as  the  relation  between  y  and  «, 



In  this  investigatimi  y  i>  regarded  as  a  Ainction  of  «,  which  varies  slowly,  or 
(as  we  may  put  it)  a  function  of  m,  where  «  is  a  small  quantity.   If  we 
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agree  tu  neglect  the  fourth  power  of  co,  thf  thinl  aiul  followiikg  terms  on  the 
left-hand  side  of  (£)  may  be  omitted,  and  we  obtain 

or 

f  {i  -  W  +       =    -  W  (F) 

by  which  the  valae  of  v  is  determined  ^|Mt>ximately  in  terms  of  the  form  of 

the  tipi>er  surface.  If  we  suppose  w  cnnstjuit  aud  iniet,'rute  (F)  on  that 
hj'pothesis,  we  shall  obtain  a  tonii  of  upper  surface  for  wliidi  tin-  pre.ssure 
varies  very  slightly,  provided  of  course  that  the  solution  sii  ubt^iined  satisfies 
the  suppoeitioiis  on  wlnoh  the  differential  equation  (F)  is  founded. 

To  integrate  (P)  we  may  write  it  in  the  form 

or 

which  bt^comes  a  complete  diflereutial  when  multiplied  by  2  ^  dx.  Thus 
we  find 

0  being  the  constant  of  integration.  iSupptjHe  now  that  in  the  undisturbed 
parts  of  the  canal  the  depth  is  I  and  the  velocity  «».  Then 

V  «>     +  2gl,     and     ^  =  J        "  "J- 
Substituting  thes^  we  get 

i/'-l+C^  +  "\i|^'y-;;^y^  (O) 

In  this  equation  7  and  I  arc  given,  while  and  C  an>  at  <»ur  ili.sjxsjil ;  untl 
thus  the  cubic  expression  on  the  right  may  be  made  to  vanish  for  rf  =  l  and 
y^l',  where  /'  is  the  distance  between  the  sunmiit  of  the  wave  and  the 
bottom  of  tile  canaL  If  we  substitute  these  values  of  y  and  elimbate  C, 
we  find 

ti^* "~~ 0i  •*••.■.•«.»..•••.•  ■  >..«..* .^BE^ 

as  the  relation  between  u«  and  l\  The  constants  C  and  «»  being  now  detcr- 
mine<l  so  jis  to  make  //'  vanish  when  '/ =  0  and  when  it  will  be  found 

that  the  third  root  of  the  cubic  is  also  I,  ho  that  our  ucjuatiou  luay  be  put 
into  the  form 

^+^>iy-iy(i/-n^o.  (I) 

17—2 
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From  this  result  it  appears  that  there  is  only  one  maxitnuin  or  minimum 
value  of  y  (besides  I)-,  and  since  y  —  V  is  necessarily  negative,  it  follows  that 
the  surface-condition  cannot  be  satisfied  to  this  order  of  approximation  by  a 
solitary  nwve  of  depression.  Difierentiating  (I),  we  get 

which  shows  that  the  points  of  zero  curvature  occur  when  y  =  1  and  when 
y  =  ^ (2Z'  +  =  —  I).  Thus  th(;  curvature  changes  sign  at  two-thirds 
of  the  height  of  the  wave  above  the  undisturbed  level,  and  at  these  points 
only.  The  nature  of  the  wave  is  sufficieiiUy  defined  by  (I);  Irat  we  may 
readily  integrate  again,  so  as  to  obtain  the  relatioa  between  k  and  y.  Thus, 
if  r-^=A3f-^«i».   

±-v/S'^^"{i-^+V?-f}  <^>- 

the  constant  being  taken  so  that  a;  =  0  idien  n^fi-  This  equation  gives  the 
height  i;  at  any  point  x  in  terms  of  one  constant,  viz.  the  maximum  height  of 
the  wave.  There  is  therefore  (in  a  given  canal)  only  one  fonn  of  solitary 
wave  of  given  maxinium  height.  On  either  side  the  height  tliniiiiislus 
withoat  interruption,  but  does  not  (according  to  (J))  absolutely  vanish  at 
any  finite  distance.  Aocordingly  there  is  no  definite  wave-length ;  but  if 
we  inquire  what  value  of  «  ootresponds  to  a  given  ratio  of  19  :     we  get 

being  greatest  for  the  smallest  waves. 

Supjwse,  for  exatnpli-,  that  we  regard  the  wave  as  ending  where  the 
height  is  one-tenth  of  tlu-  maximum.  Then 

a?  :  1  =  2-1  v'(l  1  /  W). 

The  shortest  wave  l.-ngth  is  when  /9  =  /  ;  aiul  then         ^  'y\M\.    \f  0  =  \l, 

2ic//  =  h-4.  If  /3  =  il,  2a;// si 2-0.  These  results  are  in  agreement  with 
Russell's  observations. 

The  form  of  the  wave  as  determinecl  by  (J)  is  shown  in  the  figure,  half 
the  wave  only  being  drawn : — 


•  [18M.  TlM  cimMioB  br  ,  in  tenw  of  «  it  «s^MaV(«/tt),  wlim 
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The  velocity  of  pmpajipition  is  given  by  (H),  whiih  is  Sc-«ttt  llussfU's 
formula  exactly,  la  words,  the  velocity  of  the  wave  is  that  due  to  half  the 
greatest  depth  of  the  water. 

Another  of  Russt'll's  observations  is  now  n  adily  lucoutitod  for: — "It  was 
always  found  that  the  wave  broke  when  its  elevation  above  the  general  level 
became  equal,  or  nearly  so,  to  the  greatest  depth.  The  application  of  mathe- 
matics to  this  oireumstanoo  is  so  difficulty  that  we  confine  ouiaelves  to  the 
mention  of  the  observed  fiMst*."  When  the  wave  is  treated  as  stationary,  it 
is  evi«li>nt  from  dynainics  that  its  hciulit  can  never  exceed  that  due  to  the 
velocity  of  the  stream  in  the  iindist urbt<l  parts;  that  is,  I' —  I  is  less  than 
u«Y2(/.  But  u^=gl',  aud  therefore  Z'  —  /  is  less  than  ^l',  or  V  —  I  is  less  than  /. 
When  the  wave  is  on  the  point  of  breaking,  the  water  at  the  crest  is  moving 
with  the  velocity  of  the  wave. 

Periodic  Wavn  in  Deep  Water. 

The  best  known  theory  of  these  waves  is  that  of  Oerstner,  llt^tikine,  and 
Froude,  in  which  the  protile  is  trochoidal.  The  motion  of  each  pai'ticle  of 
the  fluid  is  in  a  circle,  which  is  <ksenbed  with  unifiwm  vrioeifej.  If  A,  I;  be 
the  omndinatea  of  the  oratre  of  one  of  these  dreles^  measured  horiaontally 
and  downwards  respectively,  the  position  oi  tiie  particle  at  time  t  is  given  by 

f-A  +  -B«"Ssin(a*  +  ^),      i|-ifc  +  ^~«oo8(a*+-g). 

It  is  not  difficult  to  show  that  the  motion  represented  by  these  equations 
satisfies  the  condition  of  continuity,  aud  is  coDHistont  with  the  principles  of 
fluid  mechanics;  but  it  involves  a  molecular  rotation,  whose  amount  is 

ae-^tR  .J.  (1  _ 

This  molecular  rotation,  being  constant  for  each  particle,  is  not  inconsistent 
with  the  properties  of  frictiojiless  fluid  when  the  motion  is  once  set  up;  but 
it  is  known  that  a  motion  of  this  kind  could  not  be  generated  from  rest  in 
Sttdi  fluid  by  any  natural  force.  We  pvoosed  to  consider  the  theory  of 
periodic  waves  in  deep  water  when  there  is  no  molecular  rotation. 

As  III  the  case  of  long  waves,  the  problem  may  be  reduced  to  one  of 
steady  motion  by  attributing  to  the  water  a  velocity  equal  and  <qppo8ite  to 
that  of  the  wavea  If  «  be  measured  himaoiitally  and  y  downwards  ftom  the 
surface,  the  oonditimis  of  ctmtinuity  and  of  fireedom  firom  rotation  are  8ati»> 
fied  by 

^=sOiB  +  ae~^  anka,         «  c|y  —  ar*"  coa  kas;  (A) 

*  Aitf,  TUu  ami  r«Mf,  Art.  Ml. 
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wh<  rt  <f>  .tiiH  yp-  are  tho  0(|iiip>t»'iitial  and  stroatn  fiin<-ti"ii!^.  c  thf  vflncitv  at 
u  great  *k-{jtii,  a  a  eonhtant  depending  on  the  amplitude  of  the  wavt»j,  and 
k^iirjX,  X  being  the  wave-length  or  distance  from  crest  to  crest  The 
motion  refnesented  by  (A)  passes  into  a  anif<»m  hmiiontal  flow  at  a  great 
depth ;  and  we  have  only  to  inquire  how  fiv  the  suifkoe-condition  of  constant 
pressure  can  be  aaUafied. 

If  [7  be  the  resultant  velocity  at  any  point, 

U*  -  {i^jdzy + {d^ldyf  » -l-  2cfax«-*«'  cue    + iM€^ 

«   + 2e*  (cy  -  ^) + ifcW^, 

and  therefore 

/»/p«  const. +  (^-Ac»)y+«fc^-iJfcW^.   <B) 

Menoe,  when  ^  is  constant  and  a  is  so  small  that  can  be  n^ected,  p  will 
also  be  constant,  provided  that 

If  c  has  this  value,  the  surraoe<condition  is  satisfied  approximately,  and  (A) 
maybe  undor8t<Mxl  to  n-pn-sent  a  train  of  fr<-.-  p.ri.Mlic  stationary  waves»or, 
if  the  motion  n  lativt  ly  to  dcrp  wati  r  Ix'  o nisidrnd,  a  train  of  |>eriodic  waves 
advancing  without  change  of  type  and  with  a  uniform  v.  I  <  iiy  c. 

The  profile  of  the  wave  i.s  determiiied  by  the  seciitnl  nt  <  piafion-  (  A),  in 
which  Ls  mjuie  cijii.stant.  By  succe.ssive  approxinuitum  we  may  d»  diu  o  the 
value  oi  y  in  terms  of  x.  If  he  tukeu  bO  that  the  mean  value  of  y  is  zero, 
we  get 

y"cO  +  8  ^jco«Aa;-g^coe2te+g-^coe3fcr, 
which  is  correct  as  fiv  as  s^.  Let 

then 

^  =  cj-  -k-  ca{\  -  I  A-^(t')  c"**  sin  kr, 

i|r  =     -  c«  ( I  —  I  k'a')  e"*"  cos  kx ; 

and  for  the  equation  of  the  sur&ce, 

y«aco6Aw-|iba^cos2il»+|JA»*oosSfep.   (E) 

From  (B)  we  may  obtain  a  eloaer  appnairoation  to  the  value  of  c 
Expanding  the  exponential,  we  have  (ap|NN>ximately) 

;)/p  »  const -f  (sr  -  fa*        y -I- . . . ; 

so  that 

c«  -  gjk  +  i-V  =  gjk  +  kW, 


Diyilizua  by  GoOgle 


ON  WAVB.  263 


88] 

or  tf'^g/k.il+kW), 
where  k^trrfX. 


FunnuliJB  (E)  and  (F)  are  given  by  Professor  Stokes  io  a  momoir  pub- 
lished in  the  Cambridge  Philosophical  Transactions,  Vol.  viii. 

So  long  as  the  depth  is  everywhere  sufficiently  great  in  comparison  with 
the  length  of  the  waves,  uniformity  of  depth  is  immateriaL  '  For  waves  in 
water  of  oonstant  finite  depth    the  expression  f(Mr  <^  is 

^  =  cy -acoa  *»  -  «*<!'-'>], 

and  the  velocity  c  is  deterDiine<i  by 

«J*-f  .^;^^=5r/fc.tanh«.   (G) 

which  passes  into  (C)  when  I  is  ctjusidt  rahh-  in  comparison  with  \  When  { 
is  small,  we  got  from  {(?)  (•'■  =  iil^  which  is  the  formula  proper  for  long  waves. 
When  obtained  thus,  it  is  applicable  in  the  first  instance  only  to  waves  of  a 
particular  type ;  but  the  fact  that  it  is  independent  of  k  or  \  would  lead  us 
to  the  oondttsion  that  the  same  formula  would  apply  to  a  long  wave  of  auy 
type. 

In  one  respect  the  theory  of  irrotatimial  waves  may  be  considered  infmor 
to  that  of  Bankine,  which  last  is  emct,  in  the  sense  that  it  is  independent  of 

any  supposition  as  to  the  smallness  of  the  waves.  So  for  as  I  am  aware, 
writers  oil  this  subject  appear  to  think  that  it  is  only  a  (piestion  of  mathe- 
matics to  determine  the  form  of  irrotational  waves  of  finite  amplitude  to  any 
degree  of  approximation.  But  it  seems  to  me  by  no  means  certam  that  any 
such  type  exists,  capable  of  propagating  itsdf  undianged  witii  umform 
velodty.  I  see  no  reason  why  the  poesihility  of  such  waves  in  deep  water 
should  be  taken  for  granted,  when  we  know  that  in  shallow  water  waves  of 
finite  height  cannot  be  propagated  without  undergoing  a  gradual  alteration 
of  type*. 

One  of  the  most  interesting  results  of  Professor  Stokes's  theory  is  the 
existence  of  a  slow  translation  of  the  water  near  the  surface  in  the  direction 
of  the  wave.  I  propose  to  show  that  this  superficial  motion  is  an  immediate 
oonsequeiice  of  the  sbsence  of  molecular  rotation,  and  that  it  is  indq»aident 
of  the  condition  of  crastsat  prooaura  at  the  boundiiig  surfiMse^ 

Let  AB  be  the  surfiuse  from  crest  to  hollow,  and  OD  a  neighbouring 
strsam^line.  Draw  A'R^  C7'2>',  two  stream-lines  at  sach  a  depth  that  the 

•  [1899.  This  rappOMsd  impo«8ibility  is  connected  with  the  a^samption  that  the  W»VM  In 
•htllow  water  are  very  long.  The  more  rewnt  reHearchen  of  Sir  O.  Stokes  (CoUcrtfil  Paptn^ 
TOL  I.  p.  314)  and  of  Prof.  Korteweg  and  Dr  De  Vriea  (Phil,  Uag.  vol.  xxxix.  p.  422, 1805)  Meat 
to  eiUbUah  tlie  exUtenoe  o(  abaolatelj  permansnt  mm  of  finite  beigbt.  ] 
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steady  motion  of  the  fluid  ta  fiiiifonn,  and  so  as  to  indude  a  total  stream 
equal  to  that  which  flows  between  AB  and  CD.  Then  we  have  to  show  that 
a  partide  at  A  will  take  longer  to  reach  B,  than  a  partidc  at  A'  takes  to 
arrive  at  B*.  Now  if  «■  denotes  the  small  breadth  of  the  tube  AD  at  any 


a|  

0  

— — ..^/^^•"^ — ■  a 

 D 

A' 

B' 

ixiint,  ami  v  the  velodtj,  the  total  stream  is  av  and  is  constant.  Denoting  it 
by  K,  we  have 

V  —  K  -r<r. 

The  time  (  occupied  by  a  particle  in  moving  from  il  to  £  is  therefore 

i=/^^=/^"'  =  area.l/>^Ar. 

And  if  t  represents  the  time  betwem  A'  and 

«'-areail'iy  +  ir, 

K  being  the  same  in  both  cases,  since  the  total  streams  are  by  supposition 
equal  Thus 

t.if  as  area  il^ :  areailTX; 

and  it  remains  to  prove  that  AD  is  greater  than  A'Uf. 

If  we  draw  i.  <|uii><jtontial  lines  in  such  a  manner  that  the  small  spaces  cut 
off  bet¥roen  them  and  AB^  CD  are  squares^  then  we  know  that  the  same 
scries  of  equipotcntial  lines  will  divide  the  space  between  A'B\  CD',  into 

stiiall  squares  also.  Now  if  a  lint'  b<.'  divided  into  a  given  nninbtT  of  part«, 
till-  sum  of  the  squares  of  the  parts  will  be  a  nunininni  when  the  parts  are  all 
•  -qual.  Hence  the  space  AD  i&  greater  than  if  the  si^uares  described  on  the 
{Kifts  of  AB  were  all  equal,  and  therelbre  d  fortiori  greater  than  the  space 
A'D^,  which  condsts  of  tiie  sum  of  the  squares  of  the  same  number  of  equal 
parts  of  a  shorter  line. 

It  follows  that  when  a  partide  starting  from  A'  has  arrived  at  B',  another 
putide  starting  at  the.  same  momrat  from  A  will  fall  short  of  B.  Thu.s  in  a 
prt)trfessive  w;ivr  till  water  near  the  surface  has  on  the  whole  a  motion  of 
translation  in  the  direction  in  which  the  waves  advance. 
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(heUtaHom  in  Cj^mdrieal  Faawli. 

If  liquid  contaiiKxI  iu  a  cylindrical  vessel  of  any  seclion,  whoso  gonemtiitg 
lines  arc  vertical  and  whose  depth  is  uniform,  be  disturbed  froni  the  |x>sitii)n 
uf  ot|uilibnum,  oscillations  will  ciisiie  itt  coniiequcace  of  the  tendeucy  of  the 
tiuid  to  recovi  r  its  horizontal  btjuinlary. 

Let  us  consider  in  the  tirst  pbvcu  the  small  vibrations  iu  two  dimensions 
of  a  oompresrible  fluid  snch  as  air  when  contained  within  a  <^lindrieal  rigid 
boondaiy.  If  «  and  y  be  the  rectangular  coordinates  of  any  point,  and  ^  the 
velocity  potential,  it  is  known  that  ^  will  satisfy  over  the  whole  area 


**  =  o«/'^  +  '^'l  (A) 


a  being  the  velocity  of  sound ;  while  round  the  contour 

1*  =  ". 

where  d^/d»  denotes  the  rate  of  variation  of  ^  in  a  normal  direction. 

Whatever  the  motion  <tf  the  air  may  be.  it  can  be  analysed  into  com- 
ponents of  tho  hannnnic  type.  Suppose  that  for  one  of  these  ^  varies  at 
coakfUi  then,  from  (A), 

a^+^+^*=o  (C) 

is  an  equation  which  ^  must  satisfy  for  the  component  vibration  in  question. 

The  e(]uatii)ns  (C)  and  (B)  can  only  be  satisfied  with  certain  definite  values 
of  k;  and  thu  functions  0  correspondiiicr  to  these  values  are  proportionid  to 
what  may  bf  called  the  iioniinl  t'unctinii.s  of  thf  air-system.  We  may  dciioto 
these  functions  by  u*.  Any  function  arbitrary  over  the  ai'ca  can  be  expanded 
in  a  series  of  the  functions  v*. 

Returning  to  the  liquid-problem,  we  see  that  the  elevatim  A  of  the 
snrfiuie  at  any  point  above  the  undisturbed  position  may  be  expressed  by  the 


h  =  la^Uiiw,  y),   (D) 

the  (luantitics  a  being  constants  with  respect  to  space,  but  depLiKkiit  upon 
time.  The  potential  energy  of  the  displjwement,  calcitUUed  on  the  hypoOiesis 
of  a  constant  pressure  on  the  surface,  will  clearly  bo 

by  the  conjugsle  property  of  the  (iinctions  tk  This  is  the  potential  eneigy. 

*  8m  oo  tbJa  lableet  Mfanl  pspm  hj  tba  ratbor,  «s|Md«U7  "Ooanl  Thsorains  nlatiog  to 
▼ibntfanHb"  Math.  Soektf  ProcudhigB,  toL  nr.  No.  68,  ud  PUL  Mag.  UTS  [Azta  in.,  izv.]. 
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Tho  motion  ut'  thi-  fliiiH  throughout  tho  interior  depends,  according  to  a 
known  theorem,  ouly  upon  the  motion  of  the  surlace ;  and  the  surface  normal 
velocity 

If  j  be  the  dq)th,  the  complete  value  of  4>  is  given  by 

*i«»(«.y>.  <F) 

Fur,  in  t  he  first  plaro,  this  value  of  <f>  satisfies  Laplace's  equation,  inas^ 
much  as  l  ach  term  /<a  .siilLsties  the  e<|uatioD  (C); 

S(  <  <iiidly,  (F)  siitisfias  the  condition  imposed  by  the  rigid  cylindrical 

bouu<lary,  since  dutldH  =  0; 

Thirdly,  (F)  makes  dn^/dfO,  when 

And  fourthly,  when  x^O,  -d^/ds^L 

The  kinetic  energy  T  may  now  be  readily  oalcalsted: 

by  Greeu'u  theorem,  d6  denoting  an  element  of  the  surface  bouudmg  the 
niMB,  and  d^/dn  the  rate  of  variation  of  ^  in  a  ncwmal  directimi  outwards. 
The  aarfiMse  13  oonaiste  ot  three  parte — the  bottcm  of  the  vessel,  tiie  cylin- 
drical side  of  the  vr.ssel,  and  the  upper  sur&oe  of  the  fluid.  Oyet  the  first 
two  of  these,  d^jdn  =  0,  and  thus 

Now  when  z  =  0, 

<l>  =  SeiiA"'  coth  kl .  uic,         difijdz  =  —  ^OftU*, 

so  that 

T^^lttu^k-*  coth  H.iifi^dasdif,   (O) 

the  product  of  any  two  fimctions  iit>  tfy  vanishing  when  integrated  over  the 


We  have  now  to  calculate  the  work  done  by  impressed  fcroes  corre- 
spond! ng  to  the  displacement  represented  by  804.  It  mvist  be  remembered 
that  these  forces  are  limited  to  be  such  as  have  a  potential.  Ltit  hp  denote  the 
variable  part  of  the  pressure  at  the  surface,  su()posed  to  remain  in  its  position 
of  rest,  whether  applied  directly  or  due  to  inijjressed  body-forces,  then 

work  done  on  system  =  —  JJBpShdxdy. 

If  2|p  be  expanded  in  the  series,  Sp  =  y), 

work  -  -fft0titk'^i«ki*k-d€dy^-t0k^ffuk*dxdy. 
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We  ran  now  fonn  tlic  equntions  of  niotiou  in  terms  of  the  generalized 
coordinates  a^.    By  Lagrniige's  method, 

cdAr*  oofeh  kl  +  gat^-  fitfp  (H) 

w  the  equation  determining  the  variation  of  the  coordinate  c^,  where 

fik  "fffy  Hk*cdy +Xrtt»«  dstd^. 

When  the  oecillations  are  freoi  fit »  0.  If  the  poiod  be  ru,  and  the  corre* 
sponding  period  for  the  air-vihration  Tk* 

9ii>>2ir'i- V(<^tanh  1^,      r*  =  2ir    !».   (I) 

If  \'  be  the  wave-Ieugth  ul  plane  aerial  vibrntious  having  the  period  t^'. 

If  At  be  T«y  small,  the  ratio  of  periodic  timcM 

T»:Ti'»a:V(srO  (J) 

and  is  independent  of  k.  Hence  the  two  problems  of  the  vibrntiouH  of  air 
and  liquid  are  inathomatically  aiuilogous  whatever  the  initial  circumstancee 
may  be  ;  so  that  if  the  condensjitioii  in  the  tii>.l  rull(iw>  the  same  law  initially 
as  the  elevatiou  in  the  second,  the  corri^poudcnco  will  be  preserved  throughout 
the  snbsequent  motion,  if  a*  =  gl.  The  initial  eireumatances,  however,  moat 
be  each  as  not  to  give  fwominenoe  to  the  higher  oomponents,  for  which  H 
would  no  longer  be  small. 

When  H  w  not  negligible,  we  learn  from  formula  (I)  that  the  period 
incrooBOB  with  i  until  Id  is  moderately  great,  when  it  beoomee  sensibly 

n«Sir  +  V(yt>   (K) 

In  any  case  the  period  is  independent  of  the  dennty  of  the  liquid. 

Some  careful  observations  on  liquid  vibrations  have  been  recently  made 

by  Professor  Guthrie*,  with  which  it  may  be  interesting  to  compare  the 
results  of  theory.  Professor  Quthric  used  troughs  whost;  horizontal  section 
was  rectangular  and  circular.    We  will  take  the  rectangular  section  first. 

Confining  ourselves  to  those  modes  of  vibration  which  depend  on  only 
one  horizontal  coordinate,  we  may  take  for  the  normal  functions 

Vi"00s(mr«/LX 

L  being  the  length  of  the  trough,  n  integral,  and  m  being  measured  from  one 
end.  The  correapoodi^g  value  of  ib  is  lur/X.  Henoe,  from  (1),  the  length  of 
the  simple  equivalmt  pendulum  is 

^-  coth^  .(L) 

nir         L  ^  ' 

•  PML  Jr«#.  October  aiid  Mownte  Uff. 
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Wheu  nvl,  L  is  ooasiderablv,  {L)  becomes 

L/nw,   (M) 

or,  fur  »  closer  approxiiualiou, 

zL{l  +  2e-  L)  (N) 


Formula  (M)  wils  found  by  Pn)fessor  Qotilrie  to  agree  with  observation 
when  n  =  I  or  2.   The  periods  ia  the  two  csece  are  io  the  ratio  1 :  V2,  if  the 

depth  he  sufficient. 

If  the  depth  Ix'.'ir  Ji  eonstant  mtio  (o  the  l<  ii^'th.  (L)  or  (I)  sh^ws  tliat  the 
|>eri<>l  is  diix'ctly  projx»rtiouaI  to  the  S44uare  nK>t  of  the  linear  dimension; 
aud  the  same  law  will  obtain  when  the  depth  ia  great,  whatever  the  absolute 
value  may  be. 

If  a  s  I,  the  points  of  constant  elevation  occur  when  x  —  ^L  (that  is,  in 
the  middle  of  the  length);  and  if  n  »  2,  when  |X  or  fX.  The  maximqm 
devatioDB  (or  depveBnons)  are  eqnaL 

These  lesoits  take  into  aoooont  inertia  and  gravity  only.  Worn  some 

expressions  in  his  paper  Professor  Guthrie  would  appear  to  attribute  the 
effect  of  shallowness  in  increasing  the  period  to  friction.  No  doubt  friction 
must  act  in  this  direction;  but  it?^  immediate  effect  is  on  the  atnplitude,  and 
not  on  the  period.  In  all  ordinary  cases  the  action  of  iusudicieut  depth  may 
be  sufficiently  accounted  for  by  the  increase  of  the  effective  inertia  doe  to 
the  oontiacti«m  of  the  cfaanneb  along  whidi  the  Hqoid  flows,  in  the  same 
way  as  the  pitdi  of  an  oigan-pipe  is  lowered  by  an  obstruction  at  the  mouth. 
In  auch  vessels  as  those  used  by  Pnjfessor  Guthrie  it  may  be  doubted 
whether  frictioa  and  capillacity  have  any  sensible  influence  on  the  periodic 
time. 

The  theory  for  the  circular  tr<>Tjgh  depends  on  the  chxss  of  functions  named 
after  BetfiK-l,  which  are  an  extreme  case  of  Laplace's  spherical  functions.  For 


the  symmetrical  vibrations  we  have 

u  =  Mh-).   (O) 

r  being  the  radins  vector;  and  if  £  be  the  radins  of  the  venel,  ib  is  a  root  of 

/;(*iD-a  .(P) 

If     it/2,  the  values  of  «  satisfying  (P)  are  3-8S2,  T-OIS,  10*174,4^0.,  of 


which  only  the  fint  belongs  to  the  cmss  experimented  on  by  Ptotoer 
Quthrie.  The  i^pfwoximate  formula  for  the  length  of  the  simide  equivalent 
pendolum  oormpooding  to  (N)  is 
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R  ^  4,  and  tiiids  a  fair  agreement,  wliich,  however,  would  be  improved  the 
substitution  of  the  theoretical  foruiulu  (R). 


Acoording  to  obsemitioii. 

From  the  Tables  of  Bessel's  functions  it  appears  that  the  amplitude  at  the 
edge  of  the  vessel  ia  '403  of  that  at  the  centre.  Professor  Guthrie  makes 
this  '5. 

For  the  oezt  set  of  vilmtioDs  in  a  circular  dish  u  is  of  the  form 

where  the  adpissible  values  of  ibiZ  are  1*841.  5*332,  8*536.  &c.  Hence  for 
the  gravest  of  this  group  the  length  of  the  equivalent  pendulum  is 


In  this  group  of  modes  the  elevation  vanishes  at  all  points  along  a  certain 
diameter  {0  =  0). 

In  the  third  group  we  have 

and  the  udniisHible  values  of  kit  are  3  054,  U  705,  9'96-^.  &c.  For  the  gravi  st 
of  these  the  length  of  the  equivalent  pendulum  ia 


if  the  dcptli  be  stifficient.  The  elevation  vanishes  along  two  perpradicuhur 
diameters  {0^0,0^ 

In  the  fourth  group  there  would  be  three  diameters  for  which  to  0 ;  and 
the  length  of  the  pendulum  isochronous  with  the  gravest  mode  will  be 


/e^  1 841. 


(S) 


(T) 


Ji-i- 4*201. 


(U) 


The  fretjuencies  of  vibration  in  the  three  gravest  nuMles,  being  inversely  as 
the  square  roots  of  the  corresponding  pendulum-lengths,  are  in  the  ratio 


1  :  1-29  :  l*44w 
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Professur  Guthrie's  obttervaUous  give  fur  the  value  of  these  ratios 

1  :  1-31  :  1-48. 

Possibly  too  low  a  frequoncv  is  attributed  to  the  giwreat  vibratMm  owing  to 

the  effect  of  iuaufficient  depth. 

When  the  complete  theory  of  the  free  vibnitions  of  any  system  is 
thoroughly  known,  it  is  in  genenil  easy  to  iuvestigjite  the  eti'cct  of  peri(xiic 
forces.  If  Ui,  u,,  ^c.  are  the  uormal  functions,  and  2ir/N,,  2?r/n,,  kc,  the 
periods  of  the  oomqNMiding  free  vibvatione,  the  effect  of  forces  whose  period 
is  f/wfp  cao  be  eKpieand  in  terms  of  the  effect  prodnoed  by  mmilar  foiees  of 
infinite  period,  which  Inst  can  be  calculated  statically.  Thus,  if  the  solalion 
of  the  problem  aoooiding  to  the  equilibrium  theory  is 

the  tnte  aolntkm  as  modified  by  the  inertb  of  the  system  will  be 

,ti,coeji«+-Y^* ,  M,oosjrf+.... 


Let  ns  calculate  in  this  way  the  motion  in  a  circular  cylimlrical  basin  due 
to  a  small  horizontal  force,  acting  uniformly  throughout  the  ma.sii  of  li4uid, 
but  variable  with  the  time  according  to  the  harmmic  law.  The  e(|uilibriuro 
value  of  k  (the  elevation)  is  evidently 

A^roostf  ooapt; 

and  the  only  difficulty  consists  in  expressing  r  by  a  .series  of  Bessel's  func- 
tions J*!.   It  may  be  proved  that 

_        2J.(iT)  2/,(M 


where  ki,  k'l,  6ic.  are  the  niots  of  J^,' (/•)  =  <',  .ukI  the  nulius  R  is  taken  an 
unity.  Thus  the  true  value  uf  h  (after  the  mutiun  has  been  going  on  long 
enough  to  be  independent  of  initial  circumstances)  is 


2;i,-  cos  pt  cos  0  J,  (k\r)  ^vsrs 


( 

the  summation  being  ext^^uded  to  all  the  admissible  values  of  k.  The  value 
of  n*  is  given  by 

n'M^ltanhML 

If  the  system  be  at  rest  at  I^O,  and  displaced  aooMding  to  the  law 
A  a>  r  cos  ^  (that  ia^  with  an  inclined  plane  surfiu^),  the  subsequent  motion  is 
given  in  rapidly  converging  series  by 

,      2J^,(Mcos<?         ^.  2J,(K\r)coB$ 
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P.S. — Some  recent  obscrvatiuiis  un  thu  periods  of  the  oscillations  of  water 
in  a  latge  cucnlar  tank  may  he  worth  vecotding.  The  xadioB  of  the  tank  is 
60-8  inches  [158-2  cm.X  and  the  depth  abont  48  inches  [109  cm.].  The 

oecillations  were  excited  by  dipping  one  or  more  bucket'^  synchronously  with 
the  beats  of  a  metronome  set  iipj)roximately  beforehand.  Soon  after  the 
withdrawal  of  the  buckets  the  vibrations  were  counted  (in  most  caaes  for 
five  minuteH),  and  the  results  reduced  fur  a  space  of  one  minute. 

Gravest  symmetrical  mode. — Fre(juency  by  observation  47"3  [c<jmplete 
o:icillations  per  minute].  The  theoretical  result  fur  an  infinite  depth  is 
47*82,  and  for  actual  depth  47*18. 

Next  highest  ayvimetrical  mode. — By  observation,  frequency  =041,  by 
theory  64'08.  In  this  case  the  correction  for  finite  depth  is  insensible,  and 
the  length  of  the  equivalent  pendulum  ^R-¥  7-015. 

QrwMt  mode  wUk  one  nodal  diamster.— By  observation,  frequencgr  m  30O. 
fiy  theory,  for  infinite  depth  82*81,  for  actual  depth  80^48. 

0ns  nodal  diameter  and  one  nodal  owioIa— By  observation,  freqnenoy 
a  560;  by  theory  65*8.  The  length  of  equivalent  pendulum  «.R-!- 5*832. 

Two  nodal  dkmet^—By  observation,  frequency  •  41*5.  By  theory,  for 
infinite  depth  42*09,  for  actual  depth  41*59. 

The  agreement  between  theoiy  and  observation  is  as  close  as  could  be 
expected. 

I  have  lately  seen  a  memoir  by  M.  Roiussinesr]  (1.S71.  Comptcs  iicuihis, 
Vol.  LXXIL).  in  which  is  contained  a  theory  of  the  solitary  wave  very  niniilar 
to  that  of  this  paper.  8k»  for  as  our  results  are  common,  the  credit  of  priority 
bdoogs  of  course  to  li.  BousBinesq. 
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ON  THE  APPBOXIlfATB  SOLUTION  OF  CERTAIN  PROBLEMS 
RELATING  TO  THE  POTENTIAL. 

[ProeeeeUngji  of  the  London  Maihmatical  SocUiy,  vii.  p|>.  70—75,  1876.] 

The  fint  problem  tbat  I  prop<j.sc  for  consideration  is  that  of  the  flow  of 
electricity  in  two  dimensions  aloi^  a  strip  of  unifonn  metal  sheets  sudi  as 

tinfoil,  the  strip  l)eing  Itoiinded  by  curves  symmetrical  with  respect  to  a 
central  hiie,  taken  as  axis  of  x,  and  nowhere  more  than  moderately  incline*! 
to  that  axis.  The  ciiuations  nf  the  boundary  may  be  written  y  =  f  t/,,  where 
yi  is  a  slowly  varying  fuuctiou  of  x.  On  account  of  the  symmetry  the  poten- 
tul  is  an  even  fiinetion  <^  and  the  axis  of  *  is  a  straam-iine*  so  that  the 
problem  is  the  same  as  if  the  axis  were  itself  a  boundary.  The  oonditions  to 
be  satisfied  by  the  potential  ^  are  therefore  the  usual  equation  of  Laplace, 

which  must  be  true  over  the  whole  area  of  the  strip,  together  with  the 
boundary  conditions,  that  there  must  be  no  normal  flow  acruas  the  curves 
y^yi  and  y  0.  If  we  introduce  the  stream  function  which  is  related  to 
^  by  the  equatiims 

d^fdm  =  dffdy,      d<ft/dy  =  -  dy^/d» ,  (1 ) 

and  itself  satisfies  V*^s:0,  the  boundary  conditions  may  bo  expressed  by 
supposing  to  be  sero  when  y»0,  and  when  y<=yi  to  assume  a  second 
constant  value 

If  the  boundary  of  the  strip  were  straight  and  parsUel  to  the  axis,  the 
current  d^/dm  would  be  constant  at  all  pcnnts,  and  we  should  have 

where y*  represents  the  constant  current. 
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V  The  objoet  of  tlie  ptesent  mvtestigttdon  u  to  dttemune  the  valnw  of 
^  and  ^,  when  the  above  simple  valaes  may  be  taten  as  a  basis  of  appsoxi- 
mation,  and  to  oalcnlate  oorreetioiis  for  the  e£feet  of  the  deviation  of  yi  fimn 
oonstaiiogr. 

Denoting  hy  /  the  slowly  varying  magnitude  of  the  current  when  y  ss  0, 
we  may  take 

♦-"•(»»)/■     -  l^f + 1-5^/"  - 

d 


+-«o(,^)/.-3y-r-f,/'+&c. 

where /,«//dk. 

These  values  satisfy  the  general  couditiuna  of  the  potential  and  stream 
fiinetiqiis,  and  when  make 

dift/dx  =/,      1^  =  0. 

The  eeoond  of  equations  (2)  raay  be  regarded  as  determining  tho  lines  of 
flow  (any  one  of  which  may  be  supposed  to  be  the  boundary  of  the  sheet)  in 
terms  of  /.  What  remains  to  be  effected  is  tlie  determination  of  /  from  the 
condition  that     =      when  y^y^,  viz., 

an  equation  which  may  be  treated  by  the  method  of  succesnve  approxi- 
mation.   We  have 

whence  we  obtain 

where  aocents  denote  difiiBrentiation  with  reepeet  to  m. 

Ill  order  to  calculate  the  electrical  resistance  of  th<>  strip,  we  must  compare 
the  total  current  with  the  difference  of  potentials  at  the  two  extremiti&s. 
If  the  lamina  be  of  unit  speoifie  condactivity,  the  total  current 


18 


Digitized  by  Coogle 


274         OK  THB  APPROXnUn  SOLUTION  OP  CBBTAtN  PBOBLBMB  [39 

For  the  potential  ou  the  uxis  wo  have  ^^ifdx,  and  therefore  the  resistance 
of  the  strip  is  represeutcd  by 

where  /  has  the  value  given  by  (4X 

If  the  equipotential  lines,  between  which  tlw  remtmce  is  required,  be 
•situated  in  parts  of  the  strip,  where  the  edge  is  straight  and  parallel  to  the 
axis  (for  a  saflScient  distance  in  comparison  with  the  width),  our  expression 

may  be  simplified  by  integration  by  parts,  since  all  the  differential  ooeflicionta 
of  {/i  with  respect  to  r  may  be  supposed  to  vanish  at  the  limits  under  the 
circumstances  cuutcmplated. 

We  have 

and  the  final  result  for  the  resistance  may  be  written 

l~{'-\y'-U^--f^'1\  <*> 

This  exprcHsion  admits  of  various  forma  For  example,  instead  of  the  second 
term  we  might  take 


which  ditiers  by  the  atMitinn  of  a  term  which  is  a  complete  differential,  and 
therefore  dis;i}>pears  on  in ti ■^'ration. 

The  success  of  the  approximation  depends  of  course  upon  the  degree  of 
slowness  with  which  yi  varies,  but  it  is  not  necessary  to  suppose  that  the 
whole  venation  of  is  soiall  within  the  limits  of  x  under  eonsideFatioiL  If 
we  suppose  that  y,  is  a  function  of  tax,  where  »  is  a  small  quantity,  our 
expression  for  the  resistance  will  include  all  terms  containing  as  fiustors  lower 
powers  of  «  than 

The  same  expression  (5)  gives  us  the  conductivity  the  strip  betwoon  the 
curves  y  =  yx  and  y  =0,  supposed  eijuipott  ntial.  For  it  is  a  geneml  proposi- 
tion in  the  theory  of  conduction  iu  two  duneusions  that  if  two  opposite  sides 
of  any  eurvilinear  qoadriUtteiBl  be  at  uniform  (through  diflformt)  potentials 
and  the  other  pair  of  sides  be  non*eondocting,  the  resistsnoe  is  the  redprooal 
of  that  corresponding  to  an  altered  state  of  things  in  whidi  the  first  pair  of 
opposite  sides  are  non-oonducting  and  the  second  pair  are  equipotentiaL 
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Its  troth  is  easiiy  seen  if  we  fill  ap  the  qnadrikteral  with  the  intermediate 
stream  and  equipotential  carves,  which  will  ultimately  divide  the  area  into 

elementary  squares.  The  resistaaoe  ct  any  square  hetween  opposite  edges  is 
independent  of  the  size  of  the  square,  any  an^Mnciitntion  of  revistaiiCL-  ilue  to 
an  iucreiised  distance  to  be  travelled  being  cuin[)cnsiit(-d  by  tlic  effect  of 
increased  width.  Thus,  if  the  number  of  interpolated  stream  and  equipoten- 
tial  ourves  be  respectively  to-1  and  n  - 1»  the  whole  resistance  is  to  that  of 
a  square  in  the  ratio  n :  m ;  while  for  the  same  reason,  if  the  equipotential 
and  stream-lines  be  interchanged,  the  resistance  is  m :  n  of  that  of  a  square. 

The  same  result  is  applicable  to  other  problems  mathematically  analogous; 
for  example,  the  calculation  of  the  cjipacity  of  an  electrical  accumulator. 

A  similar  method  applies  to  the  investigation  of  conduction  in  three 
dimensions  in  a  conductor,  which  is  symmetrical  round  the  axis  of  x,  and 
whose  boundary  does  not  differ  violently  from  a  cylindrical  surface.  If  r  be 
the  distance  ot  any  point  firom  the  axis,  ^  and  the  potential  and  stream 
fonetiona*  we  have 

(ir  ~  r  dr  '         dr  ~    r  da' 
whence  by  elimiuatiou 


df*^rdr^dii^ 


^_i^  +  $fc.O,  (8) 


dr*    r  dr  cw* 

which  show  that  ^  and  i^  are  not  now,  as  in  the  ease  of  two  dimenaiHis, 
interchangeable.  The  series  oorrasponding  to  (2)  are 


^"        2«  +2«.4^  2».4»:6''*" 

^  °°  "2~  ~  2».  4    2-  .  4'^  .  ()  ~  2^  .  4r~0* .  « 


^  .   (9) 


where  F  i»  u  lunctiun  of  x  m>  Su  arbitrary.  If  the  form  of  the  boundary  be 
defined  by  r=y,  we  have 

j^F  j/^r"  yjp' 

^      2  2».4*2».4«.« 

from  which  F'  is  to  be  determined  in  terms  of  y.  By  successive  approxima- 
tion we  obtain 

The  total  stream  is  given  by  the  integral 

18—2 
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and  therefore  tbe  resiatanoe  between  any  two  equipotential  suxfofxa  is  repre- 
sented by 

On  the  suppodtioD  that  at  each  limit  the  boundary  ia  cylindrical  for  a  aoffl- 
dent  ditkaiioe  in  compariaon  with  the  diameter,  we  ma/  treat  this  expreanon 
by  integration  by  parts  in  the  same  manner  as  for  the  oorreBponding  problem 
in  two  dimensiona,  and  we  then  obtain 

resisamoe  -/^  {w  ^  y^-SC^j  (11) 

where,  as  before,  aooeota  denote  differentiation  with  respect  to  m. 

In  a  memoir  on  the  Theory  of  Resonance  publi.she<l  in  the  Phil.  Trans, 
tor  1871*.  I  had  occasion  to  consider  this  problem,  and  I  then  ]m>ved  that 
the  first  term  of  (11)  represents  an  injenor  limit  to  the  resistance,  and  that 

the  first  and  second  terms  together  give  a  mjyerior  limit ,  these  limits  being 
applicable  without  any  restriction  on  the  fonii  of  the  symmetrical  boimdary. 
It  now  ap()ear8  that  the  Hupt-rior  limit  coiucides  with  the  accurate  value  as 
far  an  a  second  approximation,  uud  that  the  correction  is  approximately  given 
by  the  third  term  in  (11),  which  is  essentialiy  negative. 

Other  problems  in  Electricity  and  Heat  depending  upon  the  potential 
may  be  treated  by  the  above  method  For  example,  the  oondnekivity  between 
the  plane  ««0,  and  a  neighbouring  equipotential  snrfooe  t  where  is  » 
function  of  x  and  y  differing  from  »  constant  over  a  finite  region  only,  is 
approximately 



where  the  area  of  integration  includes  the  whole  of  the  region  through  which 
«i  variesf . 

Finally  it  may  be  noticed  that  the  |)ree*  <ling  methixls  are  applicable  in 
two  dimensions,  when  we  replace  x  and  y  by  any  conjugate  functions  a,  /9,  of 
m,  y.  By  this  transformation  the  scope  of  the  analysis  may  be  considerably 
increased,  but  to  edaige  upon  this  would  take  us  too  for  from  the  principal 
sutgect  of  the  paper. 

*  [Art.  p.  S6.]  See  also  MaxweU's  EUctrieitif  amd  Ui^iutim,  vol.  I.,  Art  807.  In 
BOBMoMoia  with  tUa  anbject  I  may  be  allowed  here  to  m;ord  that  I  havo  provod  that  tho 
"OOmolkm  far  tb»  end"  of  a  oylindrical  oonduotor  is  lem  than  ■8212  of  the  radius,  by  a 
calcnlation  based  on  an  assumed  motioi  containing  two  arbitrary  oonstants;  this  result  is 
probsbljr  T«i7  aaar  th«  troth.  Tba  eorreaponding  soparior  limit  obtained  from  one  arbitrary 
aaoatuit  is  •8M1  {PML  Mag.,  Nor.  1872).  If  tbe  motion  at  the  end  be  assumed  to  be  oniform, 
we  get  849  (Maxwell,  Art.  300).    An  inferior  limit  ia  '786. 

t  Matli.  Tripoa,  1876^  Jan.  81,  li  to  4,  Qaaatiln  a.  [Art.  zu.  p.  S86.] 
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0T7B  PERGEFTION  OF  THE  DIRECTION  OF  A  SOURCE 

OF  SOUND. 

[Nature,  xiv.  pp.  32—38,  l»7ti.J 

Thk  practical  fiusility  with  which  we  recognize  the  ntttation  of  a  soundiog 
body  has  always  been  rather  a  theoretical  di£Bcultjr.  In  the  case  of  sight  a 

special  optical  apparatus  is  provided  whose  function  it  is  to  modify  the 
uniform  excitation  of  the  retina,  which  a  luminous  point,  wherever  sitn:it>'d. 
would  otherwise  jirodnec.  The  mode  of  action  of  the  crj'stiilline  lens  of  thu 
eye  is  well  unilei-stiKMi,  and  the  use  of  a  lens  is  precisely  the  device  that 
would  at  once  occur  to  the  mind  of  an  optician  ignorant  of  physiology.  The 
bundle  of  layg,  whidi  wonld  odierwise  distribute  themsdves  over  the  entire 
retina,  and  so  give  no  indication  of  their  origin,  are  made  to  conveige  upon  a 
single  point,  whose  excitati(m  is  to  us  the  sign  of  an  external  object  in  a 
certain  definite  direction.  If  the  luminous  object  is  moved,  the  foct  is  at 
once  recognized  by  the  change  in  the  point  of  excitation. 

There  is  nothing  in  the  ear  corresponding  to  the  crystalline  lens  of  the 
eye,  and  this  not  accidentally,  so  to  speak,  but  by  the  very  nature  of  the 
case.  The  efficient  action  of  a  lens  depends  upon  its  diameter  being  at  least 
many  tunes  greater  than  the  wave-length  of  light,  and  for  the  purposes  of 
sight  there  is  no  diflSculty  in  satu^ring  this  requirement  The  wave-length 
of  the  rays  by  which  we  see  is  not  much  more  than  a  tcn-thous:uidth  part  of 
the  diameter  of  the  pupil  of  the  eye.  But  when  we  pass  to  the  case  of 
sound  and  of  the  ear,  the  relative  magnitudes  of  the  corresponding  quantities 
are  altogether  different.  The  waves  of  sound  issuing  from  a  man's  mouth 
are  about  dght  liset  long,  whereas  the  diameter  of  the  passage  of  the  ear  is 
quite  small,  and  could  not  well  have  been  made  a  large  multiple  of  eight 
Ibetb  It  is  evident  therefore  that  it  is  useless  to  look  for  anything  corrc- 
qionding  to  the  crystalline  lens  of  the  eye,  and  that  our  power  of  telling  the 
origin  of  a  sound  must  be  explained  in  some  different  way. 
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It  has  long  buen  conjcctureii  that  the  explanation  turns  upon  the  coni- 
Inned  tue  of  both  ean;  thoagh  bat  little  seems  to  have  been  done  hitherto 
in  the  way  of  bringing  (his  view  to  the  test  The  obsenratums  and  calcala> 

tions  now  broiiu^ht  fMi  wanI  are  very  incomplete,  but  may  perhaps  help  to 
clear  the  groiiiKi,  niul  will  have  served  their  purpose  if  they  induoe  others  to 

pursue  the  subject. 

The  first  cxporiments  wero  made  with  the  view  of  Hiuliiig  out  with  what 
degree  ol'  accunic)'  the  direction  of  sound  ceiilil  he  deieniiiiied,  and  for  this  it 
was  ueceiitiar)r  of  course  that  the  observer  should  have  no  other  material  for 
his  judgment  than  that  oontempUtted. 

The  observer,  stationed  with  his  eyes  closed  in  the  middle  of  a  lawn  on  a 
still  evening,  was  asked  to  point  with  the  hand  in  the  direction  of  voices 
addroosed  to  him  by  five  or  six  assistants,  who  oontinually  shifted  tiieir 

position.  It  was  necessary  to  have  sevoru!  assistants,  since  it  was  found 
that  otlierwisc  their  steps  eould  be  easily  followed.  The  unifonn  result  was 
that  the  direction  ((f  a  huniaii  vojee  used  in  auything  like  a  natural  manner 
could  be  told  with  ceruimty  from  u  single  word,  or  even  vowel,  to  within  a 
few  degrees. 

But  with  oUmt  sottwte  the  resttlt  was  difierent  If  the  sonroe  was  on  the 
right  or  the  left  of  the  observer,  its  pontim  could  be  told  approximately,  but 

it  wa-s  uncertain  whether,  for  example,  a  low  whistle  was  iu  front  or  behind. 
This  result  led  us  to  try  a  simple  sound,  such  a-s  that  given  by  a  fork  mounted 
on  a  res<3nance-b()x.  It  w;ls  soon  found  that  whatever  might  be  the  case 
with  a  truly  simple  sound,  the  observer  never  faded  to  detect  the  situation 
of  the  fork  by  the  noises  accompanying  its  excitation,  whether  this  was  done 
by  striking  or  by  a  violin  bow.  It  was  therefore  necewsiy  to  arrange  the 
experiment  difl^Braitly.  Two  assistants  at  equal  distances  and  in  opposite 
directions  were  provi<led  with  similar  forks  and  resonators.  At  a  signal  given 
by  a  fourth,  both  forks  wi  re  struck,  but  only  one  was  held  over  its  resonator, 
and  the  observer  was  asked  to  say,  without  moviug  his  head,  which  he  heard. 
Wh«i  the  observer  was  so  tamed  that  one  foric  was  immediately  in  front  and 
the  other  immediately  behind,  it  was  impossible  for  him  to  tell  which  fork 
was  sounding,  and  if  a^ed  to  say  one  or  the  other,  felt  that  he  was  only 
guessing.  But  on  tumii^  a  quarter  round,  so  as  to  have  one  fork  on  his 
right  and  the  other  on  his  left,  he  could  tell  without  feil,  and  vrith  full 
conhdeuco  in  being  correct. 

The  possibility  of  distinguishing  a  voice  in  front  from  a  voice  behind 
would  thus  appear  to  depend  on  the  compound  character  of  the  sound  in  a 
way  that  it  is  not  eaqr  to  understand,  and  for  which  the  second  ear  would  bo 
of  no  advantage.  But  even  in  the  case  of  a  lateral  sound  the  matter  is  not 
free  from  diffienlty,  for  the  difference  of  intensity  with  which  a  lateral  sound 
is  perceived  by  the  two  ears  is  not  grsak  The  expoiment  may  easily  be 
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tried  roughly  by  stopping  one  ear  with  the  baud,  and  turning  round  biick- 
wards  and  fbrwaids  while  lifffeeniug  to  a  mund  held  steadily.  CSatealation 
diows,  moroover,  that  the  human  head,  erandoed  aa  an  obetade  to  the 
waves  of  sound,  is  scarcely  big  enough  in  relation  to  the  wave-length  to  give 

a  sensible  shadow.  To  throw  light  on  this  subject  I  have  calculat<:d  the 
inti-'iisity  of  Kouiui  duo  to  a  distatit  source  at  the  various  points  on  the  .surface 
of  a  fixed  spheric;il  obstacle.  The  result  depends  on  the  ratio  (o)  between 
tiie  drcumferenoe  of  the  apheie  and  the  length  of  the  wava  If  we  call  the 
point  on  the  ephoioal  sur&oe  nearest  to  tiie  soune  the  anteiior  pole,  and  the 
opposite  point  (where  the  shadow  might  be  expected  to  be  most  intense)  the 
posterior  poU',  the  n-.-^ults  on  three  suppositions  as  to  the  relative  magnitudes 
of  the  sphere  and  wave-length  are  given  in  the  following  table > 


a  =  2 

a  =  l 

Anterior  Pole 

•600 

MS 

•294 

Foetarior  Pole 

•su 

■ass 

•260 

Sqoatov 

•aw 

•asT 

•asa 

When,  for  example,  the  circumference  of  the  sphere  is  but  half  the  wave- 
length, the  intensity  at  the  posterior  pole  is  only  about  a  tenth  part  less  than 
at  the  anterior  pole,  while  the  intensity  is  least  of  all  in  a  lateral  direction. 
When  a  is  less  than  ^,  the  difference  of  the  intensities  at  the  two  poles  is 
Still  less  important,  amounting  to  about  one  per  oent,  when  e  ~  |. 

The  value  of  a  depends  on  the  wave-length,  which  may  vary  within 
pretty  wide  limits,  and  it  might  be  expected  that  the  facility  of  distinguishing 
a  lateral  sound  would  diminish  when  the  sound  is  grave.  Experiments  were 
aocordingly  tried  with  forks  of  a  frequency  of  128,  but  no  greater  diflSculty 

was  experienced  than  with  forks  of  a  frequency  of  256,  except  such  as  might 

be  attributed  to  the  inferior  loudness  of  the  former.  Accoi-ding  to  calculation 
the  ditV(  tcnce  of  intensity  would  here  be  too  small  to  account  for  the  power 
of  discrimination. 
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QUESTIONS  FROM  MATHEMATICAL  TRIPOS  EXAMINATION 

FOR  1876. 

[CaiiU/ridye  University  Calendai;  1876.] 

January  (i.    9 — 12, 

vi.  Invi-.stkiatk  the  cquatioiiN  of  equiiibrium  of  a  flexible  striiig  acted 
upon  by  uny  taiigeiilial  and  iiorinal  forces. 

An  uniform  steel  wire  in  the  form  of  a  circular  ring  is  made  to  revolve  in 
ita  own  plane  about  its  centre  of  figure.  Show  that  the  greatest  powilde 
linear  velocity  ia  independmt  both  of  the  section  of  the  wire  and  of  the 
radius  of  the  ring,  and  find  roughly  this  velocity,  the  breaking  strength  of  the 
wire  being  taken  as  90^)00  lbs.  per  square  inch,  and  the  weight  of  a  cubic 
foot  as  490  lb& 

vii.  Calculate  from  the  principle  of  energy  the  rate  at  which  water  will 
be  discharged  from  a  vessel  in  whose  bottom  there  is  a  small  hole,  explaining 
clearly  why  the  area  of  the  vmui  oontraota,  and  not  that  of  the  hole,  is  to  be 
used. 

A  cistern  discbarges  water  into  the  atmosphere  through  a  vertical  pipe  of 
uniform  seetion.  I^unr  tint  air  would  be  sucked  in  through  a  small  hole  in 
the  upper  part  of  the  pip^  and  eiqplain  how  this  result  is  oonsisteat  with  an 
atmospheric  pressure  in  the  cistern. 

viiL  Investagste  tiie  distuxbsnoe  in  an  unlimited  afanoqilHn  due  to  a 
sonroe  of  sound  which  is  oonoentaated  at  a  single  point,  and  whose  eflect  is  to 

produce  an  alternate  production  and  destruction  of  air,  given  in  amount  and 
periodic  according  to  the  liarmooic  law. 

Show  that,  if  a  given  source  of  sound  as  defined  above  be  situate  at  the 
vertex  of  an  infinite  conical  tube,  the  eneigy  emitted  in  a  given  time  is 
inversely  as  the  solid  angle  of  the  cone. 
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ix.  Define  a  revorsiblu  heat-engine,  and  point  out  in  what  respects  a 
condensing  stoam-c-tigiiie  as  otdinarify  woriced  frill  Aott  oS  the  deBnition. 

Can  the  theory  of  heat-engines  be  applied  to  a  Mm-oondensing  steam- 
engine  I 

z.  The  ends  of  a  coil  of  inaolated  wire  oan  be  oooneoted  with  the  poles 
of  a  constant  batteiy;  investigate  the  giadual  establishment  <rf  the  currant 
after  contact  is  made. 

Show  th&t,  when  contacts  are  rapidly  made  and  broken,  the  average 
current  aa  indicati-d  by  a  galvanotnetor  of  |nn«j  porkKl  may  full  much  below 
that  due  to  the  (iiinitinn  of  the  c<nitnets,  and  explain  the  increasofl  effect 
which  attends  the  closing  of  the  circuit  of  a  second  coil  in  the  neighbourhood 
of  the  first. 

January  6.    1| — 4. 

V.  A  straight  pipe  who.st;  material  is  thin  in  comparison  with  the  bore 
is  closed  at  both  «Mfa  and  subjected  to  internal  fluid  preasare.  Show  that 
the  longitudinal  tensi<m  <^  the  material  is  the  half  of  the  oizoumferential 
tensioQ. 

Prove  that  the  greatest  quantity  of  air  of  given  pressm  i  which  can  be 
held  in  a  long  pipe  of  given  weight  is  independent  of  the  bore  of  the  pipe. 

vi  Investigate  the  small  vibrations  of  a  nmple  pendulum  under  the 
action  of  gravity. 

How  could  the  law  ennneoting  the  length  of  the  pendulum  and  the 
periodic  time  be  anived  at  without  calculation  ? 

Explain  how  a  boy  in  a  swing  is  able  to  increase  the  amplitu<to  of 
vibration. 

vii.  Stiite  the  law  of  abw)rptian  of  homogeneous  light  in  a  uniform 
medium,  and  show  that  the  colour  of  light  originally  white  transmitted 
through  a  layer  of  the  medium  may  be  entirely  altered  when  the  thickness  of 
die  layer  is  increased. 

Homogeneous  light  fidb  upon  a  plate  of  absorbing  material,  whose 

surfaces  partially  reflect  the  light  incident  upon  them.  Calculate  the  total 
intensity  of  the  light  (1)  reflected  back  on  the  first  aide,  (2)  transmitted, 

(3)  absorbed. 

viii  Investigate  the  distribution  of  electricity  on  a  conductor  in  the 
torm  of  an  ellipsoid  situate  in  free  sjwice. 

Deduce  the  capacity  of  an  intniitely  thin  elliptic  lamina,  and  show  that  if 
the  eccentricity  e  be  small,  the  capacity  may  be  expressed  approximately  in 
tennsof  thearea^by  _ 
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ix.    Explain  the  Wheatstone's  Bridge  mctho<l  of  incjusuriiig  resistances. 
How  is  it  applied  to  find  the  position  of  a  fault  in  an  otherwise  well 
insalated  cable  immerecd  in  a  tank  of  water,  both  the  ends  being  accesHible  ? 

On  aooount  of  uniform  leakage  of  electricity  the  apparent  position  of  a 
fiuill  is  apt  to  be  too  near  the  middle  of  the  cable.  Show  that^  if  B  the 
normal  insulation  reeiBtancc  be  diminished  to  R'  in  coosequenoe  of  the  &ult, 
and  R  be  small  in  comparison  with  it,  the  poaitioa  of  the  fimlt  may  be  found 
firom  the  formula 

where  I,  T  ate  the  dintaiwee  of  the  firalt  from  the  eaSt  of  the  cable,  and 
m :  n  18  the  ratio  of  reaistances  neceeMuy  to  obtain  a  bdanoo. 

January  17..  9 — 12. 

1.  Enunciate  Hooke's  law  for  the  extension  of  an  eUvstic  string. 

An  endless  elastic  string  without  weight  is  placed  rouml  a  smooth  fixed 
pulley  in  a  vertical  plane,  whose  diameter  is  half  the  natural  length  of  the 
string.  The  lowest  point  of  the  string  is  made  fast  to  the  pulley,  and  to  the 
highest  point  is  attaidied  a  heavy  partlda  Slww  that  the  equilifaiiam  will 
be  nentcal,  if  the  wdght  of  the  particle  be  the  force  necessary,  aooording  to 
Hooke's  law,  to  stretch  the  stoing  to  twice  its  natural  length. 

2.  Show  tiiat  any  system  of  farces  acting  on  a  rigid  body  n»y  be 
replaoed  by  a  force  acting  at  a  given  point,  and  a  couple. 

If  any  system  of  forces  be  reduced  to  two,  of  which  one  is  of  given 
magnitude  and  passes  through  a  given  point,  prove  that  the  line  of  action  of 

the  other  will  envelope  a  conic. 

4,  Show  th.it  the  solution  of  the  difl'erential  equation  for  vibrations 
resisted  by  a  fnctiuual  force  proportional  to  the  velocity,  but  otherwise 
free,  viz. 

may  be  put  into  the  form 

4  -  f .  sin  »'t  .      /      /.  .  «  ,.\\ 
ju,  -^+ II,  f  COS  tt'«+2;p8m  n7  , 

where  n'*  =  n'  —  ^k*,  and  Ut>  are  the  values  of  the  velocity  and  displace- 
ment when  t  =  0. 

Deduce  the  complete  solution  of 

u  +  KU  +  n*u^  U 

in  the  fimn 

u=  «-»"'iu,'^"  '  + ^costt'i +  ^8in«'<)|  +^^^^^  U  di, 

where     is  the  same  function  of   as    is  of  t 
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6.  Describe  the  arriuiijemtnts  ncccssiiry  for  obtaining  a  finite  field  of 
view  iiuii'uruily  lit  with  appruxiiuately  homugencous  light.  On  what  condi- 
tions  does  the  hrii^taeflB  of  tiie  field  depend?  Is  there  toy  limit  to  the 
possible  Inightness  when  a  maximnm  range  of  refinngibility  is  prescribed  f 

7.  Explain  the  meth«xi  of  obtaining  the  solar  parallax  {rom  observaiions 
of  Han  on  the  meridian,  giving  the  neoessaiy  fonnnln. 

Janoaiy  19.  1^ — 4. 

vL  Explain  the  process  by  which  a  fonetion  is  determined  so  as  to  make 
one  integni  a  maximum  or  minimum,  while  another  integral  involving  the 
same  variables  is  constant,  and  apply  it  to  determine  what  functions  of  «, 
satisfying  the  conditioos  y    0,  when  wO,  and  when  «  »  ^  make 

I  (^j     stotionary  in  value  when  j  ffdeU  given. 

vii.  Prove  that  a  unifonn  frictionless  incompressible  fluid  once  at  rest 
can  never  acquire  molecular  rotation  under  the  action  of  natural  forces,  even 
though  the  motion  of  every  particle  be  resisted  by  a  force  proportional  to  its 
absolute  velocity;  and  that  without  molecular  rotation  there  can  be  no 
motion  within  a  fixed  envelope  filled  with  fluid  and  enclosing  a  simply- 
oooneeted  space. 

Prove  that  if  in  fluid  moving  with  a  velocity-potential  a  portion  which  at 
any  moment  occupies  a  finite  spherical  space  be  instantaneously  solidifiedp 
the  solid  so  fi)nned  will  have  no  motion  of  rotation. 

viii.  Plane  waves  of  light  are  incident  directly  on  an  infinite  opaque 
screen,  in  which  there  is  an  aperture  of  any  form.  Show  how  the  principles 
of  the  wave  theory  lead  to  the  conchision  that  there  will  be  in  general 
constant  ilhimination  behind  the  screen  at  points  well  within  the  projection 
of  the  aperture,  and  zero  illumination  at  points  well  without  the  projection 
of  the  aperture. 

By  the  aid  of  Huyghens*  lones,  or  otherwise,  explain  the  coitral  laif^t 
qpot  in  Poosson's  expoiment  of  the  shadow  of  an  opaque  diudar  diaa 

iz.  Show  that  the  condition  of  continuity  in  the  interior  of  a  fluid  is 
satisfied  by  the  wave-motion  in  whieh  the  oo^xrdinates  of  the  individual 
partiolea  at  time  t  are 

-  *  +        COS  ^<rt  +  ^) ; 

k,  k  being  constants  fitr  each  partiele  and  a  and  E  constants  &r  aU ;  and 
investigate  the  amount  of  mdleeular  rotatum  involved. 
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From  the  general  properties  of  equipotential  and  stream-curves,  prove 
ttMt  in  a  regular  series  ot  waves  moving  in  deep  iiatOT  vrithoat  moleoalar 
rotation  there  is  neoesaarily  in  the  ndghbonrhood  of  the  sorfiuse  a  trans* 
ferenoe  of  fluid  in  the  direction  of  the  wave's  pnqi^ation,  whrther  that 
sur&oe  satisfy  the  condition  of  a  free  surfiMse  or  not. 

xL  State  the  mathenuktical  conditions  which  determine  the  mngnHam 
tion  of  a  mass  of  soft  in»  exposed  to  the  action  of  given  eleetrio  ounenta 

Show  that  the  presence  of  the  iron  must  increase  the  induction  of  each 
of  the  circuits  upon  itself,  but  nuiy  diminish  the  coefficients  of  mutual 
induction. 

Januaiy  20.  1^—4. 

iv.    Form  the  differential  equation  of  the  moon's  motion,  viz. 

dHl  h'lr     frn'  dO 

where  it  is  the  reciprocal  of  the  projection  on  the  ecliptic  of  the  moon's  mdius 
vector,  and  iiitfgnitc  it  with  the  mniHsion  uftht-  disturhinj^  force,  but  without 
any  a[)pn)xiiii:it  ion  dc^Ksndiug  upon  the  smallueas  of  the  eccentricity  or  of  the 

obliijuity  <jf  the  orbit. 

V,  Explain  can  fully  what  is  meant  by  the  instantaneous  orbit  of  a 
planet,  and  show  how  to  expi-ess  the  momentary  change  of  the  major  axis  in 
terms  of  the  energy  communicated. 

A  planet  bursts  into  any  number  of  equal  fragments,  which  then  describe 
undistoihed  elliptic  orbits.  Prove  that  the  hann<niic  mean  of  the  nu^w 
axes  of  the  whits  is  increased  by  the  explosion. 

vL  Fkove  that  if  a  material  system  start  from  rest  under  the  action  of 
givra  impulses,  the  eneigy  of  the  actual  motion  exceeds  that  of  sny  other 
motion  which  the  system  (under  tlie  action  of  the  same  impulses)  might  have 

been  guided  to  take  by  the  addition  of  mere  constraints ;  and  that  the 
diflTercnce  is  etpial  to  the  energy  of  the  motion  which  must  be  compounded 
with  either  to  produee  the  other. 

Veri^'  this  theorem  iu  the  ca,si>  i>i  u  lamina  acted  on  by  a  given  impulsive 
couple  in  its  own  plane,  supposing  the  coostramt  to  be  produced  fay  hoMii]^ 
one  point  of  the  lamina  fixed. 

vii.  Define  the  potential  of  matter  attracting  according  to  the  law  of 
nature,  and  prove  that  in  free  space  it  satisfies  the  equation 
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Tlio  distribution  of  the  attrncting  matter  being  symmetrical  with  rosjx'ct 
to  the  axis  of  z,  and  also  with  respect  to  the  plane  of  xy,  examine  the  nature 
of  the  equilibrium  of  a  particle  at  the  origin  \  and  compare  the  forces  called 
into  play  by  displaoements  of  given  magnitude  along  and  perpendlcalar  to 
the  azia  reapectively. 

▼iiL   Snppoeingthe  preaaore  of  a  fluid  to  be  a  given  fimetion  of  the  tem> 

perature  and  volume,  investijplto  an  expression  for  the  difierencc  between  the 
specific  heat  at  constant  jiressnre  and  the  specific  heat  at  constant  volume. 

Apply  the  result  to  the  ciise  of  a  perfect  ^iws,  and  explain  how  the  specific 
heat  may  be  calculated  without  direct  observation  from  the  values  of  Joule's 
equivalent  and  of  the  velocity  of  sound. 

January  SI.  9—12. 

iv.  Prove  that  the  potential  energy  of  a  strinp^  stretched  with  tension  T 
on  a  smooth  spherical  surfiaoe  of  radiua  a,  and  slightly  diaplaoed  from  the 
pottitioa  of  equilibrium,  is 

where  0  is  the  angular  displacement  in  the  lateral  direction  of  the  point 
whose  longitude  (measured  round  the  string)  is  ^ 

Theuce  investigate  folly  the  small  motion  of  a  uniform  string  of  given 
length,  stretched  on  a  smooth  sphere  between  two  fixed  points,  and  show 
that  the  effect  of  the  curvature  is  to  diminish  the  square  of  the  frequency 
of  vibration  by  a  quantity  which  is  the  same  fur  all  the  possible  modes  of 
vibration. 

vii.  Investigate  an  approximate  expression  for  the  potential  of  a  body 
of  any  form  at  a  distant  jmint  P  in  terms  of  the  distanee  of  P  from  the 
centre  of  gravity  and  the  moment  of  inertia  of  the  body  about  the  line 
QP. 

Three  equal  particles  rest  on  a  smooth  spherical  snrfiiee  of  large  radius 
described  about  (}  as  centre,  and  are  rigidly  connecte<l  by  a  fmmework 
without  nuuHs  in  such  a  manner  thitt  the  three  sides  of  the  spherical  triangle 
formed  by  joining  the  particles  are  all  quadrants.  Prove  that  to  the  above 
order  of  approximation  there  is  equilibrium  in  any  position. 

viii  Bzphiin  generally  and  briefly  on  what  oircumstanoes  it  depends 
whether  a  tide  in  fiietionless  fluid  is  in  tiie  same  phase  as  the  f<n«es  which 

generate  it,  or  m  the  op|>nsite  phase. 

Calculate  the  tidal  motion  of  heavy  liquid  contained  in  a  square  vessel  of 
uniform  depth,  due  to  a  small  horizontal  di.sturbing  force  acting  uniformly 
throughout  the  mass,  whose  magnitude  is  constant,  and  whose  direction 
revolves  uniformly  in  the  horiaontal  plane. 

How  could  the  forces  here  imsgined  be  realised  ezperimoitallyf 
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January  21.  1| — 1 

iii.  Investigate  the  figure  of  equilibiinm  of  ft  revolving  fluid  covering  a 
symmetrical  oeatroboric  core,  aappoaing  the  density  of  the  flnkt  to  be  so 
small  that  the  mntoal  attractions  of  its  parts  may  be  neglected ;  and  find 
what  ratio  of  eqtiatorial  and  polar  diameters  oorresponds  to  a  vanishing 
iqpparent  gravity  at  the  equator. 

V.  Investigate  the  relation  whidi  must  subsist  betwera  the  pressure  and 
volume  of  a  fluid  in  order  that  plane  waves  of  sound  of  any  amplitude  may 
be  propagated  with  type  unchanged. 

Supposing  the  pressure  to  vary  inversely  as  the  volume,  find  whatimpres^^od 
force<4.  pnrall*-!  t')  the  direction  of  propagation,  would  be  neoenary  in  order  to 
counteract  the  tendency  to  alteration  of  type. 

vii.  Investigate  the  transverse  vibration  of  a  uniform  circular  membrane, 
whose  bouiidarv  i«  fixed,  due  to  the  action  of  a  preasiire.  utiiform  over  the 
area  of  the  membrane,  but  varying  with  the  time  accordmg  to  the  simple 
harmonic  law. 

viii.  Show  that,  aeooniing  to  Fresnel'.s  theory  of  double  refraction,  the 
velocity  of  propagation  ol  a  plane  wave  whose  direction-cosines  estimated 
with  reference  to  the  principal  axes  of  a  biaxal  crystal  are  /,  m,  n,  is  given  by 

f  in*  n* 

t,«  _  o»      fc' i;i^"c» " 

Supjxwing  that  for  wave-normals  lying  in  lai  h  principal  jjlane  one  of  the 
values  of  v  is  constant,  prove  that  a  wave-surface  of  the  fourth  degree  can  lie 
no  other  than  Fresnel's  snrfiice. 

X.  Show  that  if  in  a  uniform  mass  conducting  electricity  the  potential 
be  zero  over  the  plane  xy,  its  value  at  neighbouring  points  out  of  that  plane 
will  be 

whwe  X  is  a  function  of  «  and  y,  and  V*  s  cP/iis^  +  (2*/<^. 

If  a  neighbouring  equipotential  snr&oe,  «  — «i,  coincide  with  a  phine 

])arall<  I  to  xy,  except  over  a  certain  finite  region  where  there  is  a  slight 
deviation,  the  conductivity  between  the  equipotential  surfiwes  #»Si,  and 
<sO,  is  expressed  approximately  by 

the  area  of  integration  including  the  whole  <^  the  above-mentioned  region. 
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ON  THE  RESISTANCE  OF  FLUIDS. 

[PkiL  Mag.  IL  pp.  480-^1,  1876.] 

There  is  no  part  of  hydrodynainics  more  perplexiDg  to  the  atndent  than 
that  which  treats  of  the  resistance  of  fluids.  According  to  one  school  of 
writers,  a  body  exposed  to  a  stream  of  perfect  fluid  would  experience  no 
resultant  force  at  all,  any  augmentation  of  pressure  on  its  face  due  to  the 
stream  being  compensated  by  equal  and  opposite  pressures  on  its  rear.  And 
indeed  it  ia  a  rigwous  consequence  of  the  usual  bypotheees  of  pofeet  fluidity 
and  of  the  continuity  of  the  motion,  that  the  resultant  of  the  fluid  prasBures 
reducea  to  a  couple  tending  to  turn  the  broader  face  of  the  body  towards  the 
strram.  On  tlif  other  hand,  it  is  well  known  that  in  practice  an  obstacle 
does  experience  a  force  tending  to  carry  it  down  stream,  and  of  magnitude 
too  great  to  be  the  direct  effect  of  friction ;  while  in  many  of  the  treatises 
calculations  of  resistanoes  are  given  leading  to  results  depending  on  the 
inertia  of  the  fluid  without  any  reference  to  friction. 

It  was  Helmholts  who  first  pointed  out  that  there  is  nothing  in  the 

nature  of  a  perfect  fluid  to  forbid  a  finite  slipping  between  contiguous  layers, 
and  that  the  possibility  of  such  an  occurrence  is  not  taken  into  account  in 
the  common  mathematical  theory,  which  makes  the  Huid  flow  according  to 
the  same  laws  as  determine  the  motion  of  electricity  in  uniform  conductors. 
Horeovw  the  electrical  law  of  flow  (as  it  may  be  called  i»  brevity)  would 
make  the  velocity  infinite  at  eveiy  sharp  edge  encountered  by  the  fluid ;  and 
this  would  re<|uire  a  negative  pressure  of  infinite  magnitude.  It  is  no 
answer  to  this  ohji-ction  that  a  mathematically  sharp  edge  is  an  i»njx>ssibility, 
inasmuch  iis  the  electrical  law  of  flow  would  re<juire  negiitive  pressure  in 
cases  where  the  edge  is  not  perfectly  sharp,  as  may  be  rciwlily  proved  from 
the  theory  of  the  simple  circular  vortex,  in  whidi  the  velocity  varies  invenely 
as  the  distance  from  the  axis*. 

•  [1899.  Homrar,  flitn  fa  nodiiiig  in  Um  eonstitaUoo  of  a  Uqoia  to  CoiUd  ncgitive 
piSMiifM,  evea  of  ooaaidtiaU*  aiiuMuit.] 
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The  applicAtion  of  these  ideas  to  the  problem  of  the  resistance  of  a  stream 
to  a  plane  lamina  immersed  transversely  amounts  to  a  justitication  of  the 
ddor  tlMoiy  aa  at  least  approximately  oomofc.  BeliJiid  tl^  lamma  tiie  fiaid 
is  at  rest  under  a  preesnre  equal  to  that  which  prevails  at  a  distanoe,  the 

r^on  of  rest  being  bounded  by  a  surface  of  separation  or  discontinuity 
which  joins  the  lamina  tangentially,  and  is  determined  mathematically  by 

the  condition  of  constant  pressure.  On  the  anterior  surface  of  the  lamina 
there  is  an  augmentation  of  pressure  corresponding  to  the  loss  of  velocity. 

The  relation  between  the  velocity  and  pressure  in  a  steady  stream  of 
incompressible  fluid  may  be  obtained  imnu  fiiately  by  ronsiderinc,'  the  trans- 
ference of  energy  along  an  imagiuary  tube  bounded  by  stream-lines.  In 
oooaeqnmoe  of  the  steadineBs  of  the  motion,  there  must  be  the  same  amount 
of  magy  transferred  in  a  given  time  aeross  any  <me  section  of  the  tube  as 
aoroas  any  other.  Now  if  p  and  v  be  the  pressure  and  velocity  respectively 
at  any  point,  and  p  be  the  density  of  the  fluid,  the  energy  cOfrespooding  to 
the  passage  of  the  unit  of  volume  is  p  +  hpv"^,  of  which  the  first  term  repre- 
sents potential,  and  the  secoud  kinetic  euerg}' ;  and  thus  p  +  ^pv^  must 
retain  the  same  value  at  all  points  of  the  same  stream-line.  It  is  further 
tra^  though  not  required  finr  our  present  purpose  to  be  jwoved  so  simply, 
that  p-f  ipt^  retains  a  constant  value  not  merely  on  the  same  stream-line, 
but  also  when  we  pass  from  one  stream-line  to  another,  provided  that  the 
fluid  flows  throughout  the  region  considered  in  accordance  with  the  electrical 
law. 

If  )/  be  the  velocity  of  the  streiim,  the  increment  of  preiwure  due  to  the 
loss  of  velocity  is  ^pu*  —  ^pt;*,  and  ciiu  never  exceed  which  value  corre- 
qMmds-to  a  plaoe  of  rest  where  the  whole  of  the  energy,  originally  kiuetic, 
has  become  potential.  The  old  theory  of  reostances  went  on  (he  assumption 
that  the  velocity  of  the  streauj  was  ih  sti  i  \ed  over  the  whole  of  the  anterior 
face  of  the  lamina,  and  therefore  le<l  to  the  conclusion  that  th(»  resistn'Mice 
amounted  to  ^pu^  for  each  unit  of  area  exjiosed.  It  is  evident  at  once  that 
this  in  an  overestimate,  since  it  is  only  near  the  middle  of  the  anterior  face 
that  (he  fluid  is  approximately  at  rest;  towards  the  edge  of  the  lamina  (he 
fluid  moves  ou(ward8  with  no  inconriderable  velocity,  and  at  the  edge  itadf 
retains  the  full  vehx-ity  of  the  original  stream.  Nevertheless  the  amount  of 
error  invoheil  in  th(>  theory  referred  to  is  not  great,  as  appears  from  the 
result  of  Kirchhoff's  calculation  of  the  case  of  two  dimensious,  from  which  it 

follows  (lia(  the  resistance  per  unit  of  area  is  ^-^^  p*^  instead  of  ^pii^. 

It  is  worthy  of  notice  that  by  a  slight  modification  of  the  conditions  of  the 
pfToUem  the  estimate  ^/ni^  may  be  made  aocurate.  For  this  purpose  the 
lamina  is  replaced  by  the  bottom  of  a  box^shajped  vessel,  whose  sides  pngeot 
in  the  direction  from  which  the  stream  is  flowing,  and  are  sufficiently  extoided 
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to  cAuse  approximate  qniesoenoe  over  the  whole  of  the  bottom  (fig.  1).  In  the 
absence  of  friction,  the  sides  themselves  do  not  con-  pjg;  i, 

tribute  anything  to  the  resistance.    It  appears  from  this  | 
argument  that  the  increase  of  resistance  due  to  concavity 
can  never  exceed  a  vecy  moderate  value. 

Although  not  very  closely  connected  with  the  prin- 
cipal subject  ct  this  oommunicatkii,  it  may  be  well  to 
state  the  conresponding  resalt  in  the  caae  <^  a  compraanble 
fliud  meh  as  air.  If  pt  be  the  normal  pressure  in  the 
stream,  a  the  velocity  of  sound  corresponding^  to  t  he  gonoral 
temperature,  7  the  ratio  of  the  two  specific  he^ts,  ^pu^  is  replaced  by 

iftatAt  gives  the  resistance  per  unit  of  area»  The  compression  is  supposed  (as 
in  the  theoxy  of  Hound)  to  take  place  without  loss  of  heat;  and  the  numoical 
vahie  of  7  is  1408. 

When  u  is  small  in  comparison  with  a,  the  resistance  follows  the  same 
law  as  if  the  Huid  were  incomprt  s,sihle ;  but  in  the  case  of  greater  velocities 
the  resistance  increases  more  rapidly.  The  resistance  to  a  meteor  moving  at 
speeds  compaiable  with  90  nuks  per  second  mut  be  enormoust  as  afao  the 
rise  of  temperature  due  to  compression  of  the  air.  In  fitct  it  seems  quite 
unnecessary  to  appeal  to  firiction  in  order  to  explain  the  phenomena  of  Ught 
and  heat  attending  the  entrance  of  a  meteor  into  the  earth's  atmosphere. 

But  although  the  old  thetn'y  <>f  n  sistance  was  nut  very  wide  of  the  mark 
in  its  application  to  the  case  of  a  lamina  against  which  a  stream  impinges 
directly,  the  sjime  eaiuiot  bu  said  of  the  way  in  which  the  influence  of 
oblitjuity  was  estimated.  It  was  argued  that  inasmuch  as  a  lamina  moved 
edgeways  through  Still  fluid  would  Create  no  disturbance  (in  the  absence  of 
friction),  such  an  edgeways  nM»ti«»i  would  produce  no  alteration  in  the  resist- 
aooe  due  to  a  stream  perpendicular  to  the  plane  of  the  lamina;  and  from  this 
it  would  follow  (hat  when  a  lamina  is  exposed  to  an  oblique  stream,  the 
resistance  experienced  would  be  that  calculated  from  the  same  formula  as 
before,  on  the  understanding  that  u  now  represents  the  perj}€ndicular  com- 
pmmi  of  the  actual  velodty  of  the  stream.  Or  if  the  actual  velocity  of  the 
stream  be  V,  and  a  denote  the  angle  between  the  directiffli  of  the  stream  and 
the  lamina,  the  resistance  would  be  per  unit  of  area 

ipF*sin>a  (1) 

This  force  acts  of  course  perpendicularly  to  the  plane  of  the  lamina;  the 
component  dovm  the  current  is 

ipFWa  (f) 

a.   I.  19 
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The  arguiiK  lit  by  which  this  result  is  obtained,  however,  is  <|nit.o  worth- 
lets;  and  the  Um  uf  the  squares  of  the  siuen  expressed  in  (1)  is  kuown  to 
pnctioal  men  to  be  veaej  wide  of  the  marie,  especially  for  amall  valaee  of  «l 
The  rewistenee  at  high  obliquities  is  maoh  greater  than  (1)  ironld  make  it» 
being  more  neatly  in  pvoportkm  to  the  fiiat  power  of  sin  a  than  to  the  aquare^ 

Aa  a  proof  that  an  edgeways  motion  of  an  elongated  body  through  water 

is  not  without  influence  on  the  force  ncceasai^  to  move  it  with  a  given  speed 
broadways,  Mr  Froude  says*,  "Thus  when  n  vessel  was  working  to  windward, 
iuunediately  after  she  had  tacked  and  before  she  had  gathered  headway,  it 
was  plainly  visible,  and  it  was  known  to  every  sailor,  that  her  leeway  was 
much  more  rapid  than  after  she  had  begun  to  gather  headway.  The  more 
raind  her  headway  became,  the  slower  beoame  the  lee-drift,  not  merely 
rektivety  slower,  but  abaolutdy  slower." 

"  Again,  anyone  might  obtain  conclusive  proof  of  the  existence  of  this 

increase  of  jnessure  occasioned  by  the  introduction  of  the  edgeways  com- 
ponent of  motion,  who  would  try  the  following  simple  experiment.  Let  him 
stand  in  a  bojit  moving  through  the  water,  and,  taking  an  oar  in  his  hand,  let 
him  dip  the  blade  vertically  into  the  water  alonghide  the  boat,  presenting  its 
fiu»  nonnally  to  the  line  of  the  boat's  motion,  holding  the  plane  steady  in 
•  that  position,  and  let  him  estimate  the  pressure  of  the  water  on  the  blade  by 
the  muscular  effort  required  to  overcome  it.  When  he  has  OODSCioasly  l^ppre- 
ciated  this,  let  him  bernn  to  sway  the  blade  eilgeways  like  a  pendulum,  and 
he  will  at  once  experience  a  very  sensible  increa.se  of  pressure.  And  if  the 
etlgeways  sweep  thus  assigned  to  the  blade  is  considerable  and  is  performed 
rapidly,  the  greatness  of  the  increase  in  the  pressure  will  be  astonishing 
until  its  true  meaning  has  been  realised.  Utilising  this  proposition,  many 
boatmen,  when  rowing  a  heavy  boat  with  nan-ow-bladed  oars,  were  in  the 
habit  of  alternately  raising  ajid  lowering  the  hand  with  a  reciprocnting 
motion,  so  JUS  to  give  an  os^uHatory  di]>  to  the  blade  during  each  stroke,  and 
thus  obtained  an  equally  vigorous  reaction  I'rora  the  water  with  u  greatly 
reduced  slip  or  stemward  motion  of  the  blade." 

It  is  not  difficult  to  see  that  in  the  case  of  obliquity  we  have  to  <lo  with 
the  whole  velocity  of  the  current,  and  not  merely  with  the  resolved  part 
Behind  the  lamina  there  must  be  a  region  of  dead  water  bounded  by  a 

SUrfiMSe  of  discontinuity,  within  which  the  pressure  is  the  same  as  if  there 
were  no  obstacle.  On  tin  fimit  face  of  the  lamina  there  must  bo  an  augmen- 
tation of  pressure,  vanishing  at  the  edges  and  increjusing  inwanls  Ut  a 
maximum  at  the  point  where  the  stream  divides.  At  this  point  tlie  pressura 
is  V\  onrvesponding  to  the  loss  of  the  whole  velocity  of  the  stream.  It  is 
true  that  the  maximum  pressure  prevails  over  only  an  infinitely  small  firaction 

*  Pnee$iingt  of  the  Society  of  Civil  Engineen,  vol.  zxxti.,  in  •  diaeoasioa  on  »  paper  hj 
ffir  P.  Knovltt  on  tht  Bomw  Fknpdltr. 
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of  the  aroA ;  but  the  same  may  be  said  even  when  the  incidence  of  the  stream 

is  p«i-ptMidicular. 

The  cxiict  S4>lution  of  the  problem  in  the  cixso  of  two  (lim«M)sionR,  which 
covers  almost  all  the  puintH  of  pmctioa,!  intt-rest,  can  be  obtained  by  the 
analytical  method  of  Helmholtz  and  Kirchhofl  *.  If  an  elongated  blade  be 
held  vertioally  in  a  horiaontal  stream,  so  that  (be  angle  between  the  plane  of 
the  blade  and  the  stream  is    the  mean  pressure  is 

wsina   

4-|-irsm«'^  ^  ' 

varying,  when  a  is  small,  as  sin  a,  and  not  <ia  sin' a  The  proof  will  be  found 
at  the  end  of  the  present  paper. 

The  fact  that  the  resistance  to  the  broadways  moiiun  of  a  lamina  through 
still  fluid  can  be  increased  enotmously  by  the  supc  qHiattioa  of  an  edgeways 
motion  is  of  great  interest.  For  eiample,  it  will  be  found  to  be  of  vital 
importance  in  the  problem  ot  artifidal  flight 

Aoeording  to  the  old  theoiy  the  component  of  resiatance  transverse  to  the 

stream  varied  as  Kin*  a  cos  a,  and  attained  its  maximum  for  0  =  55"  nearly. 
Thi-  substitution  of  expression  (.3)  for  sin* a  will  iiiatcrlHlly  nimlify  the  angle 
at  which  the  trousverae  force  is  greatest.  The  quantity  to  be  made  a  maxi- 
mum is 

sin  a  cas  g  ^ 
4  +  irsina' 

and  the  value  of  a  for  which  die  nuuimnm  is  attabed  is  « s  89*  nearly, 
b^ng  ooHHiderably  less  than  according  to  the  old  theory,  on  aocount  of  the 
increased  value  of  the  normal  pressure  at  high  obliquitiea. 

The  preasnra,  whose  mean  amount  is  given  in  (8),  is  fiv  ftom  qrmmetri- 
cally  distributed  over  the  breadth  of  the  blade,  as  might  be  anticipat<;d  from 
the  fact  that  the  region  of  maximum  pressure,  where  the  streanj  divides,  is 
evidently  nearer  to  the  anti  rinr  nr  up-stream  edge.  If  the  breadth  of  the 
blade  be  called  I,  the  distuuce  (u)  of  the  centre  of  pressure,  reckoned  from  the 
middle,  is 

3  Icosa 

9=  -T  .  -T—  1 —  (4) 

4  4  +  irsma  ' 

If  the  blade  be  pivoted  so  as  to  be  free  to  turn  about  an  axis  parallel  to 
its  edges,  (4)  gives  the  podtion  of  the  axis  ontresponding  to  any  angle  of 


then  only  aoquaintod  with  KirchhulT's  y,>rUiungni  iih<'r  miithrmntifrhf  Physik,  and  wa*  not 
aware  that  the  obm  of  an  obliijae  Btieam  had  been  ooasidered  by  him  {CreiU,  Ud.  Lxx.  1869}. 
r,  PwMwflhMaototoshted  tha  hsow;  m  that  the  fermoki  aw  nwr.  PSW.  Tb^r 
•tohamkMclMnalMfeMrite^lhkHD.  Sea  PMI.       v.  f.  IM.  1«78.] 
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iuclinatioD  a.  Il  a  =  i)0\  x»0,as  ia  evideDt  fruai  symmrtry.  As  a  diinin- 
iahes,  the  oomspoiiding  value  of  «  iacreaiw  and  nadies  a  maxiinuin,  viz. 
^  I,  when  a « 0.  The  axis  then  divides  the  breadth  of  the  bbide  in  the 
ratio  11 : 6. 

These  rcsulta  may  be  stated  in  another  §ana  as  follows   If  the  axis  of 

sospenxioii  divide  the  width  in  a  more  extreme  ratio  than  11  :  5,  there  is  but 
one  p<)siti(<n  of  sUible  equilibrium,  that  namely  in  which  the  blade  Ls  parallel 
U)  the  Htnaiii  with  the  iiarmwi  r  portion  directed  upwanls.  If  the  axis  l>o 
situated  exactly  at  the  puiut  which  liiv  ide8  the  width  in  the  ratio  11:5,  this 
position  becomss  nentrd,  in  the  sense  that  for  small  displacements  the  force 
of  restitution  is  of  the  second  order,  but  the  equilibrium  is  really  stable. 
When  the  ans  is  still  nearer  the  centre  of  Bgure,  the  position  paralld  to  the 
stream  becomes  unstable,  aiul  is  replaced  by  two  inclined  positions  given  by 
(4),  making  with  the  stream  equal  angles,  which  incre.'us*-  from  zero  to  a 
right  angle  as  the  axis  moves  in  towards  the  centre.  With  the  centre  line 
itself  for  axis,  the  lamina  can  <Mily  remain  at  rest  when  transverse  to  the 
stream,  though  of  oourae  with  eithar  free  turned  upwards. 

The  foot,  rather  paradoxical  to  the  uninitiated,  that  a  blade  free  to  turn 
about  its  centre  line  sets  itself  transversely,  may  be  easily  proved  by  experi- 
ment.   For  this  purpose  it  is  sufficient  t<j  t;ike  a  piece  of  thin  bniss  plate 
shaped  as  in  the  figure  (tig.  2),  and  mount  it  with  its  points  bearing  in  two 
Pj^2.  small  indentations  in  a  U-shaped  strip  of  thicker 

 .      plate,  easily  made  by  striking  the  strip  with  a  ooni- 

 y   cally  pointed  piece  of  steel  driven  by  the  hammer. 

When  this  little  apparatus  is  moved  through  the 
watcT,  the  fnoveable  piece  at  once  sets  itself  across  the  direction  of  motion. 
The  sjiiiie  result  may  be  observed  when  the  apjKimtus  is  ex|x>8ed  to  the 
wind ;  but  iu  this  case  au  unexpected  phenomenon  often  masks  the  stability 
of  the  transverse  position.  It  is  imnd  that  whai  the  plate  is  set  rotating, 
the  force  of  the  wind  will  maintain  or  accelerate  the  motion.  This  effect 
might  be  mpposed  to  be  due  to  a  want  of  symmetry,  were  it  not  that  the 
rotation  occurs  in  either  direction.  It  is  evidently  connected  with  the  dis- 
turbance of  the  Huid  due  to  the  motion  of  rotation,  and  is  not  covered  by 
the  calculation  leading  to  formula  (4),  which  refers  to  the  forces  experienced 
when  tiie  blade  is  at  rett  in  any  position. 

I  am  not  aware  of  any  experimental  measurements  with  which  (4)  could 
be  compared;  but  the  result  that  the  equilibrium  parallel  to  the  stream  is 
indifferent  when  the  axis  is  situated  in  the  position  defined  by  the  ratio 

11  :  5,  is  in  agreement  with  the  construction  of  balanced  rudders,  of  which 
the  front  part  is  usually  made  of  about  one-half  the  width  of  the  hinder  part. 

Th  e  accompanying  Table  contains  some  numerical  examples  of  the  general 
formulee.   The  tirst  column  gives  the  angle  between  the  lamina  and  stream. 
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the  secDiid  the  vahie  of  m\^a,  to  which,  on  the  old  theory,  the  resistance 
should  be  proportional ;  the  third  column  is  derived  from  some  experiments 
by  Yinoe  on  water,  publislied  in  the  ^utoaapkical  TnumutunB  fin*  17M. 
The  quantity  diraotiiy  meaaured  by  Yinoe  was  the  resolved  part  of  the  renet* 
anoe  in  the  direction  of  the  stream,  from  whidi  the  tabulated  number  is 


a 

Tinee 

dDa(4-l-ir) 

a  OMa 

'4-|.«aii« 

90 

1  0000 

1000 

KWOO 

•0000 

•5000 

70 

■8830 

•974 

■9662 

■0369 

•2676 

50 

•6868 

•87S 

-8687 

•0758 

•0961 

30 

•mo 

•Ml 

•6411 

•1166 

■017S 

SO 

•1170 

•4EB 

•4814 

•uw 

•0010 

10 

•ONt 

•m 

•m 

•loss 

•0004 

derived  by  division  by  sin  a.  ^e  fiiarth  ednnm  leptesentB  the  law  <rf  resist- 
ance acootding  to  the  formola  now  proposed,  a  fiwtor  being  introdneed  so  as 
to  make  the  maximum  value  unity.  The  fiflh  column  gives  the  distfta<» 
between  the  centre  of  pressure  and  the  middle  line  of  the  bhuic,  expressed  as 
a  fraction  of  the  total  width.   The  sixth  column  is  the  value  of 

2(l~2co8a  +  cos^a)+tt8ina 
4+w8ina  ' 

which  is  the  distanoe  from  the  anterior  edge  <^  the  point  whcte  the  stream 

divides,  and  where  accordingly  the  pressure  attains  its  greatest  valua  It 
will  be  seen  that,  as  might  be  expected,  this  distance  becomes  small  at 
moderate  obliquiticH. 

The  result  of  Vince's  experiments  agrees  with  theory  renmrkiibly  well ; 
and  the  contnist  with  sin' a  is  especially  worthy  of  note.  The  ex|K'riments 
were  made  with  a  whirling  machine,  and  appear  to  have  been  carefully 
oonducted;  bat  th^  were  on  too  small  a  scale  to  be  qnite  satisbctory.  The 
subject  m^ht  now  be  resumed  witii  advantage*. 

From  theory  it  would  appear  that  any  part  of  the  region  of  dead  water 
behind  the  lamina  might  be  filled  up  willi  solid  matter  without  in  any  way 

disturbing  the  motion  or  altering  the  resistance ;  but  in  practice  with  actual 
fluids  this  atntomcnt  must  not  be  taken  without  <iualification.  If  the 
boundary  of  the  solid  approach  too  nearly  the  natural  position  of  the  surface 
of  separation,  the  intervening  tluid  appears  to  be  sucked  out  until  the  lines 
of  flow  kXkm  tiie  suifine  of  the  obsta^  This  is  the  state  ot  things  aimed 
at^  and  approximately  attained,  in  well-des^ed  ships,  round  whidi  the 

*  [1899.  Tbe  reader  will  hwdljr  oeed  to  be  reminded  of  Langlqr'B  eipcrimentB  {SmithMonim 
ContrihHtioHM  to  Knmeledge,  1891).  A  notice  of  Uiem  id  Katmn  {\o\.  ut.  p.  lOS,  1891)  may  slao 
btntassdta) 
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wmter  iOows  oearly  Mooidiiig  to  the  deetrical  Uw.  The  redstance  is  (hen  of 
an  enlordy  altered  chanM^ler,  and  depends  only  upon  the  firickion  agatnai  the 
skin. 

It  ivas  ohserved  fay  Sir  William  Thomson  at  Glasgow,  that  motiona 

involving  a  surface  of  separation  are  unstable.  This  is  no  doubt  the  case, 
and  is  tnio  pvnn  of  a  pamllfl  jet  moving  with  uniform  velocity.  If  from  any 
cause  a  slight  swelling  oocnis  at  any  |M>int  of  the  surface,  an  increase  of 
preiisure  eiitiuea  teudiug  not  to  correct  but  to  augment  the  irregulaiity.  I 
had  oocasiom  myself  to  refer  to  a  oase  of  this  kind  in  a  paper  on  Waves, 
published  in  the  Pkihnpkioai  MaganM  for  April,  1876  [Art  xxxTiu.]. 
But  it  may  l)e  doubted  whether  the  oaleulations  of  resistanoe  are  materially 
atfeeted  by  this  circumstance,  as  the  presisures  experienced  must  be  nearly 
iiKitijX'ndent  of  what  happens  at  some  distance  in  the  rear  of  the  obstaclu, 
where  the  instablHty  would  first  bigin  to  umnifest  itself 

The  fonnulu!  proposed  in  the  present  paper  are  also  liable  to  a  certain 
amount  of  modification  from  friction  which  it  would  be  difficult  to  estimate 
beforehand,  but  which  cannot  be  very  considerable,  if  the  experiments  of 
Yiuoe  are  to  be  at  all  relied  on. 


In  Uw  foUowing  analysis  ^  and  are  the  potential  and  stream  functions, 
sa«+ty,  MM^+t^;  and  it  is  known  that  the  general  oradiUons  of  fluid 
motion  in  two  dimensions  are  satisfied  by  taking  s  as  an  arbitrary  ftmction 
of*.  If 

^-{:-/»(coa^+»8in^   (A) 

Kirchboti'  shows  that  f  represents  thi;  velmnty  of  the  stream  at  any  |)oint, 
with  the  exception  that  ite  modulus  p  in  proj>ortioDal  to  the  reciprocal  of  the 
vdodty  instead  of  to  the  velocity  itselfl  If  the  general  velocity  of  the  stream 
be  unity,  the  condition  to  be  satisfied  along  a  surfooe  of  separation  bounding 
a  region  of  dead  water  is  p  =  1.  The  value  of  must  of  course  abo  preserve 
a  constant  value  along  the  same  surfiaoe. 

The  form  of  applicable  to  the  present  problem  is 

r  =  co8a  +  l^  +  y^^co«a  +  ^J'-l  (B) 

When  «*  BOO,  J^mcosm  — isino. 

The  surfooe  of  separation  corresponds  to  y^  =  0,  for  whidi  value  of  » 
beoiHnes  real;  and  the  point  at  which  the  stream  divides  coiresptmds  to 

M  sO,  for  which  ^=  oo .    For  ^  »  0  and  real  values  of  cosa  +        less  than 

unity,  p  —  I.  This  ix)rtion  therefore  corresponds  to  the  surfiicc  of  separation, 
for  which  the  prusauru  is  constant.    When  cosa+  iyV<u  is        ^ud  greater 
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than  unity,  ^  is  real,  indicating  that  th(>  direction  of  motion  w  parallel  to  the 
axis  of  X.    This  part  corresponds  to  the  anterior  face  of  the  lamina. 

The  augmentation  of  pressure  at  any  point  is  represented  by  ^  (1  -  p  -), 
if  the  dennliy  of  die  fluid  be  taken  as  unity;  and  Uius  the  whole  reostanoe 
is  measured  by  the  integral 

i/(l-p-»)<tf. 

if  dl  represents  an  element  <>f  the  width  of  the  lamina.  KirehhofV  shows 
how  tu  chan^'e  the  variable  of  iiitej^'ration  from  I  to  o).  The  velocity  of  the 
fluid  is  fl<f)ldl.  or,  siiiee  i|r  is  here  zero,  dtajdl.  Thus,  since  ^  is  real, 
±^-p  =  dlldu>\  and  therefore  the  integral  may  be  replaced  by 


/±^(f-f)*^  


in  which  all  the  elemetits  are  t*^  be  taken  positive. 
From  the  lorni  of  f  in  (B),  it  appears  that 


The  width  of  the  lamina  I  is  /^c^«>,  where  the  iimit«  of  intogretion  are  such 

as  make 

oosa+  l/V»-*±  1. 

The  integration  may  be  effected  by  the  introduction  of  a  new  variable  (i, 
where 

j8 -*  sin' a     "  oos  0, 
and  the  limits  for  ^  are  1 1.  Thus 

j  I  cod  a  +  .   I  ao»  =  -^-T  1-  .  7   +  const. : 

A         v«/         sin*  a     an*  a  ' 

and  therefiwe  between  the  limits  jt  1  vre  have 

4 -T- sin*  ft. 

The  second  part  of  ^  may  be  written  ^{l  —        sin  a  ^ta,  giving  the  integral 

J  aati*/»  ^       '       nn*a  8in*a 
Thus  the  complete  value  of  a  between  the  limits,  or  /,  is 

f^^-.H-^^'^^T"  (E) 

8in*a    sin'flt       Bin*o  ' 

By  (C)  and  (D)  the  whole  pretwure  on  the  lamina  is  repixisented  by  the 
second  part  of  I  in  (B),  orw  -!-  sin's ;  so  that  the  mean  pressure  is 

TT   ^  4  +  urmn  g  ysins 
sin»  a  ■     8il?a       4  +  r  sin  a ' 

as  was  to  be  proved. 
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Agaui,  the  uleuientiiry  iiunucut  of  prtsstin'  .-ibuut  z  =  0  is 

Now  il  the  arbitrary  coastant  be  taken  suitably,  the  complete  value  of  ;  is 

^  COS  a  +  2fi  +  siu-'/3 

 i — —  +  .  ,  • 

8m*a  81  u*  a 

The  odd  tertu^  in  z  will  uoulribute  nothing  to  the  inl^ral ;  and  thereibte  wc 
may  take  fisr  the  moment  of  pressore  about  smO, 

J -I     ain'c    *  8in*a  ^"dn^a  *  4on«a" 

In  this  result  the  first  fiietor  represents  the  total  pressure,  and  therefore 

|co8a/sin*a  expresses  the  distance  of  the  centre  of  pressure  fmin  the  pmnt 
«=sO.  With  the  same  ori^n  the  valtie  uf  z  for  the  middle  of  thf  liiinitm  is 
cosa'sin'o:  and  thus  the  disjilacenient  of  the  ci-iitn-  <•!  jin  xsnp'  from  the 
middle  of  the  lamina  is  —  ^  cosa/sia*  a.  This  distance  mut>t  now  be  expressed 
in  terms  of  I  or 

(4  +  V  sin  a) ai^  a, 
which  gives  as  the  final  result, 

4  4  f  77  sin  a 

The  nc;,'ativc  sign  indicates  that  the  centre  of  pressure  is  on  the  up-stream 
8id»;  of  th«;  middle  j>oint. 

As  to  the  form  of  the  surface  of  scj>aration,  its  intrinsic  equation  is  given 
at  once  by  the  value  of  {T  in  terms  of  «.  The  real  part  of  ^  is  cos0  (rince 
p  » 1),  where  0  is  the  angle  between  the  tangent  at  any  point  and  the  plane 
of  lh<'  lamina.  Along  the  surface  of  separation  co  is  identical  w^ith  ^,  and 
d<l>'da=\.  ThtiH  if  »  be  tht;  h  iigth  of  the  arc  of  cither  branch  measured 
from  the  point  where  it  joins  the  lamina,  the  intrinsic  equation  is 

oos^-oosal-^v^^  , 

and  the  constant  is  to  be  determined  by  the  condition  that  «  =  0  when 
cos^  =  ±  1.  Since  cmd^dxjds,  the  relation  between  «  and  •  is  readily 
obtained  on  integration;  but  the  relation  between  y  and  «  is  more  com- 
plicated. 

In  the  ease  of  perpendicuhur  incidence  eo6«  — 0,  o^l,  so  that 

giving  on  integration 

««2V(«+l)  +  o(»Bt. 
It  appears  that  the  value  of  »  does  not  approach  a  finite  limit  as  s  increases 
inde&iitely. 
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NOTES  ON  HTDBODTNAMICS. 

[Phil.  Mag.  ii.  pp.  441—447,  1876.] 

The  Contracted  Vein. 

TBI  contraction  of  a  jet  of  fluid  in  cHmping  from  a  higher  to  a  lower 
prearare  through  a  hole  in  a  thin  plate  has  been  the  subject  of  much  contro- 
versy. Of  late  years  it  has  been  placed  in  a  iiuieh  clearer  light  by  a  direct 
appliciitioii  of  the  principle  of  momentum  to  the  circuuibtances  of  the  problem 
by  HesBn  Hanlon  and  Hazwell*  among  othen. 

For  the  sake  of  simplicity  the  liquid  will  he  suppoaed  to  be  unacted  upon 
by  gravity,  and  to  be  spelled  from  tiie  venel  tlie  force  of  oomprooDod  air 
through  a  hole  of  area  <r  in  a  thin  plane  plate  finrmiiig  part  of  the  aides  of 

the  vessel.  After  passing  the  hole  the  jet  contracts,  and  at  a  little  distance 
assume.^  the  fortn  of  a  cylindrical  bar  of  reduced  area       The  ratio  a-' :  o'  is 

called  the  coefficient  of  contniction. 

The  velocity  aoniired  by  the  fluid  in  esciping  from  the  pressure  p  is 
determined,  in  the  absence  of  friction,  by  the  principle  of  energy  alone.  If 
the  density  of  the  fluid  be  unity,  and  tiie  aoqnired  vdoeity  v, 

W*  =  2;)  (1) 

The  jiroduct  of  V,  as  given  by  (1),  and  <r  is  sometimes,  though  very  improperly, 
called  the  theoretical  discharge ;  and  it  difTei-s  from  the  true  discharge  for 
two  reasons.  In  the  first  place,  the  velocity  of  the  tiuid  Is  not  equal  to  v 
over  the  whole  of  the  area  of  the  orifice.  At  tbe  edge,  where  the  jot  is  free, 
the  velocity  is  indeed  «;  but  in  the  interior  of  the  jet  the  preamue  is  above 
atmosphere,  and  therefore  the  velocity  is  less  than  v.  And,  secondly,  it  is 
evident  that  the  quantity  of  fluid  paseing  the  orifice  dependa,  not  upm  the 

•  Pnaedimit^lht  JfotteawltMl  SodOgt  MofwlMr  11, 1868. 
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whole  velocifgr  with  which  bhe  fluid  umy  be  luoving  at  uiy  point,  but  upon 
the  resolved  part  of  this  velodty  in  a  direoti<«i  perpendicular  to  the  plane  of 

the  orifice.  Thus  it  is  only  in  the  middle  of  the  jet  that  the  whole  velocity 
is  e£Bcicnt;  near  the  v<]rrc  the  motion  is  tangential;  and  consequently  this 

part  eontributcs  but  little  the  discharge.  It  is  certain  that  the  discharge 
will  hi-  considerably  less  than  va,  or,  which  is  the  sann!  thing,  that  the  jot 
must  uiidorgu  considerable  contraction  before  the  liquid  composing  it  can 
move  in  parallel  lines  with  nniferm  velocity  v. 

Since  the  actual  discharge  is  a'v,  the  quantity  of  momentum  passing 
away  with  the  jefc  in  unit  time  is  tfV,  and  the  iinoe  gennating  this 
momentum  is  tiiat  necessaiy  to  hold  the  vessel  at  rest  If  tiie  whole  of  the 
interior  surfiMW  oC  the  vessel  were  subject  to  the  pressure  p,  this  force  would 
have  no  existence.  On  account  of  the  orifice  the  equilibrium  of  internal 
pressures  is  disturbed  and  a  force  pa  is  uncompensjited.  But  this  is  not  all. 
Not  only  is  the  pressure  that  would  have  acted  over  the  area  of  the  orifice 
wanting,  but  there  is  also  a  relief  of  pressure  on  the  sur&oe  surrounding  the 
orifice  correepmiding  to  the  velocity  with  which  the  fluid  there  moves.  Tb» 
anoompenaated  force  tending  to  produce  recoil  may  therefore  be  represented 

i9  +  Ba)pt  whore  So-  is  a  small  positive  quantity;  and  if  the  vessel  is  to 
remain  at  rest,  a  force  of  this  magnitude  must  be  applied  to  it  acting  in  the 
direction  in  which  the  jet  escajies.  Thus 

(ff  +  fa^)j>  =  ffV;  (2) 

and  therelore,  by  (1), 

•'-4(a  +  &r),  (3) 

exprassing  that  the  ooeflident  of  contraction  is  greater  than  ^. 

In  the  absence  of  a  mathematical  sdntion  of  the  problem  it  is  impossible 
to  estimate  the  magtiitude  of  £<r  with  any  precision;  but  it  is  something  to 

know  from  gcm  nil  priiicijiles  that  there  must  be  a  considerable  contraction, 
and  yet  ihut  the  coefficient  of  contraction  must  exceed  one-half.  However, 
by  a  slight  modification  of  the  problem  it  is  possible  to  get  rid  of  the  uncer- 
tainty arising  fimn  the  unknown  magnitude  of  Sa.  Suppose  the  hde  in  a 
thin  plate  to  be  replaced  by  a  thin  parallel  tube  projecting  into  the  interior 
of  the  vessel.  If  the  tube  be  long  enough,  the  sides  of  the  vesDol  are  suffi- 
ciently removed  from  the  region  of  rapid  flow  to  allow  of  the  pressure  acting 
u|>on  them  being  treated  as  constant,  while  the  relief  of  pressure  on  the  sides 
of  the  tube  dues  uut  add  anything  tu  the  forces  tending  to  produce  momentum 
in  the  jet  Under  these  circumstauces,  if  a  be  the  area  of  the  section  of  the 
tube  and  the  area  of  the  section  of  the  jet  aftw  oontnctioo,  a^^^^,  or 
the  coeflScient  of  contraction  is  one-half  ezacyy.  The  rigorous  nathematioal 
solution  of  this  problem,  so  far  as  relates  to  the  case  of  motion  in  two  dimen- 
sions, has  been  given  by  Uelmholtz  {Fhil.  Mag.,  November,  1868) ;  and  the 
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coaclusiuu  that  thu  width  ui  iho  cmurgeut  stream  is  ultimately  one-half  that 
of  Ihe  ehaimel  firflows  from  his  analyBiB*. 

This  problem  throws  some  light  on  the  Ibrmalion  of  a  mrfiMse  of  disoon- 
tinaity.  If  tiie  dectrical  law  of  flow  held  good  so  that  the  tube  were  filled, 
twice  as  mvoh  monacntuin  -.vi  bc-forc  would  h:ivc  to  be  generated,  and  the 
extni  momentum  would  have  its  origiti  in  tho  infinite  n^ative  preesnre 

which,  accordino^  to  that  hiw,  must  |nov;iiI  over  the  oxtreine  edge  of  the  tube. 
In  the  abseuce  of  forces  capable  of  generating  tliu  extra  momentum  the  tube 
could  not  flow  full. 

A  generalization  of  the  problem  jut>t  considered  may  be  effected  by 
replaoang  the  venel,  whow  dimemiooe  were  soppoeed  ^ 
to  be  indefinitely  great,  by  a  cylinder  of  finite  sec- 
tion <r"  (fig.  1),  in  which  the  fluid  moves  with  finite 
velwity  v".  If  »'  and  a'  be  the  ultimate  velocity 
and  section  of  the  escaping  jot,  the  equation  of 
continuity  gives 

=   (4) 

By  the  prindplo  of  eneigy, 

 (6) 

and  by  the  principle  of  momentum,  if  <r  be  the  area  of  the  tube, 

per  -  i  t»"»  (<r"  -  <r)    er'**-  c"*^.  (U)t 

From  these  et|uatiouH  wu  obLuin 

{ir"-cy^a"{a"-a)  (7) 

The  probh'in  of  the  contracted  vein  for  a  bole  iu  a  thin  plate  has  been 
solved  »na(ht  iiiatirally  by  Kin  hlidtf^  for  the  ca.se  of  motion  in  two  dirnensJons. 
As  thiii  solution  ia  very  iittie  known,  and  many  ])ointH  of  interest  are  juissed 
over  by  Kirchhoff  himself,  a  short  account  of  it  accompauie<i  by  a  tew  remiuks 
and  oJoulatioDB  may  not  be  out  of  place. 

With  the  notation  explained  in  the  previous  paper,  the  form  of  ^  proper 
to  this  problem  is 

r-r-'+VC*-*'-!).   .(8) 

*  The  npplicMtion  of  the  principle  of  momcntom  to  ttie  case  of  Uie  intruvcrtod  tul>e  wau 
original  with  myself,  but,  as  I  learned  at  Olasgow,  had  been  made  proviousljr  by  Mr  Froode. 
[1809.  BnbooqnaiiUy  I  Iwumd  that  it  bad  been  given  in  the  laat  oentoiy  by  Bord*.]  In  ■mail- 
Kale  sxperinMots  the  iMolt  Is  liable  to  be  vitiated  by  adheaiou  to  the  side  of  tha  tub*. 

t  [1S99.  In  the  original  paper  tho  term  -  ^  r"*  (v"  -  <r),  repreaonting  the  iaoMIM  of  pnasnre 
on  the  bottom  ct  Um  vohoI  dna  to  the  loas  of  velooity  v",  was  omitted.  Tbo  «Ror  wm  poiotad 
oat  and  BorrMKi  in  an  important  paper  by  Miahell  {Phil.  Tram.  vol.  OLSsn.  p.  406,  1890). 
Tho  final  raaolt  (7)  haa  been  altered  aooordingly.] 

X  CnlUt  voL  uoL  1868.  and  VarUtumtn  Ster  wmlkm»H$cU  Pkfrik. 
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The  values  of  ^  corresponding  to  the  boundaries  of  the  jet  are  0  and  n- ;  and 
the  stenm-line  which  paaaes  symmetncalfy  thiongh  the  middle  of  the  orifice 
is '^*"  |v.  finr  whkdi  value  of  ^  (is  purely  imagiuaiy.  For  the  streem-line 

f-<r*+v/(e-«-l)  (9) 

When  0  is  negative  in  (9)  f  is  wholly  real  and  positive,  so  that  this  \K\rt  of 
the  stream-line  is  parallr-l  t<>  the  axis  of  x,  and  atiswors  to  the  VK)ttom  of  the 
veiiHel  up  to  the  edge  of  the  oriHce.  When  <p  is  inwiiive,  ^  is  complex,  but  its 
moduliui  is  ooity.    This  part  therefore  corresponds  to  the  free  boundary. 

The  width  of  the  jet  after  contraction  is  ir,  since  the  velocity  is  unity; 
and  the  total  flow  between  the  stream-liiies  ^ » 0  and  ^^wib  measured  by 
the  diiferenoe  of  the  values  of  ifr. 

In  equation  (9)  the  real  part  of  f     positive)  is  oi»0,  where  $  is  the 

angle  between  the  direction  of  motion  at  any  point  and  the  axis  <tf  «;  so 
thab  the  intrinaie  equation  to  the  boundary  is 

ooBB^de/dt^r;   »  (10) 

no  constant  bdng  added  if  «  be  measured  fi»m  the  edge  of  the  orifice  where 
cos^»l. 

From  (10),  by  integration, 

«  =  l-<r-  (11) 

if  tli(!  origin  of  .r  be  taken  at  the  e<lge  of  the  orifice,  where  s  =  0.  This 
equation  detvriuines  the  width  the  a{)crture.  When  s  =  x> ,  x  =  1,  which 
conesponds  to  Uie  abscissa  of  the  boundary  of  the  jet  after  ctmtraotion ;  and, 
as  we  have  already  seen,  the  width  of  the  jet  itself  is  w.  Aocotdingly  the 
whole  width  of  the  aperture  is  8+ w,  and  the  ooefllcirat  of  contiactUHi 
w  :  2  +  w. 

Thi'  numerical  value  of  7r  :  2  +  tt  is  -Gil,  agreeing  veiy  nearly  with  the 

ciirflif  i<  t)t  of  Contraction  found  by  observation. 

From  (10), 
whence 

y-^a--)-*'°gi!va-«-')  <">* 

if  the  OTigin  of  y  be  taken  at  s»0. 

If  we  eliminate  s  between  (11)  and  (12),  we  get  as  the  equation  of  the 
curve  in  Gartesian  coordinates, 

,-v(«.-^-tu«Lt^|^:^>  .(13) 

*  SqnatkMis  (11)  and  (IS)  an  givan  bgr  Kiiohliofl. 
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from  which  the  following  points  are  calculated: — 


•1 

-y  = 

■0313 

X  = 

•G 

-y  = 

•G494  1 

.r  = 

•2 

-y  = 

•0932 

X  = 

•7 

-y  = 

•9203 

X  = 

•3 

-y  = 

•LSI") 

X  — 

•8 

-y  = 

1-3127 

X  = 

•4 

-y  = 

•2985 

•9 

-y  = 

1-9915 

X  — 

•5 

-y  = 

•4509 

1-0 

-y  = 

By  means  of  these  points  the  curve  (fig.  2),  is  const^cted.  From  (lOX 

80  that  the  mdins  of  enrvature  is  tantf.  The  corvature  is  therefore  infinite 
at  the  origin,  and  diminishes  oontinually  as  $  increases. 

Fig.  a. 


In  discussions  on  the  cause  of  the  contraction  of  the  jet  doubts  have 
been  exprnsed  as  to  the  reality  of  the  deficienqr  of  vetocUy  in  the  middle  of 

the  oriBce  ;  and  it  may  therefore  he  worth  while  to  examine  this  point  more 
(■litst  ly.   For  this  purpose  it  will  be  convenient  to  express  s  or  «  +  in 

terms  of  ^ 


From  (8)  we  get 


whence 


Thus 


11-C 


.(14) 


.(15) 
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In  orflcr  to  (li'tcrrniiie  the  value  of  the  constant  of  integration,  we  may 
obeervc  that  f  when  leul  varies  between  —  «  and  —  1,  and  between  + 1  tmd 
+  «.  The  vtdues  ±  1  00ReB|iond  to  the  edges  of  the  orifice  when  «sO  and 
s^ir  +  i.  Henoe  tnx~*^  varies  between  and  fir,  and  C^l  —  \w. 
Accoidinglj 

^  =  2tan-i:-C+l-iir.   (16) 

If  «  be  the  velocity  of  the  stream  at  any  point  //  of  the  line  of  symmetry 
tB^^v+l,  ^—  —  i/vi  and  therefore  hy  (10)  the  relation  between  y  and  «  is 

t«  =  —  2  tan~'  -  -\  ir  ; 

or,  if  tan~'  (t/«)  be  replaced  by  its  logsrithmio  equivaleatk 

»-;-'*r^5  <"> 

A  few  pairs  of  corresponding  values  of  y  and  v  will  give  on  idea  of  the 
relation  expressed  in  (17). 

»  =  J»j       ij  =  -IH:U         w  =  /5       .y-  +  -3792 

» =  J        y  =  -    lOOo    I    tr  =  4        y  -  +  3-489 

By  interpolation  wo  find  that,  corresponding  to  y  =  0,  v  =  -6840,  w*  =  '420. 
Hence  the  pressure  in  the  iniddle  of  the  orifice  is  'SS  of  that  prevailing  in 
the  vessel,  the  external  pressure  being  treated  as  zero.  In  these  statements 
the  ultimate  velocity  is  understood  to  be  unity,  and  the  scale  of  linear  magni- 
tude 18  sudi  that  2 + ir  represents  the  width  of  the  orifice. 

[1899.  In  equation  (17)  we  have  the  relation  between  velocity  and 
poation  along  the  central  line.  In  a  similar  manner  we  may  form  the 
expression  for  the  velocity  in  contact  with  the  pkke  PO  (fig.  2X  Here 

and  (16)  gives 

«*2tan-'  -  -  -  +  1  -Iw. 

V     V  ■ 

From  0  to  the  left  V  varies  fimm  1  to  0,  tan~*(l/v)  firom  |ir  to  ^w.  When  v 
is  very  small. 

Meeting  Streams, 

The  pi-inriple  of  momentum  gives  interesting  information  on  the  question 
of  the  mutual  action  <^  strsams  which  come  into  collisioa  Suppose,  fin* 
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example,  that  the  motion  is  in  two  dimensions,  and  that  two  equal  streams 
moving  with  the  same  velocity  meet  at  an  angle  2a  (fig.  3).  After  the 
cullisiou  the  fluid  resolves  itself  into  two  other  streams  of  unequal  width 
paroUel  to  the  line  Iriaeeting  the  a^gle  2a;  and  a  question  ariaee  ae  to 
tlie  relative  magnitude  (tf  these  ttreanu.  The  ultimate  velocity  is  of 
oonne  in  both  parts  the  same  as  before  the  collision. 

Ftf.  8. 


The  widths  of  the  original  stn'ams  being  unity,  let  us  suppose  that  the 
width  of  that  derived  stream  which  is  least  diverted  is  x.  The  width  of  the 
other  derived  stream  is  then  2  — and  the  principle  of  conservation  of 
momoitam  gives  at  onoe  the  relation 

2eosa  -«'-(2*-«X 

whence       \  -^co^a.   The  ratio  of  the  two  derived  streams  is 

2-ar  :  x  =  i&\\''\a  (18) 

For  example,  if  a  =  GO",  the  ratio  of  the  derived  streams  is  1  :  3.  The  effect 
of  friction  would  be  lo  make  the  ratio  still  more  extreme. 

Fig.  4. 
9]  4 


If  we  suppcee  the  motion  reversed,  ws  flhtein  the  solution  of  the  proUem 
of  the  direct  impact  nS  two  streams  of  unequal  widtiis  whidi  meet  with  equal 
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velodtiea  The  ratio  of  Bknama  beiiig  known,  (18)  detennines  the  angle  of 
divefgenee. 

Li  the  ease  where  a  is  a  right  angle  the  fonr  streams  are  all  equal,  and 
the  bonnding  surfiwee  are  symmetrical  with  respect  to  the  stnu|^t  lines  biseet- 

ing  the  stroaiii.s  (fig.  4).  The  exact  solntion  of  this  case  has  been  indicated 
by  Kirchhoff.  If  0  bo  the  angle  bftworn  the  tanj^t-nt  to  the  free  surflice  at 
any  |K»iiit  and  the  axis  of  jr,  and  if  s  hv  the  length  of  the  arc  iiuMsiired  fruin 
the  middle  point  (where^  =  ±  Itt),  the  intrinsic  equatiun  to  the  free  surface  is 

tantf=±tf-*, 

the  scale  of  linear  magnitude  being  such  that  the  initial  and  final  width  of 
the  streams  is  ir. 

Postscript,  Nov.  1+. — Although  the  accurate  detennination  by  experiment 
of  the  pressure  in  the  interior  of  a  streant  is  a  matter  of  considenible  diflR- 
culty,  the  theoretical  value  of  the  pressure  in  the  middle  of  a  jet  issuing 
through  a  slit  in  a  thin  plate  has  been  recently  verified  ai^nnnimately  by 
Mr  A.  llallock  in  my  laboratory.  The  finetion  of  the  orifpnal  head  still 
remaining  in  the  plane  of  the  plate  was  found  to  be  about  '59,  whieh  MgnoA 
very  cloH«jly  with  the  value  obt^xined  from  theory,  viz.  "SS.  For  a  circular 
hole  the  corres{M)nding  fraction  is  higher,  ab<tut  -(il  ;  but  for  thi.s  tht  re  is  at 
present  no  theory.  The  observations  were  made  by  introducing  along  tliu 
axis  of  the  jet  a  fine  glasB  tube  in  the  side  of  whidi  was  a  small  hole,  the 
interior  of  the  tube  being  in  connezion  with  a  manometer. 
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ON  THE  APPLICATION  OF  THE  PRINCIPLE  OF  RECIPROCITY 

TO  ACOUSTICS. 

IProcMdinjf*  of  tht  Bayal  Society,  ZXT.  ppi  118—122,  1876.] 

In  a  memoir  published  mmc  yeoi-s  ago  by  Hclrnholtz  {C'relle,  Bd.  LVIT.) 
it  was  proved  that  if  a  uniform  frictionless  giv^oiis  medium  be  thrown  into 
TilnRBtion  by  a  simple  toiiroe  of  flonnd  of  giveu  period  and  intauily,  the 
wiation  of  preanue  it  the  aame  at  any  point  B  when  the  sooroe  of  sound  ta 
at  il  as  it  would  have  been  at  A  had  the  source  of  sound  heen  situated  at  Bt 
and  that  this  law  is  not  interfered  with  by  the  pro'ifnce  of  any  number 
of  fixed  tuAid  obstacles  on  which  the  sound  may  impinge. 

A  .simple  source  of  sound  is  a  point  at  whieh  the  condition  i»f  continviity 
of  the  fluid  is  biriken  by  an  alternate  intro<luption  and  abstniction  of  Huid, 
given  in  juiiount  atid  periodic  accordinj:^  to  the  harmonic  law. 

The  i-eciprocnl  i»nip<  rty  is  aipable  of  generali/jition  so  as  to  apply  to 
all  acoustical  systems  whatever  capable  of  vibnitiug  about  a  coutigun\tiou 
of  equilibrium,  as  I  proved  in  the  ProcMdinga  of  (A«  MaAmiiaiietd  iSbcMty 
for  June  1878  [Art  xzi.l  and  is  not  lost  even  wboi  the  systenis  ace  subject 

to  diunping,  provided  that  the  frictional  forces  vary  as  the  first  power  of 
the  velocity,  as  must  always  Ix'  the  case  when  the  motion  is  small  enough. 
Thus  Helmholtz's  theorem  inay  be  extended  to  the  e^vse  wheu  the  medium 
is  not  uniform,  and  when  the  obstacles  are  of  such  a  character  that  they 
sharo  the  vibration. 

But  although  the  principle  of  reciprocity  appears  to  be  firmly  grounded 
on  the  themtiical  add,  instances  are  not  uncommon  in  whidi  a  sound 
generated  in  the  open  air  at  a  point  A  k  heard  at  a  distant  point  B, 
when  an  equal  or  even  more  powerful  sound  at  B  fails  to  nmke  itself  heard 
at  A  :  and  .some  j)henomena  of  this  kind  are  strongly  insisted  upon  by 
Prof.  Henry  in  opposition  to  Prof.  Tyndall's  views  as  to  the  importance 

R.    I.  •  8Q 
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of  "acoustic  clouds"  in  relation  to  the  audibility  of  fog-signals.  These 
observatioDB  wwe  not^  indeed,  made  with  the  simple  aonoimia  floiinee  of 

theor)' ;  but  there  is  no  reason  to  suppose  that  the  reealt  would  have  been 
diflforent  if  aimple  sources  could  have  been  used. 

In  experiments  having  for  their  objoct  the  comparison  of  sounds  hoard 
utider  differrnt  circumstances  there  is  one  ii(  ct  s,«ary  precaution  to  which 
it  may  not  be  Hupcrtluuus  lu  allude,  dependuig  uu  the  tact  that  ihc  audibility 
of  n  pnrticnlar  sound  depends  not  only  upon  the  strength  <tf  that  sound, 
but  also  upon  the  stra^^  ot  other  sounds  whidi  may  be  heard  along 
with  it  For  example,  a  lady  seated  in  a  doaed  carriage  and  carrying  on  a 
conversation  through  an  open  window  in  a  crowdi'd  thorouirlifare  will  hear 
what  is  said  U)  her  far  more  easily  than  she  can  make  hereelf  heard  in 
return ;  but  this  is  no  failure  in  the  law  of  reciprocity. 

The  explanation  of  his  observations  given  by  Henry  depends  upon  the 
peculiar  action  of  wind,  first  explained  by  IVof.  Stokea  Aooording  to 
this  view  a  sound  is  ordinarily  heard  better  with  the  wind  than  against 
it,  in  consequence  of  a  curvature  of  the  rays.  With  the  wind  a  ray  will 
gencndly  be  bent  downwards,  since  the  velocity  of  the  air  is  fjenorally 
greater  overhead  than  at  the  surface,  and  therefore  the  upper  part  of 
the  wave-front  tends  to  gain  on  the  lower.  The  nj  whidi  ultimately 
readkes  the  observer  is  one  which  started  in  some  degree  upwards  firom 
the  source,  and  has  the  advantage  of  being  out  of  the  way  of  obstacles 
for  the  greater  part  of  its  course.  A<,'aiiist  the  wind,  on  the  other  hand,  the 
curvature  of  the  rays  is  upwards,  so  that  a  woul<l-be  observer  at  a  oon- 
sidemble  di.stauce  is  in  danger  of  being  loft  in  a  sound-shadow. 

It  is  very  important  to  reniark  that  this  effect  depends,  not  upon  the 
mere  existence  of  a  wind,  but  upon  the  velocity  of  the  wind  being  greater 
overhead  than  below.  A  uniform  translation  of  the  entire  atmoqihere 
would  be  almost  without  effect.  In  particular  coses  it  may  happen  that 
the  velocity  of  the  wind  diminishes  with  height,  and  then  sound  is  best 
transmitted  against  the  wind.  Pruf.  Henry  shows  that  several  anomalous 
phenomena  relating  to  the  audibility  of  sigmds  may  be  explained  by  various 
suppoeitlona  as  to  the  velocity  of  tiie  wmd  at  dififorent  he^ts.  -When  the 
distances  concerned  arc  great,  comparaUvely  small  curvatures  of  Ibe  ray  may 
produce  considemble  results. 

Till  ri;  is  a  further  pos.sible  consequence  of  the  action  of  wind  (or  variable 
teniponiture),  which,  so  far  as  I  know,  has  not  hitherto  been  remarked. 
By  making  the  velocity  a  suitable  function  of  height  it  would  be  possible  to 
secure  an  actual  convergence  of  rays  in  a  vertical  plane  upon  a  particular 
station.  The  atmc8|rii««  would  then  act  like  the  Iras  of  a  lighthouse, 
and  the  inten.sity  of  sound  might  be  altogether  abnwmal.  This  may  perhaps 
be  the  explanation  of  the  extraordinary  distances  at  which  guns  have  some- 
times been  heard. 
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The  differt'iice  in  the  propagation  of  sound  against  anrl  with  the  wind 
i.s  no  exc(.'i)ti<in  to  the  general  law  reft'rre<i  to  at  the  beginning  of  this 
comiuuuicatiou,  for  that  law  applicii  only  to  the  vibrations  of  a  system 
about  a  oonfigniatioii  of  oqiiilibrium.  A  motko  of  the  inediiim  is  that 
oidnded.  Bat  the  bending  of  the  eonnd-ny  doe  to  a  variable  tempnatnre, 
to  which  attention  has  been  diawn  by  PtoC  BejooMfl^  does  not  interfere  with 
the  application  of  the  law. 

An  experiment  lua,  however,  been  brought  forward  hy  Pi  of.  T^  ndall, 

in  which  there  is  an  apparent  faihire  of  reriprocity  not  referable  to  any 
motion  of  the  medium*.  The  source  of  sound  is  a  veiy  high-pitched 
rcud  mounted  in  a  short  tube  and  blown  from  a  small  bellows  with  which 
it  is  ofHinected  by  rubbn  tubing.  The  variatioa  of  presBure  at  the  seoond 
point  is  nnde  appaient  by  means  of  the  sensitive  flame»  whidh  hss  been 
used  by  Prof.  Tyndall  with  so  much  success  on  other  (Krasinns.  Although 
the  Hame  itself,  when  unexeited,  is  IM  to  24  inches  high,  it  was  pn»ved 
by  a  subsidiary  experiment  that  the  ux>t  of  the  flame,  where  it  issues 
from  the  burner,  is  the  scat  of  sciuutivencas.  With  this  arrangement 
the  eflRact  of  a  oaidboard  or  glass  screen  interposed  between  the  leed 
and  the  flame  was  found  to  be  different,  aooording  ss  the  screen  was 
clase  to  the  flame  or  close  to  the  reed.  In  the  former  case  the  flame 
indicatt^l  tin-  action  of  sound,  but  in  the  latter  remained  uninfluenced. 
Since  the  motion  itt  tlu'  srn  i  u  is  plainly  equivalent  to  an  interchange  of 
the  reed  and  flame,  there  i:^  to  all  appearance  a  failure  in  the  law  of 
reciprocity. 

At  first  sight  this  experiment  b  diflBcnlt  to  reoonole  with  theorotical 
eondusiona.  It  is  true  that  the  conditions  under  which  reciprocity  is  to 

be  expected  are  not  very  perfectly  realized,  since  the  flame  ought  not  to 
be  moved  from  one  position  to  tlie  other.  Although  the  seat  of  sensi- 
tiveness may  be  liinitid  to  the  nnit  of  the  tlanie.  the  tjill  column  of 
highly  heated  gas  ntighl  not  be  without  etfect ;  and  in  tact  it  appeared  to 
me  possible  that  the  rssponse  of  the  flame,  when  dose  to  tiie  screen, 
might  be  due  to  the  conduction  of  sound  downwards  along  it.  Not  feeling 
ntiafied,  however,  with  thi.s  explanation,  I  determined  to  repeat  the  ex- 
periment, and  wrote  to  Prof.  Tyndall,  asking  to  W  allowed  to  see  the 
apparatus.  In  reply  he  very  kindly  proposed  to  arrange  a  repetition  of 
the  experiment  at  the  Royal  Institution  for  my  beuetit,  an  offer  which  I 
gladly  accepted. 

The  effect  itself  was  perfectly  distinct,  and,  as  it  soon  appeared,  was 
not  lo  be  explained  in  the  manner  just  suggested,  since  the  response  of 
the  flame  when  dose  to  the  screen  continued,  even  when  the  upper  part 

*  PneaMtgt  ef  tht  Jtoyof  farttertiwi,  hmmtj  1875;  also  PMf.  TyndalTk  work  «ii  Smmd, 
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of  the  heated  column  was  protected  irom  the  direct  action  of  the  source 
hy  additional  screais  interposed.   I  was  mora  than  ever  poaded  until 
Mr  Cottrell  showed  me  another  eKperiment  in  which,  I  hetieve,  the 
of  the  difficnltj  is  to  be  (band. 

When  the  axis  of  the  tabe  oontaining  the  reed  is  directed  towards  the 
flame,  mtuatc<l  at  a  moderate  distance,  there  is  a  distinct  and  immediate 
response;  but  when  the  axis  is  turned  away  from  the  flame  through  a 
comparatively  small  angle,  the  effect  ceases,  although  the  distance  is  the 
tame  as  before,  and  there  are  no  obstacles  interposed.  If  now  a  cardboard 
sereoi  is  held  in  the  prolongation  of  the  azis  d  the  reed,  and  at  sndi  an 
angle  as  to  reflect  the  vibrations  in  tiie  diveetion  of  the  flame,  the  effect  is 
again  produced  with  the  same  apparent  fiiroe  as  at  firBt 

These  results  prove  condusiTely  that  the  reed  does  not  behsve  ss  the 
simple  sourcp  of  theor}',  even  approximately.  When  the  screen  is  close 
(about  2  inches  distant)  the  more  powerful  vibrations  issuing  along  tJie 
axis  of  the  instrument  impinge  directly  upon  the  screen,  are  reflected  back, 
and  take  no  further  part  in  the  ezpoimentb  The  only  vibrations  which 
have  n  dumce  of  imarhing  the  flame,  after  diflnutioD  round  the  screen, 
are  the  comparatively  fceblr  onen  which  issue  nearly  at  right  nnglcR  with 
the  axis.  On  the  other  hand,  when  the  screen  is  close  to  the  Hame,  the 
efticieut  vibrations  are  those  which  issue  at  a  small  angle  with  the  axis, 
and  are  therefore  much  more  powerful  Under  these  circumstances  it 
is  not  surprising  that  the  flame  is  affiacted  in  the  latter  case  and  not  in 
the  former. 

The  oonomtntion  of  sound  in  the  dueetion  of  the  axis  is  greater  than 
would  have  been  anticipated,  and  is  to  be  explained  by  the  very  short 

wrwe-iength  corresponding  to  the  pitch  of  the  reed.  If,  ivs  is  not,  improbable, 
the  overtones  of  the  note  given  by  the  ree<i  are  the  most  efficient  })art  of 
the  sound,  the  wave-length  will  be  still  shorter  aud  the  concentration  more 
easy  to  understand*. 

The  redpiooal  theorem  in  its  geneiytliaed  form  is  not  restricted  to  simple 
source^  from  whidi  (in  the  absence  of  obstacles)  sound  would  issue  alike  in 

all  directions ;  and  the  .sUitement  flv  double  sources  will  throw  light  on  the 
subject  of  this  note.  A  double  source  may  be  thus  defined  :— Conceive  two 
equal  and  opposite  simple  sources,  situated  at  a  short  distance  ajiart,  to  bo 
acting  simultJineotisly.  By  CiiUing  the  two  sources  opposite,  it  is  meant  that 
they  are  to  be  at  any  moment  in  opposite  phases.  At  a  moderate  distance 
the  effiscts  of  the  two  souroes  are  antagonistic  and  maj  be  made  to  neutralise 
one  another  to  any  extent  by  diminishing  the  distance  between  tlie  sources. 
If,  however,  at  the  same  time  that  we  diminish  the  interval,  we  augment  the 

*  tvij  U.  I  htm  IsMy  oteorml  that  the  flame  in  qnettion  is  extremely  swritfTO  to  om  of 
Hr  F.  Oalton^  whiatln.  which  «I«m  notw  Mwr  Um  linito  of  otdinujr  tMuiiif. 
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intensity  of  tho  Binglo  sources,  the  effect  may  be  kept  coDsUint.  Pushing 
this  idea  to  its  limit,  when  the  intensity  becomes  infinite  and  the  int<?rval 
vanishes,  we  iimve  iit  the  conception  of  si  duiible  .source  having  an  axis  of 
symmetry  coincident  with  the  line  juiuiug  the  single  sources  of  which  it 
b  oompoeed.  In  an  open  space  the  effiaot  <^  a  doable  aouroa  ia  the  aame  as 
that  commimicated  to  the  air  by  the  vibratton  of  a  solid  sphere  whose  cmtie 
is  sttuated  at  the  double  point  and  whose  lino  of  vibration  coincides  with  the 
axis,  and  the  intensity  of  sound  in  direotioDS  inclined  to  the  axis  vaiies  as 
the  square  of  the  cosine  of  the  obliquity. 

The  statement  of  the  reciprocal  theorem  with  respect  to  double  sources 
is  then  as  follows : — If  there  be  equal  double  sources  at  two  points  A 
and  B,  having  axes  AP,  respectively,  then  the  velocity  of  the  medium 
at  B  resolved  in  the  direction  BQ  dae  to  the  source  at  il  is  the  same  as 
the  vrioeity  at  A  resolved  in  the  direction  AP  dae  to  the  soaroe  at  B, 
If  the  waves  observid  at  A  and  B  are  sensibly  plane,  and  if  the  axes 
Al',  BQ  arc  <  <jually  iiK  liucd  to  the  waves  received,  wo  may,  in  the  above 
statement,  replace  "  v.  locities  "  by  "  pressurtsj,"  but  not  otherwise. 

Suppose,  now,  that  equal  double  sources  face  each  other,  so  that  the 
cumnion  axis  is  AB,  and  let  us  examine  the  effect  of  interposing  a  screen 
near  to  il.  By  the  reciprocal  theorem,  whether  there  be  a  screen  or  not, 
the  velocity  at  il  in  directi<m  AB  due  to  S  is  equal  to  the  velodty  at  B 
in  direction  AB  due  to  A.  The  waves  received  at  B  are  approximately 
plane  and  perpendicular  to  A  B,  so  that  the  relation  between  the  vel*x;ity 
and  pressure  at  li  is  that  proper  to  a  plane  wave ;  but  it  is  otherwise  in 
the  case  of  the  sound  received  at  A.  Acconlingly  the  reciprocal  theorenj 
does  not  lead  us  to  expect  an  equality  between  the  pressures  at  A  and  B, 
on  which  quantities  the  behaviour  of  the  senative  flames  depends*.  On 
the  contrary,  it  would  appear  tliat  the  pressure  at  A  corresponding  to 
the  given  veloalgf  along  AB  should  be  much  greater  than  in  the  case  of 
a  plane  wave,  and  then  the  relative  advantage  of  the  position  A  would 
be  explained. 

It  will  be  seen  that  if  the  preceding  arguments  are  correct,  Prof.  Tyndall's 
experiment  does  not  beur  out  the  conclusions  that  he  haa  based  upon  it  with 
respect  to  the  observations  of  the  French  Commission  at  Tillejoif  and 
Montlbdry.  No  acoustic  clouds  could  eiplain  the  fiulure  of  reciprocity  then 
observed;  and  the  more  probable  hypothesis  that  the  effect  was  due  to  wind 
is  not  inconsiBtent  with  the  observation  that  the  air  (at  the  sui&oe)  was 
moving  in  the  direction  against  which  the  sound  was  best  heard. 

Further  experiments  on  this  subject  are  very  desirable. 

*(UW.  SMlioiremPMI.  Jr(iv.voLvn.^l6S,lB3»,whmtt«nM«hrtClM«irfli^ 
a  flHw  isdw.  aok  to  •  mriakU  jmMtNv,  bol  to  fcaaamM 
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ON  A  PERHANBNT  DBFLBOnON  OF  THB  GALVANOMETER- 
NEEDLE  UNDER  THE  INFLUENCE  OF  A  RAPID  SERIES 
OF  EQUAL  AND  OPPOSITE  INDUCED  CURRENTS. 

[PhUosophicai  Miigazine,  III.  pp.  48 — 46^  1877.] 

To  the  JBditon  of     PhUonpluoiU  Magatim  and  JmmaL 
Gdituuien, 

The  publicutiou,  iu  your  December  Muiuber,  of  a  ujeiuuir  by 
«   Mr  Chijstal  on  Hi-  and  Unilaterel  Galvanometer  Deflectkii  reoalled  to  my 
mind  aome  obsovationa  of  a  like  ehaiacter  made  aimie  yean  ago  by  myaelC 

I  have  lately  succeeded  in  finding  the  manuscript  of  a  commonfeation  with 
tho  above  title  read  {literally)  before  the  British  Association  at  Norwich 
in  1S68,  which  contains  a  short  account  uf  these  observations.  As  the 
subject  has  acquired  an  additional  intere^it  in  conse(|ueuce  of  the  iuvesti- 
gationa  of  Dr  Schuater  and  Mr  Chiystal,  I  shall  be  glad  if  you  can  find  nxwi 
for  my  paper,  which  has  not  been  printed  in  foil  hitherta 

I  am,  Gentlemen, 

Your  obedi^t  Servant, 

Ratlitoh. 


The  followiug  paper  contains  a  short  account  of  some  cxperiuieutu  which 
led  to  rathw  unexpected  reenlte,  of  which  I  ean  find  no  notioe  in  the 
methodical  treatiaea  on  Electricity,  although  they  might  seem  to  be  in 

the  way  of  any  experimenter  on  iiulnoed  cuiient^.  The  arrang*  uh nt  of  the 
first  ex|)erinient  was  nearly  the  same  as  that  described  by  Faraday  in  his 
original  memoir  on  induction.  Two  thick  copper  wires  were  coiled  together — 
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the  circuit  of  one  being  completed  by  the  battery  and  makc-and-brcak 
ap])aratus,  and  that  uf  the  other  by  an  ordinary  astatic  galvanotuutcr  of 
moderate  seiudfeiveneas.  The  moke-and-break  arraugement  ia  a  very  rude 
«Nie  of  my  own  oonitraotion,  acting  eitlMr  by  the  dipping  of  needled  into 
mercury,  or  by  the  intermittent  contact  of  a  spring  with  a  toothed  wheeL 
When  the  handle  of  the  instmment  is  tumod,  there  are  generated  in  the 
.second  circuit,  as  is  well  known,  a  series  of  instantaneous  currents  which  arc 
alternately  opposite  in  sigu  but  whose  magnitudes  are  equal,  although  that 
corresponding  to  the  break  uf  the  battery-circuit  is  the  most  condensed. 
When,  tiien,  the  inatrument  is  worked  witii  each  rapidity  that  the  interval 
between  the  currents  is  very  small  in  comparison  with  tile  time  of  free 
oecillation  uf  the  needle,  the  latter  might  be  expected  to  be  sensibly 
unaffected.  But  so  far  wjvs  thi-^  fn»iii  being  the  case,  that  although  the 
swing  of  the  needle  produced  by  a  single  impulse  was  only  a  few  degrees, 
yet  under  the  influence  of  the  aeiiee  of  equal  and  opposite  currents  it 
remained  steady  at  60  or  70  [dogteeB],  and  ^at  on  either  aide  of  the  aero- 
point,  which  had  in  &ct  become  a  position  of  unstable  eqailibrtum.  Snoe  it 
took  place  indifferently  in  either  direction,  the  deflection  cannot  be  ascribed 
to  an  inequality  in  the  ultematc  ctirrt-nts,  giving  on  the  whole  a  balance  in 
one  direction  such  as,  according  to  the  experiments  of  Henry  and  Abria, 
might  arise  from  imperfect  contacts  in  the  second  circuit. 

The  first  explanation  which  suggested  itself  tu  me  was  that,  while  no 
donbt  the  cumntB  of  the  two  aeries  were  strictly  equal  (numerieallyX  the 
resulting  impnlaes,  or  rather  impulsive  ooufdes,  acting  on  the  needle  might 
be  slightly  different  owing  to  the  change  of  the  lattei^s  position  in  reference 
U)  the  coil  in  the  small  vibnitiuu  which  the  series  of  currents  must  produce, 
however  ijuickly  they  may  follow  one  another,  which  would  give  one  set  an 
advantage  over  the  other.  Those  currents  would  prevail  which  tend  to 
increase  the  deviation  of  the  needle;  for  they  would  have,  as  it  were,  the 
greatest  purchase  on  itb  To  make  this  perfectly  clear,  suppose  either  the 
galvanom^r  to  be  turned  round,  or  the  direction  of  the  magnetic  force 
altered  by  iHTtnanent  magnets,  so  that  the  position  of  equilibrium  of  the 
needle  is  now  no  longer  zero,  but  .say  20",  and  then  let  the  .series  of  induced 
currents  pass.  There  might  appear  at  first  sight  to  be  two  cases,  according 
as  the  &Bt  ennent  tends  to  diminish  or  increase  the  already  existing 
deviation ;  bat  the  result  is  the  same  in  both,  and  I  will  taira  for  the  sake 
of  illustration  that  in  which  the  needle  is  first  sent  towards  zera  When  the 
second  iustautiincoua  current  passes,  it  Hnds  the  needle  nearer  zero,  and 
therefore  acts  upon  it  with  greater  force  than  did  the  first ;  iuid  this  process 
continues,  so  that  if  for  the  moment  we  iuiagme  the  needle  to  vibrate 
about  80^  there  is  an  outstanding  Ibroe  tending  to  inerease  the  deviation. 
As  this  is  unbalaneed,  the  equilibrium  at  20^  cannot  be  maintained,  and  the 
needle  must  move  flirther  firom  aero:  instead  of  equilibrium,  periii^  I 
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ahould  say  resultant  equilibrium ;  tor  the  rapid  vibration  of  the  needle  just 
DOW  referred  to  of  ooum  goes  on  in  may  caae.  I  makieA  oat  the  matbo' 
matical  theoiy  of  this  actioa  fiiUy  §m  a  tangent-galvanometer;  and  for  the 
eaae,  to  'which  expounoit  is  not  limited,  of  an  equal  interval  betwem 

consecutive  instantaneous  currents  of  opposite  sorts.  The  most  conspicuouH 
result  (which  might,  however,  have  been  anticipated)  wa.s  that  the  effect  is 
independent  uf  the  rapidity  with  which  the  make-and-bruik  appaiatus 
woriok  As  this  was  not  ai  all  iHbat  I  had  inferred  from  the  eiperiment, 
I  hegan  to  douht  idhether  I  had  hit  upon  the  true  cause  of  the  phenomenon ; 
and  on  more  close  cxaminatim  of  the  mathematical  result,  it  appeared  that 
the  needle  could  not  remain  permanently  deflected  from  its  position  of 
equilibrium  at  zero,  unless  c^ich  instantjineous  current  wen  powerful  enough 
to  swing  it  right  round  when  acting  un  it  alone,  although  an  already  existing 
deviation  would  be  always  increased.  I  have  already  mentioned  that  the 
phenomenon  was  observed  when  the  swing  for  a  single  current  was  only 
a  few  degreee,  so  that  there  is  no  doubt  of  the  inadequacy  of  the  fefegoing 
explanation. 

The  real  cause  is,  I  believe,  to  be  found  in  a  delidenoy  in  the  hardness 

of  the  steel  needles,  rendering  them  to  some  extent  capidrfe  of  tempMSry 
magnetism  when  placed  in  a  field  of  force.  If  this  temporary  magnetism 
alone  be  consifK  red,  the  two  Sfts  of  instantaneous  currents  conspire  in  their 
effects  instead  of  opjx>sing  each  other;  for  if  a  soft-iron  needle  be  freely 
suspended  in  a  unifimn  field  of  magnetic  foroe,  it  hai^  as  is  known,  four 
potttioos  of  equilibrium,  of  which  those  two  are  staUe  which  wouM  be 
positions  of  equilibrium  (one  stable  and  one  unstable)  for  a  magnetised  steel 
bar.  If  while  the  needle  is  in  equilibrium  the  direction  of  the  magnetic 
force  is  rcvorsed,  no  disturbance  takes  place,  bera\ise  th<'  tiiaf^neti.sm  of  the 
needle  is  at  the  same  time  reversed  also.  If  such  a  needle  be  suspended  in 
the  coil  ni  a  galvanometer,  the  force  witli  which  a  current  acts  upon  it 
is  mdqpendent  <^  the  direction  and  varies  as  the  square  of  the  current;  or 
when  diere  is  a  rapid  series  of  var\ing  but  periodic  currently  the  deflecting 
force  varies  as  the  intcgnil  of  the  sjjuare  of  the  current,  and  as  the  sine 
of  twice  the  deviation  from  zero.  The  deflecting  force  would,  acconling  to 
this,  be  for  a  given  position  of  the  needle  with  reference  to  the  coil  (or 
deviation)  proportional  to  the  heating-power  of  the  discontinuous  current; 
but  it  must  be  remembered  that  the  caae  Is  an  ideal  one,  as  no  iron  is 
perfectly  soft  or  capable  of  at  once  aesuming  the  magnetism  due  to  the  field 
of  force  in  which  it  is  placed.  A  remarkable  illustratim  of  this  will  be 
mentioned  a  little  later. 

In  order  to  test  the  oorrectnesB  of  these  views,  I  removed  the  steel 
needles  from  the  galvanometer  and  replaced  them  by  a  single  sod-iron 
needle,  with  which  it  was  found  that  all  the  phenomena  observed  before 
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were  reprmliiccd.  Being  aaxiuus  to  submit  the  aiTangcmeut  to  a  more 
■evere  teet,  I  plu(  (m1  the  galvanometer  in  a  third  dronit,  bo  that  it  flhould  be 
acted  on  by  the  currents  indnood  by  the  induced  cunents  of  the  second 
circuit,  as  in  HenryVi  experiments.  Tlie  effect  was  very  marked,  though  for 
this  it  was  necessary  that  the  galvanometer  should  be  turned  round  so  that 
the  position  of  equilibrimn  .should  be  about  20  or  25  in  a  tangent- 
galvanometer  the  mobt  favourable  position  would  be  at  45^  Throughout 
thtsae  experimenta  the  effect  always  inereaaed  with  the  velocity  of  the 
contact-breaker  up  to  n  certain  point,  about  100  per  second,  and  then 
declined.  The  general  increase  is  in  accordance  with  the  explanation  here 
advanced,  while  the  falling  off  might  be  owing  to  an  imjK^rfect  action  of  the 
niaku-and-bruak  machine  when  a  certain  velocity  is  reached.  1  am  more 
inclined,  however,  to  attribute  it  to  a  want,  of  theoretical  softness  in  the  iron, 
wbidi  prevents  it  from  taking  the  foil  magnetiBm  when  the  alternation  of 
currents  is  too  r^iid*.  In  sit|)|>ort  <rf  this  opinion  I  adduce  one  more 
experiment.  Rotnming  to  the  Hrst  arrangement,  in  which  the  galvanometer 
waw  placed  in  the  second  circuit,  I  armnged  a  third  eirciiil  in  the  neighbour- 
hood of  the  second  or  galvanometer  circuit,  whoHu  cuds  could  be  joined 
or  kept  apart  f.  In  the  second  ease,  of  oouna,  no  effeet  is  prodneed  by  the 
third  dreuit;  but  what  will  be  the  result  oi  completing  it?  It  is  known 
that  while  the  magnitude  of  each  instantaneous  current  in  the  galvanometer 
circuit  Ls  unaffected,  the  duration  of  them  is  increased  by  the  induction. 
This  dilution,  so  t«  .'<])eak,  of  the  induced  currents  diminishes  their  heating- 
power,  which  depcndtj  on  the  integral  of  the  s(|uare  of  the  current  while 
it  lasts,  and  would,  if  the  iron  were  perfectly  soft,  diminish  the  deflecting 
Ibrce  on  the  gaIvanometer>needle ;  but  it  was  fiiund,  on  the  contrary, 
OOOfliderably  to  increase  it.  In  fact,  the  induced  currents  arc  too  condensed 
to  prtKlucc  their  fuU  action,  passing  away  before  the  needle  is  properly 
magnetized. 

It  is  too  soon  to  say  whether  any  use  can  be  made  of  these  results;  but 
it  is  ])4)ssible  that  such  a  si>ft-iron  galvanometer  might  be  avuUable  for 

measuring  the  currants  produoed  by  the  new  magnetO'^lectiio  maohinea 
when  the  oonseoutive  waves  are  opposite. 

[1899.  For  an  application  of  the  soft-iron  galvanometer  here  suggested 

to  measure  feeble  alternating  currents,  see  Bellati  (Venetia,  Istit.  AUi,  L 
p.  .563,  188.3;  Wied.  lieibl.  vii.  p.  U17).  A  similar  instrument  has  been 
00Dstructe<l  by  Giltay.  More  recently  the  author  has  applied  the  nu  thod  to 
determine  the  angle  of  lag  in  the  case  of  powerful  alternating  currents  {Phil. 
Moff.  xuiL  p.  948,  1897)i] 

*  [1899.   The  inflaence  of  addy  ooirenU  in  the  iron  would  ne«d  to  be  considered  hm.] 
+  There  were  two  similur  ooils,  ekob  oontainiug  two  wires  /<,,  A^,  Ji,,  /{,.   The  battery- 
cirooit  included  /<,  and  the  intermpter.   The  Mcond  oirouit  conaisted  of  the  wiroa  A,,      and  the 
gihanometer.       gave  the  third  circuit,  which  «raa  olosad  at  optn,  •eeoidiBg  M  the  •ods  of 
wtTO  in  oonnwion  of  uoL-NoUadiedDte,  1876. 
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{I^hiloso^wxU  Alagaziaet  111.  pp.  456—464,  1877.] 

Perception  of  Uie  Direction  of  a  Source  of  Sound. 

Is  a  paper  with  thu  above  title,  cotniiiunicatcd  last  year  to  the  ^Insicul 
Association  and  afterwards  published  in  ab^<tI•act  in  NiUure  [Ait.  xl.J,  1 
brought  forward  the  fact  that  we  are  unable  to  diiitiuguitih  whether  a  pure 
tone  (obtomed  from  a  taniiqf-fbik  and  aaMcoKHiafear)  is  immedutety  in  front 
of  or  immediAtely  behind  ue — although  with  other  soundB,  and  notably  with 
the  human  voice,  there  in  in  general  no  difficulty.  In  order  to  make  the 
experiment  .sjiti.sfactorily,  it  is  necessary  to  provide  two  siniilar  forks  and 
resonators  and  to  place  the  ol>servcr  between  them.  At  a  given  signal  both 
forks  are  struck,  but  one  of  them  only  is  held  over  its  resonator.  If  this 
precatttion  be  neglected,  the  noise  attending  the  excitation  of  the  fork 
vitiatee  the  experiment.  Subsequently  to  die  reading  of  my  paper,  it 
occurred  to  me  that  if  the  ordinary  view  as  to  the  functions  of  the  two  cars 
bo  correct,  there  must  hr  other  ambiguous  cases  besides  those  already 
experimentcil  vijMin.  To  the  right  of  the  observer,  and  ])robably  nearly  in 
the  line  of  the  ears,  there  must  be  one  direction  in  which  the  ratio  of  the 
intenaity  of  aovod  at  iMwd  by  the  right  ear  to  tiM  intenaity  as  heaid  by  tiie 
Idt  ear  has  a  nuudmnm  value  greater  than  unity.  For  sounds  coming  from 
direotiona  in  front  of  this  the  ratio  of  intenaities  has  a  less  and  less  value, 
approaching  unity  as  its  limit  when  the  sound  is  immediately  in  front.  In 
like  manner,  for  directions  intermediate  between  thu  direction  of  maximum 
ratio  and  that  immediately  behind  the  observer,  the  ratio  of  intensities 
varies  oootinuously  between  the  same  maximum  value  and  unity.  Ag> 
Qordingly,  for  every  direction  in  front  there  must  be  a  oorrespoading  direction 
behind  for  which  the  ratio  of  intensities  has  the  same  value ;  and  these  two 
directions  could  not  be  distinguished  in  the  case  of  a  pure  tone.  The  only 
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directions  as  to  which  there  would  bo  no  ambiguity  ari:  the  dircrtion  of 
maximum  mtio  itself,  and  a  oorrespoading  direction  of  minimum  ratio  on  the 
other  side  of  the  head. 

The  attitude  of  my  mind  with  respect  to  this  result  was,  I  confess,  one  of 
considerablu  Bccpticism.  A  great  number  of  miscellaueouii  uxpcriuients  had 
bem  mwle  with  foilu  as  weD  as  with  othor  Mwroea  <^  soinid ;  and  I  thought 
that,  if  tiiese  ambigaitiea  had  existed,  indioatioiis  of  thm  most  have  been 

perceived  already.  It  was  therefore  with  some  euriodty  that  I  took  the  first 
opportunity,  l;i.^t  September,  of  submitting  the  matter  to  the  test  of  expcri- 
mrnl,  the  same  forks  (making  250  vibrations  per  second)  being  used  im  on 
previous  occasions.  The  decisiou  was  soon  given.  An  observer  lacing  north, 
for  example,  made  mistakes  betwem  fefks  bearing  approximaiely  north-east 
and  8outh*east,  though  he  oould  diatingoiBh  without  a  moment's  hesitation 
forks  bearing  ea^t  and  west.  In  all  such  experiments  it  is  necessary  that  the 
observer  keep  his  head  perfectly  still,  a  very  slight  motion  being  suffident  in 
many  cases  to  give  the  information  that  was  previously  wanting. 

A  suggestion  was  made,  in  the  discussion  that  followed  the  reading  of  my 
paper  before  the  Musical  Association,  which  I  thought  it  proper  to  examine, 
though  I  bad  not  much  doubt  as  to  the  result.  In  order  to  meet  the 
diffionltjr  in  the  oidinaiy  view  as  to  the  ftinetitms  of  the  two  ears  arising  out 
ci  tiie  fiwt  that  a  866-fork  seems  to  be  hesrd  nearly  as  well  with  the  esr 
turned  away  as  with  the  car  turned  towards  it,  it  was  suggested  that 
possibly  the  dL««criraination  between  forks  right  and  left  depended  on  some- 
thing connected  with  the  commencement  of  the  sound.  It  might  be 
supposed,  for  example,  that  we  are  able  to  recognize  which  oar  is  first 
affsoted.  On  trial,  however,  it  appeared  that  the  power  d  disorinitnatMm 
was  not  weakened,  although  tiie  obssrver  stopped  his  ears  during  the 
establishmoit  of  the  sound. 

When  OMS  ear  is  stopped,  mistakes  are  made  between  foriEs  right  and 
left ;  but  the  direction  of  other  sounds,  such  as  those  producefl  by  clap{)ing 
hands  or  by  the  voice,  is  often  told  nmch  better  than  might  have  been 
expected.   [1899.   See  Fhil.  Mag.  vol.  xui.  p.  3i3, 1882.] 

The  Htad  as  an  (Mutacle  to  Sound. 

The  perfection  of  the  shadow  thrown  by  the  head  depends  on  the  pitch  of 
the  sound.  I  have  already  mentioned  that  it  appears  to  make  but  little 
difference  in  the  audibility  of  a  pure  tone  with  a  frequency  of  256,  whether 
the  ear  used  be  turned  towards  or  from  the  source.  But  the  case  is  very 
different  with  sounds  of  higher  pitch,  such  as  that  of  an  ordinary  whistle. 
The  one  that  I  employed  was  blown  from  a  loaded  gas-bag,  and  gave  a  veiy 
steady  note  of  pitch/*'.  A  hiss  is  also  heard  very  badly  with  the  averted 
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ear.  This  obBorvation  may  be  made      6nt  Ustening  with  both  ears  fee  a 

8tciidy  hitis  on  the  right  or  lefl,  and  tben  closing  utic  car.   It  makes  bat 

lift!''  ilin't'iciico  when  the  further  oar  is  closfd,  but  ii  great  difference  when 
thi'  lu  urcr  c  ar  is  cluseci  A  similar  observation  may  bo  made  on  the  sound 
of  rminiiig  water. 

For  the  Siiine  reason  a  hiss  or  whisper,  coming  from  a  person  whose 
fiice  is  averted*  is  badly  heard.  Under  these  circumstaooes  even  ordinary 
speech  is  diflSeult  to  undentand,  tiiongh  the  mere  int^ity  d  sound  does  not 
seem  deficient. 

R^ettien  of  8omd* 

In  many  cases  soand-shadows  appear  much  less  perfect  than  theory 
would  Itad  us  to  expect  The  anomally  is  due  in  great  measure,  I  believe, 
to  an  error  of  judgment,  depending  on  the  enormous  range  of  intensity  with 
which  the  ear  is  capable  of  dealing.  The  whistle  of  a  locomotive  is  very  loud 
at  a  distance  of  ten  yaixls.  At  a  mile  off  thu  intensity  must  be  30,000  times 
less;  but  the  sound  still  appean  rather  loud,  and  would  probably  be  audible 
under  favourable  circumstances  even  when  enfeebled  in  the  ratio  of  a  million 
to  one.  For  this  reason  it  is  not  ca.sy  to  obtain  complete  shadows;  but 
another  ditticulty  arises  from  the  fact  that  there  are  generally  obstarles 
capable  of  redecting  a  more  or  Icsa  feeble  sound  into  what  might  otherwi.se 
be  a  nearly  complete  shadow.  An  attempt  to  examine  this  point  led 
me  to  a  few  simple  experiments  on  the  vefleetioii  of  sound,  wfaioh  may  be 
worth  recording. 

The  princqial  obstacle  throwing  the  shadow  was  the  comer  of  a  huge 
house;  and  among  the  sources  of  sound  tried  were  the  human  voice,  tuning- 
forks,  whistles  steatlily  blown,  and  a  small  electric  bell,  of  which  (he  l.-vst 
(which  wius  employed  in  Professor  Reynolds'  acoustical  experiments)  prove<l 
to  be  as  convenient  as  any.  The  source  was  placed  close  to  the  south  side  of 
the  house,  at  a  distance  of  eight  or  ten  yaids  from  the  aouthowest  comer, 
while  the  observer  took  up  a  corresponding  position  on  the  west  side.  With 
these  airangements  the  sound-shadow  was  pretty  good,  though  far  from 
perfect.  When,  however,  a  Hat  reflector,  such  as  a  drawing-board  of  moderate 
dimensions,  was  held  at  the  proper  angle  by  an  assistant  placed  at  some 
distiiuce  outwai-ds  from  the  corner,  the  augmentation  of  sound  was  immense, 
and  the  hearer  realised  for  the  first  time  how  very  good  the  shadow 
really  was. 

A  meea  made  by  stretching  a  Tinm  over  a  hoop  about  %^  feet  in 
diameter  gave  apparently  as  good  a  reflection  as  the  drawing>board ;  but 

when  calico  was  substituted  for  the  paper  the  reflccting-power  was  very 
feeble.  By  wetting  the  calico,  however,  it  could  be  made  to  reflect  very 
weU.  These  results  are  in  agreement  with  the  striking  experiments  described 
by  Professor  TyndalL 
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Atldibility  of  Consonants. 

I  suppose  it  must  have  been  noticed  before  now  that  the  $  sound  is  badly 
retunied  by  an  echo.  Standing  at  a  distance  of  about  150  yaixis  from  a 
lai-ge  wall,  I  found  that  theru  was  scarcely  any  response  to  even  the  must 
powerful  bin.  iSft  wu  heard  n  little  better ;  »t,  k,  p,  g  pretty  well ;  r  very 
well ;  h  badly;  t  badly;  (  seemed  half  converted  into  p  by  the  echa  The 
fiulme  of  the  hiss  seems  to  bo  the  fault  of  the  air  rather  than  of  the  wall,  for 
a  |K>weiittl  hias  heard  directly  at  a  distance  of  200  yards  had  very  little  « left 
in  it. 

Int$rfgnne§  of  Smmdi  fnm  Ubo  wmmnmA  ihmiag'/oHts. 

In  ordieaiy  experimenta  on  interfiBrenee  the  soanda  are  only  appiroxi* 

mately  in  unison,  and  consequently  the  silences  msidting  from  antagoniam 
of  the  vibrations  are  of  only  momentary  duration,  I  thought  it  of  interest, 
therefore,  to  arrange  an  experiment  in  which  the  soiuifls  should  be  pure 
tones,  absolutely  in  unison,  and  should  proceed  from  sources  at  a  considerable 
distance  apart  With  the  aid  <^  eleotromagnetiam  the  aolution  of  the 
problem  waa  eompamtiTely  easy.  An  intermittent  electric  earrent,  obtained 
from  a  fork  intomipter  making  128  vibrationa  per  aecond,  excited  by  meana 
of  electromagnets  two  other  forks,  whose  frequency  waa  256.  These  latter 
forks  werr  placed  at  a  distj^nce  of  ab<3Ut  ton  yanls  apart.,  an<l  wr-re  provided 
with  suitably  tuned  resonators  by  which  their  sounds  were  reinforced.  The 
fntch  of  both  fiab  ia  neceesarily  identical,  since  the  vibrations  are  forced  by 
electromagnetie  forcea  of  abaolutely  the  same  poriod.  The  arrangement  waa 
ancoesafiil;  and  with  a  battery-power  of  two  Qrove  cells  sounds  of  fiur 
intenaity  were  obtAinnd,  With  one  ear  closed  it  was  possible  to  define  the 
places  of  .silence  with  considerable  aecuracy,  a  motion  of  about  an  inch  being 
autiiciunt  to  produce  a  marked  revival  of  sound  At  a  poiut  of  silence,  from 
wbldi  the  line  joining  the  fbrica  anbtMukd  an  angle  of  about  60°,  the 
apparent  striking  up  of  one  fork,  when  the  other  was  stopped,  had  a  very 
peculiar  effect. 

Syrmnetrical  BeU. 

T  do  not  know  whether  it  has  ever  been  noticed  that  there  ought  to  be 
no  sound  emitted  along  the  axis  of  a  symmetrical  b<*ll.  It  is  oasy  see 
that  at  any  point  of  the  axis  any  etlect,  whether  condensation  or  rarefaction, 
whieh  may  be  produced  by  one  part  of  the  aur&oe  of  the  bell  must  be 
neutralized  by  other  parta»  and  that  thereibre  on  the  whole  there  can  be  no 
variation  of  pressure  clurini(  the  viliration.  The  experiment  may  be  made 
with  a  large  gliuss  bell  (siuh  lus  are  used  with  air-pumps),  set  into  vibration 
by  friction  with  the  wrttt  ii  tingi  r  carried  round  the  circumference.  If  the 
axis  of  the  vibrating  Ik'II  be  turned  exactly  towanls  the  observer,  the  sound 
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is  feeble  as  compared  with  that  hesid  when  the  porition  of  the  bell  is 
altered.  The  residual  sound  may  be  due  t«)  want  of  symmetry,  or  more 
probably  to  reHoxinn  from  the  gioand,  which  last  cause  of  error  it  is  almost 
impoasible  to  get  rid  oS, 

Octave  from  Tuning-forks. 

When  a  vibrating  iask  is  held  over  an  air-resonator  in  tune  with  itself, 
the  sound  emitted  is  very  approximately  a  pure  tone ;  bnt  when  the  fork  is 
])Iaced  in  contact  with  a  sotnKlin^-lxiard,  thi>  Dctave  may  generally  be 
perceive<i  by  a  practiced  car,  and  ia  often  of  remarkable  louduesa.  By  muaus 
of  a  resonator  toned  to  the  oetave  the  ftefe  may  be  made  apparent  to  any  ooa. 
This  result  need  not  surprise  us.  By  the  consferoetion  ci  a  forlc  the  moving 
parts  are  carefully  balanced,  and  the  motion  is  i4>proximateIy  isolated.  In 
the  ideal  tuning-fork,  composed  of  equal  masses  moving  to  and  fro  in  a 
straight  line,  the  isolation  would  be  complete,  and  there  would  be  no 
tendency  whatever  to  communicate  motion  to  surrounding  bodiea  In  an 
actual  fork,  however,  even  if  the  direction  of  motion  of  the  masses  were  as 
nearly  as  possible  perpendicular  to  the  stalk,  the  necessary  curvature  of  the 
paths  would  give  rise  to  an  unbalanced  centrifugal  force  tending  to  set  the 
sonnding-boaixl  in  vibmtion.  The  force  thus  arising  is  indeed  of  the  second 
onier,  and  might  probably  be  neglccte<I,  were  it  not  that  the  apparatus 
is  especially  suited  to  bring  it  into  prominence. 

In  onler  test  the  soundness  of  this  view  as  to  the  origin  of  the  octnvo, 
the  following  exjwriment  was  contrived.  A  256  tuning-fork  was  screwed  on 
to  a  resonance-box  intended  for  a  512  tuning-fork,  and  therefore  approxi- 
mately in  tune  with  the  octave  of  the  first  fork.  When  a  powerful  vilnsation 
was  excited  by  means  of  a  bow,  <As  odam  wimd  mis  pndominaiU,  and  but 
tittle  could  be  heard  ct  the  proper  tone  of  the  fork.  In  order  to  place  the 
two  sounds  on  a  more  ei]ual  footing,  a  resonator,  consisting  of  a  bottle  tuned 
by  pouring  water  into  it  to  a  frequency  of  2.")G,  w.ui  l)n)u>j;hi  near  the  ends  of 
the  vibrating  prongs.  By  adjusting  the  distance  it  wiis  easy  to  arrange 
matters  so  that  at  the  banning  of  the  vibration  neither  sound  had  a 
conqnouous  advantage.  But,  as  the  amplitude  of  vilw^oii  diminished,  the 
graver  tone  continually  gained  on  its  rival,  and  was  left  at  last  in  complete 
posacssion  of  the  field.  The  purity  of  the  remaining  sound  coukl  be  tested 
at  any  time  by  the  perfection  of  the  silence  obtained  on  removing  the  air- 
resonator.  This  arrangement  may  be  recommended  to  any  one  who  wishes 
to  practise  his  ears  in  hearing  octaves. 

From  the  above  experiment  (in  which,  if  desired,  the  ear  may  be  replaced 
by  KSnigfs  manometrio  &mes),  it  appears  that  the  octave  sound  is  to  be 
attributed  to  a  motion  of  the  second  order,  which  is  rendered  important  by 
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the  peculiar  isolatioa  of  thu  motiou  of  the  hrtit  order.  The  harmonic  sounds 
heard  when  snitably  tuned  resooaton  are  ineaeated  to  the  free  ends  of  the 
prongs*  though  also  dqiendent  on  orden  of  the  motion  higher  than  the  fiiat, 
have  a  eomewhat  differmt  origin. 

Ii^hmae  ^  a  Fkmge  oa  (A0  Omredion  for      Open  End  of  a  Fipe. 

In  theontical  inTertigations*  as  to  the  amount  of  the  ccntvetion  to  the 
length  of  an  open  pipe  due  to  the  inertia  of  the  external  air,  it  has  been 
usual,  for  the  sake  of  facilitating  the  calculations,  to  suppose  that  the  open 
end  is  provided  with  an  infinite  flniige.  Even  with  this  simplification  no 
exact  solution  of  the  problem  has  been  obtmued.  It  has  been  proved, 
however,  that,  provided  the  wave-length  be  sufficient  in  relation  to  the 
diameter  of  the  ]^pe,  the  addition  which  must  be  supposed  to  be  made 
to  the  length  is  veiy  neariy  equal  to,  though  somewhat  less  than,  '8248^ 
and  is  oertainljr  greater  than  *786£t,  it  being  the  radios  of  the  pipe. 

It  is  obvious  that  the  removal  of  die  flange  would  make  a  oonaiderable 

difference,  probably  reducing  the  ooneotion  below  the  lower  limit  above 
mentioned.  In  the  absence  of  any  theoretical  estimate,  I  thought  it 
desimble  to  make  an  cxperiinental  determination  of  the  effect  of  a  flange, 
and  onli  rerl  some  yeai-s  ago  a  pair  of  similar  organ-pipes  of  circular  section 
for  the  purpose.  My  idea  was  to  tone  the  pipes  to  unistm,  and  then  to  count 
the  beats  when  the  piteh  of  one  of  them  was  slightly  lowered  by  the  addition 
of  a  flange ;  but  the  experiment  lay  in  abeyance  until  last  winter.  Instead 
of  tuning  the  pipes  to  unison,  I  preferred  simply  to  count  the  beats  before 
and  after  the  addition  of  the  flange,  which  consisted  of  a  larg(>  sheet  of  stifV 
millboard  perforated  with  a  hole  sutticiently  large  to  allow  the  passage  of  the 
pipe.  In  this  way  it  appeared  that  the  effect  of  the  flange  was  to  reduce  the 
frequent^  by  neariy  1|  out  of  about  242.  If  we  take  the  velocity  of  sound 
at  1123  feet  per  second,  corresponding  to  60°  F.,  the  calculated  effective 
length  of  the  pipe  is  about  2S  inches,  and  the  radius  is  1  inch.  Thus 
the  correction  to  the  length  due  to  the  flange  is  the  same  fraction  of 
28  inches  that  1^  is  of  242,  or  is  equal  to  about  2K  Combiuiug  this  result 
with  the  flworetieal  estimate  above  referred  to,  we  may  conclude  that  the 
whole  correction  for  an  open  end,  when  there  is  no  flange,  must  be  about  '6J2. 

Mr  Boeanquet,  to  whom  I  communicated  the  result  at  which  I  had 
arrived,  informs  me  that  he  has  since  determined  the  correction  for  a  flange 

•  Balmholtg,  CreUt,  1860.  Alao  a  memoir  by  njtaU  "Oo  BewmMMe,"  PM.  Tram,  lS7i. 
[Art.  v.] 

t  See  not«  U>  a  paix  r  "On  tlio  Ap)irnxitiiiit<-  Kolntiim  n(  Mttaia  PlolllMBt  idsliag  tO  lh$ 
FOl«ntiftl,"  Uatk.  Soe,  Proe,  voL  vn.  No.  U3.   (Art.  xxxtx.] 
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The  Fitch  of  Organ-pipes. 

The  whole  correction  to  the  length  of  an  organ-pipe,  necoumy  to  make 
it  ugifc  with  Brnionlli's  theory,  is  considerably  greater  than  any  of  those 
spoken  of  under  the  preceding  heading.  According  to  the  rule  of  Cavaill^- 
CoU,  the  addition  for  au  upeu  pipe  of  circular  section  amounts  to  as  much  as 
Z^jR,  whereas  fat  a  simple  tube  open  at  both  ends  it  should  bo  only  about 
I'SJIL  This  disonfwiiqr  is^  I  believe,  dtea  attributed  to  a  peouliar  aetiim 
of  the  stream  of  air  by  which  the  pipe  is  excited.  Of  ooufse  it  is  not  to 
be  denied  that  some  distnibanee  arises  from  this  source,  as  is  proved  by  the 
dependence  of  the  ])it'ch  on  tlie  strength  of  the  wind  ;  but  the  near  agreement 
between  theory-  and  measurements  by  Wertheim  and  others,  on  the  pitch  of 
resonatora  caused  to  qieak  by  a  stream  of  air,  has  always  seined  to  me 
to  prove  that  a  oompaxatavely  small  part  only  of  the  whole  diserepsnc^ 
is  to  be  explained  in  this  way.  On  the  otJier  hand,  it  is  obvious  that  the 
"open"  end  at  the  base  of  the  pipe  is  very  much  contracted,  and  that 
the  conection  thence  arising  may  be  several  times  an  great  as  that  applicjibio 
to  the  upper  end,  where  the  pipe  retains  its  full  section.  I  wivs  therefore 
anxious  to  asoertun  what  was  the  proper  note  of  an  oi^au-pipe,  regarded  as 
a  freely  vibrating  column  of  ur,  and  thus  to  estimate  in  what  proportion  the 
two  causes  of  disturbance  contribute  to  the  final  resultb 

There  aie  two  methods  by  which  the  pitch  ti  a  resonator  may  be 

determined  without  the  use  of  a  stream  of  air.  The  simplest,  and  in  many 
ca-ses  the  most  accnmte,  method  consists  merely  in  tapping  the  resonator 
with  the  finger  or  other  hammer  of  suitiible  hanlnens,  and  estimating  with 
the  aid  of  a  monochord  the  pitch  of  the  sound  so  produced.  lu  attentpting, 
however,  thus  to  determine  the  pitch  of  the  organ-pipe,  I  found  a  difficulty 
arising  from  the  uncertain  chanu^  of  the  sound,  and  the  results  yrete  by  no 
means  so  accordant  as  I  desired.  PosmUy  an  observer  gifled  with  a  more 
accurate  ear  than  mine  would  have  been  more  successful.  The  other  method 
is  one  of  which  I  have  ha<l  a  good  cleal  of  experience,  and  which  I  can 
generally  rely  upon  to  give  results  of  moiierate  accunicy.  It  constats  in 
putting  the  ear  into  communieatioD  with  the  interior  of  the  resonator, 
and  determtniqg  to  what  note  of  the  scale  the  lesonanoe  is  loudest  I  have 
generally  found  it  possible  thus  to  fix  the  pitch  of  a  resonator  to  within 
a  quarter  of  a  semitone.  In  the  present  ca.se  a  small  hole  was  made  in  the 
side  of  the  pipe  near  the  centre ;  and  over  the  hole  a  short  piece  of  tube  was 
cemented,  which  could  be  put  into  communication  with  the  ear  by  means  of 
a  rubber  tube.  Li  this  way  the  effective  length  of  the  pipe  was  determined 
to  be  28*7  inches*  4*7  inches  more  than  the  actual  length.  As  a  dieck  upon 
this  estimate,  I  closed  the  upper  end  of  the  pipe  with  a  plate  of  wood  anrl 
again  detennined  the  note  of  maximum  resonance.  The  elTective  length  of 
the  pipe  was  now  29*1  inches,  so  that  the  correction  due  tu  want  of  openness 
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at  the  lower  end  amounted  to  5*1  inches.  If  wo  add  "6  as  a  correction  for 
the  upper  eud,  we  obtain  as  the  corrected  length  of  the  pipe  in  its  ordinaiy 
oonditioa  29*7  inchea  The  difiSsrenoe  between  this  and  28'7,  obtained 
directly,  it  greater,  I  think,  than  can  be  ascribed  to  errorB  of  experimenting, 
and  is  possibly  connected  with  the  ezceesiTe  magnitude  of  the  correctioD 
in  relation  to  the  wiivi'-leiigth  of  the  sound.  The  actual  note  of  the  pipo, 
when  blown  in  the  ordinary  way  by  a  wind  of  pressure  measured  by 
2^  inches  of  water,  c«>rrei$potided  bo  an  etiective  length  of  28  inches,  so  that 
the  blown  note  was  actaally  higher  in  jntdi  than  the  note  of  nuudmum 
reaonanoe.  So  fiw,  therefine,  from  the  dqiNreasion  of  pitch  in  an  <nrgan-pipe 
below  that  calculated  from  the  actual  length,  according  to  Bernoulli's  theory, 
being  principally  due  to  the  action  of  the  wintl,  it  would  apyn-ar  that  in  the 
absence  of  a  peculiar  action  of  the  wind  the  depression  would  be  even 
greater  than  it  is.  Too  luucli  stress,  however,  must  not  be  laid  on  a  single 
observatifKi;  and  all  I  would  maintain  ia,  that  by  hr  the  larger  part  of  the 
dqnesrion  of  pitdi  is  due  to  the  insufficimit  opamess  of  the  lower  end 
of  the  pipe. 

[1899.  For  further  obsemlaons  upon  this  subject,  see  PhiL  Mag, 
vol  znL  pu  340,  1882.] 
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[Proeeediiigi  of  tk$  London  MalOmuaieal  Soeietsf,  ix.  ppi  21—26,  1877.] 

It  has  often  been  remarked  that,  when  a  group  of  wavee  advanoes  into 
still  water,  the  velocity  of  the  group  is  less  than  that  of  the  individual  waves 

of  which  it  is  composed;  the  waves  appear  to  advance  throng  the  gnmp^ 
dying  away  as  they  approach  its  anterior  limit  This  phenomenon  was,  I 
believe,  first  exphiincMl  by  Stokes,  who  rognnled  the  group  as  formed  by  the 
superposition  of  two  infinite  trains  of  waves,  of  equal  amplitudes  and  of 
nearly  equal  wave-lengths,  advancing  in  the  same  direction.  My  attention 
was  called  to  the  subject  about  two  years  since  by  Mr  Fronde,  and  the  same 
explanation  then  occurred  to  me  independently*.  In  my  book  on  the 
Theory  of  Sound,  1877  (§  191),  I  have  considered  the  question  more  gone- 
rally,  and  have  shown  that,  if  V  be  the  velocity  of  propagation  of  any  kind 
of  waves  whose  wave-length  is  \,  and  k  =  27r\~\  then  (/,  tlic  velocity  of  a 
grtjup  composed  of  a  great  number  of  waves,  and  moving  into  an  nndiaturbed 
part  of  the  medium,  is  expressed  by 

'^-'-^'^  

*  Another  phcnuuit-non,  also  mentioned  to  roe  hy  Mr  Fioudu,  allmlt^<  of  a  !timilur  explanation. 
A  ateam  bumefa  moving  qaieUy  Ibiongh  the  water  i»  aeoompaniod  hj  a  peculiar  Rjitem  of 
diverging  waTOB,  of  which  the  luoat  striking  feature  is  the  obliquity  of  the  line  containing  the 
greatest  elevationa  of  Hnocctisive  waves  to  th«  wave-fronts.    This  ware  pattern  may  be  explained 

the  snperposition  of  two  (or  more)  infiniM  tislas  of  waves,  of  ■lightly  differing  wave-lengthi, 
whone  directionK  and  veluciticH  of  propagation  are  so  related  in  each  ca«e  that  there  h  no  change 
of  position  relatively  to  the  bunt.  The  mode  of  compoHitiun  will  be  best  uiiderHtood  by  drawing 
on  paper  two  sets  ol  panllel  mul  <  <  juidiitant  Unea,  snhjeet  to  the  above  condition,  to  repieeent 
Ilia  eieate  of  the  oompoiieiit  traius.  in  the  case  of  two  timina  of  alightly  different  wave-lengths, 
it  nngr  b*  proved  that  the  iMigent  of  the  angle  between  the  line  of  maxima  and  the  wave-bouta  ia 
bait  the  tangent  of  the  angle  between  the  wave^fkmla  and  the  boat*a4 
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or,  aa  we  may  also  write  it, 

''■■^-'^j^  •<«) 

Thus,  if  rxX".  f7  =  (l  -  «)  V.   (3) 

In  fact,  if  the  two  infinite  trains  be  rcprcsonted  by  ei»k{Vi  —  x)  and 
cmk' {V't  —  x),  tbeir  resultant  is  represented  by 

COBk{rt-x)  +  CMl^(V't-SB), 

which  is  equal  to 

2C08  IHJfc'F"  -  *r)«  -  J  (A' -       .  eoB  (J<&'K' +  *7)*  - 

If  P  —  7  be  small,  we  have  a  train  of  waves  whoee  amplitude 

varies  slowly  firom  one  point  to  another  between  the  limits  0  and  2,  forming 

a  Ht'ri'-.s  of  groups  separated  from  one  another  by  rorjixiis  coinpamtively  froc 
fnmi  (lisLiirb.inco.  Tho  position  at  time  t  of  the  middle  uf  that  group,  which 
wiis  iiulially  at  the  origin,  is  given  by 

ikfV'^kV)t'-{k'-'k)x~0, 

which  shows  that  the  velocity  of  tiie  group  is  (IfV  -kV)-i-  (k'-k).  In  the 
limit,  when  the  number  of  waves  in  each  group  is  indefinitely  great,  this 

result  coincides  with  (1). 

The  following  particular  cases  are  worth  notice,  and  are  here  tabulated 

for  convenience  of  coni|Mirison ; — 

V  x\,  U'-O,  Reynolds'  disconnected  penduliinM*. 
K  X  X>,             17=  ^K,         Deep-water  gravity  wavea 

Foe  X*,  F,  Aerial  waves,  tte. 

V  3C  X"*,  a  I F,         Capillary  water  wavea 
F oe  X-',             U-2 F,         Flexuial  waves. 

The  capillary  water  waves  are  those  whuse  wave-length  is  so  small  that 
the  fime  of  resdtutbn  due  to  capillarity  largely  exceeds  that  due  to  gravity. 
Their  theory  hius  boon  given  by  Thomson  {PkiL  Mag.,  Nov.  1«71).  The 
flexural  wavt"<,  for  which  U  =  '1V,  are  those  corresponding  to  tho  bending  of 
an  eliistic  rud  ur  plate  {T/ieory  of  Sound,  §  191). 

In  a  paper  read  at  the  Plymouth  meeting  of  tho  British  Association 
(afterwards  printed  in  Nature,  Aug.  23, 1877),  Ph>£  Osborne  Reynolds  gave 

a  dynamical  explanation  of  the  fact  that  a  group  of  deep-water  waves 
advances  with  only  half  the  rapidity  of  the  individual  waves.  It  appi-ars 
that  the  euuigy  propagated  acrutts  ouy  point,  when  a  train  of  waves  is 


•  [18W.  For  a  ftuihv  dimsnon  of  tks  mm  VmO,  sm  PML  JT^^  voL  xun.  p.  567,  1898.] 
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pfu^sing,  is  only  one-half  of  the  energy  necessary  to  supply  the  waves  which 
pajw  in  the  same  time,  so  that,  if  the  train  of  waves  be  limited,  it  ia 
impossible  thafc  its  fitmt  am  be  propagated  with  the  full  ▼elocity  of  (he 
waves,  because  this  would  imply  the  aoquisitioii  <^  more  eaetgy  than  can  in 
fiwt  be  supplied.  Prof.  Reynolds  did  not  contemplate  the  cases  where  more 
energy  is  propagated  than  corresponds  to  the  waves  passing  in  the  s^ime 
time;  but  his  argument,  applied  conversely  to  the  results  already  given, 
shows  that  such  cases  must  exist.  The  ratio  of  the  energy  propagated  to 
tiuKt  of  the  passing  waves  is  IT :  F;  thus  the  energy  propagated  in  the  unit 
time  is  ZT* :  F  of  that  exisiing  in  a  length  F,  or  U  times  that  existing  in  the 
nnit  lengtit  Aooocdiogly 

Eneigy  propagated  in  unit  time  :  Eneigy  contained  (on  an  avmge)  in 
onit  length -*<2(ii;F)/dik,  hy 

As  an  example,  T  will  take  the  case  of  small  irrotational  waves  in  water 
of  finite  depth  I*.  If  s  he  measured  downwards  from  the  surface,  and  the 
elevation  (A)  of  the  wave  be  denoted  by 

hmHaoa^nt-ioB),   (4) 

in  whioh  n  —  ibF,  the  oorreapanding  velocity-potMitial  (4>)  is 

^~-VH-^_^     an(nt-kx).   (5) 

This  value  of  ^  satisfies  the  general  dififerential  equation  for  irrotational 
motion  (V^sQ),  makes  the  vertical  velocity  d^fdt  zero  when  t^l,  and 
''dh/dt  when  fO,  The  velocity  of  propagation  is  given  by 

"-l???^  w 

We  may  now  calculate  the  energy  contained  in  a  length  which  is 
supposed  to  include  so  great  a  number  of  waves  that  fractional  parts  may  be 
left  out  of  account. 

For  the  potential  energy  we  have 

V^Bsgp  jj  zdzdx  ^  ^gp  jh^dj:  =  \gpH*.x,   (7) 

For  the  kinetic  matgyt 

by  (1)  and  (6).  If,  in  accordance  with  the  aigument  advanced  at  the  end  of 
this  paper,  the  equality  of  F|  and  T  be  assumed,  the  value  of  the  vekxdty  of 

•  Prof.  BtjaMa  oomiden  the  troefaoidal  wtra  ofBukiBtand  Fronds,  irbioh  in^olTvi 
tndtr  rot»tiOD. 
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propjigfition  fnllows  trom  the  present  (ixprcssions,  Thi-  whole  energy  in  the 
wavoH  uccupyitig  a  leiiglh  x  ia  therefore  (for  each  uuit  ut'  breadth) 

V,  +  T  =  igpHKof,  (9) 

if  denoting  the  nuudtnam  etevatum. 

We  have  next  to  calculate  the  energy  propagated  in  lime  t  across  a  plane 
lor  which  m  h  constant,  or,  in  other  words,  the  work  (W)  that  muht  be  doue 
in  unior  to  HUHtain  the  motion  of  the  plane  (considered  an  a  flexible  latnina) 
in  the  face  of  the  Huid  pressures  acting  upon  the  Ironl  of  it.  The  variable 
pait  of  the  pretitiure  {Bp)  at  depth  z  i»  given  by 

while  for  the  horizontal  velocity 


so  that 


If- \\lp^ABdA^\gpE*  .y%  ,]\  +   (10) 

on  integration.    From  the  value  of  V  in  (())  it  may  be  proved  that 
d(A:K)_       (        1  d(*t^*)U,r.{,  .  K 

-dk  ?i    ib"P*^l^  +  ^-e^-^i' 

and  it  is  thus  verified  that  the  value  of  W  for  a  unit  time 

V  X  energy  in  unit  length. 

As  an  example  of  the  direct  cakwlatfton  of  (T,  we  may  take  the  case  of 
waves  moving  under  the  joint  influence  of  gravity  and  cohesion.  It  is  proved 
by  Thomson  that 

V^^g\h^-TK   (11) 

where  T*  is  the  cohesive  tension.  Hence 

^-^'k-v^^'PVK^  <'^^ 

When  k  is  small,  the  surfiwe  tension  is  negligible,  and  then  JJ but 
when,  on  the  contrary,  k  is  laige,  IT » |F,  as  has  alrcad}  b*  on  stated.  When 
T"l<*  -  7,  U  ^  V.  This  corresponds  to  the  minimum  velocity  of  propagation 
investigated  by  Thomson. 

Although  the  argument  from  interference  groups  seems  satisfiM^toiy,  an 
independent  investigation  is  dednble  of  the  relation  betwera  energy  existing 
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and  energy  prupagated.  For  some  time  I  was  at  a  loaa  for  a  method  applic- 
able to  all  kinds  of  waves,  not  seeing  in  particalar  why  the  comparisoa  of 

energies  should  introduce  the  consideration  of  a  variation  of  wave-length. 
The  following  investigation,  in  which  the  iucrcment  of  wave-length  is 

xnuKjinary,  may  perhaps  be  considerod  to  meet  the  want. 

Let  us  suppose  thiit  the  mutiua  of  every  part  df  the  mediuni  is  re.siht«'d 
by  a  force  of  very  small  magnitude  propurtiuual  to  the  mass  and  to  the 
velocity  of  the  part,  the  eflfect  of  which  will  be  that  waves  generated  at  the 
origin  gradually  die  away  as  m  incroasoa  The  mot»m,  which  in  the  absence 
of  friction  would  bo  represented  by  coB(fi<— ibeX  under  the  influencu  uf 
friction  is  represented  by  tr'^' co».  {nt  —  kx\  where  is  a  small  positive 
coefficient.  lu  strictness  the  value  of  k  is  also  altered  by  the  friction  ;  but 
the  alteration  is  of  the  second  order  as  regards  the  frictional  Ibrces,  and  may 
be  omitted  under  the  circumstances  hero  supposed.  The  energy  of  the 
waves  per  unit  length  at  any  stage  of  degradation  is  proportional  to  the 
square  of  the  amplitude,  and  thus  the  whole  energy  on  the  pontive  aide  of 
the  origin  is  to  the  energy  of  so  much  of  the  waves  at  their  greatest  value, 
ie,,  at  the  origin,  as  would  be  contained  in  the  unit  of  length,  as 

or  as  (2/i)~*  :  1.  The  eneigy  transmitted  through  the  origin  in  the  tinit  time 
is  the  same  as  the  energy  dissipated ;  and,  if  the  frictional  force  acting  on  the 
element  of  mass  m  be  hmv,  where  v  is  the  velocity  of  the  element  aud  h  is 
constant,  the  energy  dissipated  in  unit  time  is  ASmt^  or  ikT,  T  being  the 
kinetic  eneigy.  Thus,  on  the  assumption  that  the  kinetic  energy  is  half  the 
whole  eneigy,  we  find  that  the  energy  transmitted  in  the  unit  time  is  to  the 
greatest  energy  existing  in  the  unit  length  as  A :  2^  It  remains  to  find  the 
connection  between  A  and  fi. 

For  this  purpose  it  will  be  convenient  to  regard  cos(«i  — Au-)  as  the  real 
part  of  e*"'  c"**,  and  to  inquire  how  k  is  atJected,  when  u  is  given,  by  the 
iutroduction  of  friction.  Now  the  effect  of  friction  is  represented  in  the 
diflforential  equations  of  motion  by  the  substitutiGn  of  cfjd^  +  hdidt  iu  place 
of  d^fdJfit  or,  since  the  whole  motion  is  proportional  to  tf*^,  by  substituting 
—  n*  +  ihn  for  —  n*.  Hence  the  introduction  of  friction  corresponds  to  an 
alteration  of  n  from  n  to  n  —  )^ih  (the  square  of  h  being  neglected);  and 
accordingly  k  is  altered  from  A;  to  ^  —  )^ihdh;dn.  The  solution  thus  becomes 
Q-\hxdkidn  gi  «i<-tj:i  oj.,  when  the  imaginaiy  part  is  rejected,  e-4**<'*/'''»  cos  («t— Aw) ; 
SO  that  fi  =  ili  dkjdii,  and  A :  2/i  =  dn/dk.  The  ratio  of  the  energy  transmitted 
in  the  unit  time  to  the  energy  existing  in  the  unit  length  is  therefore 
expressed  by  dn/dk  or  d{hV)ldkt  as  was  to  be  proved. 

It  has  often  been  noticed,  in  particular  cases  of  progressive  waves,  that 
the  potential  and  kinetic  enogies  are  equal;  but  I  do  not  call  to  mind  any 
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gfiienil  tivatiiu'iit  of  (he  ([Ut'stion.  The  theorem  is  not  usually  true  lor  the 
individual  parts  of  the  medium*,  but  must  be  uiidei"stoo<l  t«)  refer  either  to 
an  integral  number  of  wave-leugths,  ur  to  a  space  so  considerable  that  the 
outstanding  fFaotional  parts  of  waves  may  be  left  out  of  aooount  Aa  an 
example  well  adapted  to  give  insight  into  the  question,  I  will  take  the  case 
of  a  uniform  Stretdied  circular  membrane  (Theory  of  Sonml,  §  200)  vibrating 
with  a  given  number  of  nodal  circles  aiiil  (Hanietei-s  Tho  fundamental 
uio<le.s  are  not  quite  determinate  in  con8e(juenee  of  the  .symmetry,  for  any 
diameter  may  be  made  nodal.  In  order  to  get  rid  of  this  indetcrminatenciis, 
we  may  suppose  the  membrane  to  cany  a  small  load  attached  to  it  anywhere 
ozoept  on  a  nodal  drole.  There  are  then  two  definite  fundamental  modes,  in 
one  of  which  the  loivd  lies  on  a  n(xla1  diameter,  thus  producing  no  elfeet,  and 
in  the  other  midway  between  nodal  diamctcrt,  where  it  produces  a  maximum 
effect  (Theortf  of  Sound,  §  208).  If  vibrations  of  both  modes  are  going  on 
simuitaxieously,  the  potential  and  kinetic  energies  of  the  whole  motion  may 
be  calcuhited  by  sttnpb  addition  d  those  of  the  components.  Let  us  now, 
supposing  the  load  to  diminish  without  limit,  imagine  that  the  vibrations 
are  of  equal  am^itude  and  d^Bfer  in  phase  by  a  quarter  of  a  period.  The 
result  in  a  progressive  wave,  whoso  potential  and  kinetic  energies  are  the 
sums  of  those  of  the  stationary  waves  of  which  it  ia  composed.  For  the  first 
component  we  have  E cot^ni,  Ti'^  E sin* nti  and  for  the  second  oompo- 
nent^  Vt^EmPnt,  Tt^Soo^tU;  so  that  Vi+V^^Tt  +  Tt'^B,  or  the 
potential  and  Idnetio  eneigMS  of  the  pnigreenve  wave  arc  equal,  being  the 
same  as  the  whole  energy  of  cither  of  the  components.  The  method  of  proof 
here  employed  appears  to  be  sufficiently  general,  though  it  is  rather  difficult 
to  express  it  in  language  which  is  appropriate  to  all  kinds  of  waves. 

*  AMdwMissnaainipoitaiiteiMptioo. 


Digitized  by  Google 


48. 


on  TEE  AMFLITUI>£  OF  SOUJNJD- WAVES. 

[PrvemdiiiffB  <^  the  Royal  Soeitt^,  xxvt  pp.  248— 240»  1877.] 

ScABCBLT  any  attempts  have  been  made,  so  far  as  I  am  aware,  to 
meaaurn  tho  actual  amplitude  of  sound-bearing  waves,  and  indeetl  the 
problem  is  one  of  considerable  difficulty*.  Even  if  the  measurement  could 
be  eflfeoted,  the  result  would  have  reference  only  to  the  waves  actually 
experimented  upon,  and  would  be  of  no  gteat  value  in  the  absence  <^ 
some  means  of  defining  the  intenrity  of  the  corresponding  sound.  It  is 
bad  policy,  however,  to  despise  quantitative  estimates  because  they  are 
rough  ;  and  in  the  present  case  it  is  for  many  reasons  de.siniblo  to  have  a 
general  idea  of  the  magnitudes  of  the  quantities  with  which  we  have  to  dt-al. 
Now  it  is  evident  that  a  superior  limit  to  the  amplitude  of  waves  giving  an 
aodible  sound  may  be  arrived  at  from  a  knowledge  of  the  eno^  whiob  must 
be  expended  in  a  given  time  in  order  to  generate  them,  and  uf  the  extent  of 
surface  over  which  the  waves  so  generated  are  spread  at  the  time  of  hearing. 
All  estimate  fonndod  on  these  data  will  neccnsirily  bo  too  high,  both  because 
sound-waves  must  sufler  some  dissipiitioti  in  their  progress,  and  also  because 
a  part,  and  in  some  eases  a  large  part,  uf  the  energy  expended  never  takes 
the  fionn  of  sound-waves  at  alL 

The  soorae  <tf  sound  in  my  experiment  was  a  whistle,  mounted  on  a 
Wolfs  bottle,  in  connexion  with  which  was  a  syphon  manometer  for  the 

purpose  of  measuring  the  pressure  of  wind.  This  apparattis  was  inflated 
from  the  lungs  through  an  india-rubber  tube,  and  with  a  little  practice 
there  was  no  ditiiculty  in  maintaining  a  sufficiently  constant  blast  of  the 
requisite  duration.  The  most  suitable  pressure  was  determined  by  pre- 
liittinary  trials,  and  was  measured  by  a  odamn  of  water  9^  centimetres 
high. 

*  [1899.  Beforence  should  hsTi  bMO  nmStt  to  tha  ««rii  of  BottonMiB  aad  T«pplir  (Afpy. 
Jjiti.  vol.  CBU.  p.  8S1,  1S70).J 
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Thp  first  point  t<>  be  dottMiiiintd  wji.'i  thr  (iiHtiUice  from  the  soiin-c  to 
which  the  sound  rumainud  clearly  audible.  The  experiment  WiW  tried  in 
th»  middle  of  a  fine  still  wintei^a  day,  and  it  was  aaoertained  that  the  whistle 
was  heard  without  effort  at  a  distance  of  820  metraa  In  order  to  guard 
against  any  effect  of  wind,  the  proGaution  was  taken  of  re];>eating  the 
observation  with  the  direction  of  propagation  revemd,  but  without  any 
difference  being  observable. 

The  only  remaining  datum  necessary  for  tlie  calculation  is  the  f|uaiitity 
uf  air  which  passes  through  the  whistle  iu  a  given  time.  This  was  dctennincd 
by  a  laboiatory  experiment.  The  indiaHrubber  tube  was  put  into  connexion 
with  the  interior  of  a  rather  large  bdl-glan  op«i  at  the  bottom,  and  this  was 
pressed  gradually  down  into  a  large  vessel  of  water  in  sncb  a  manner  that 
the  manometer  indicated  a  steady  pressure  of  centimetres.  The  capjicity 
of  the  bf'll-^'la'is  wjvs  .5200  cubic  centimetres,  and  it  wius  found  that  the 
supply  uf  air  was  sutheient  to  last  26^  seconds  of  time.  The  consumption  uf 
air  was  therefore  196  cubic  centimetres  per  second. 

In  working  out  the  result  it  will  be  must  couveuicnt  to  use  consistently 
the  CJOJS.  system.  On  this  system  of  measaremmt  the  pressure  employed 
was  9^  X  981  dynes  per  sqnaro  centimetre,  and  therefore  the  work  expended 
per  second  in  generating  the  waves  was  196  x  9^  x  981  ergs  [or  1*8  x  10* 

ergs.  It  may  be  nntod  that  a  volt-atn|)ere  correspond.s  to  10*  ergs  per 
second].  Now  the  mechanical  value  of  a  series  of  prog^ressive  waves  is  the 
same  as  the  kinetic  energy  of  the  whole  mass  of  air  concerned,  .sup))o.sed 
to  be  moving  with  the  maximum  velocity  of  vibration  (v)  ;  so  that,  if 
8  denote  the  area  of  the  wave-front  considered,  a  be  the  velocity  of  sound, 
and  p  bo  the  density  of  air,  the  mechanical  value  of  the  waves  pa.ssing  in  a 
unit  of  time  is  cxpros-sed  by  hS.d  .  p .  v-,  in  which  the  numerical  value  of  a  is 
about  .'UlOO,  and  that  (jf  p  about  0013.  In  the  present  applicatinii  S  is  the 
area  of  the  surface  ut  a  heiuuspherc  whose  radius  is  82000  centimetres; 
and  thus,  if  the  whole  energy  of  the  escaping  air  were  converted  into  sound, 
and  there  were  no  dissipation  on  tiie  way,  the  valne  of  «  at  the  distance 
of  B2000  oentimeties  would  be  given  by  the  equation 

2  X  196  X  9^  X  981  

2w  (»200d)*  X  34100  X  -0013 ' 

whence  «  « '0014  centimetro  pw  second 

[Abo  «  s  v/a  -  4-1  X  10-".] 

This  result  docs  not  ret|uire  a  knowleiige  of  the  pilch  of  the  .sound.  If  the 
period  be  r,  the  relation  between  the  maximum  excursion  tt  and  tA» 
maximum  velocity  «  is 

VT 
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In  tho  present  case  the  note  of  the  whittle  was /",  with  a  frequency  of  about 
2730.  Hence 

or  thu  ainplitudu  of  the  aerial  particlcH  was  leas  thaii  a  teu-tuilliuuth  of  a 
centimetre. 

I  am  iiicline<l  to  think  that  on  a  still  night  a  sound  ut  this  pitch, 
whotie  amplitude  is  uuly  a  hundred-niiUionth  of  a  centimetre,  would  still  be 
audible. 

[1899.  FurthL-r  investigations  upon  this  Hubjcct  will  be  found  in  Fhil. 
May.  vol  Xixviii.  pp.  365 — 370,  lUDi.] 
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[Nature,  xva  pp.  12—14,  1877.] 

At  the  proeopt  tiinu  the  qnestioo  of  absolute  pitch  is  atlnu-ting  uttontioa 
io  cons(([TU'nro  of  the  discrepaucy  between  Kuiiig's  scale  aiul  the  nuinlx'i-s 
detcrniiin-d  hy  Appuiiii'.s  toiioinetcr.  This  instrument  is  founded  upon  the 
same  ideti  us  .Schei bier's  fork  tonometer,  and  couhista  of  u  series  of  sixty-live 
hamDoniam  reeds,  bridging  over  an  entire  octave,  and  m  tuned  that  eadi 
reed  gives  with  its  immediate  neigfabuuis  four  beats  per  second.  The 
application  to  determine  i^Molute  pitch,  however,  dm\s  not  require  precirion 
of  tuning,  all  that  is  nerrssary  boinp  to  count  with  sufficient  accuracy  the 
number  of  beats  p«.'r  stcoiid  betwcm  rach  ymir  of  consecutive  reeds.  The 
suiu  of  all  these  uumbcrij  gives  the  ditl'ereuco  of  frequencies  of  vibration 
between  the  first  reed  and  its  octave,  which  is,  of  oonise,  the  same  as  the 
frequency  of  the  first  reed  itsel£ 

The  whole  question  of  musical  pitch  has  recently  been  discussed  with 
great  care  by  Mr  EUia,  in  a  paper  read  befi»e  the  Sodety  of  Arts  (May  S8, 
1877).  He  finds  by  original  observation  with  Appunn's  instrument  258-4  as 
the  Jictual  frequency  of  a  Konig's  25(i  fork,  and  Prof.  Pieyer,  of  Jena,  has 
arrived  at  a  similar  result  (2.58'2).  On  the  other  hand,  Prof.  Mayer  in 
America,  and  Prof.  Macleud  in  this  country,  using  other  methods,  have 
obtained  numbers  not  difforing  materially  from  Konig's.  The  discrepancy  is 
so  oonadenbte  that  it  cannot  well  be  attributed  to  casual  errors  of  experi- 
ment; it  seems  rathcsr  to  point  to  some  di  fict  in  principle  in  the  method 
employed.  Now  it  appears  to  me  that  there  is  such  a  theoretical  defect 
in  the  reod  tonometer,  arising  from  a  sensible  mutual  action  of  the  reed.s. 
The  use  of  the  instrument  to  determine  absolute  frequencies  :isMumes  that 
the  pitch  of  each  reed  is  the  same,  whether  it  be  sounding  with  the  reed 
above,  or  with  the  reed  below ;  and  the  results  arrived  at  would  be  vitiated 
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by  auy  mutiiai  inHueuci-.  In  cuu»u(|uence  ul'  the  ill-iiiidei'MtcHxi  upemtiuu  ut' 
the  wind,  it  is  di£Bcalt  to  pi  <  diet  the  character  oi  die  mutual  influence  with 
oertainty ;  but  (ThmTf  of  Sounds  S  112—115)  there  is  raaaon  to  think  that 
the  sounds  would  n  pcl  one  another,  ao  that  the  frequency  of  the  beats 
hoard  when  bot  h  reeds  nn-  Kounch'ng,  exceeds  the  difference  of  the  frequencies 
«»r  the  reeds  when  soumiiug  singly.  However  this  may  be,  in  view  of  the 
proximity  of  consecutive  reeds  and  of  the  near  approiich  to  uiiisou*,  the 
anumption  of  complete  independence  could  only  be  justified  by  actual 
observation,  and  this  would  be  a  matter  <tf  some  delicacy.  If  the  mutual 
influence  be  uniform  over  tiic  octave  it  would  require  a  difference  of  one 
beat  per  minute  only  to  reconcile  Konig's  and  Appunn's  numbers. 

As  to  the  amount  of  the  influence  I  am  not  in  a  position  to  speak  with 
conrtdeuci',  but  I  may  mention  an  observation  which  seems  to  prove  that 
it  cannot  Ik-  left  out  of  accouDt.  If  two  sounds  of  nearly  the  Siime  pitch  are 
going  on  together,  slow  beats  are  heard  as  the  result  of  the  superpotsitiou  of 
vilnatioais.  Suppose  now  that  a  third  sound  supervenes  whose  pitch  is  such 
that  it  gives  rapid  beats  with  the  other  two.  It  is  evident  that  these  mpA 
beats  will  be  subject  to  a  cycle  of  changes  whose  frequency  is  the  same  as 
that  of  the  slow  beat  of  the  first  two  sounds.  For  example,  in  the  ca.sc 
of  equal  intensities  of  two  sounds  there  is  a  moment  of  silence  due  to  the 
superposition  of  equal  and  opposite  vibrations,  and  at  this  moment  a  third 
sound  would  be  heard  alone  and  could  not  give  rise  to  beats.  The  expert- 
ment  may  be  made  with  tuning-forks,  and  the  period  of  the  cycle  will 
be  found  to  be  sensibly  the  sjune  whether  it  be  determined  from  the  slow 
beat  of  the  two  forks  nearly  in  unison,  or  from  the  rattle  caused  by  the 
simultaneous  sounding  of  a  third  fork  giving  from  four  to  ten  beats  per 
second  with  the  other  two.  b  the  case  <^  forks  there  is  no  fear  of  sensible 
mutual  action,  but  if  it  were  posnble  for  the  third  sound  to  affect  the  pitch 
of  one  of  the  others  the  equality  of  the  periods  would  be  disturbed.  The 
observation  <m  Appunn's  instrument  was  as  follows: — The  rei-ds  numbered  0 
and  (54  V)eing  adjusted  to  an  exiiet  octave,  it  wius  found  that  the  beats  arising 
from  the  simultaneous  sounding  of  reeds  0,  GH,  and  (J-i-  were  by  no  means 
steady,  but  passed  through  a  cycle  of  changes  in  u  period  no  greater  than 
about  five  seconds.  In  order  to  wwk  with  greater  oertainty  a  resonator  of 
pitch  corresponding  to  reed  64  was  connected  with  the  ear  by  a  flexible  tube 
and  adjusted  to  such  a  p>sition  that  the  beats  between  reeds  0  and  CA  (when 
put  slightly  out  of  tune)  were  as  distinct  as  i)o.ssible,  indicating  that  the 
gravest  tone  of  reed  64  and  the  ocUive  over-tone  of  reed  0  were  of  eijual 
intensity.  By  ^atttnuiff  reed  64  (which  can  be  done  very  readily  by  partially 
cutting  off  the  wind)  the  beats  of  the  three  sounds  could  be  made  nearly 
steady,  and  then  when  reed  63  was  put  out  of  operation,  beats  havinig 

*  It  mast  not  be  forgotten  that  the  vibration  of  the  tongue  involvcH  a  transferenoe  of  lb* 
OMitTC  of  inartii,  to  tbat  tbaic  ii  a  dimt  teodancgr  to  Mt  kbe  aatiiidiag-bowd  into  motaoo. 
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a  5  seconds'  period  were  heanl,  indicating  that  rwds  0  and  G4  were  in 
tune  no  longer.  It  would  appear,  therefore,  that  whvu  n-ed  G3  sounds 
the  pitch  of  reed  64  is  raised,  but  in  interpreting  the  experiment  a  difficulty 
■rifles  from  the  amount  ot  the  dtsturbance  heing  much  in  exoeas  of  what 
would  be  expected  fiom  the  performance  of  the  instrament  when  tested 
in  other  ways*. 

I  come  now  to  an  independent  determmatitin  of  absohite  pitch,  which  it 
is  the  priiicii>iil  object  of  the  present  communication  to  describe.  The 
method  employed  may  be  r^jaided  as  new,  and  it  appears  to  be  capable 
of  giving  excellent  Tesulta. 

The  standard  fork,  whose  frequency  was  to  be  measured,  is  one  of  Kfinig's, 

and  is  supposed  to  execute  128  complete  vibiations  in  a  second.  When 
placed  on  its  stand  (which  does  not  include  a  resonance  box)  and  excited  by 
a  violin  bow,  it  vibrates  for  a  minute  with  intensity  sufficient  for  the 
counting  of  beats.  The  problem  is  to  compare  the  frequency  of  this  fork 
with  that  of  the  pendulum  of  a  clock  keeping  good  time.  In  my  experi- 
ments two  docks  were  employed,  of  which  one  had  a  pendulum  mddng 
about  1^  complete  vibrations  per  second,  and  the  other  a  so-called  seconds' 
pendulum,  making  half  a  vibration  per  second.  Contrary  to  expectation,  the 
slower  pendulum  was  found  the  more  convenient  in  use,  and  the  numerical 
results  about  to  be  given  refer  to  it  alone.  The  rate  of  the  clock  at  the 
time  of  the  experiments  was  determined  by  comparison  with  a  watch  that 
was  keeping  good  time,  but  the  difference  was  found  to  be  too  small  to 
be  worth  considering.  In  what  follows  it  will  be  supposed  for  the  sake 
of  simplicity  of  explanation  that  the  vibrations  of  the  pendulum  really 
occupied  two  seconds  of  time  exactly. 

Th^  remainder  of  the  apparatus  consists  (»f  an  electrically  maintained 
fork  interrupter,  with  adjustable  weights,  making  alwiut  12^  vibmtions 
pt;r  second,  and  a  dependent  fork  whose  frequency  is  about  125.  The 
current  from  a  Grove  cell  is  rendered  intermittent  by  the  interropter,  and, 
as  in  Helmholts's  vowel  experiments,  excites  the  vibiations  of  the  second 
fork,  whose  period  is  as  nearly  an  possible  an  exact  submultiple  of  its  own. 
When  the  apjmratus  is  in  stejuly  operation,  the  HoumI  emitted  from  a 
resonator  associated  with  the  higher  fork  has  a  frequency  which  in 

•  Till'  valiio  (if  iDv  inHtrnment  lias  been  greatly  enhanced  by  tbo  valaaWe  aatbtapo  Of 
Mr  EUis,  who  wao  good  enough  to  couut  tb«  entire  aeriea  of  beats,  and  to  compare  tbo  ylteh 
withtliMoffiMtaaiae<>fbr1ii  Mnplofadbyhimin  prafiou  Mr  BOf a,  iMvnw,  ia 

not  responsible  for  the  fact«  antl  opinions  lien'  oipresscd.  It  iimv  be  worth  mentioninp  that  the 
Bteadineas  or  OQStcadiiioaa  of  the  bcat-n  heard  when  llirco  conat'cutive  rced-H  are  aonndiug 
riandtiaaooaly  it  a  oonvaaiaDt  teat  of  the  equality  of  the  eon*«cutive  intervals.    The  freqaenc^ 

of  the  cyclo  of  tho  fo'.ir  fi  ncooiid  heaf«  is  oqnal  to  the  diffctcncc  of  ttu-  rrf(]ii('npif"<  of  citlirr  of  (he 
BOtnal  extreme  notes  and  that  which,  iu  conjunction  with  tiio  other  two,  would  maiu  thu  lutervaU 
euatljraqukL 
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deterniiiit'd  by  that  of  the  iiitcrniitter,  and  not  by  that  of  the  higher  fork 
itself ;  nevertheless,  an  accurate  tuning  is  necessary  in  order  to  obtain 
vibrations  of  sufficient  intensity*.  By  counting  the  beats  during  a  minute 
of  time  it  is  eaqr  to  eompare  the  higher  fork  and  the  standard  with  the 
necessary  aoeuraey,  and  all  that  remains  is  to  compare  the  fre()u«ioies 
of  the  internipter  and  of  the  pendulum.  For  this  purpose  the  prongs  of 
the  interrupter  are  provided  with  small  plates  of  tin  sn  nrrantr<''l  :is  to  affnrd 
an  intermittent  view  of  a  small  silvered  bead  carried  by  the  piMuiuliim  au<i 
suitably  illuminated.  Under  the  actual  circumstances  of  the  experiment  the 
bright  point  of  tight  is  visible  in  general  in  twMity-five  positioas,  which 
would  remain  fixed,  if  the  frequency  of  the  interrupter  were  exactly  twenty- 
five  tiroes  that  of  the  pendulum.  In  accordance,  however,  with  a  well-known 
principle,  these  twenty-five  positions  are  not  easily  observotl  wht-n  the 
pendulum  is  simply  looked  at ;  for  the  motion  then  appears  to  be  continuous. 
The  difficulty  thence  arising  is  readily  evaded  by  the  interposition  of  a 
somewhat  narrow  vertical  slit,  through  whidi  only  one  of  the  twenty>five 
positions  is  visible.  In  practice  it  is  not  necessary  to  adjust  the  slit  to  any 
particular  position,  since  a  slight  departure  from  exactness  in  the  ratio 
of  frequencies  brings  all  the  visible  positions  into  the  field  of  view  in  turn. 

In  making  an  ex  peri  mint  the  interrupter  is  tuned,  at  first  by  sliding  the 
weights  and  afterwards  by  soft  wax,  until  the  interval  between  Hucce.ssive 
appearances  of  the  bright  sj>ot  is  sufficiently  long  to  be  ronveniently  ob- 
served. With  a  slow  pendulum  there  is  no  difficulty  in  distinguishing  in 
whIdi  direetion  the  p^idulam  is  vibrating  at  the  moment  when  the  spot 
appears  on  the  slit,  aw]  it  is  best  to  attend  only  to  those  appearances  which 
correspond  to  one  direction  of  the  pendulum's  motion.  This  will  be  best 
understood  by  considering  the  ease  of  a  conical  pendulum  whose  motion, 
really  circular,  appeal's  to  be  rectilineAr  to  an  eye  situated  in  the  plane 
of  motion.  The  restriction  just  spoken  of  then  amounts  t«>  supposing  the 
hinder  half  of  the  oirenlar  path  to  be  invisible.  On  this  nndentanding 
the  interval  between  successive  iq|>peaEancee  is  the  time  repaired  by  the  fork 
to  gain  or  to  lose  one  oomplete  vibration  as  compared  with  the  pcudtdum. 
Whether  the  difference  is  a  loss  or  a  gain  is  ea.sily  detennined  in  any 
particular  c^use  by  observing  whether  the  ajjparent  motion  of  the  sjxjt  aero.ss 
the  slit  (which  should  have  a  visible  breadth)  is  in  the  same  or  in  the 
opposite  direetion  to  that  of  the  pendulum's  motion. 

In  my  experiment  the  interrupter  gained  one  vibration  ou  the  dock 
in  about  eighty  seconds,  so  that  the  freqaency  of  the  fork  was  a  thousandth 
part  greats  than  12'6,  vis.  12*51.    The  dependent  fork  gave  the  ninth 

*  This  (wiins  is  effeetod  b]r  prolonging  aa  mneb  uposaible  the  penod  of  tiie  beat  hmid  wlwn 
the  dspsndMit  toA  steta  fkom  iMk  TUa  ImhI  nmy  be  raguM  M  dot  to  aa  iotarCiNiiM  «f 
til*  ftmoad  and  nstatal  nolM. 
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hurmouic,  with  a  frequency  of  125  1.  The  beats  between  this  fork  and  the 
Btaadan]  (ivhoae  piteh  was  the  higher)  were  180  in  sixty  seconds,  so  that  the 
fraqueoqr  of  the  standard  was  as  nearly  as  possible  188*1,  agreeing  vmj 
closely  with  Konig's  scale.  The  error  of  the  determinatiim  may  amount 
to  '1,  but  could  not,  I  think,  exceed  '2. 

I  ooght  to  add  that  the  tqtpnximaU  determination  of  the  frequenter  of 

the  interrupter  must  bo  made  independently,  as  the  observation  on  the 
penduUiin  does  not  decide  which  multiple  of  }^  nearly  coincidi's  with  the 
frequency  of  the  fork.  Also  the  relation  between  the  two  auxiliary  forks 
was  assumed,  nnd  not  determined;  but  as  to  this  there  can  be  no  doubt, 
unless  it  be  supposed  that  Ktfnig's  scale  may  be  in  error  to  the  extent  of  a 
whole  tone. 
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ON  MR  VENN'S  EXPLANATION  OF  A  GAHBUNO 

PARADOX. 

[Mind,  II.  pp.  409—410.  1877.] 

Two  pUiyeiB,  A  and  toos  for  pemuesL  A  has  the  option  of  oontinuing 
or  stopping  the  game  at  any  moment  as  it  aaits  him.  Has  he,  in  consequence 
of  this  option*  any  advantage  over  B  ? 

From  one  point  of  view  it  would  seem  that  A  hajf  an  advantage ;  for,  as 
the  game  proceeds,  the  balance  of  gains  must  pa.is  backwanls  and  forwards 
from  one  side  to  thf  other,  and  if  A  makes  up  his  mind  to  coiitiMiif-  tintil  he 
has  won  (for  example)  10,  the  time  must  come  when  he  will  have  an 
opportunity  uf  carrying  off  his  gaina  On  the  other  band,  it  seems  obvioas 
d  priori  that  no  oombinatioii  of  fiur  bets  can  be  nnfiur,  and  that  A'9  option 
is  of  no  value  to  him,  inasmuch  as  at  any  p<nnt  it  is  a  matter  of  perfect 
indifference  to  him  whether  he  risks  another  pmmy  or  not. 

In  order  to  examine  the  matter  m<Hre  dosely.  let  us  suppose  that  A  has 
originally  10(KI  pennies,  and  that  he  propwes  to  continue  the  game  until  he 
has  won  10,  and  then  to  leave  otf.  Under  these  circumstances,  it  is  clear 
that  in  no  case  can  B  lose  more  than  10,  whereas  A,  if  unlucky,  nmy  lose 
his  whole  stoek  before  he  has  an  opportunity  of  canying  off  ffa.  The  ease  is 
in  foot  exactly  the  same  as  if  £  had  originally  only  10  pennies,  and  the 
agreement  were  to  OOntintie  the  game  mitil  either  A  or  B  was  ruined.  The 
problem  thus  presented  was  solved  long  ago  (sec  Todhuntor's  Jftstoiy  of 
Probabilities,  p.  62) ;  and  the  result,  as  might  have  been  expected,  is  that  the 
odds  are  exactly  100  : 1  that  B  will  be  ruined.  But  it  does  nut  follow  from 
this  that  the  arrangement  is  in  any  degree  advantageous  for  A ;  ftar,  if  A 
loses,  he  loees  a  sam  <me  handred  times  as  great  as  that  whidi  he  gains  fiem 
B  in  the  other  (and  more  probable)  contingency.  A  like  argument  applies, 
however  great  the  disproportion  of  capitals  may  be.   If  the  sums  risked,  as 
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well  as  the  chanoes  to  which  (hey  an  subjected*  he  taken  into  account,  the 
eompenntioD  is  complete. 

Mr  Venn,  however,  is  of  opinion  that  these  considerations  do  not  meet 
the  diflSonltjr.   With  respect  to  the  argument  that  A  will  always  win  if  he 

goes  on  long  enough,  ho  says — "  It  may  bo  n  plic^l  that  we  have  no  rii^ht  t^) 
aHsnme  that  the  fortune  of  the  phiyL'r(il)  will  hold  out  in  this  way,  tor  he 
may  be  ruined  before  his  turn  of  luck  comes.  This  ...  is  quite  true, 
but  docs  not  explain  the  difficulty.  We  have  only  to  suppose  the  men  to 
be  playing  on  ciedit  to  remove  the  dgeetion.  Then  is  no  reason  whatever 
why  any  money  should  pass  between  them  until  the  affiur  is  finaQy  settled. 
All  such  tninsactions,  roally,  mu.st  be  carried  on  to  some  extent  on  credit, 
unless  there  is  to  ]•<■  the  trouble  of  perpetual  payment^!  backward.s  and 
forwards;  and  it  is  tlu'refon*  perfectly  legitimate  to  suppose  a  state  of  things 
in  which  no  enquiry  is  made  iis  to  the  solvency  of  either  of  the  parties  until 
the  crisis  agreed  upon  has  been  reached." — (Logic  of  Cftoaee,  Snd  edition, 
eh.  XIV.  p.  871.)  And  again  a  little  further  on,  "A  man  might  safely,  for 
instance,  continue  to  lay  an  eveii  bet  that  he  would  get  the  single  prise  in  a 
lottery  of  a  thouwmd  tickets,  provided  he  thus  doubled,  or  more  tlian 
doubled,  his  stake  each  time,  aud  ualimited  credit  was  given." — Ibid. 
p.  373. 

To  mo,  on  the  contrary,  it  seems  that  the  question  in  entirely  altere<l  by 
the  introduction  of  indefinite  credit.  There  is  no  object,  of  course,  in 
inristing  on  perpetual  payments,  and  a  credit  may  properly  be  allowed  to 
the  extent  of  the  aetwU  mounn  of  the  parties;  but  the  case  is  veiy 
different  what  insdvenej  is  permitted.  In  order  to  make  a  comparison,  let 
us  suppose,  in  our  previous  example,  that  A  has  no  fortune  of  his  own  but  is 
allowe<i  11  credit  of  1000.  If  he  wins  10  from  li  without  first  losing'  1000 
himself,  he  retires  a  victor,  and  his  actual  poverty  is  not  expose<i.  Bui  how 
does  the  matter  stand  if  the  Inek  is  against  him,  and  he  comes  to  the  md  of 
his  credit  before  securing  his  prise  ?  When  called  upon  to  pay  at  the  termi- 
nation of  the  transaction,  he  has  no  means  of  doing  so,  and  thus  B  is 
defrauded  of  his  1000,  which  in  the  loncf  run  would  otherwise  rompen.'wite 
him  for  the  more  frei|uent  losses  of  10  The  advantiige  which  A  posstv«vse8 
depends  entirely,  as  it  seems  to  iiic,  ou  the  credit  which  is  allowed  him,  but 
to  which  he  is  not  justly  entitled,  and  is  of  ezacfly  the  same  natnie  as  that 
enjoyed  hy  any  man  of  straw,  who  is  nevertheless  allowed  to  trade.  What 
would  be  thought  of  a  beggar  who  proposed  to  toss  Baron  Rothschild  for 
1000  pound  notes  ?  and  if  the  proposal  were  ftgree<I  to,  would  it  bi"  said  that 
the  beggar's  advantage  depended  upon  his  power  of  arbitrarily  calling  for  a 
stoppage  when  it  suits  inm  and  refusing  to  permit  it  sooner,  and  not  rather 
that  the  ooe-sided  charaeter  of  the  agreement  depended  on  the  simple  foot 
that  one  party  oould  pay  if  he  lost,  while  the  other  party  oould  not  ? 
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51. 

ON  THE  RBLmON  BETWEEN  THE  FUNCTIONS  OF 
LAPLACE  AND  BESSEL. 

[Proceedinga  of  tlu  London  Mathematical  Sodely,  ix.  pp.  Gl — 1878.] 

In  %  783  eS  Thomaon  and  Tait's  J^atmral  PkUoaophy  (1867),  a  suggestion 
is  made  to  examine  the  transition  from  foraulai  dealing  with  Laplace's 

spherical  fonctions  to  the  curTes{>on*1iiig  fi>riiiu1:c  proper  to  a  plane.  It  is 
evident  at  once  from  this  \yoh\i  of  view  that  Bessel's  functions  are  merely 
pirticular  cast-.s  of  Ijuplace's  more  general  functiouH ;  but  the  fact  seems  t« 
be  very  little  known.  Of  two  valuable  works  recently  published  on  this 
subject  *,  one  makes  no  mention  of  BessePs  fiinetionS)  and  the  other  states 
expressly  that  they  are  not  connected  with  the  main  soljject  of  the  book ; 
other  nutthematacians  also,  to  whom  I  have  mentioned  the  matter,  have  been 
unaware  of  the  relation.  Under  these  circumstances  it  may  not  be  saper- 
fluous  to  ]M)int  out  briefly  the  coiTespondence  of  .some  of  the  formulee. 

The  Bessel's  function  of  zero  ordn-  ■/„  is  the  limiting  form  of  Ix'gen<lr«''s 
function  /^„(/x),  when  ii  is  imietiuitely  great,  and  n  (=co.s^)  snrh  that  ?»Hin  6 
Ls  finite,  cijual  say  to  z.  The  simplest  proof  of  this  astiertion  i.s  perhaps  that 
obtained  from  Murphy's  series  for  P,.   Thus  (Todhunter.  §  23), 

P.(«««).«^||l-(2u„?}'  +  (^iwD'-  I  (I, 

The  limit  of  cos-'"  (^^)  is  easily  proved  to  be  unity,  and  thus  ultimately 
P,(ooe^=  1  ^  ^  +  g,**^,  -  2,        6.  +  «=  M*y   .(«) 

*  An  Klemeniary  Treaii$e  on  Laplaet^$  itactiam,  hamtt  Vmetiam,  and  Bmttt  Pmetttm. 
By  I.  Todhnnter.  1875. 

An  F.lemfntary  Trtatiu  m  jjpkcriieal  HmimmUt  mad  $»tjeel$  cotmeeUd  with  iJkm.  1^  Ihv 
BeT.N.M.Fenan.  1877. 
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Agun  (§  47), 

»  Pn  Oi)  =  J  V  +  »V(1  -       COS        rf^  .(3) 

wham  i  =  »J{—  I ).  In  the  limit  ^  is  to  be  replaced  by  unity,  and  <J{\.  —  /»•) 
by  zn-'  ;  the  limit  of  {/» + » V(l    M'*)  ^^^^  atid  thus  we  get 

ultinwteljr 

w  P«  0*)  =  /V""*     -  J^cos  (*  oofl  ^)     «  «•  J, 

In  like  manner  Besael's  functions  of  higher  order  are  the  limits  of  those 
Laplaeels  Ametions  called  by  Todhunter  Aaaociated  Fanetioiu»  which,  whoi 
multiplied  by  sines  or  coainee  of  mnltiples  of  the  longitude  («),  satisfy 
Lapkoe's  spherical  sur&ce  equation, 

*  {<•  -       + r^.  'ai"  * « ^  '>  = »•  <♦> 

They  may  be  expressed  (§|  119,  lOG)  by 

(1 «(|».  11,008^)  (6) 

where 

n,  co8^)  =  cr(m,  n.  1)  I  cos"'"    -  ^"  7 '^^---"?r  sin* 

(  4 .  (m+i^ .  1 

(n  —  111) ..,(«-  m  —  3)       „       /,     „  ^  )  /ox. 

^•v.(».n)(».f»).i.»°°'^'""'  - j •••<«' 

Now  (1  —  /i*)^  is  proportional  to  <^ ;  and  the  fiinction  becomes 

^ "  2("2«r+  2) "** 2T4 .T^w  +  2) (2^+4) "* }  * 

which  ia  proportionul  to  the  Bessul's  fuuetiou  of  onier  m  ;i70). 

The  same  conclusion  may  be  arrived  at  from  the  expression  for  the 
associated  functions  as  definite  integrals.  Thus  (§  150)  cjji  is  an  associated 
function  where 

=  J      +  »■  V(  1  -  /*^)  cos  <^|"  cos   (7; 

By  the  investigatimi  in  1 150,  we  have 

 (-  l)f  .1.2.8. ..n.  (1  -  /*»)*» 

**'"l.«.6...(2«-l).1.278...(ii-w) 

X  JJj/*  +  %  V(l  -  /*»)  COS  ^j— 8in«^  d^,   (8) 

*  This  scries  ia  not  quite  oorrectly  gtven  in  §  106. 
f  In  Heine's  and  Todlnmlar'svarlnfliblatagnl  is  MlM/.tSnate^ 
to  be  ini^pfoprifttob 

22—2 
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fmm  which  we  find,  as  for  the  function  of  the  first  order,  when  n^oo, 

c:  =  (-l)»«^J«(^).   (9) 

It  is  known  (§  3H0)  that  the  ioliowiug  relation  subsists  between  three 
oooMoative  Benel's  fiinctiona: 

\  z         (z)  +        (^)l  =  ViJ„(z) ;   (10) 

and  it  IS  natural  to  suppose  that  a  corruspoudiog  theorem  ht>lds  fur  the 
general  fanetiona   By  (7), 

i  («-!  -  ci+i) = I/*  +  »■  V(l  -  /»•)  «w     «n  M  «»  ^> 
whence,  integrating  by  parts,  we  find  (m  being  integral) 

*(«-.-«*.)-j-^-rr^^(rH.i)«"'  t»> 

and  this,  as  we  see  from  (9),  identifies  itself  with  (10),  when  n  —  <xi. 
Again,  by  (7), 

4  (c;.,  +  <?;+,)  -  f  V  +  »  V(l  -  /»•)  cos ^l" 008      coe  ^<i^ ;  (12) 

and  thus 

cr'=/*c;  +  i*Vi-Xc:-i+ciUi).  (13) 

From  (11)  and  (19)  we  may  eUminate  eS;''* ;  we  thus  obtain 

Sm  <C  -  « tan   {(n  + 1  -  m)  oS.i  -  (n  4- 1  +  m)   (!♦) 

a  relation  given  in  a  somewhat  different  form  by  Heine*. 
Retnming  to  (18X  w«  find  in  the  limit,  by  (9), 
i  (-  l)t«  ,r  [- 1./^,  (r)  + » J,^,  (^)J 

-  J  V«**  COB     eoe  ^  el^  -  -  i  ^  j         cee  «^  ; 

■o  that 

i  |J^.(*)- J.+.(*)|   (15) 

a  known  theorem  (§381). 

The  complete  .solution  of  the  equation 

t       - 1  :';.+-+«c+»)*--o.  -  m 

obtained  from  (4)  by  assuming  that  is  proportional  to  cos  ma*  or  sin  ma, 
involves  also  another  function  called  the  associated  .function  of  the  second 
kind.    If  we  take 

Vr«-(l-M')»-#*  (17) 

*  IfMMniicJb  in  Knf^fimetiaimt  ^  146. 
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the  equation  for  0^  ^ 

-  '*')'^-  +  |n(n  +  1)  -  m(m+ 1)|  ^-0.   (18) 

From  IluB  it  maijr  be  readily  proved  that  ^  is  of  the  aatue  fimn  as 

so  that 

♦--(*.)"♦•  <") 

in  which,  however,  no  connexion  between  the  arbitrary  constants  is  implied. 
In  terms  of  ^m>  (1^)  becomes 

We  have  now  to  trace  the  tnuufermation  of  (20),  as  n  and  the  ndins  of 
tilesph«tebeoomeinfimte»whilefllrKn^^(l— |ft')Bj;  Since 

"^t  being  regarded  as  a  function  of  », 

In  the  limit,  (even  though  subject  to  diff^ntiation)  may  be  identified 
with  unity,  and  thus  vre  may  take 

+-=-<^>"   <^'> 

as  the  ultimate  form  of  (20).  The  functum      is  now  the  general  solution  of 

involving  Beflsel's  functions  of  order  t»  both  Amdt,  each  fiinctioD  being 
affiscted  with  an  arbitnury  coefficient  A  theorem  of  predsdy  the  same  form 
holds  good  when       b  limited  to'the  functions  of  the  first  kind,  for  which 

the  differential  equations  (  Ifi),  (22)  are  satisfied  at  the  pole  (/i  =  1)  a.s  well  as 
at  all  other  points.  The  equation  corresponding  to  (21)  may  tlien  be  written 
(§  390) 

/«.(«)  =  (-2^)"(g^yV,(*).   (23) 

the  constant  multiplier  left  arbitrary  by  (21)  being  determined  by  a  com- 
parison of  the  leading  terms. 

OUier  comparisons  rebting  to  the  fonctioos  of  the  second  land  might 
also  be  made,  some  of  which  would  a|qpear  to  mvolve  tiieorems  uot  hitherto 
formulated. 
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NOTE  UN  ACOUSTIC  REl'ULSIuN. 

[Philogopiwud  Moffogine,  vi.  pp.  270—271.  1878.] 

I'kiihai'S  the  following  expl.-inatiun  of"  the  eurious  pheiiuineiiun  of  the 
repulmun  of  rcsunatora  observed  by  DvoMk  and  Mayer*  uiay  be  uf  interest 
to  the  readers  of  the  PkUotopkietd  Mofftmnt. 

The  hydrodyuamical  equation  of  pressure  for  irrotattonal  motion  is 
(in  the  nsual  notation) 

If  we  suppose  that  there  are  no  impressed  forces,  i2  =  0.  Distinguishing 
the  values  of  the  quantities  at  two  pmnts  of  qMoe  by  suffixes,  we  may 
write 

Thi.s  er|uation  holds  good  at  every  iustant.  Integrating  it  over  a  long  range 
of  time,  we  obtain  as  appliuaUe  to  every  case  fluid-motion  in  which  the 
flow  between  the  two  points  does  not  eoDtinually  inorease 

fv,dt-fisr,dt  =  yU^'dt-  yU.'dt   (3) 

Let  us  now  apply  this  equation  to  the  case  of  a  resonutor  excited  by  a 
source  of  sound  nearly  in  unison  with  itself,  taking  the  first  point  at  a 
distance  from  the  resonator,  where  neither  the  variation  of  pressure  nor  the 
velocity  is  sensible,  and  for  the  second  a  point  in  the  interior  of  the  cavity, 
where  the  velocity  is  lu-i^ligible,  but,  on  the  other  hand,  the  vaiiatioa  of 
pressure  ooosiderBble.   It  follows  that 

/(sr.— ,)<fc-0.   (4) 

•  PML  Jbf .  SqitaDbsr  187S,  f.  »5. 
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or  thi^  the  mean  valae  of  «r  in  the  interior  ia  the  aame  as  at  a  distance 
outside. 

The  remainder  of  the  investigation  depends  upon  the  relation  between 
p  and  p.   If  the  oxpansions  and  contractions  are  iaothermali  p^a*f>,  and 


a*  log  p.  Thus 

flog  i),(lt=\oi;  p„.t;   (5) 

or  the  tnean  logarithmic  prosKure  in  the  interior  is  the  sjiine  as  the  constant 
logarithmic  pressure  at  a  distance.    Equatiou  (d)  may  also  be  written 

j'log(i+Pi^)d««0.   (6) 


whence,  if  tiie  changes  of  pressore  be  relatively  small,  we  see  that  the  mean 
value  of  is  positive,  or,  in  other  words,  that  the  mean  pressure  inside 

the  resonator  is  in  sceew  of  the  atmospheric  pressure. 

If,  as  in  practice,  the  wqpansions  and  contractions  are  adiabatic,  jpa  pf, 


where  7  — 1'4^  and  (5)  is  repboed  by 

Spi*r^'r  dt «  p^ft-vtt .  t  (8) 

Thus,  instead  of  (7), 

/{(it^^^^r  -l}<"  =  0;   .(9) 

whence,  by  the  binomial  theorem, 


appnixiinately,  .showing  that  here  again  the  mean  pressure  in  the  iutcrior  of 
the  cavity  oxcee<l.s  the  atmospheric  prewtjiiro*. 

Hence,  on  either  supposition,  the  resonator  tends  to  move  an  if  impelled 
by  a  force  acting  uormally  over  the  area  of  its  aperture  aud  directed 
inuMtds. 

*  iwyj.   U  in  (10)  we  pat  ysl,  we  bU  back  apon  (7).] 
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ON  THE  IRREGULAR  FUGliT  OF  A  TENNIS-BALL 

[Meuenger     Maihemaiiet,  vu.  pp.  14—16.  1877.] 

It  ifl  well  known  to  tennis  players  that  a  rapidly  rotating  ball  in  movinig 
throu{^  the  air  will  often  deviate  considembly  ftoui  the  vertical  pliiiic. 
Then-  is  no  ditticultv  in  so  projectinj^  ;v  ball  agiiiust  a  vertical  w;ill  tlint 
uILlt  rebounding  ublii}U(_'ly  it  shall  coint'  back  in  the  air  and  strike  the  s^inic 
wall  again.  It  its  aotnutinics  Hupposud  that  thia  phuuumeua  is  to  be  explaintKl 
as  a  sort  of  MoUonal  rolUng  of  the  rotating  ball  on  the  air  ctmdensed  in  ftont 
of  it,  but  the  actual  denati<m  is  in  the  opporite  direction  to  that  which  this 
explanation  Hupposca  A  ball  projected  horisontally  and  rotating  about  a 
vcrtic-il  axis,  deviates  fmm  (he  vertical  plane,  a-s  if  it  were  n»lling  on  the  air 
behind  it.  The  true  explanation  was  given  in  general  terms  many  years  ago 
by  Prof.  Miignus,  in  a  paper  "  On  the  Deviation  of  Projectiles, "  publii>hed 
in  the  Jfsmotr*  qf  tfts  Beriin  Academy,  1852,  and  translated  in  Tkyloi's 
flSMMiijSe  Jfsmotiv,  1853,  p.  210.  Instead  of  saj^podng  the  ball  to  move 
thibugh  air  which  at  a  sufficient  distance  remuns  undisturbed,  it  is  rather 
more  convenient  to  transfer  the  motimi  to  the  air,  ko  that  a  uniform  stream 
impinges  on  a  ball  whose  centre  maintains  its  position  in  sjMie-e — a  change 
nut  affecting  the  relative  motion  on  which  alone  the  mutual  forces  uiu 
depoid.  Under  these  ctreurastasoee^  if  thete  be  no  rotation,  the  action 
of  the  stream,  whether  there  be  firictiou  or  not,  can  only  give  rise  to  a  force 
in  the  direction  of  the  stream,  having  no  lateral  component.  But  if  the  ball 
rotate,  the  friction  between  the  solid  surface  and  the  adjacent  air  will 
generate  a  sort  of  whirlpool  of  rotating  air,  whose  effect  may  be  to  modify 
the  force  due  to  the  stream.  If  the  rotation  take  place  about  an  axis 
perpendicular  to  die  stream,  the  superposition  of  the  two  motions  gives 
rise  on  the  one  side  to  an  augmented,  and  on  the  otiier  to  a  diminished 
velocity,  and  consequently  to  a  lateral  force  urging  the  ball  towards  that 
side  on  which  the  motions  conspire. 
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Hie  only  weak  plaoe  in  this  aigament  is  in  the  last  step,  in  which  it  is 
assumed  that  the  pressure  is  greatest  on  the  side  where  the  velocity  is  least. 
The  law  that  a  diminished  pressure  accomiMvnies  an  incrciu^cd  velocity  is  only 
generally  true  on  the  assumption  that  the  Huid  is  frictiuuless  and  unacted 
CD  by  external  forces ;  whereas,  in  the  present  case,  friction  is  the  immediate 
cause  of  the  whirlpool  motion.  The  actual  mode  of  generation  of  the  lateral 
fiwee  will  be  peihapa  better  undentood,  if  we  suppose  small  vertical  blades  to 
project  fi-om  the  sur&ce  of  the  ball.  On  that  side  of  tile  ball  where  the 
motion  of  the  Mades  is  up  stream,  their  anterior  faces  are  in  part  exposed 
to  the  pressure  <ln<'  to  the  augineuted  relative  velocity,  which  pressure 
necessarily  operates  also  on  the  contiguous  spherical  surface  of  the  ball. 
On  the  otiier  side  the  lelative  motion,  and  therefore  also  the  lateral  preamre, 
is  less ;  and  tiras  an  uncompensated  lateral  force  remains  over. 

The  principal  object  of  the  present  note  is  to  propose  and  solve  a  problem 

which  has  sufficient  relation  to  practice  to  be  of  interest,  while  its  mathe- 
matical conditions  are  simple  euougli  to  allow  of  an  exact  Nolutioti  being 
t)btaiiii'(l.  For  this  purpose  I  Like  the  e;use  of  a  cylinder  round  which  a 
perfect  fluid  circulates  without  molecular  rotation.  At  a  great  distance 
from  the  cylinder  the  fluid  is  supposed  to  move  with  uniform  velocity, 
and  the  whole  motion  is  in  two  dimensiuos.  On  these  suppositions  the  stream 
function,  on  which  the  whole  motion  depends,  is  of  the  form 

^»o^l  -^j  rain  tf  +  ^a lug r, 

where  r,  are  the  polar  ooordxnstea  of  any  point  of  the  fluid,  meamu'ed  fipun 
the  centra  of  the  cylinder  and  the  direction  of  the  stream,  as  pole  and  initial 

line  respectively,  a  is  the  radius  of  the  cylinder,  and  a,     are  constant 

coefficients  proportional  respectively  to  the  velocity  of  the  general  current 
and  the  velocity  of  circulation  round  the  cylinder.  When  r  =  a,  yfr  is 
constant,  showing  that  the  surface  of  the  cylinder  is  a  streara-liue.  The 
radial  velocity  at  any  point  is  given  by 

SO  that,  when  r  =  X  and  0  =  0,  the  radial  vciucity  is  a,  which  is  tberafore 
the  genenil  velocity  of  the  stream. 

At  the  surfac(>  of  the  cylinder  there  is  no  radial  velocity,  and  the 
magnitude  of  the  tangential  velocity  is  given  by 

Hence,  if  be  tiie  pressnra  at  a  distance,  and  p  the  pressure  at  any 
point  on  the  surface, 

2  =    -  (2a  sin   +  fifdf. 
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the  density  of  the  fluid  being  taken  as  unity.   Thus  the  lateral  force 

*     (p  - pj  o  Hiu    <W-  -  [2]  ira/d ; 

it  is  thereftwe  propMtioital  both  to  the  Teloeby  of  the  motion  of  circulation, 
and  also  to  the  velocity  with  which  the  cylinder  moves  reUtivdy  to  the 
fluid  at  a  distance. 

If  the  v(>lority  of  rimilation  depending  on  /9  be  small,  the  charsctor 
of  the  stream-lines  difiers  but  little  from  that  given  by 

-  a (1  —  a*ft^ran  $, 

currespunding  to  a  Hitnple  Htrcaui ;  but  whun  ^  attains  a  curtain  point 

of  magnitude,  the  stream-lines  in  the  neighbourhood  of  the  cylinder  b^ome 

re-entrant. 
* 

Sir  W.  Thorosoo  has  proved  that,  if  in  an  infinite  mass  of  otherwise 
quiescent  fluid  there  exist  irrotatioaial  cizculation  round  a  moveable  cylinder, 

the  amount  of  the  circuhit  ion  cannot  be  changed  by  any  foixses  applied  to  the 
cylinder*.  IIcucl',  if  the  cylindtT  receive  an  irnpulso,  it  will  uftrrwanls  move 
in  a  circle,  and  the  dircctiou  of  revolution  will  be  [the  same  as]  that  of  the 
circulation  of  the  fluid. 

It  must  not  be  forgotten  that  the  motion  of  an  actual  fluid  would  differ 
materially  from  that  supposed  in  the  preceding  calculation  in  consequence  of 
the  unwillingneas  of  stream-lines  to  close  in  at  the  stem  of  an  obstacle,  bat 
this  circumstance  would  have  more  bearing  on  the  Ibroe  in  the  direction 
of  motion  than  on  the  lateral  oomponoit. 

[1899.  The  corrections  introduced  in  square  brackets  were  indicated  by 
Greeiihill  in  a  paper  (Meaa.  of  Math,  vol.  IX.  p.  113, 1880),  where  the  subject 
is  further  developed.] 

•  Tortn  Hotioo,  SdMmrgk  TnmtaeHmu,  1806. 
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A  SIMPLE  PROOF  OF  A   THEOREM   RELATING  TO  TUE 

POTENTIAL. 

[ilf0SC0ti^«r  of  Matheataiics,  viL  p.  69,  1878.] 

The  value  of  Ji  functii)ii  wliicli  sjvtisfies  Ijjiplace's  e(|uation  within  a  closed 
aurfacc  is  delurmiuud  by  the  vuIuuh  at  thu  suriiice.  It'  two  surfucu  distri- 
butions be  superposedj  the  value  at  any  internal  point  ia  the  aum  of  those 
due  to  the  two  sutfiioe  di8btbuti<mB  oonatdered  sepantdy.  By  means  of 
thia  principle  a  very  ritnple  proof  may  be  given  of  the  known  theorem 
that  the  value  of  the  potential  at  the  centre  of  a  sphere  ia  the  mean  of 
those  distributed  over  the  surface. 

On  account  of  the  symmetry  it  is  clear  that  the  ctMitml  value  woiild  not 
be  affected  by  any  rotation  of  the  sphere,  to  which  the  surface  values 

are  suppose*!  to  he  rigidly  attached. 

Thus,  if  we  conceive  the  s]ihere  t<i  be  turned  into  n  different  positions 
taken  at  random  and  the  resulting  surface  distributions  to  be  superposed, 
we  obtain  a  new  surfiuse  distribation,  whose  mean  valae  is  n  times  greater 
than  beibro,  determining  a  central  value  which  is  also  n  times  greater 
than  that  due  to  the  original  distribution.  When  n  is  made  infinite,  the 
surFace  distribution  becomes  constant,  in  which  ruse  the  central  value  is 
the  same  as  the  surface  value.  From  this  it  follows  that  in  the  original 
state  of  things  the  central  value  was  the  mean  of  the  surface  values. 
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THE  EXPLANATION  OF  CERTAIN  ACOUSTICAL  PHENOMENA. 

[Boy.  IngL  Proo.  viii.  pp.  536—542,  1878;  Hature,  xviil  pp.  319—321, 

187&] 

Musical  sounds  have  their  origin  in  the  vibrations  of  material  systems. 
In  many  ca-ses,  e.r;.  the  pianoforte,  tho  vibmtions  aro  free,  and  are  then 
nccoHsarily  of  Bhort  duration.  In  other  cases,  e.g.  organ  pipes  and  in.stru- 
ment.s  of  the  violin  class,  the  vibrations  arc  maintained,  which  can  only 
happen  when  the  vibvating  body  is  in  ooonexion  with  a  sonrce  of  en^gy, 
oapable  of  compensating  the  loss  caused  by  ftietum  and  gmeration  of  aerial 
w.iv(  s  The  theory  of  free  vibrations  is  tolerably  oomptet^  but  the  ex- 
phiiiutions  hitherto  given  of  maintained  vibrations  are  gmerally  inadequate 
and  in  most  cases  altogether  illusory. 

In  conse(juence  of  its  connexion  with  a  source  of  energy,  a  vibrating 
body  is  subject  to  certain  forces,  whose  nature  and  effects  are  to  be 
estimated.  These  forces  are  divinble  into  two  gronpe.  The  first  group 
operate  upon  tiie  periodic  time  of  the  vibration,  t.e.  upon  the  pitch  of  the 
resulting  note,  and  their  cfTect  may  be  in  either  direction.  The  second 
group  of  forces  do  not  alter  the  pitch,  but  either  encourage  or  discoumge  the 
vibnition.  In  the  first  case  only  can  the  vibration  be  maintained ;  so  that 
for  the  explanation  of  any  maintained  vibration,  it  is  necessary  to  examine 
the  character  of  the  second  group  of  forces  sufifioientiy  to  discover  whether 
their  effect  is  &vonrable  or  un&vourable.  In  illustration  of  these  remarks, 
the  simple  on.se  of  a  common  pendulum  WM  considered.  The  effect  of  a 
small  perioflic  horizontal  impulse  is  in  general  both  U)  alter  the  periodic 
time  and  the  ainplitvule  of  vibration.  If  the  impulse  (supjMxsed  to  he  always 
in  the  same  direction)  acts  when  the  pendulum  passes  through  its  lowest 
position,  the  force  belongs  to  the  second  group.  It  leaves  the  periodic  time 
unaltered,  and  encourages  or  discourages  the  vibration  aoo(»ding  as  the 
direction  of  the  pendulum's  motion  is  the  same  or  the  opposite  of  that  of  the 
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impulse.  If,  on  the  other  hand,  the  impulse  acts  when  the  penduluin  is  at 
one  or  other  of  the  limits  <»f  its  swing,  the  effect  i.s  solely  on  the  periodic 
time,  and  the  vibratiou  ia  neither  eiicuiiraged  uor  discouraged.  In  order  to 
encourage,  i.e.  practically  in  order  to  maintain,  a  vilmtioii,  it  ia  neoenary 
that  the  forces  dionld  not  depoid  solely  upon  the  position  d  the  yibrating 
body.  Thus,  in  the  case  of  the  pendulum,  if  a  small  impube  in.  a  given 
direction  acts  upon  it  every  time  that  it  paj»e8  through  its  lowest  position, 
the  vibnition  is  not  niiiintained,  the  atlvantage  giiined  jis  the  pendulnni 
makes  ii  passage  in  the  same  direction  an  that  in  which  the  impulse 
aets  being  exactly  neutralized  on  the  return  passage  when  the  motion  is 
in  the  opposite  direotion. 

As  an  eiample  of  the  application  of  these  principles  the  nwinteiMiioe  of 
an  electric  tuning-fork  was  discussed.  If  the  magnetie  foioes  depended  only 
upon  the  position  of  the  fork,  the  vibration  could  not  be  maintained.  It 

appears  therefore  that  the  explanations  usually  given  do  not  touch  the  real 
pfjint  at  ail.  The  fact  that  the  vibrations  are  niaintaine<l  is  a  proof  that  the 
forces  do  not  depend  solely  upon  the  position  of  the  fork.  The  causes  of 
devintbn  are  two — the  eelf-indaotion  of  the  electric  oarrents^  and  the 
adhesion  of  the  mercury  to  the  wife  whose  motion  makes  and  breaks 
the  contact.  On  both  accounts  the  magneldo  forces  are  more  powerful 
in  the  latter  than  in  the  earlier  part  of  the  contact,  although  the  |)osition 
of  the  fork  is  the  .same ;  and  it  is  on  thi.s  difference  that  the  ])ossibility 
of  maintenance  depends.  Of  course  the  arrangement  must  be  such  that 
the  retardation  of  force  encourages  the  vibration,  and  the  arrangement 
which  in  fact  encourages  tlie  vibration  would  have  had  the  opposite  eflfoct, 
if  the  nature  of  electric  currents  had  been  such  that  they  were  more  powerful 
during  the  eariier  than  during  the  later  stages  of  a  contact 

In  order  to  bring  the  subject  within  the  limits  of  a  lecture,  one  class  of 
maititainefi  vibmtions  was  .selecte<l  for  discussion,  that,  namely,  of  which 
lieiit  is  the  motive  power.  The  best  iuidet>it<MMl  example  of  this  kind  of 
maintenance  is  that  afforde<l  by  Trevelyun's  bars,  or  rockers.  A  heated 
brass  or  copper  bar,  so  shaped  as  to  ndc  readily  finom  one  point  of  support 
tt>  another,  is  laid  upon  a  cold  block  of  lead.  The  communication  of  heat 
through  the  point  of  support  expands  the  lead  lying  immediately  below 
in  such  a  manner  that  the  rocker  receives  a  small  impulse.  During  the 
interruption  of  the  cont4\ct  the  communicated  heat  ha.s  time  to  disixTse 
itself  in  some  degree  into  the  moss  of  lead,  and  it  ia  not  difficult  to  see  that 
the  impulse  is  of  a  kind  to  enoonn^e  die  motion.  But  the  most  interssting 
vibffati<ms  of  this  daas  are  those  in  which  the  vibrating  body  ooasists  of  a 
mass  of  air  more  or  leas  comf^etoly  confined. 

If  heat  be  perio^eally  communicated  to,  and  abstracted  ftom,  a  mass 
of  air  vibrating  (for  example)  in  a  cylinder  bounded  by  a  piston,  the  effect 
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produced  will  depend  ii]>oti  the  phase  of  the  vibration  at  which  the  transfer 
of  heat  Uikes  place.  If  heat  be  given  to  the  air  at  the  moment  of  greatest 
condensjition,  or  taken  from  it  at  the  tnoment  of  greate-st  rarefaotion,  the 
vibnvtioii  i»  encouraged.  Ou  the  other  hand,  if  heat  be  given  at  the  moment 
of  greatesfe  nre&otion,  or  abstnetod  al  the  mommit  of  greatest  oondeoBatioii, 
the  vibiation  is  dieeotinged.  The  latter  effieet  takee  pboe  of  itselC  when  the 
rapidity  of  alternation  is  neither  very  great  nor  very  small,  in  coDaeqaenee  of 
radiation ;  fur  when  air  is  condensed  it  becomes  hotter,  and  communicates 
heat  to  surrounding  bodies.  The  two  extreme  c^vses  are  exceptional,  though 
for  diifcrimt  reasons.  In  the  hrut,  which  corresponds  to  the  suppositions  of 
Laplaoe't  thecMrjr  of  the  propagation  of  eoond.  thwe  is  not  soffii^nft  tame  for 
H  sensible  tnosfer  to  be  ^ected.  In  the  second,  the  temperatare  remains 
nearljr  constant,  aud  the  loss  of  heat  occurs  during  the  proeeti  of  con- 
densation, and  not  wlien  the  condensation  is  effected.  This  cjuso  corresponds 
t^»  Newton's  theory  of  the  velocity  of  sound.  When  the  transftT  of  heat 
takes  place  at  the  moments  of  greatest  condensation  or  of  grejitest  raie- 
fiustion,  the  pitch  is  not  affected. 

If  the  air  be  at  its  normal  dennty  at  the  moment  when  the  transfer 
of  heat  takes  place,  the  vibration  is  neither  enootiniged  nor  discouraged, 

but  the  pitch  is  altered.  Thus  the  pitch  is  raised,  if  heat  be  communi- 
cated to  the  air  a  quarter  period  he/ore  the  phase  of  greatest  condensation, 
and  the  pitch  is  lowered  if  tlu^  heat  be  communicated  a  quarter  period  -a/2«r 

the  phase  of  greatest  condensation. 

In  general  both  kinds  of  effects  are  j)n)dueo<l  by  a  |)eriodic  tmiisfer 
of  heat.  The  pitch  is  altered,  and  the  vibration.s  are  either  encouraged  or 
discouraged.  But  there  is  no  ^ect  of  the  second  kind  if  the  air  concerned 
be  at  a  loop,  ia.  a  place  where  the  density  does  not  vary,  nor  if  the  com- 
munication of  heat  be  the  s.une  at  any  stage  of  rarefaction  as  in  the 
corresponding  stage  of  condeu.sation. 

The  first  example  of  aerial  vibrations  maintainetl  by  heat  was  found  in  a 
phenomenon  which  has  often  been  observed  by  ghtss-blowers,  and  wtus  nuvde 
the  subject  of  a  systematic  investigation  by  Dr  Soudhauss.  When  a  bulb 
about  ihree-qnarten  of  an  inch  in  diameter  is  blown  at  the  end  of  a 
somewhat  narrow  tube,  5  or  6  inches  in  length,  a  sound  is  sometimea  heard 
proceeding  from  the  heated  glass.  It  wa^  proved  1^  SondhauSS  that  a 
vibration  of  the  ghus.s  itself  is  no  essential  part  of  the  phenomenon,  and 
the  same  observer  was  very  successful  in  discovering  the  connexion  between 
the  jntch  of  the  note  and  the  dimensions  of  the  apparatus.  But  no 
explanation  (worthy  of  the  name)  of  the  production  of  sound  has  been 
given. 

For  the  aake  <tf  simplicity,  a  simple  tube,  hot  at  the  dosed  end  and 
getting  gradually  oooler  towaids  the  open  end,  was  first  oonridered.   At  a 
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quarter  of  n  period  before  the  phase  of  greatest  rondonstttion  (which  occurs 
almost  siinultjineously  at  all  parts  of  the  column)  the  air  is  moviug  iuwardo, 
i.e.  towards  the  closed  end,  and  therefore  is  passing  from  colder  to  hotter 
parti  of  the  tube ;  bat  the  heat  reonred  at  this  moment  {ct  ncntnal  deoritjr) 
has  DO  effect  either  in  enoouiagi^g  or  diaooura^ing  the  vibration.  The  same 
would  be  true  of  the  entire  operation  of  the  heat,  if  the  a^jnttment  of 
tempi'rature  were  in«tjiiit;inenus,  ho  that  there  was  never  any  sonsihio 
(liflerenco  between  the  iLinjierutiires  of  the  air  and  of  the  nt  ighhouring 
parts  of  the  tube.  But  iu  fact  the  adjustment  of  temperature  takes  time, 
and  thus  the  tempmature  of  the  air  deviates  from  that  of  the  ne^hbouring 
parts  of  the  tnbe,  inclining  towards  the  temperatare  of  that  part  of  the  tube 
from  which  the  air  has  just  come.  From  this  it  fcXkma  that  at  the  phase 
of  greatest  condensation  heat  is  received  by  the  air,  an<l  at  the  phase  of 
greatest  rarefaction  is  given  up  from  it,  and  thus  there  is  a  tendency  to 
maintain  the  vibrations.  It  must  not  be  forgotten,  however,  that  apart 
from  transfer  of  heat  altogether,  the  condensed  air  is  hotter  than  the 
rarefied  ttr,  and  that  in.  order  that  the  whole  effect  of  heat  may  be  on 
the  side  of  enoonragcmcnt,  it  is  necessary  that  previous  to  condensjvtion  the 
air  should  pass  not  merely  towiinls  a  hotter  part  f>f  the  tube,  but  towards  a 
part  of  thi'  tube  whii  li  i-<  hotter  than  the  air  will  Ik-  when  it  arrives  there. 
On  this  account  a  great  range  of  temperature  is  necessary  for  the  mainten- 
ance of  vibration,  and  even  with  a  great  range  the  influence  of  the  transfer 
of  heat  is  necessarily  unfevourable  at  the  dosed  end  where  the  motion  is 
very  small.  This  Lb  probably  tlx  re.u^tn  of  the  advantage  of  a  bulb.  It  is 
obvious  that  if  the  Ofien  end  of  the  tube  were  heate<l,  the  effect  of  the 
transfer  of  heat  would  be  even  more  unfavourable  than  in  the  case  of  a 
tempemture  uniform  throughout. 

The  sounds  emitted  by  a  jet  of  hydrogen,  burning  in  an  open  tube,  were 
noticed  sotm  after  the  dW>v«ry  of  the  gas,  and  have  been  the  subject  of 
several  elaborate  inqniiiea.  The  fact  that  the  notes  are  substantially  the 
same  as  those  which  may  be  elicited  from  the  tube  in  other  ways^  by 
blowing,  was  announced  by  ChladnL  Fanid.iy  proved  that  other  gases  were 
conipctt'nt  to  take  the  ])lace  of  hydrogen,  though  not  without  disadvantjige. 
But  it  is  to  Sondhauss  that  we  owe  the  most  detailed  examination  of  the 
eireiimstances  under  which  the  sound  is  produced.  His  experiments  prove 
the  importauce  of  the  part  taken  by  the  column  of  gas  in  the  tube  which 
supplies  the  jet.  For  example,  sound  cannot  be  obtjiined  with  a  supply  tube 
which  is  plnc^c^'od  with  cotton  in  the  neighbourho<Mi  of  the  jet,  although  no 
dit^ereiice  can  be  detected  by  the  eye  between  the  Hanie  tinis  obtained  and 
others  which  are  competent  to  excite  sound.  When  the  supply  tube  is 
unobstructed,  the  sounds  obtainable  are  limited  as  to  pitch,  often  dividing 
themselves  into  detached  groups.  In  the  intervals  between  the  groups 
no  ooazing  will  induce  a  maintained  sound,  and  it  may  be  added  that^ 
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for  a  parL  oi  the  iuterval  at  any  rate,  the  influence  of  tho  flame  Ls  inimical,  so 
Ihat  a  ifilitmtioii  Btarted  by  a  blow  is  damped  more  rapidly  than  if  the  jet 
were  not  ignited. 

Partly  in  consequence  of  the  peculiar  behaviour  of  Barnes  and  pcurtly 
for  other  teaaons,  the  thorough  explanation  <^  these  phenomena  is  a  matter 

of  flome  difficulty;  but  there  can  be  no  doubt  that  they,  fall  under  the  head 

of  vi])riitioiiK  raaintainc<I  by  heat,  tho  heat  lu'ing  communicated  periodically 
to  the  mass  of  air  pontiiu  d  in  the  sounding  tube  at  a  phice  where,  in  the 
courtM!  of  a  vibmti<jii,  the  pressun;  varies.  Although  some  authoi"s  ha\e 
shown  an  inclination  t«)  luy  Htress  upt>n  the  effects  of  the  current  of  air 
parsing  through  the  tube,  ^e  sounds  can  readily  be  prodnoed,  not  only  when 
there  is  no  through  dnuigfat,  bnt  even  when  the  flame  ia  so  ntuated  that 
there  is  no  sensible  periodic  inotinn  of  the  air  in  its  neighbunrliood.  In  the 
courne  of  the  lecture  a  globe  inteinied  for  burning  phosphorus  in  oxygen  gas 
was  used  as  a  n  soiiatur,  and,  when  excited  bv  a  hydrogen  Hame  well  removed 
from  the  neck,  gave  a  pure  tone  of  about.  95  vibrations  per  second. 

In  oonstf(juence  of  the  variable  pressure  within  the  resonator,  the  i.>isue  of 
gas,  and  therefore  the  development  of  heat,  varies  during  the  vibration. 
The  qneation  ib  under  what  oireumatanoea  tiie  variatiim  ia  of  the  kind 
neoeaaary  for  the  maintenance  of  the  vibration.  If  we  were  to  anppoae, 
an  we  might  at  fitat  be  inclined  to  do,  that  the  issue  of  gaa  is  greatest  when 
the  presstire  in  tho  resonator  is  lea.st,  and  that  the  phas('  of  greatest 
dev(;lopnient  of  heat  coincide^i  with  that  of  the  greatest  issue  of  gas,  we 
should  have  the  couditiou  of  thiug^i  the  most  unfavourable  of  all  to  the 
pennatence  of  the  vibration.  It  is  not  diflBcatti  howevor,  to  see  that  both 
auppoeitiona  are  incorrect  In  the  anpidy  tube  (auppoaed  to  be  unplugged, 
and  of  not  too  small  bore)  stationary,  or  iqyproximately  etationary,  vibrationa 
are  excited,  whose  phase  is  cither  tbe  same  or  the  oppwite  of  that  of  the 
vibration  in  the  resonator.  If  the  length  <»f  the  supply  tube  from  the 
burner  to  the  open  end  in  the  gas-generating  flask  be  less  than  a  quarter  of 
the  wa^l^gth  in  hydrogen  of  the  actual  vibration,  the  greateat  iiaae 
of  gas  pnoedM  by  a  quarter  period  the  phase  of  greatest  oondenaation ; 
so  that,  if  the  development  of  heat  is  retarded  somewhat  in  comparison  with 
the  i.s8ue  of  gas,  a  state  of  things  exists  favouraltle  to  the  maintenance  of  the 
sound,  tvune  such  retanlation  is  inevitable,  because  a  jet  of  iiiHatnirudjle 
gas  can  burn  only  at  the  outside  i  but  in  many  cases  a  still  more  |)oteut 
caoae  may  be  found,  in  the  fiwt  that  daring  the  retreat  of  the  gaa  in  the 
supply  tube  small  quantities  of  air  may  enter  from  the  interior  of  the 
reaooator,  whose  expulsion  must  be  ^fected  before  the  inflammable  gaa 
can  again  begin  to  eacape. 

If  the  length  of  the  supply  tube  amounts  to  exactly  one  quarter  of  the 
wave-length,  the  stationary  vibration  within  it  will  be  of  anch  a  character 
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that  a  IU)<ik^  is  formod  at  the  burner,  the  variable  part  of  ihv  prefwiuv  just 
luside  the  burner  beiug  the  same  as  in  the  interior  of  the  resonator.  Under 
these  cixeometaiieee  there  is  nothing  to  make  the  flow  of  gas,  or  the 
development  of  heat,  variable,  and  therefore  the  vibtation  cannot  be 
maintained.  This  particular  caae  is  free  from  some  of  the  diflScuIties  which 
attach  thcmsolvos  to  the  generixl  problem,  and  the  oonclnaion  is  in  accord- 
ance with  Sondhauss'  observations. 

When  the  supply  tube  is  somewhat  longer  than  a  quarter  of  the  wave, 
the  motion  of  the  gas  is  materially  different  from  that  first  described. 
Instead  of  preceding,  the  greatest  outward  flow  of  gas  J'oUmus  at  a  quarter 
period  interval  the  phase  of  greatest  omdenaation,  uid  ther^ire  if  the 
development  of  heat  be  somewhat  retarded,  the  whole  effect  is  un&vourable. 
This  state  of  things  continues  to  prevail,  as  the  supply  tube  is  lengthened, 
until  thf  !rnL':th  of  half  a  wave  is  reached,  after  which  the  motion  again 
changes  sign,  so  iis  to  restore  the  possibility  of  maintenance.  Although  the 
size  of  the  flame  and  its  position  in  the  tube  (or  neck  of  resonator)  are  not 
without  influence,  this  sketch  of  the  thcMy  is  suflBdent  to  explain  the  &ct, 
foraralated  by  Sondhauss,  that  the  priodpal  element  in  the  question 
is  the  lengtii  of  the  supply  tube. 

The  ncKt  example  of  the  production  of  sound  by  heat,  shown  in  the 
lecture,  was  a  very  interesting  phenomenon  discovered  by  Kijke.  When  a 
piece  of  fine  iiir  tAllic  gauze,  stretching  across  the  lower  part  of  a  tube  open 
at  both  ends  and  held  vertically,  is  heated  by  a  gas  flame  placeti  under  it,  a 
sound  of  considerable  power,  and  lasting  for  several  seconds,  is  observed 
almost  immediately  a/fer  the  removal  of  the  flame.  DiflRwing  in  this  respect 
ftom  the  case  of  sonorous  flames,  the  generation  of  sound  was  found  by  lUjke 
to  be  closely  connected  with  the  formation  of  a  through  draught,  which 
imping&s  upon  the  heated  gauze.  In  this  form  of  the  experiment  the  heat 
is  soon  abstnuiteil,  and  then  the  sound  ceases ;  but  by  keeping  the  gauze  hot 
by  the  current  fix>m  a  powerful  galvanic  battery,  Rijke  was  able  to  obtain 
the  prolmigation  of  the  sound  tot  an  indeflnite  period.  In  any  case 
from  the  point  of  view  of  the  lecture  the  sound  is  to  be  regarded  as  a 
mamtahisi  sound. 

In  accordance  with  the  genen\l  views  already  explained,  we  have  to 
examine  the  character  of  the  variable  communication  of  heat  from  the 
g^uze  to  the  air.  So  far  as  the  communication  is  affected  directly  by 
variations  of  pressure  or  density,  the  influence  is  unfavourable,  inasmuch 
as  the  air  will  receive  less  heat  from  the  gauze  when  its  own  temperatore 
is  raised  by  condensation.  The  maintenanoe  depends  upon  the  variable 
transfer  of  heat  due  to  the  varying  motions  of  the  air  through  the  gauze, 
this  motion  being  compounded  of  a  uniform  motion  upwanls  with  a  motion, 
alternately  upwards  and  downwards,  due  to  the  vibration.    In  the  lower 
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half  of  thf-  ttjhe  the.se  motions  conspiro  a  tjuarter  })eriod  before  the  phase 
of  greatest  coudcnsation,  and  oppoee  one  another  a  quarter  period  after  that 
pbaMb  The  mte  of  tnuuAr  of  hert  will  depend  mainly  upon  the  temperakue 
of  the  air  in  eooteet  with  the  graae,  being  gieateat  when  that  tempeminie 

10  lowest.  Perhaps  the  easiest  way  to  trace  the  mode  of  action  is  to  be^n 
with  the  cnKe  of  a  mmple  vibration  without  a  st^-.-irly  nirrent.  Under  tht  se 
circutnstanres  the  whole  of  the  air  which  ron)eH  in  contact  with  the  metal, 
in  the  c<jui-84.;  of  a  complete  peritxi,  becomei^  heated ;  and  after  this  state 
of  things  is  eatabluhed,  theie  is  oompantivelj  little  farther  transfer  of  beat 
Tb»  eflRsct  of  sopeipoaing  a  small  steady  npwaids  cnxTMit  is  now  eanly 
recognized.  At  the  limit  of  the  inwards  motion,  itf.  at  the  phase  of  greatest 
condeiiHution,  a  Hmall  quantity  of  air  comes  into  contact  with  the  metal, 
which  has  not  done  so  before,  and  is  aoconlingly  cotA ;  and  the  heat  com- 
municated to  this  quantity  of  air  acts  in  the  most  fiivourable  manner  for 
the  maintenance  of  the  vibration. 

A  quite  different  result  ensues  if  the  gauze  be  placed  in  the  u/>/)er  half  of 
the  tube.  In  this  ease  the  ttetk  air  will  eome  into  the  field  at  ^  moment 
ci  greatest  mrefiMstion,  when  the  communication  of  heat  has  an  anbvonnkble 
instead  of  a  favourable  efleot  The  principal  note  of  the  tube  therefine 
cannot  be  sounded. 

A  complementary  phenomenon  diaooversd  by  6o.«ischa  and  Riess  may  be 
explfiincd  up<jn  the  .same  principles.  If  a  current  of  hot  air  impinge  upon 
cold  gauze,  .sound  is  produced;  but  in  order  to  obtain  the  principal  note 
of  the  tube  the  gauze  must  be  in  the  upper,  and  not  as  before  in  the  lower, 
half  of  the  tube.  An  experiment  due  to  Biess  was  shown  in  whidi  the 
sound  is  msintained  indefinitely.  The  npper  part  of  a  brass  tube  is  kept 
cool  by  water  contained  in  a  Un  veesd,  through  the  bottom  of  which  the 
tube  passes.  In  this  way  the  gauze  remains  comparatively  cool,  although 
ex]M)se(l  to  the  heat  of  a  g;us  flame  situated  an  inch  or  two  below  it.  The 
experiment  sometimes  succeeds  better  when  the  draught  is  checked  by  a 
plate  of  wood  placed  somewhat  closely  over  the  top  of  the  tube. 

Both  in  Rijke's  and  Riess'  experiments  the  variable  teansfer  of  heat 
depends  upon  the  motion  ot  vibration,  while  the  effect  ci  the  transfer 

depends  upon  the  variation  of  pressure.  The  ganse  most  therefi»re  be 

placed  where  both  effects  are  sensible,  i.e.  neither  near  a  node  nor  near 
a  loop.  About  a  (piarter  of  the  length  of  the  tube,  fnmi  the  lower  or 
upper  cud,  as  the  case  may  be,  appears  to  be  the  most  favourable  position. 
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UNIFORMITY  OF  ROTATION*. 

[JTature,  xviil  p.  Ill,  187a] 

LOBD  Batleioh  exMbited  and  explained  an  amngement  whieh  he  has 

eniployod  with  advantage  in  certain  acoustical  experiments,  in  order  to  secure 
absolute  uniformity  in  the  rate  of  rotation  of  an  axle.  After  referring  to  the 
mathematical  principles  involved  in  such  a  problem,  he  explainwl  that  the 
only  ho^ie  of  itH  solution  lay  in  the  employment  of  a  vibratory  movement, 
which  by  some  Boitahle  device  nnisk  he  oonTerted  into  a  motion  of  rotation. 
The  axle  whoee  motion  it  is  required  to  maintain  uniform  is  osnally  driven  at 
an  approximately  anifotm  rate  by  means  of  a  small  horiiontai  watM^wheel, 
or,  in  some  cases,  the  electm-magnetic  regulating  apparatus  presently 
described  is  sufficient  by  itself  to  supply  the  necessary  j)ower.  At  (Mpial 
disUinces  round  the  axle  are  arranged  four  soft  iron  armatures  which  succes- 
sively come  in  front  of  the  poles  of  a  hone-shoe  eleotro-magnet  plamd  in  the 
circuit  of  a  four-cell  Grove  hatteiy.  The  current  is  rendered  intermittent  by 
the  following  arrangement.  Passing  into  the  body  of  a  tuning  fork  vibrating 
about  40  times  per  second,  it  leaves  by  a  small  platiinim  stud  which  is 
t<iuched  at  eivch  vibration  of  the  fork;  the  curn  nl  tlicn  traverses  a  second 
small  electro-magnet  between  the  prongs,  and  by  thus  meanis  the  vibmtions 
are  maintained;  paariqg  to  the  magnet  above  refonred  to  the  current  then 
returns  to  the  battery.  The  vdoeity  of  the  axle  is  soeh  that  it  performs 
about  one  oinnpleto  revolution  for  every  four  vibratioiis  of  the  fork,  and  the 

*  £1899.  It  majr  be  proper  to  mention  that  the  report  hero  reprodaced  was  not  written  or 
flonwled      na.  I  ttOfy  aipliliMd     the  time  tlw  dlrtnetion  1m*«mb  fliia  wntmUm,  M 

Matet>Ilin[^  thfl  pus!  I  inn  of  the  revolving  piece,  and  an  ordinary  governor  which  reRiilatoH  the 
vAeity,  An  application  to  the  determination  of  absolute  pitch  ia  given  as  an  appendix  to  one 
•raqrwn«poniiM«hBi(Mil.  IVWW.188S.P.SH).  Itlw ■omiiUMM myMwd lo  —  tiirt 
the  prindpla  might  be  ap^isd  to  ttt>  wgalatlon  of  tq/uHatUL  iOmmtm  | 

23—2 
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exact  adjustment  is  effected  .us  follows.  If  the  driving  power  be  just  suffi> 
cieut  to  produce  the  desired  speed,  the  armatures  wiU  be  io  aUmoted  bj  the 
magnet  ae  to  be  exactly  opposite  to  it  at  the  middle  of  its  period  of  rMgoaHa." 
sation,  aud  so  long  as  this  position  in  maintained  the  magnet  will  not,  on  the 

whole,  affect  it.  But  if  a  disturbance  occur  in  the  driving  power  the 
armature  will  be  displaced  from  its  former  position  and  will  be  attracted  by 
the  magnet  until  the  error  is  coinpeusiited.  Besides  the  armatures  this  axle 
also  carries,  conoentric  with  it,  a  hollow  metallic  ring  filled  with  water,  and 
as  this  possesses  a  certain  mommtum  in  virtue  of  its  rotation,  it  will  act  as  a 
diag  tending  to  check  the  vekwity  in  case  it  increases,  and  in  a  eonvene 
manner  when  a  diminution  occurs.  A  blackened  di.sc  perforated  with  rings 
of  holes  of  variou.s  nuinbors  also  rot:it<^R  wit  h  tlie  ;ixlo,  and  by  placing  the  eye 
beiiiiid  the  ring  four  holes  and  obsi  r\ a  proni^'  of  the  fork  it  is  easy  to 
asccrUiiii  whether  the  uuiformity  is  niaiuLuiued,  since  iu  that  case  the  prong 
will  appear  to  remain  stationary. 

[1H9!J.  A  similar  apparatus  was  described  somewhat  earlier  by  La  Cour 
under  the  name  of  the  PAomm  Wheel.] 
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ON  THE  DETERMINATION  OF  ABSOLUTE  PITCH  BY  THE 

COMMON  HARMONIUM*. 

INaiure,  XU.  pp.  275<-276,  1879.] 

The  raethoda  described  dep^id  upon  the  principle  that  the  absolute 
freqaeDcies  of  vibration  of  two  musical  notes  can  be  deduced  from  the 
MttemaZ  between  them,  i.e.  the  ratio  of  Utdo*  frequencies,  and  the  number  of 
beats  which  they  occa.sion  in  a  given  time  when  sounded  together.  For 
example,  if  t  and  y  dmotf  thi>  frcfuioncies  of  two  notes  whoso  interval  is  an 
equal  temjuiniment  major  thinl,  we  know  thut  y=  l"25992ic.  At  the  same 
time  the  number  of  bciits  heard  iu  a  second,  depending  upon  the  deviation  of 
the  third  from  true  intonati<ni,  is  4y'-5A  In  tiie  case  of  the  harmofdum 
these  beats  are  readily  oounted  widi  the  aid  of  a  reranator  tuned  to  the 
common  over-tone,  and  thus  are  obtiiined  two  equations  from  which  the 
absolute  values  of  x  and  y  may  be  found  by  the  simplest  arithmetic. 

Of  course,  in  practice,  the  truth  of  an  equal  temperament  third  could  not 
be  taken  for  gntnted,  but  the  difficulty  thence  arising  would  be  easily  met  by 
including  in  the  counting  all  the  three  major  third.s  which  together  make  up 
an  octave.  Suppose,  for  example,  that  the  frequencies  of  c,  e,  g%  c'  are 
respectively  »,  y,  jr,  S«,  and  that  the  beats  per  seocmd  between  »  and  y  are  a» 
between  y  and  s  aro    and  between  $  and  2«  are  o.  Then 

from  which 

J  (25a +  206+ 16c),      y  =  H'12a  +  256  +  20c),      *  » JK40tt  +  326  +  25c). 

In  the  above  statements  the  octave  c — c  is  tor  simplicity  .supjxxsed  to  be 
true.  The  actual  error  could  be  readily  allowed  for,  if  required;  but  in 
practice  it  is  not  nece&wy  to  use  at  all,  inasmndi  as  the  third  set  cf  beats 
can  be  ooonted  equally  well  between  ^  and  a 

*  AlialiaatorspspairrMdtelmttwHariadAMoeistiaiitDem 
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Although  at  first  sight  the  niuthixl  jusl  sketched  looks  satisfactory,  it  is 
not  practical  in  the  case  of  the  harmoDiuro,  in  consequence  of  the  pitch  of 
the  various  notes  not  being  snffioientlj  constant  for  the  putpose,  even  when 

the  blowing  is  carefully  conducted  with  the  aid  of  a  memmie-gaiige.  A  small 

v;iri;ition  in  the  absolute  pitch  of  a  chord  when  sounded  under  slightly 
varying  pn-ssuns,  would  not  be  of  much  inipf)rt:incr,  but  the  slightest 
change  of  inteinal  in  fatal  to  the  succesii  of  the  method,  and  such  a  change 
actually  ocean. 

In  order,  therefore,  to  apply  the  fundamental  principle  with  success,  it  is 
necessaiy  to  be  able  to  check  the  accuracy  of  the  interval  which  is  supposed 
to  be  known,  at  the  same  time  that  the  beats  ars  being  counted.  Jt  the 

interval  be  a  inajur  tone  (9 : 8)^  its  exactness  is  proved  by  the  absence  of 
beats  between  the  ninth  component  of  the  lower,  and  the  eighth  component 
of  the  higher  note,  and  a  counting  of  the  beats  between  the  tenth  component 
of  the  lower  and  the  ninth  of  the  higher  note  completes  the  necessary  data 
for  determining  the  absolute  pitch. 

The  equal  temperament  whole  tone  (ri2246)  is  iutermediate  between 
the  minor  tone  (1*11111)  and  the  major  tone  (1*12500),  but  lies  much  nearer 
to  the  latter.  Regarded  as  a  distoibed  migor  ton^  it  gives  slow  beats*  and 
regarded  as  a  disturbed  minor  tone  it  gives  etHnparatively  quick  ones.  Both 
sets  of  beats  can  be  heiird  at  the  same  time,  and  when  counted  gi\  e  the 
means  of  calculating  the  absolute  pitch  of  lw»f  h  notes.  If  x  and  y  be  the 
ircqucncics  of  the  two  notes,  a  and  6  the  frequencies  of  the  slow  and  quick 
beats  respectively, 

9m^Sy  =  a,  9y-10««6, 

whoMse 

The  application  of  this  method  in  no  way  assumes  the  truth  of  the  equal 
temperament  whole  tone,  and  in  ikot  it  is  advantageous  to  flatten  the 
interval  somewhat  by  loading  the  upper  reed  with  a  nunute  fragment  of 
soft  wrax,  so  as  to  make  it  lie  more  nearly  midway  between  the  major  and 
the  minor  tone.  In  this  wiiy  the  rapidity  of  the  quicker  beats  is  diminished, 
which  facilitates  the  counting. 

It  is  imposaiblo,  of  course,  for  the  same  observer  to  count  both  sets  of 
beats,  and  thi'  counting  of  even  one  set  without  the  aid  of  resonators  would 
present  difficulties  to  most  unpractised  persons.  Greiit  assistance  may  be 
obtained  by  the  choice  of  a  suitable  positioo.  ▲  room  in  whidi  a  pure  time 
is  sounded  is  traversed  by  surfiuios  at  which  tiie  intensity  of  souml  is  vety 
much  reduced  in  consequence  of  the  superposition  of  vibrations  reflected 
from  the  walls  and  ceiling.  By  choosing  ;us  the  phice  of  observation  a 
position  where  the  intensity  of  the  beats  which  are  not  to  be  counted  is  a 
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minimum,  and  with  the  iiid  of  a  resonator  tuned  to  the  pitch  of  the  b(  nts 
which  are  to  be  counted,  the  listener  is  able  to  work  with  oiuso  and  certainty. 

The  course  of  an  experiment  is  then  as  follows : — The  notes  C  and  D  ai-c 
soonded,  and  at  a  given  signal  the  listeners  begin  counting  the  beats  whose 
pitch  18  about  and  ^  req>eotivdy.  At  the  expiration  of  a  measured 
interval  of  time  a  aeoond  rignal  is  given,  and  the  number  of  both  sets  of 
beats  IB  Fecorded. 

In  my  experiments  the  interval  of  time  was  ten  minutes  (in  one  case 
eleven  minutes),  and  the  rapidity  of  the  beats  wjus  about  four  a  Recond.  The 
listeners  counted  up  to  teti  only,  afWr  each  set  of  ten  tnakiiig  a  stroke  with  a 
pencil  ou  a  piece  of  paper.  The  number  of  strokes  wjis  afterwards  counted, 
mulfcipUed  by  ten,  and  added  to  the  number  which  the  listener  was  saying  at 
die  instant  of  the  second  signal.  The  following  are  the  detuls  of  the  actual 
observations: — 

September  16,  1878. — ^Period  of  observation  ten  minutes.  Numbers  of 
beats  2892  and  2341. 

on,,  /  9  x  2892  +  8  x  2341 

<t  =  ^6!o\r>  ^   VoV.  giving  ^  = 67-09, 

for  the  frequency  of  the  lower  note  C. 

September  17. — Period  of  observation  ten  minutes. 

a  =  giving  «- 67-04. 

September  18. — Perio<l  of  ob.srn  vation  ten  niiiiult's. 

a  =  W??.    =        giving  s  =  iiT2d. 
September  19. — Period  of  observation  eleven  minutes. 

«- W.  g™g  «-67-19. 

The  discrepancies  are  hardly  greater  tiian  may  be  attributed  to  enors  in 
giving  the  signab,  by  which  the  intervals  may  have  been  unduly  lengthened 
or  shortened  by  about  a  second.  On  each  day  after  the  counting  of  the 
beats  between  C  and  I),  the  harmonium  was  compared  with  a  Kunig  fork 
whose  nominal  frc(piency  wius  O-t.  In  order  to  obviate  any  objection  arising 
from  a  nuitual  intluencc  of  the  notes  of  the  harmonium,  both  C  and  D  were 
sounded  at  the  same  time  as  the  fork,  TbB  beats  betwera  0  and  tiie  fink 
were  counted  for  about  ninety  seconds,  during  which  time  the  fork  was  not 
bowed.  In  this  way  the  pitch  of  the  fork  came  out  on  the  four  days 
respectively  jvh  0406,  64-07,  04  1 7,  63-9S,  that  is  sotnewhat  sharper  than  its 
nominal  pitch,  a  result  in  agreement  with  that  obtained  by  other  methods. 

The  object  of  the  experiments  referred  to  was  rather  to  prove  the 
ptaeticabtUty  of  a  method  so  unusually  independent  of  special  apparatus. 
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than  tu  ubtam  a  result  cuiupeting  in  poiut  uf  accui-acy  with  tluwe  uf  Prof. 
McLeod  and  other  ezperimentan  on  this  subject.  Neverthdeis  it  is  believed 
that  very  aocumte  results  might  be  obtained  by  the  introduction  of  certain 

modifications.  Ten  minutes  is  near  the  limit  of  time  over  which  l  *  ats  can 
bo  conveniently  count^^d  by  a  single  listener,  but  experiment  piovetl  that  it 
i.s  perfectly  possible  for  one  listener  to  relieve  anothiT  without  any  brejik  in 
the  regularity  uf  the  counting.  Even  without  an  extension  of  time  a  more 
accurate  result  would  be  obtained  if  the  listenors  were  able  to  fix  the  tame 
for  themselves,  as  they  might  do  for  example  if  tiiey  could  conveniently 
observe  the  swinging  of  a  cluck  pendulum.  In  this  way  the  error  in  the 
time  interval  might  be  reduced  to  ]  second,  which  would  amount  to  hnt  one 
part  in  2+00  in  the  citse  of  a  ten  minutes'  observation.  In  consetpience, 
however,  of  the  imperfect  constancy  of  the  pitch  of  the  harmonium  notes, 
even  when  the  blower  is  assisted  by  a  pressure-gauge,  further  attempts  at 
accuracy  would  be  useless  unless  the  comparison  with  the  fork  were  simul- 
taneous with  the  other  observations.  In  that  case  the  result  would  be 
entirely  independent  of  variations  in  the  harmonium  notes,  and  no  difficulty 
would  be  exp(;rieaced  in  carrying  out  thu  method  excepting  thu  necessity  for 
more  observers. 
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[Frooeedmga  of  the  London  MalkenuOioid  Sooiely,  x.  pp.  4—18,  1879.] 

Many,  it  may  oven  be  said  most,  of  the  still  uncxpliunoil  phoiioniena 
of  Acoustics  art-  connected  with  the  instability  of  jets  of  Huid.  For  this 
iuatability  there  arc  two  cjiustj-s ;  the  first  is  oiMirativu  iu  tho  case  of  jets 
of  heavy  liquids,  e.g.,  water,  projeoted  into  air  (whoae  relative  density  is 
nq^^bleX  Mid  has  beoi  investigated  by  Plateau  in  his  admiiable  researches 
oo  the  figures  of  a  liquid  mass  withdrawn  frum  the  action  of  gravity.  It 
consists  in  the  operation  of  the  capillary  force,  whose  cffoct  is  to  render  the 
infinite  cylinder  an  unstable  form  of  e(]inlibtiuni,  and  to  favour  its  dis- 
integration into  detached  uijisse.s  whose  aggregate  surface  is  less  than  that 
of  the  cylinder.  The  other  cause  of  instability,  which  is  operative  even  when 
the  jet  and  its  environment  are  of  the  same  material,  is  of  a  more  dynamioal 
chanotw. 

With  respect  to  instability  dne  to  capillary  force,  tho  principal  problem 
is  the  determination,  as  far  as  possible,  of  the  mode  of  disintegration  of  .in 
infinite  cylinder,  and  in  particular  of  the  number  of  mosses  into  which  a 
given  length  of  cylinder  may  be  exjwcted  to  distribute  itself.  It  must, 
however,  be  observed  that  this  problem  is  not  so  definite  as  Plateau  seems 
to  think  it;  the  mode  of  falling  away  from  unstable  equilibrium  neoessarily 
depends  upon  the  peonliaritiea  of  the  small  displacements  to  which  a  system 
is  subjected,  and  without  which  the  position  of  equilibrium,  however  un- 
stiible,  could  not  be  departed  from.  Nevertheless,  in  practice,  the  latitude 
is  not  very  great,  because  some  kinds  of  disturbance  produce  their  effect 
much  more  rapidly  than  others.  In  fact,  if  the  various  disturbances  bo 
represented  initially  by  a„  Oti ••••sod  after  a  time t l)j  a^s<^, u,^t v,^,—, 
the  (positive)  quantities  91,  q,,  being  in  descending  order  of  magni- 
tude, it  is  easy  to  see  that,  when  a„  a,, ...  are  small  enough,  the  first  kind 
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necessarily  ;ic<|iiires  the  prepoixlcninoo.  For  example,  at  time  t  the  nitio  of" 
the  second  kind  to  the  first  ia  (a^i^o,)  e~ which,  independently  of  the 
value  of  0, :  ai,  can  be  made  as  small  as  we  please  by  taking  t  great  OMNigh. 
But,  in  <nder  to  allow  the  applieatioQ  of  the  analytical  exproeaions  for  ao 
extended  a  time,  it  is  generally  necessary  to  snppoee  the  whole  amotmt  of 
diaturbanoe  to  be  originally  extremely  small*. 

Let  MK,  then,  taking  the  axis  of  z  along  the  axis  of  the  cylinder,  suppose 
that  at  time  t  the  Burfince  of  the  cylinder  is  of  the  form 

r^a  +  act»kf,   (1) 

where  a  is  a  small  quantity  variable  with  tbe  time,  and  k  =  Sir/X,  X  being 

the  imve-letigth  of  the  original  disturbance.  Tho  infiurmation  that  we  require 
will  be  readily  obtained  by  Lagran^n 's  method,  when  we  have  calculated 
exprcKsioiiH  for  the  potential  and  kinetic  meigies  of  the  motion  repre- 
sented by  (I). 

The  potential  ener^^y  due  to  the  capillary  forces  is  a  question  meri'ly  of 
the  ^*ur^;w;c  of  the  lii|ui(l.  If  we  denote  the  surliice  correspondiug  (uu  the 
average)  to  the  unit  length  along  the  axis  by  a,  we  readily  find 

o- =  27ra  +  i7rtt*»o».   (2) 

In  this,  however,  we  have  to  substitute  for  a  (which  is  not  strictly 
constant)  its  value  obtained  from  the  couditiou  that  the  volume  enclosed 
per  unit  of  length,  is  given.    We  have 

S=Tra'  +  iira*,  (3) 

whence 

-Vl-)!'-*'^)  <*> 

Usii^  this  in      we  get  with  suflkient  appntximataon 

r 

<r-2V(iriJ)+*J^(Afltt«-l);   (5) 

or,  if  a«  be  the  value  of  a-  for  the  undisturbed  ctmdition, 

<r-ir,-l|(*^«-lX   .(6) 

From  this  we  infer  that,  if  ka  >  1,  the  aurfaee  is  greater  after  displace- 
meQt  than  before ;  so  that,  if  \  <  2ira,  the  displacement  is  of  such  a  chaiucter 
that  with  respect  to  it  the  system  is  stable.   We  are  here  concerned  only 

*  Some  of  the  theorenu  given  in  tbe  Prococdings  for  June  187S  {Theory  of  Sound,  §§  88,  89), 
[Art.  xxl],  for  tho  period  of  vibrations  abont  a  oonfigoratiou  of  atabk  eqailibrium,  are  applicable^ 
muUatit  matrndu,  to  the  tuaee  of  falling  away  from  unstable  eqailibrium  when  various  type* 
of  dtiflMHBttit  SM  tcnriimti.  For  example,  tbe  application  of  a  constnint  ooald  never  diminiiih 
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with  valiK's  of  ka  less  than  unity.  If  denote  the  cohesive  tension,  the 
jx)tential  euergy  V  reckoned  per  unit  of  length  froui  the  position  of  U4ui- 
librium  is 

F--2',^\l-ifcW)  (7) 

We  have  now  to  calculate  the  kinetic  energy  of  motion.  It  Is  easy  to 
prove  that  the  Telocity  potential  is  of  the  form 

A  J,  {ikr)  cos  kz,  (8) 

J.  being  the  symbol  of  Beaiers  functions  of  zero  order,  so  that 

J,(«)-l-^  +  2P^- +  W 

'Pile  coefficient  A  is  to  be  determined  from  the  consideration  that  the 
outwortb  uurntal  velocity  at  the  surfece  of  the  cylinder  is  equal  to  dcoeXv. 
Hence 

ikAJ;iika)~a.   (10) 

Denoting  the  density  by  p,  we  have  for  the  kinetic  euergy  the  cxpressiou 

ot,  if  we  reckon  it  in  the  same  way  as  F  per  unit  of  length, 

^-*^<-^l^,  <"> 

Thus,  by  Lagrange  s  method,  if  a  x  e^, 

7',  ( 1  -  AraO  .  ika  .  J,' {ika) 
^~pa^  J,i,tka)  •  - ^^^^ 

which  determines  the  law  of  failing  away  from  equilibrium  for  a  diHturbanoe 
of  wave-length  \.  The  solutions  for  the  various  vuhies  of  X  and  the  corre- 
spmding  energies  arc  in(lei)en<lent  of  one  another  ;  and  thus,  by  Fourier's 
tlicureni,  it  is  possible  to  express  the  eouditiou  of  the  system  at  time  t,  after 
the  communication  of  any  infinitely  small  disturbamees  symmetrical  about 
the  axis.  But  what  we  are  most  concemed  with  at  prearat  is  the  value  of  9* 
as  a  function  of  ka,  and  especially  the  doterminatum  of  that  value  of  ka  for 
which  (f  \n  &  maximum.  That  such  a  maximum  must  exist  is  evident 
d  priori.    Writing  x  for  ka,  wo  have  to  examine  the  values  of 

(1  -ai').ix.Jo'(ix) 
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Expandiug  iu  powers  of  x,  we  may  write  for  {I'i), 

ia*       a?*       11;^         I9af  ) 
1-  *+irr«-ss:5+fr?.5  +  •••}  •  -  -<"> 

or 

[  .  7         25  91  I 

i  1^  ~  8^  +  2*  3  ■''^  ~  2" ^  ''^  2"  3  5  j ^^^^ 

Henoe.  to  find  the  madmutn,  we  obtain  by  diffnwnttation 

7       100  01 
i-K  +  2i**-^*'+2a.8^+ -  -o-   (16) 

If  tiie  last  two  terms  be  neglected,  the  quadratic  gives  ^  «■  ^dl^.  If 
this  value  be  substitnted  in  tiie  small  terms,  the  equation  becomes 

•98928  -'ix'  +  ^x*  =  0, 

whence 

-  -4868,         [«  =  -6970]  .(17) 

The  oorrespoadiug  value  of  X  is  givuu  by 

X  =  4-608  x2fl,   (18) 

which  gives  accordingly  the  ratio  of  wave-length  to  diameter  for  the  kind  oi 
disturbiiiicc  which  leads  most  rapidly  to  the  disintegration  of  tin  eylindrioal 
itiHMs.  The  corresponding  number  obtained  by  Plateau  from  some  cxperi- 
tncnUs  by  Savart  is  4'38;  but  this  estimate  involves  a  knowlrdge  of  the 
coefficient  of  contraction  of  a  jet  escaping  through  a  small  hole  iu  a  thin 
plate,  and  is  probably  liable  to  a  greater  error  than  its  deviation  from  4*61. 

The  following  table  exhibits  the  relationship  between  or  and  the 
square  root  of  expresNon  (13)  to  which  q  is  proportional 
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40 
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•3438 
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•80 
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■90 

•2015 

In  the  cases  just  considwed  the  cause  of  instsbility  is  statioal*  and  the 

pheiioincna  are  independent  of  the  general  translatory  motion  of  the  jet;  but 

the  other  kitul  of  instability  h;i.s  its  origin  in  this  very  translatory  motion. 
In  his  work  on  the  discontinuous  inovument.s  of  tiuids,  Helmholtz*  remarks 

*  PhiU  Uag.  vol.  xixvi.  1668. 
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upou  the  instability  of  suriaces  suparatiug  portious  of  Huid  which  move 
disoomtiiiiioiuly,  and  Sir  W.  Thomaooi*,  in  tnotmg  of  the  influence  of  wind 
on  waves  in  water,  suiqiased  firicfeionleaa,  has  shown  under  what  oooditioDB  a 
level  surfiice  of  water  is  rendered  unstable.   In  the  following  investigations 

the  method  of  Thomson's  paper  is  applied  to  determine  the  law  of  falling 
awny  from  unstable  equilibrium  in  some  of  the  simpler  cases  of  a  plane  or 
cylindrical  surface  of  reparation. 

Let  n«  suppose  that  the  equilibrium  ywsition  of  the  surface  of  separation 
is  rt-jin  st  nti'd  by  z  =  0,  and  that  on  the  positive  an<i  uegjvtive  sides  of  it  the 
veluciticii  ul  the  fluid  are  parallel  to  the  axis  uf  x,  uud  uf  magnitudes  V  and  V 
respectively.  In  tiie  abeenoe  of  friction,  the  motion  oonaequent  upon  any 
defiwrnation  of  the  snrfaoe  of  separation  is  detenninate,  in  virtue  of  a  weU 
known  hydrodynamical  law.  By  Fouriei's  theorem,  any  disfdaoement  in  two 
dimensions  can  be  resolved  into  componetit  displacements  of  the  undulatory 
tyjX',  and  the  effect  of  any  two  iinilnlaLory  disphiccnients  may  be  considered 
»epamtoly.  We  might,  therefore,  take  as  the  initial  equation  of  the;  surface 
of  separation  h^Hcoshs,  in  which  h  denotes  the  elevation  at  any  point, 
X  the  wave-length  of  the  disturbonoe,  and  k  =  Sw/X.  But,  as  in  almost  all 
such  case^  it  is  more  convenient  to  use  complex  expressions,  from  which  the 
imaginary  parts  are  finally  rejected.   We  will  therefore  assume 


h^H^^;   (19) 

and  the  principal  question  which  we  have  tu  consider  in  the  dependence  of 
n  upon  it  or  X. 

For  the  velocity  potential  of  the  fluid  on  the  positive  side,  we  may  take 

^--A^<«»«r*+F«,  (20) 


in  which  A  is  to  be  determined  by  equating  the  value  of  the  normal  velocity 
at  the  surfiMc  of  sqiantion  with  tJwt  obtained  from  (21).  Thus  (the  positive 
direction  of  s  being  downwards) 


whence 

il=ar»(tt  +  ikF)if;  (22) 

so  that 

^  =  a-'  (n  +  kV)  He'"'  e'*'  c  *'  +  Far.  (28) 

Similarly,  for  the  fluid  on  the  negative  nde, 

^'^^ik^{n  +  kV^H^t^e*'+irm.   (24) 

•  Pkil.  Mof.  Not.  1871. 
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We  have  now  to  satisfy  the  oonditioii  of  the  eqiiality  of  preenim.  If  «■ 
denote  the  density,  the  hydrodynamieal  equation  of  preasnre  for  the  first 
fluid  is 

p-<7-«r^-i*l7*;   (25) 

aii<i  approximaU-1} ,  when  r  =  0, 

(0  +  i  O'  (26) 

In  like  manuer, 

p'^C-4r''!^-ia'U\   (27) 

where 

i     =  4 K'»  +  r  (« kV)  ife**"  e^,  (28) 

•  a(n  +  kVy  +  4/(n  +  kVy^0.  (29) 

which  is  the  equation  by  which  ?i  nud  k  are  connected. 

The  simplest  cose  of  (29)  occurs  when  a  =  a,  and  V  =  -  V,  so  that  the 
equilibrium  mutiouH  uf  tku  portious  of  tluid  are  equal  and  oppuaite.  We 
Lave  then 

iifi+ifiV*^0;   (80) 

and  for  the  elevations 

k  -         {eos  ib;  or  sin  km]  (31) 

If  initially  dhl<U »  0,  we  got 

h  =  H  cosh  kVt  {cos  kx,  or  sin  kx\ ;  (32) 

indicating  that  the  waves  on  the  surfSice  of  separation  arc  statinnimj,  and 
increases  in  amplitude  with  the  time  nccorfling  to  the  law  of  the  hypnlioHc 
outiine.  By  (31),  Fourier's  theorem  allows  us  to  express  the  cousetjuunces  of 
arhitrary  initial  values  of  A  and  dhfdt,  within  the  limits  of  time  imposed  by 
our  meUiods  of  approxinwtion. 

Next,  let  us  suppose  that  a'  =  a,  V  =  0,    We  get  from  (29) 


«-4ifcK(-l±i)  (88) 

whence 

of  which  the  real  part  is 

k  =  He^^'ooak{^Vt-x).   (34) 


In  (34)  an  arbitrary  constant  may  of  eonrso  ho  a<ldod  to  x.  It  apix^ars  that 
the  waves  travel  in  the  same  (iiroctioii  as  tlic  strciiin,  :iii<l  with  one-lntlf  its 
velocity.    In  the  case  of  the  positive  exponent,  the  rapidity  with  which  the 
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atnplitiule  iucreases  is  very  great.  Since  k^2,TTl\  the  mnplitude  is  multi- 
plied hy  «*,  or  about  23,  ia  the  time  occupied  by  the  straem  in  paasmg  over 
a  dirtaooe  X.  If  X  «  Fr,       -  e^,  indepeudeut  of  V, 

As  a  generalised  form  of  (34),  we  may  take 

h  =  A  cosh  (i/fc  k  (4  Vt  -x)  +  B  aiuh  {ikVt)  sin  k    Vt  -  «),  ...(35) 

which  gives,  when  < « 0,      h^A  008  Ask. 

If  dk/dt'^O  initially,  B^,A,  by  which  the  solution  corresponding  to  a 
surface  of  sepamtion  initially  di^hwed  without  velocity  is  determined. 

If  initially  A*  0,  and  ^fdt  is  finite,  we  have,  as  the  appropriate  form. 


h=n  Hinh  i^kVt)  cusk(^Vt-x)  (36) 

Again,  suppose  that  a' =  a,  V  =  V.  In  this  case  the  iT)ots  of  (29)  are 
equal,  but  the  general  solution  may  be  obtained  by  the  usual  method.  From 
(29)  we  have 

n-^ltHr^Vy-iV'+V)];   (89) 

or,  if  we  put  V  =  V{l+a), 

»-JJkK[±»«-(2  +  «)].  (40) 

The  eoneqNmding  solution  fin*  A  is 

A-rfO-  sK»+^»w  [A^-  +  iJ«r»»"-]  (41 ) 

where  ^1  and  li  are  arbitmry  ouiistants. 

Passing  now  to  the  limit  when  a  »  0,  and  taking  new  arbitrary  constants, 
we  get 

+   («) 

or,  in  real  quantities, 

//  =[A+  Bt]  [vns  k  (Vt-  x),  or  sin  A?  (  F<  -  «)].   (42) 

If  initially  A-*ooeAw,  dhjdt'^Ot 

h»cimkiVt''w)'i-kVtnnk{Vt~»y.   .(48) 


The  peculiarity  of  this  case  is  that  previous  to  the  diq»laoement  there  is 
no  real  surfiwe  of  separation  at  alL  Its  bearing  upon  the  flapping  of  sails 
and  flags  will  be  evident. 

The  propcNrtionality  to  X/Vci  the  tame  of  falling  away  from  equilibrium 
follows  from  the  principle  of  dynamical  similarity,  as  th«re  is  no  linear 
element  but  X. 

When  V  =  V,  the  solution  is  the  name,  whether  a^m^  or  not.  For 
example,  (31),  (32),  (33)  are  applicable  when  «>' »  a 
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In  general,  the  mlntion  of  (29)  is 

<T  +  <r' 

If  trV -\-  a'V  ssQ,  n  is  a  pure  imaginary,  and  tlic  waves  are  sUttionary. 

Wc  will  now  suppose  that  the  two  portions  of  fluid  arc  limited  by  rigid 
walls  whoso  c<|nntions  are  respectively  z  =  I,  z  =  —i.  Then,  corresponding 
to  A  =  J/e"*'e^,  we  get  for  the  velocity  potentials,  in  place  of  (23),  (24), 

^-  ik^in^kryH^\l;l'-±^^^+r».  («) 

^'  =  -  Or*  (n+kW)  B  '^^•^^I'l:  ''^     ^  +  ITw.  .(46) 

and,  in  place  of  (29), 

ff(n  +  k  Vy  coth  kl  +  a{n  +  k  K')*  coth  iW' «  0  (47) 

If  I' « the  result  is  the  same  as  if  i  and  V  were  both  in6nite. 

If  r  be  infinite,  coth  Aif  b  1 ;  (47)  may  then  be  applied  to  a  jet  of  width 

21,  symmetncal  and  symmetrically  displaced  with  respect  to  the  line  2  =  1, 
and  tnoving  with  veli)city  V  in  an  infinite  mass  whose  veKjcity  is  V.  If 
V  =  0,  a  =  <T,  so  that  the  jet  \s  of  the  same  density  as  its  stationary  environ- 
ment, (+7 )  becomes 

{%-^kVfeiMikl^ff^^,   (48) 

<^  which  the  solution  is 

"-*''--^;;::ir"  («•) 

a  geiicnilisiitiou  of  (83)i 
Thus 

*  =  /i«*-."oo»i[^^g-x]  (50) 

where 

V(tanhAO 

^    l+tanhiW ^^^^ 

When  kl  is  very  small,  we  may  take  in  pliice  of  (50) 

h  -  i/e±«"«>*'''  cos A( K<  -  «>   (62) 

We  see,  from  (62),  that  when  I  is  smalt  the  time  of  Ming  away  from 
equililmuro  is  increased. 

If  the  condition  to  be  satisfied  at  ««l  be  ^»0,  in  place  of  d^/dk »0, 
the  value  of  ^  is 

^.-ar«(«  +  *F)^''"^^^^^^-'>**-^+V*;   m 
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80  that,  iit  as  before,  dtf>'ld$  »  0  when  s^-V, 

v{n  +  kVf  tauh  kl  +  a  (n  +  k  Vf  coth  kl'  -  0  (54) 

If  r«oo.  «/=<r,  r  -o, 

(»  +  AF)»tai»hW  +  n«-0.  (56) 

Thia  is  applicable  to  a  jet  of  width  2t,  moving  in  still  fluid  with  velooity 
F,  and  diapliioed  in  sach  a  manner  that  the  sinuosities  of  its  two  snrfkoes  are 
parallel 

When  H  is  small,  we  have,  approximately, 

h  =  008  ik(iW.  Vt  -  x)  (5G) 

By  a  combination  of  the  solutions  reproscntt'd  by  (o2),  (56),  we  may 
detennine  the  consoinienocii  of  any  (lis|>la<'(  rnriits  (in  two  dinienaions)  of 
the  two  sur&ces  of  a  thin  jet  uioviug  with  velocity  V  in  still  fluid  of  its 
own  dmn^. 

These  solutions  may  be  extended  to  cases  where  the  surface  of  sepamtion 
is  not  plane,  provided  that  the  velocities  of  the  fluids  be  constant  (K,  V) 
along  it.  Let  us  suppose  that  ^,  are  the  velocity-potential  and  stream 
functions  fm  the  steady  motion  of  the  first  fluid,  and  that  the  auiftce  of 

separation  corresponds  to  =  At  =  "^i  let  there  he  a  rigid  barrier, 
which  of  coiirse  hjv<<  no  influence  upon  the  steady  motion.  Then,  if  the 
elevation  at  any  point  «,  measured  along  the  sur&ce  of  separation,  be 
given  by 

the  velocity-potential  of  the  disturbed  motion  is 

If  I  be  the  width  of  a  uniform  stream  of  vehxiity  V,  whose  whole 
amount  is  equal  to  that  of  the  stream  btitwccn  =  and  V^  =  >^i,  and  if 
dashed  letters  denote  the  corresponding  tjuantities  for  the  second  fluid,  we 
get  finally  fiir  the  equation  in  n 

a  coth  ArZ  (n  +  /b      +  a  coth  kl!  (n  +  k  VJ  =  0, 

which  is  the  same  form  as  (47). 

We  will  now  pass  to  the  cooatderation  of  cylindrical  surfiioes  of  separa- 
tion, limiting  ourselves  for  simplicity  to  the  case  of  disturbances  symmetrical 
alxuit  the  axis  (  r).  If  h  <ienotc  the  increment  of  distanoe  of  any  point  on 
the  surface  from  the  axis,  we  may  take,  as  before, 

A.fTeM^,   (57) 

It.  I.  24 
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and  the  corrcispoudiug  value  of  the  vclocity-potuutial  for  the  iluid  inaidc  the 
cgrliiider  ib 

^^AMikr)^^+Vm,   .(68) 

in  which  il  is  to  be  determined  by  the  oonditioo  relating  to  the  nonnal 
velodty  at  the  eurfiuse  (r^a).  Thus 

*«irH»  +  ifcF)if^,|*^^e*«**^+  Vs.  (59) 

For  the  motion  of  the  Iluid  outnide  the  cyliuder,  we  have,  in  the  first 
place,  the  general  form 

+    (-  r)-.^-  |l  +  j-^^j  +  i.il'tJ'ab.y  +  } . 

in  whidi,  however,  1^  the  ooodition  at  infinity,  we  are  to  put  (7«  Ol  Writing 
linr  brevity 

we  have  accordingly 

^'.2}^(r)^^+Pff;   (61) 

or,  on  determining  tiie  value  of  B, 

^'-»(»+*nJ5r F**.   (82) 

In  the  saint'  nianuer  as  fur  plaue  surfaces,  the  oouditiou  of  equality  of 

pressures  now  gives 

as  the  4uadratic  by  which  n  is  detcrnuued. 

When  ha  is  small,  we  may  onploy  approximate  values  of  the  functions 
•/a  and  j^. 

Thus  ^i^"^  -  -  i-  /84) 

For  X  WO  have  ("Stokes  ou  Ptsnihilnms Camb.  Tram.,  Vol.  IX.) 
X-  (log(»*r)  -  w-ir(4))(l  +  ^%  ^r^,  + ... ) 
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where 

5,  =  l-»  +  2-'  +  3-»  +  ...  +   (66) 

When  lea  u  ainall, 

X  (a)  -  log(lJ»)  -  «-*r  (iX  (a)  = 

so  that 

-a llogato)-,r»rtt)}  (67) 

If  we  suppose  that  tf* »     P  «  0,  (63)  becomes,  for  small  values  of  ka, 
in  +  kVy  +  k'a'  |log  ^  +  x"* P  (i)|  n« » 0  (68) 

Writing  fi^  fur 

Aw|logj|+ir-*r(i)|. 


ire 

whence  approximately 


4  -  iftf***'''  coe  A(    -   (70) 


I.  The  mbjeot  <rf  this  paper  is  fiuther  considered  in  Aita  Lx., 
Lxvi.  See  also  Ptve.  Lmd.  Math.  Soc.  xix.  p.  67, 1887 ;  XZTIL  p.  5, 1895; 
FhU.  Mag.  XXXIV.  pp^  145, 177.  1882.] 
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THE  INFLUENCE  OF  ELECTRICITT  ON  COLLIDING  WATBB 

DROPS. 

[Pruceedinga  uf  the  Ruyul  Society,  xxviii.  pp.  40G — 40l>,  1879.] 

It  has  been  kuowa  tor  many  year»  that  electricity  has  au  extraonliaary 
inflttence  upon  the  behaviour  <^  fine  jets  of  water  ascending  in  a  nearly 
▼ertioal  direction.  In  its  normal  state  a  jet  resolves  itself  into  drops,  which 
even  before  passing  the  summit,  and  still  more  after  passing  it,  are  scattered 
through  a  considerable  width.  When  a  feebly  electrified  body  i.s  brought 
into  its  neighbourhood,  the  jot  undergoes  a  remarkable  transformation  and 
appears  to  become  coherent ;  but  under  more  powerful  electrical  action  the 
scattering  becomes  even  greater  than  at  hrst.  The  second  effect  is  readily 
attributed  to  the  mutual  repulsion  of  the  electrified  dn^  but  the  action 
of  feeble  electricity  in  producing  apparent  coherence  has  been  a  mystory 
hitherto^ 

It  has  been  shown  by  Beetz  that  the  coherence  is  apparent  only,  and  that 
the  place  where  the  jet  breaks  into  drops  is  not  perceptibly  shifted  by  the 
electricity.  By  screening  various  parts  with  mctidlic  plates.  Beotz  further 
proved  that,  contrary  to  the  opinion  of  earlier  observers,  the  seat  of  sensitive- 
ness is  nut  at  the  root  of  the  jet  where  it  leaves  the  orifice,  but  at  the  place 
of  resolution  into  drops.  As  in  Sir  W.  Thomson's  water-dropping  apparatus 
for  atmospheric  electricity,  the  drops  cany  «waj  with  them  an  electric 
chaige,  which  may  be  collected  hy  receiving  the  water  in  an  insulated 

I  have  lately  succeeded  in  proving  that  the  normal  scattering  of  a  nearly 
vertical  jet  is  duo  to  the  rebound  of  the  drops  when  they  come  into  collision 
with  one  another.  Such  collisions  are  inevitable  in  consequence  of  the 
different  velocities  acquired  by  the  drops  under  the  action  of  the  capillary 
force,  as  thejr  break  away  irregularly  from  the  continuous  portion  of  the  jet 
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Bven  wImh  the  resolatioii  is  regularised  by  the  action  of  exteroal  vibrations 
of  suitaUe  frequency,  as  in  the  beautiful  experiments  of  Savart  and  Plateau, 
the  drops  must  still  come  into  contact  before  they  reach  the  summit  of  their 
parabolic  path.    In  the  case  of  a  continuous  jet  the  'equation  of  continuity  " 

shows  that  !us  the  jft  loses  veloLily  in  ascending,  it  must  incrensc  in  section. 
When  the  stream  cousiats  of  drops  following  the  .same  jmth  in  .single  tile,  no 
such  inoease  of  section  is  possible;  and  then  the  cuntttjuicy  of  the  total 
stream  requires  a  gradual  approximation  of  the  drops,  which  in  the  case  of 
a  nearly  vertic^vl  direction  of  motion  cannot  stop  short  of  actual  contact. 
Regular  vibration  has,  however,  the  effect  of  postponing  tiie  collisions  and 
con.sequent  scattering  of  the  drops,  and  in  the  case  of  a  directi<m  of  motion 
less  nearly  vertical  may  prevent  them  altogether. 

Under  m(jderate  electrical  influence  there  is  no  material  change  in  the 
resolution  into  drops,  nor  in  the  subsciinent  motion  of  the  (lrop.s  up  to  the 
moment  of  coilisiou.  The  difference  begins  here.  Instead  of  rebounding 
aftor  collimon,  as  the  uneleetrified  dn^  of  dean  water  genersUy  or  always 
do,  the  electrified  drops  coa^eras,  and  thus  the  jet  is  no  longer  scattered 
ahoatw  When  the  electrical  influmoe  is  mora  powerful,  the  repulsion 
between  the  drops  is  sufficient  to  prevent  actual  contact,  and  then  of 
course  there  is  no  opportunity  for  amalgamation. 

These  e.xperiments  may  be  repeated  with  extreme  ease  and  with  hardly 
any  apparatus.  The  diameter  of  tlie  jet  may  Ix*  about  inch  [say  1  mm.], 
and  may  be  obtained  either  from  a  hole  in  a  thin  plate  or  from  a  drawn-out 
glass  tube.  I  have  generally  employed  a  piece  of  glass  tube  fitted  at  the 
end  with  a  perforated  tin  plate,  and  connected  with  a  tap  by  india-rubber 
tulnng.  The  pressure  may  be  such  as  to  cause  the  jet  to  rise  18  w  24  inches 
[4-r,  or  60  cm.],  or  even  more.  A  single  passage  of  a  rod  of  gutta-percha,  or 
of  sealing-wax,  along  the  sleeve  of  <he  coat  is  suHicicnt  to  produce  the  etlect. 
The  seat  of  sensitiveness  may  be  investigated  by  e.xciting  the  extreme  tip 
only  of  a  glass  rod,  which  is  then  held  in  succession  to  the  root  of  the  jet  and 
to  the  place  of  resolutbn  into  drops.  An  eflfect  is  observed  in  the  latter  hat 
not  in  the  former  position.  Care  must  he  taken  to  use  an  electoification  so 
feeble  as  to  re(]uire  close  proximity  for  its  operation;  otherwise  the  dis> 
crimination  of  the  positions  will  not  be  distinctb 

Tlie  behaviour  of  the  colliding  drops  becomes  apparent  under  instan- 
taneous illumination.  I  have  employed  sparks  fi-om  an  induct/jrium,  whoso 
secondary  terminals  were  edUiH  t  tiMl  with  the  coatings  of  a  Leyden  jar. 
The  jet  should  be  situated  between  the  sparks  and  the  eye,  and  the 
ohsarvaticn  is  fiwilitated  by  a  piece  of  ground  ghiss  held  a  little  beyond 
the  jet,  so  as  to  diffuse  the  light ;  or  the  tkadow  of  the  jet  may  be  received 
on  the  ground  gbus,  which  is  then  held  as  ckwe  as  possible  on  the  side 
towards  the  observer. 
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If  the  jet  be  snpplied  fkmn  an  inanlated  Tenel,  the  oonleaoenoe  of 

colliding  drops  oontinDee  for  a  time  after  the  rcmuvnl  of  the  influencing 
body.  This  is  a  consequence  of  the  electrification  of  the  vessel.  If  the 
electrified  body  be  held  for  a  time  pretty  close  to  the  jet,  and  be  then 
gradually  withdrawn,  a  point  may  be  found  where  the  rebound  of  colliding 
drops  is  ffe-estaUiriied.  A  small  motaoD  to  or  /rim  the  jet,  or  *  diidiaige  of 
the  venel  by  omtact  of  the  finger,  again  indnoea  ooaleaoenoe. 

Although  in  these  experiments  the  cbaiges  on  the  eoIUding  drops  an 
undoubtedly  of  the  same  name,  it  appeared  to  me  very  improbaUe  that 
the  result  of  eon  tact  of  two  equal  drops,  situated  in  the  open,  oould  be 
affected  by  any  strictly  ei\UBi  electrifications.  At  the  same  time  an  opposite 
opinion  makes  the  phenomena  turn  ujwn  the  very  small  differences  of 
electrification  due  either  to  irregularities  in  the  drops  or  to  differences  of 
situation,  and  is  at  -first  difficult  of  acceptance  in  view  of  the  efficiency  of 
such  veiy  feeble  eleefeiic  fbroea.  Fortunately  I  am  abb  to  bring  fiirwaid 
additional  evidence  bearing  upon  this  point 

When  two  horiaontal  jets  issue  fimn  neighbouring  holes  in  a  thin  plate, 
they  come  into  eoIUsion  for  a  reason  that  I  need  not  now  stop  to  explain, 

and  after  contact  they  frequently  rt  bound  fimn  one  another  without 
amalgamation.  This  observation,  which  I  suppose  must  have  been  made 
before,  allowed  me  to  investigate  the  effect  of  a  passage  of  electricity  across 
two  contiguous  water  surfaces.  The  jets  that  I  employed  were  of  about 
ineh  [1^  mm.]  in  diameter,  and  issued  under  n  moderate  {nesmire  (5  or 
6  inches  [15  om.])  frmn  n  faogu  stoneware  vessel  Below  the  place  of 
rebound,  but  above  that  of  resolution  int^j  drops,  was  placed  n  piece  of 
insulated  tin  plate  in  connexion  with  ii  leugth  of  gutta-percha-covered  wire. 
The  source  of  electricity  wa.s  a  very  feebly  exeited  electrophorus,  wliose 
cover  was  brought  into  cuutuct  with  the  free  end  of  the  insulated  wire. 
When  both  jets  played  upon  the  tin  plate,  the  contact  of  the  eleetriSed 
cover  had  no  effiaot  in  determining  the  union,  but  when  only  one  jeA  washed 
the  plate,  union  instantly  followed  the  communication  of  electricity,  and  this 
notwithstanding  that  the  jets  were  already  in  communication  through  the 
vessel.  The  (pumtity  of  electricity  reipiired  is  ho  small  that  tho  cover  would 
act  three  or  eveu  four  times  without  being  re-charged,  although  no  pre- 
cantimis  were  taken  to  insulate  the  reservoir. 

In  subsequent  experiments  the  colliding  jets,  about  inch  [2  mm.]  in 
diameter,  issued  horiaontally  from  similar  glass  nozzles,  formed  by  drawing 
out  a  piece  of  glass  tubing  and  dividing  it  with  a  file  at  the  narrowest  part. 
One  jet  was  supplied  firom  the  tap,  and  the  other  from  the  stonewara  bottla 
placed  upon  an  insulating  stool.  The  sensitiveness  to  electricity  was  extra- 
ordinary. A  piece  of  rubbed  gutta-percha  brought  near  the  insulated  bottle 
at  once  determined  the  coalescence  of  the  jets.   The  influencing  body  being 
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held  still,  it  was  poHsibic  to  cause  the  jots  a^in  to  rcl>oiin<l  from  one  nnothor, 
and  then  a  Htnall  motion  of  the  influencing  body  tu  or  /ram  the  bottle  attain 
induced  coalesceuce,  bub  a  lateral  motion  without  eflfoct.  If  au  insulated 
wive  be  in  oonnexioa  with  the  cootenta  of  the  botde,  dnukr  eflfeots  an 
prodneed  when  the  eleoferified  ho&f  ia  moved  in  the  neighboiuhood  of  tiie 
free  end  of  the  wire.  With  care  it  is  possible  to  bring  the  electrified  body 
int/O  the  neighbourh<x)d  of  the  free  end  of  the  wire  ho  slmubj  that  no  (effect  is 
])r(xliiee<l ;  a  suddeu  movement  of  withdrawal  will  then  usually  determine 
the  coale-scence. 

Hitherto  statical  electrieity  has  ln'cn  spoken  of;  but  the  electromotive 
foi-ce  of  even  a  single  Grove  cell  in  sutiicient  to  pnxluce  these  phenomena, 
though  Dot  with  the  same  oertainty.  For  this  purpose  one  pole  ia  oonneoted 
through  a  oinitaet  key  with  the  interior  of  the  stoneware  bottle,  the  other 

pole  being  to  earth.  If  the  fillgers  be  slightly  moistened,  the  body  may 
be  thrown  into  the  circuit,  apparently  without  diminution  of  effect.  This 
perhaps  ought  not  to  .surprise  us,  as  in  any  case  the  electricity  has  to 
traverse  several  inches  of  a  fine  column  of  water.  On  the  other  hand,  it 
appeared  that  most  of  the  electromotive  force  of  the  Qrove  cell  was 
nocoBBary. 

Further  expetiment  ahowed  that  evm  the  diaehaige  of  a  oondenaer 
chaiged  by  a  nngie  Grove  cell  waa  auffieient  to  determine  ooaleaoenee.  Two 

condensers  were  used  .successively;  one  belonging  to  an  induotorium  by 
Ladd,  the  other  made  by  £lliott  Brothers,  and  mariied  *'  Capacity  }  FanuL"* 
Sometimea  even  the  *'  residual  charge  "  sufficed. 

It  must  Ik;  understtxjd  that  coiilcscence  of  the  jets  would  sonietiiues 
wcur  in  a  capricious  manner,  without  the  action  of  electricity  or  other 
apparent  cause.  1  have  reason  to  believe  that  some,  at  any  rate,  of  these 
irregularities  depended  upon  a  want  of  cleanness  in  the  water.  The  addition 
to  the  water  of  a  veiy  small  quantity  of  soap  makea  the  rebound  of  the  jets 
impossible^ 

The  last  observation  led  me  to  examine  the  behaviour  of  a  fine  vertical 

jet  of  slightly  soapy  water;  and  I  found,  as  I  had  expected,  that  no  acaUering 
took  place\.  Under  these  circumstances  the  approach  of  a  moderately  electri- 
fied body  is  without  et!eet,  but  a  more  powerful  influence  .scattei-s  the  drt)p« 
as  usual.  The  apparent  coherence  of  a  jet  of  water  when  the  orifice  is 
oiled  was  observed  by  Fuchs,  and  appears  to  have  been  always  attributed 
to  a  diminution  of  adhesion  between  the  jet  and  the  walls  of  the  orifioe. 

Some  further  details  on  this  subject,  and  other  investigations  respecting 
the  phenomena  of  jets,  are  reserved  for  another  communication,  whidi  I  hope 

*  11S99.  The  mjpMii^  it  doabtleaa  4  Mriero-lkrad.] 

t  {VBM.  Bw  boKWW  Pmse.  Ay.  Soe.  stuv.  p.  180,  1882.J 
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soon  to  be  able  to  present  to  the  Royal  Society  [Art.  i.x.] ;  but  I  cannot  close 
without  indicating  the  probable  application  to  meteorology  of  the  facts 
already  mentioiied.  It  is  obfimu  tliat  Hhe  formation  of  rain  must  depend 
very  materiallj  upon  the  connequeBoes  oi  encoontets  between  ebud  particles. 
If  encounters  do  not  lead  to  oontacts,  or  if  contacts  result  in  rebounds,  the 
particles  remain  of  the  same  size  as  before ;  but,  if  the  issue  be  coalescence, 
the  bigger  drops  must  rapidly  increase  in  size  and  be  precipitated  as  rain. 
Now,  from  what  in\s  appeared  above  we  have  every  reason  to  suppose 
that  the  results  of  an  encounter  will  be  different  according  to  the  electrical 
oonditimi  the  partides,  and  we  nwy  thos  anticipate  an  explanation  of 
the  rsinarkable  but  hitherto  mysterions  connexion  between  nun  amd  electrical 
manifestationai 
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ON  THE  CAPILLARY  PHENOMENA  OF  JETa 

[Procesdings  of  tfie  Royal  SooUty,  xxiz.  pp.  71—97,  1879.] 

Whsm  water  isauea  under  high  pFoasnre  fit>m  a  cirottUur  orifice  in  a  thin 
phtto,  a  jet  iB  finrned  whose  seoticm,  though  diminiflhed  in  area»  retains 

the  circaktr  form.  But  if  the  orifice  be  not  cirenhur,  the  section  of  the  jet 
undergoes  remarkable  transformations,  which  were  elaborately  investigated 
by  Bidone*,  many  years  ago.  The  j)«'ruliarities  of  thi>  orifice  are  exaggerated 
in  the  jet,  but  in  an  inverted  luaunur.  The  following  examples  are  taken 
from  l&doDe's  memoir. 

Fig.  1,  orifice  in  the  form  of  an  ellipse  {A),  of  which  the  major  axis 
k  horiaontal,  and  24  lines  Icog;  the  mimMr  axis  is  vertical,  and  ^ 
17  lines  long.  The  head  of  water  is  6  feet 


B  represents  the  section  at  a  distance  of  80  lines  from  the      \  I 
orifice.   It  is  a  drde  of  16  or  17  lines  diameter. 

C  is  the  section  at  a  distance  of  6  inches  from  the  orifice.  It  is  an 
elliptical  figure,  whose  major  azb  is  28  lines  long  and  minor  axis  14  lines 
long. 

*  B^ntmeu  mr  fa  Fmrm  <f  Mtr  fa  Dfraeffon  4c9  Vetim  tt  4t$  Oeurtm  JPBMt  fanetft  far 
diMne$  Omtrtam.  Plar  0«if|t  BtdoBB. 


.Near  the  orifice  the  sections  of  the  vein  are  elliptical  with 
major  axis  horiaontal.  The  ellipticity  gradually  dimtnishes  until 
at  a  distance  of  30  lines  from  the  orifice  the  sKJctlOli  is  circttlar. 

Beyond  this  point  the  vertical  axis  of  the  section  increases,  and 
the  horizontal  axis  decreases,  so  that  the  vein  reducfs  itself  to  a 
flat  vertical  sheet,  very  broad  and  thin.  This  sheet  preserves  its 
continuity  to  a  distance  of  6  feet  from  Uie  orifio^  where  the  vein 
is  penetrated  hy  sir. 
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D  is  the  sectiim  i\t  24  inches  from  tho  orifice.  It  also  is  an  elliptical 
figure,  whose  vertical  axiii  is  45  liDes  lung  aad  horizuutal  axis  about  12  lines 
long.  * 

In  fig.  2,  the  (iriHec  (A)  is  an  equilateral  triangle,  with  sides  2  inches 
long.    The  head  of  water  is  G  feet.    The  vein  reHolvcs  itself  into  three  flat 

sheets  disposed  symmetrically  round  the  axis, 
Fl«.  s.  (he  planes  of  (he  sheets  being  perpendicnlar 

(o  the  sides  of  Ae  orifice.  These  sheets  are 
very  thin,  and  retnia  (heir  transparence  and 
continuity  to  a  distance  of  42  inches,  n-ckoncd 
from  the  oritice.  The  sections  n-ptcscntt'd  by 
B,  C,  D,  E  are  Uikcu  at  distances  from  the 
orifice  equal  respectively  to  1  inch,  6  indies* 
12  indies,  and  S4  inches^ 

Similarly,  a  vein  issuing  from  an  orifice  in 
the  form  of  a  regular  polygon,  of  any  number 
of  sides,  resolves  itself  into  an  eqnsl  number 
of  thin  8h(>ets,  whose  planes  an  perpeodieular 
to  the  sides  of  the  polygon. 

Bidone  explains  the  formation  of  these 

sheets,  in  the  main  (as  it  appears  to  me), 
satisfiictorily,  by  reference  to  simpler  cases  of 
meeting  streams.    Thus  equal  jets,  moving  in 
(he  same  8txaight.line  with  equal  and  opposite 
vdodtaes^  flatten   themselves  into  a  disk, 
situated  in  the  perpendicular  plane.    If  the 
axes  of  the  jets  intersect  obliquely,  a  sheet  is 
formed  symmetrieally  in  the   plane  perpen- 
dicular to  that  of  the  impinging  jets.    Those  p»>rtions  of  a  jet  which  prcKx-ed 
from  the  outlying  parts  of  an  unsymraetrical  orifice  are  considered  to  behave, 
in  some  degree,  like  independent  meeting  streams. 

In  many  cases,  more  e,spccially  when  the  orifices  are  small  and  the  heads 
of  water  low,  the  extension  of  the  sheets  in  directions  perpendicular  to 
the  jet  reaches  a  limit.  Sections  taken  at  greater  distances  from  the  orifice 
show  a  gndual  shortening  of  (he  sbee(8,  until  a  compact  form  is  attained, 
similar  U)  that  of  (he  first  contraction.  Beyond  this  point,  if  the  jet 
retain.s  its  coherence,  sheets  arc  gradually  thrown  out  again,  but  in  directions 
bisecting  the  angles  between  the  directions  of  the  former  sheeta  These 
sheets  may,  in  their  turn,  reach  a  limit  of  development,  again  contract, 
and  80  on.  The  forms  assumed  in  the  case  of  orifices  of  various  shapes, 
induding  (he  reetani^  (he  eqttila(eral  trianglei  and  the  square,  have  been 
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OVefuUy  investigated  and  Bgured  by  Magnus*.  Phenomena  of  thus  kind 
aro.  of  nvcry-day  occurrence,  and  may  gcnonilly  be  obaenred  whenever  liquid 

falls  from  the  lip  of  a  modcmtely  elevated  vessel. 

Admitting  the  .substantijil  arcviracy  of  Bidone's  explanation  of  the 
forniiitioD  and  primary  expansion  of  the  sheets  or  excrescences,  we  have 
to  inquire  into  the  cause  of  the  subaequent  contraction.  Bidone  attribntes 
it  to  the  visoosity  of  the  fluid,  which  may  certainly  be  put  out  of  the 
qnestion.  In  Uagnus's  view  the  cause  is  "odiesion'';  but  he  does  not 
explain  what  is  to  be  understood  under  this  designation,  and  it  is  doubtful 
whi'tht  r  he  had  a  clear  idea  upon  the  subject.  The  true  oxpliiiiation 
apjH'.iis  to  have  been  fii-st  given  by  Bufff,  who  rcfere  thi.-  plu'iiuinunon 
distinctly  to  the  capillary  force.  Under  the  operation  of  this  force  the 
fluid  bekbTes  as  if  enclosed  in  an  envelope  of  oonstaat  tension,  and  the 
recurrent  form  of  tiie  is  due  to  vihratioos  of  the  fluid  oolumn  about 
the  droular  figure  of  equilibrium,  superposed  upon  the  general  progressive 
motion.  Since  the  pha.se  of  vihiation  depends  upon  the  time  elapsed, 
it  is  always  the  same  at  the  same  point  in  space,  and  thus  the  motion 
is  steady  in  the  hydnxiynamical  sense,  and  the  boundary  of  the  jet  is  a 
fixed  surface. 

In  so  far  as  the  vibnitions  inay  bo  considered  U)  be  isochronous,  the 
distance  between  consecutive  corresponding  points  of  the  recurrent  figure,  or, 
as  it  may  be  called,  the  wm-length  of  the  figure,  is  directly  propordonal 
to  the  velocity  of  the  jet,  «.a,  to  the  aqaam  root  of  the  head  of  water.  This 
elongation  of  wave-length  with  increamng  pressure  was  observed  by  Bidone 
and  by  Magnus,  but  no  definite  law  was  arrived  at.  As  a  jet  falls  under  the 
action  of  gnivity,  its  velocity  increases,  and  thus  an  augmentatiofi  of  wave- 
length might  be  expected ;  but,  as  will  appear  later,  most  of  this  aug- 
mentation is  compensated  by  a  change  in  the  frequency  of  vibration  due 
to  the  attenuation  which  is  the  necessary  omcomitant  of  the  inoeased 
velocity.  Gnuequently  but  littie  variation  in  the  magnitudes  4^  soooeadve 
wave-lengths  is  to  be  noticed,  even  in  the  case  of  jets  falling  vertically 
with  small  initial  velocity.  In  the  following  exporiments  the  jets  is.sn(Ml 
horizontally  from  oritices  in  thin  plates,  usually  iidapted  to  a  large  stoneware 
bottle  which  served  m  reservoir  or  cistero.  The  plates  were  of  tin,  soldered 
to  the  ends  dt  ahart  Inaia  tabes  mther  nune  than  an  inch  in  diameter, 
by  the  aid  of  which  they  could  be  convoiiently  fitted  to  a  tubulure  in 
the  lower  part  of  the  bottle.  The  pressure  at  any  moment  of  the  outflow 
oould  be  measured  by  a  water  manometer  read  with  a  scale  of  millimetres. 
Stmie  little  uncertainty  nccessjirily  attended  the  determination  of  the  zero 
poiut;  it  was  usually  taken  to  be  the  reading  of  the  scale  at  which  the 

*  **  Hjdnaliaabe  UnternnchungMi.'*  JVff.  Amu  vol.  xov.  18IS. 
t  f^H*  0.  1867. 
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jet  ceased  to  c\esiv  itself  fi-om  the  plate  on  the  running  out  of  the  water.  At 
the  beginning  of  an  expcrimuut,  the  orifice  was  plugged  with  u  .small  roll  of 
c]«tD  paper,  aud  the  bottle  was  filled  from  an  india-rubber  tube  in  counexiuu 
with  a  tapb  After  a  sufficient  time  had  elapsed  for  the  water  in  the  bottle 
to  oome  sensibly  to  rest,  the  plug  was  withdrawn,  and  the  observations  were 
ocnnnienced.  The  jet  is  exceedingly  sensitive  to  disturhances  in  the  re.scrvoir, 
and  no  armngcment  hitherto  tried  for  maintaining  the  level  of  the  water  has 
been  successful.  The  nicasureinents  of  wave-length  (X)  were  iimdc  with 
the  aid  of  a  pair  of  dividei-a  adjusted  so  as  to  include  one  or  more  wave- 
lengths; and  as  nearly  as  possible  at  the  same  moment  the  manometer 
was  read.  The  distanee  between  the  points  of  the  dividers  was  aft^waids 
taken  from  a  scale  of  millimetrea  The  facility,  and  in  some  oases  the 
success,  of  the  opttrution  of  observliii^  the  wave-length  depends  very  much 
upon  the  suitability  of  the  illumiuation. 

Tlie  first  set  of  observations  here  given  refers  to  a  somewhat  elongated 
onrice  of  rectj^ugular  form.  The  pressures  and  wave-lengths  are  me.u^ured 
in  millimetres.  The  third  column  contains  numbei-s  proportional  tu  the 
square  roots  of  the  pressures. 
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Pressure 

Wave-length 

^(Pressure) 

Pressure 

253 

104 

91 

83 

61 

68 

216 

91 

84 

5S 

48 

48 

178 

81 

76 

88 

88 

88 

144 

70 

80 

81 

84 

88 

1 13* 

61» 

The  agreement  of  the  second  ami  thiitl  colimms  is  pretty  good  on  the 
whole.  Small  di.screpancies  at  the  botlom  <tf  the  tjible  tna}'  b<'  due  to 
the  uncertaiuty  attaching  to  the  zero  jwint  of  pressure,  and  also  to  another 
cause  which  will  be  referred  to  later.  At  the  higher  pressures  the  observed 
wave-lengths  have  a  mazlced  tendency  to  increase  more  rapidly  than  the 
velocity  of  the  jet.  This  result,  which  was  confirmed  by  othor  observations, 
points  to  a  departure  from  the  law  of  isochroiMXIS  vibration.  Strict  iso- 
chronisni  is  only  to  be  e.\pected  when  vibrations  are  infinitely  small,  that  is, 
iti  the  pn  si  lit  appliciition  when  the  .section  of  the  jet  never  deviates 
more  than  iutimtcsanally  from  the  circular  form.  During  the  vibrations 
with  which  Table  I.  is  concerned,  however,  the  departures  from  circularity 
are  veiy  eoosiderable,  and  there  is  no  reason  for  supposing  that  sudi 
vibrations  will  be  executed  in  exactly  the  same  time  as  vibrations  of 
infinitely  small  amplitude.  Nevertheless,  this  consideration  would  not  lead 
to  an  explanation  of  the  discrepancies  in  Table  I.,  unless  it  were  the  fact 
that  the  amplitude  of  vibration  iucreatMxl  with  the  pressure  under  which  the 
jet  issues. 
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As  a  iimttcr  <if  observation  the  increase  of  amplitude  is  very  apparent, 
and  was  noticed  by  Magnufl.  It  Ls  also  a  direct  consetjucncu  ot"  theory, 
iuosmuch  as  the  lateral  velocities  to  which  the  vibratiou.s  arc  due  vary  in 
direct  proportion  to  the  longitudinal  velocity  of  the  jet.  Consequently  the 
amplitade  variee  appioxiinately  as  the  square  root  of  the  pressure,  or 
as  the  wave-length.  The  amplitude  here  Hpoken  of  in  nieasttred«  of  eouise, 
by  the  departure  from  circularity,  and  not  by  the  value  of  the  maximum 
radius  itself. 

The  law  of  the  square  root  of  the  pressure  thus  applies  only  to  small 
amplitudes,  and  unfortunately  it  is  precisely  these  small  amplitudes  which 
it  is  difficult  to  experiment  upon.  Still  it  in  possible  to  approach  theoretical 
requirements  more  nearly  than  in  the  experiments  of  TaUe  L 

The  next  set  of  messuremente  (TaUe  II.)  refer  to  an  aperture  in  the 
form  of  an  ellipse  of  moderate  eccentricity.  Two  wave-lengths  were 
included  in  the  measurements;  in  other  respects  the  arrangements  were 
as  before. 


Table  IL— November  12. 


WMQM 

W«T»>hagth 

Fi  AM  lira 

J  {Vimmn) 

2(>2 

4(H 

i 

C» 

80 

88ft 

20h 

3«i 

5C 

18 

18| 

182 

S4 

42 

15 

16 

158 

81 

84 

181 

14i 

129 

28^ 

S8 

27 

W| 

18 

107* 

86i* 

1 

10 

"4 

88 

»4 

SS 

III  this  rase  the  law  ia  fully  veriHed,  the  discrepancies  being  decidedly 
within  the  limits  of  experimental  error. 

On  the  other  hand,  the  discrepancies  may  be  exaggerated  by  the  use  of 
higher  pressures.  Table  III.  relates  to  the  same  orificef  m  Table  L  Instead 
of  the  stoneware  bottle,  a  tall  wooden  box  was  used  as  reservoir. 


Table  UL— December  20. 


WsTB-lengOi 

Wsva-hBgUi 

itn 

880 

166 

189 

79 

77 

678 

184 

146 

154 

70 

70 

687 

171 

186 

133 

68 

68 

487 

US 

188 

107 

88 

88 

448 

141 

118 

89' 

68» 

53* 

866 

123 

107 

74 

48 

48 

888 

106 

«4  1 

<1 

44 

884 

88 

86 

t  Ita  oondtlian  mj  baw  ntai^  a  liUle  fa  (be  islaraL 
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The  wave-letigtha  at  the  high  pressurcH  vory  grratly  cxcet'd  those 
calculated  frum  the  lower  pressures  according  to  the  law  applicable  to 
small  vibmtionB. 

It  is  possible,  however,  to  observe  in  cases  where  the  amplitude  is  so 
■mall,  thafc  the  diaonqponeieB  are  modeiate  even  at  higher  presearea  than 
thoM  reoorded  in  Table  IH  The  meaaarementa  in  Table  IV.  are  of 
a  jet  from  an  elliptical  aperture  of  small  eccentricity.  The  ratio  of 
axes  is  about  5 :  &  The  wooden  box  was  naed.  Two  wave-lengths  were 
measured. 

TlBLB  IV.— Deoember  18. 


WaM-Ienctb 

Wav«-hag<b 

1287 

79t 

88^ 

451 

48i 

IIM 

82 

SO 

371 

44| 

HIT 

7H 

77| 

S90* 

88|* 

IMB 

7S 

741 

MB 

Ml 

86ft 

947 

704 

^^ 

192 

3U 

32 

852 

662 

6S 

168 

28ji 

29^ 

770 

Ml 

Ml 

IM 

«* 

Mf 

6tS 

en 

61 

111 

24J 

Mi 

C20 

58 

58  j 

M 

21J 

22i 

£32 

54i 

631 

86 

21 

2IJ 

The  fidlowing  ezperimoita  relate  to  an  orifice  in  the  form  of  an  eqai> 
lateral  triangle,  with  slightly  rounded  comers.   The  side  measures  about 

3  millims.  In  this  case  the  pocniiaritios  of  the  contour  are  rcpoakHl  three 
times  in  passing  round  the  circumfereiice.  Two  wave-lengths  were  measured. 


Table  V.~November  16. 


PresRurD 

Wave-length 

1^  (I'rcB8ure) 

Premwe 

Wave-length 

1^  (Preaaura) 

215 

36 

35 

66 

19 

l»i 

166 

»U 

31 

43 

14i 

127 

87 

87 

87 

"i 

98* 

SB* 

88* 

Hero  again  we  observe  the  teadmcy  of  the  wave>length  to  increase  more 
rapidly  than  the  square  toot  of  the  preasarsL 

At  higher  pressures  the  difference  is  naturally  still  more  marked. 
With  the  same  aperture^  and  the  wooden  box  as  veaervoir,  the  results 
were:— 

f  This  is,  doDbtlM*,  aa  ttior.  At  thaw  high  yimnm  1»m  u>—iM>ub  is  cmBwitt. 
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Table  VL— December  17. 


WAVtJiOgth 

1072 

108 

80-4 

251 

38-9 

992 

M 

77-ft 

213 

S5-8 

888 

89 

TS-1 

H-27 

88 

70-7 

189 

S8 

33-7 

7G2 

81 

1()3 

31 

31-3 

702 

77 

asH» 

140 

381 

291 

619 

70 

81'1 

<  111 

S4| 

IS** 

589 

68 

90 

225 

23-3 

468 

n-1 

70 

19S 

20-6 

41ft 

Ml 

MhO 

67 

"1 

18-9 

NT 

«T 

Mil 

1 

18| 

4S 

The  wave-lengths'  down  to  84|  are  immediate  meaearemento;  those 
below  are  deduced  from  measurements  of  two  wave-lengtha 

Similar  experiments  were  mmle  with  jets  from  a  ftqiiare  hole  (side  = 
2  minima),  ihe  pcculiarilieii  of  which  aru  repciiUHi  /our  tiiuus  iu  paHsiiig  round 
the  circamferaioe.  Two  wave-lengths  were  measured. 


Table  VII^Deoember  14. 


WsT»>length 

^(Prennure) 

OoRWtod  |tPMMIP 

•1  Wsffl^kngth 

Oocfial 

447 

83 

30-2 

39-y  ! 

167* 

184- 

18-5» 

18-0 

S77 

39i 

27-7 

27-4  1 

13C 

16| 

16*6 

ICl 

812 

27 

25-2 

24-9  1 

107 

i  IS 

14-8 

14-2 

*H 

S8-4 

18>1 

ST 

184 

H-T 

347 

23 

22  5 

221  ' 

r>5 

lOj 

11-6 

10-8 

218 

21i 

211 

^  1 

1" 

8-9 

193 

20 

19-8 

1  " 

The  third  column  contains  numbers  pn^KMtioinal  to  the  s<|iiare  roots 
of  the  preHsnres.    In  the  fourth  cohimn  a  correction  is  intruduced,  the 

signiticAnce  of  which  will  be  explained  later. 

The  value  of  X,  other  thing's  Ix  ing  the  siiine,  depends  up<in  the  nature  of 
the  Huid.  Thus  methylated  alcohol  gave  a  wave-length  about  twice  as  great 
aa  tap  water.    This  in  a  conscijuence  of  the  smaller  capillarity. 

If  a  water  jet  be  touched  by  a  fragment  of  wood  moistened  with  oil,  the 
waves  in  front  of  the  plaoe  of  oontaet  are  considerably  drawn  out;  but  no 
sensible  eflSMt  appears  to  be  propagated  up  the  stream. 

If  a  jet  of  mercury  discharging  into  dilute  snlphurie  add  be  polarised 
hy  so  eleetcio  cnrrenti  the  dumge  in  the  oapiUsiy  ooostaat  discovered  by 
Upmann  shows  itself  by  alterations  in  the  length  of  the  wave. 
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When  tlic  wave-lougth  is  considerable  in  coniparisuu  with  the  diameter 
of  the  jet,  the  vibrations  about  the  circular  form  take  place  practically  in  two 
dimenflioiiak  and  are  eaaily  caleulsted  mathematically.  The  move  geneial 
case,  in  whtdi  there  is  no  limitation  upon  the  magnitude  of  the  diameter, 
involves  the  use  of  BeBeel's  functions.  The  investigation  will  be  found  in 
Api^'ndix  T.  For  the  present  we  will  roDflne  onrselves  to  a  statement  of 
tlie  results  lor  vibrations  in  two  dimen»iun.s. 

Let  us  suppoee  that  the  polar  eqnatioa  of  the  section  is 

r^at-t-OnOOBnBt  (1) 

80  that  the  curve  is  au  uudulatiug  one,  repeating  itself  n  times  over  the 
cireumferenoe.  The  mean  radius  is  a^;  and,  since  the  deviation  ftom  the 
eireular  form  is  small,  a.  is  a  small  quantity  in  oomparison  with  a,.  The 
vibration  is  expressed  by  the  variation  of  a.s  a  harmonic  function  of  the 
time.   Thus  if  a*  a  cos  (jrf  -  <X  it  may  be  proved  that 

p-««2»/>-*il-»V(fi^-«).   («) 

In  this  equation  T  is  the  superficial  tension,  p  the  density,  A  the  area  of  the 
section  (equal  to  wa»*),  and  the  frequency  of  vibration  isp/Sw. 

For  a  jet  of  given  fluid  and  of  given  area»  the  frequency  of  vibration 
varies  as  V(*>^*-tt)»  o*"       —  1) «(«  +  1)}.   The  case  of  n  —  1  ooireqMmds  to 

u  (lis])l!U!omcnt  of  the  jet  as  a  wholes  without  alteration  in  the  ybm  of  the 
boundary.  Accordingly  there  is  un  potential  energ}',  and  the  froquency  of 
vibration  is  zero.  For  n  =  2  the  houiKlary  is  Llli])tical,  for  7i  =  3  triaiiguliir  with 
rounded  comers,  and  so  on.  With  most  forms  of  orifice  the  jet  is  subject 
to  more  than  one  kind  of  vibration  at  the  same  time.  Thus  with  a  square 
orifioe  vihrationa  would  occur  conresponding  to  «m4,  wS,  nBsl%  Ac 
However,  the  higher  modes  of  vibtlttions  are  quite  snboixlinate,  and  may 
usually  be  neglected.   The  values  of  ^  various  values  of  n  are 

shown  below. 


H 

Ply/a 

ft 

j»/V6 

1    n    1  rtiJt 

!  1 

8 

1-00 

5 

4-47 

8  917 

3 

2  00 

G 

li-92 

9    i  10-95 

4 

316  j 

7 

7-4d 

13   1    16-95  1 

It  appears  that  the  frequency  for  no 3  is  just  double  that  for  n  =  2,  so  that 
the  wave-length  for  a  triangular  jet  should  be  the  half  of  that  of  an  elliptical 
iet  of  equal  area,  the  other  circumstances  being  the  same. 

For  a  given  fluid  and  mode  of  vibration  (n),  the  frequency  varies  as 
the  thicker  jet  having  the  longer  time  of  vihiation.  If  v  be  the  velocity 
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of  the  jet,  \  =  2Trvlp.  If  the  jet  convoy  ;\  [»iven  volume  of  fluid,  vx  A~^, 
aud  thus  Xa^~^.  Accui-diugly  in  the  ca^  of  a  jet  fulling  vertically,  the 
increase  of  X  due  to  velocity  is  in  great  measure  coropeusated  by  the  decrease 
due  to  diminishing  area  of  section. 

The  law  of  variation  of  p  for  a  given  mode  <it  vilmtion  witb  the  nature 
of  the  fluid  and  with  the  area  of  the  section  may  be  found  by  oonmdentions 

of  dimengions.  T  is  a  force  divided  by  a  line,  so  that  its  dimensions  are  I  in 
mass,  0  in  Icngtlt,  and  -  2  in  time.    The  volume  density  />  is  of  1  dimounon 

in  mass,  -  3  in  length,  and  0  in  tinio.  A  is  of  course  of  2  dimensions  in 
length,  and  0  in  mass  and  tinu  .  'i'liiis  thf  only  conibiuation  of  p.  A, 
capable  of  representing  a  freijUt  iK  y,  i^      p'^ A~^. 

The  above  reasoning  prt)cee«is  uj)on  the  assumption  of  tlu^  applicability 
of  the  law  of  isochronism.  In  the  case  of  large  vibrations,  for  which  the 
law  would  not  be  true,  we  may  still  obtain  a  good  deal  of  information 
by  the  method  of  dimensions.  The  elafM  of  the  wifioe  being  given,  let  us 
inquire  into  the  nature  of  the  dependence  of  X  upon  T,  p.  A,  and  P,  the 
pressure  !inder  which  the  jet  osrape.s.  The  dimensions  of  P,  a  force  divided 
by  an  area,  are  1  in  mass,  —  1  in  length,  and  —  2  in  time.  Assume 


then  by  the  method  of  dimensions  we  have  the  following  rdations  among 
the  exponents — 


a:  -}-  y  +  M  =  0, 


-3y +  2s-ii»l, 


whence 


Thus 


The  exponent  a:  is  undetermined  ;  and  since  any  nntnber  of  terms  with 
different  values  of  w  may  occur  together,  all  that  we  can  infer  is  that  \  is 
of  the  form 


where  /  is  an  arbitraiy  fiinetioo,  or  if  we  prefer  it 


where  F  is  equally  arbitrarj'.  Thus  for  a  given  li<piid  and  shape  of  orifice, 
there  is  compl«  tt>  dynatnicd  similarity  if  the  pressure  be  taken  inversely 
proportional  to  the  linear  dimension,  aud  this  whether  the  deviation  from  the 
eircular  form  be  great  or  small. 
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In  the  caJM"  of  water  Quincke  found  7*=  81  on  tho  c.n.s.  system  of  iinit*. 
On  the  Hame  system  p—l;  ami  thus  we  get  lor  the  frequency  of  the  gravest 
vibration  (n  =  2), 

^  =  3-51a-*  =  8-28il-»   (3) 

For  a  sectional  area  of  one  a^uare  centimetre,  thoe  are  thus  8*28 
vibrations  per  socond.  To  obtain  the  pitch  of  middle  C  (c'*266)  we 
should  require  a  diameter 

or  mther  more  than  a  millimetre. 

For  the  general  value  of     we  have 

=  l-43a-»       -  ») *  8*88-4 -  ")  

sir 

If  A  be  the  head  of  water  to  which  the  veloeitj  of  the  jet  is  due, 


:^•38^^(»»-ll) 


(3) 


In  applying  thiii  furniula  it  mu8t  be  remembered  that  A  is  the  area 
of  the  section  of  the  jet,  and  not  the  area  of  the  apertnie,  We  might 
indeed  deduce  the  value  of  A  horn  the  area  of  the  aperture  by  introduction 
of  a  oo^caent  of  contraction  (about  -G2) ;  but  the  area  of  the  aperture  itself 
is  not  very  easily  moasurod.  It  is  much  l  i  t1<  r  to  calculate  A  from  an 
observation  of  tho  (juiiulity  of  fluid  ( V),  disclmrged  under  a  monsurcd 
head  (//'),  eomyiarable  in  nia^niitiidr  with  that  prevailing  when  X  is  UR'asurt'd. 
Thus  A  =  V {2(fh'yK  Ju  tho  following  calculatiouM  the  c.ii.s.  system  of 
unite  is  employed. 

In  the  case  of  the  elliptical  aperture  of  Table  II.,  the  value  of  A  was 
found  in  this  way  to  he  "OdSS.  Hence  at  a  head  of  10*7  the  wave-length 
diould  be 

X  10-7)  X  (  0695)*  ^ 
3-38x^6  • 

the  value  of  g  being  taken  at  981.  The  corresponding  observed  value  of  X 
is  2*55. 

Again,  in  the  case  of  the  experiments  recorded  in  Table  IV.,  it  was 
found  that  A  -^  -0060.  Hence  for  A » 29-0  the  value  of  the  wave-length 
diould  be  given  by 

-  V(2j7  X  29-0)  X  (OOeO)* 
^  8-38XV6  

The  corresponding  obewred  value  is  8*95. 
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We  will  next  take  tho  trianijular  orifiof  of  Table  V.  The  value  of  A 
was  found  to  be  154.  Hence  for  a  head  of  9*2  the  value  of  \,  calculated 
d  pnorif  ia 

^         8-38  xV24  • 
M  oomparad  with  2'3  found  by  direet  obeervation. 

For  the  square  orifice  of  Table  VII..  we  have  A  —  -163.  Henoe,  if 
A  « 16-7, 

.  „V(2j7        7)  X  (158)»_  - 

as  oomparad  with  1*85  by  observation. 

It  will  be  remarked  that  in  every  case  the  observed  value  of  X  somewhat 
exceeds  the  calculated  value.  The  dificrepancies  are  to  be  at^ibnted,  not  so 
mneh,  I  imapino,  to  errors  of  oKscrvation  as  to  excessive  aniplittul*'  of 
vibration,  involving  a  departure  from  the  frequency  proper  to  infinitely 
small  aniplitudcH.  The  cloHe^it  {igreenieuL  is  in  the  ai8e  of  Table  IV., 
when  the  amplitude  of  vibration  was  smallest.  It  is  also  ponible  that 
the  capillary  tension  actually  operative  in  these  experiments  was  somewhat 
leas  than  that  determined  by  Quincke  for  distilled  water*. 

When  the  pressures  are  small,  the  wave-lengths  are  no  longer  considerable 
in  oompaiison  with  the  diameter  of  the  jet»  and  the  vibrations  cannot  be 
supposed  to  take  place  sensibly  in  two  dimensions.    The  frequency  of 

vibration  then  becomes  itself  a  function  of  the  wave-lenj^th.  This  question 
is  inveHtig.'itcKl  inathetMutically  iu  Appendix  I.  For  the  case  of  n»4,  it  is 
proved  that  approximately 

.    GOT/,  \\-irn'\ 

Hence  for  the  aperture  of  Table  VII., 

\oc  V*(1--088X-*), 

X  being  ezpreased  in  centimetres.  The  numbers  in  the  fourth  column  of  the 
table  are  calculated  aooording  to  this  formula. 

On  the  other  hand  at  hi|^  pronoures  the  frequency  beoomes  a  fonctioD  of 
the  prasBura.  Since  frequency  is  always  an  mm  function  of  amplitude,  and 
in  the  presmt  iqpplioation,  the  .square  of  the  amplitude  varies  as  h,  the  wave- 
length is  given  approximately  by  an  expression  of  the  form  ijh  {M  +  Nh), 
where  M  and  N  are  constants.    It  appears  from  experiment,  and  mighty 

•  fisao.  Ah  hafl  been  pointed  out  hy  Worthington  {Phil.  iV.x;.  vol.  xx.  p.  (Ifi,  IHS')),  the 
•giMiDenk  wiUi  obMrvation  would  be  maoh  imfwoved  by  taking  T  at  the  now  generally  reeetwd 
value  or  slMMi  7S.  in  pfaM*  of  QitiMks'k  SI.] 

25—2 
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I  think,  liiive  been  ox|>ort,o<l,  that  frequency  diminighet  as  MupUtude  in> 

creiuses,  so  that  N  is  positive. 

When  the  aperture  has  the  f(»rin  of  an  exact  oirrlo.  and  when  the  flow  of 
fliiiil  in  it~s  in'i^hlxmrhofKl  is  unimpodni  hy  uhstaclts,  fhi-n'  is  a  jM'rftft 
bahuict?  of  latertil  motions  ami  pn.'s.sures,  and  conseijuenlly  nothing  to  render 
the  jet  in  its  future  coarse  nimymmetrical.  Even  in  this  case,  however, 
the  phenomena  are  pfi>foundly  modified  hy  the  operation  of  the  capillary 
force.  Far  from  retaintng  the  cylindrical  form  unimpaired,  the  jet  rapidly 
resolves  itself  in  A  more;  or  less  regular  manner  into  detached  tnaascs.  It 
has,  in  fac  t,  Ix  en  shown  by  Plateau*,  b<tth  from  theory  and  exp<'riment,  that 
in  consetpieiiee  of  surfaee-tension  th<-  cylinder  is  an  uuiitable  form  of 
eqnilibrinm,  when  its  length  exreeds  it.s  circ)imference. 

The  circuniHtjinces  attendinj;  t  lie  i\'solutii»ii  of  a  cylindrical  jet  intd  drojis 
have  been  admirably  examinee]  and  described  by  Savartf,  and  for  the  most 
part  explained  with  great  sagacity  by  Pbtoau.  There  are,  however,  a  few 
points  which  l^>pear  not  to  have  heen  adequately  treated  hitherto ;  and  in 
order  to  explain  myself  more  effectually  I  propose  to  piuss  in  review  the 
le;iditi(^'  features  of  Plateau's  theory,  imparting,  where  I  am  able,  additional 
precihion. 

Let  uR  conceive,  then,  an  infinitely  long  cii-cnlar  cylinder  of  liquid, 
at  rest*  and  inquire  under  what  cirrumstances  it  is  stable,  or  uustablc, 
for  small  <lisplacenients,  syninietrical  alxnit  the  axis  of  tignri'. 

Whatever  the  deformation  of  the  origitudly  straight  boundary  of  the 
axial  section  may  be,  it  can  bo  resolved  by  Fourier's  theorem  into  dc- 

formations  of  the  harmonic  type.  These  oomponeiit  defimnationB  are  in 
gMieral  infintte  in  numher,  of  every  wave-length,  and  of  arfaitnuy  phase; 
hat  in  the  first  stages  of  the  motion,  with  which  alone  we  are  at  present 

concerned,  each  produces  its  effect  independently  of  every  other,  and  may 
be  considered  by  itself.  Suppose,  therefore,  that  the  equation  of  the 
boundary  is 

rmBa  +  uotrnkt,   (6) 

where  «  is  a  small  quantity,  the  axis  of  t  heing  that  of  symmetry.  The 
wave-length  of  the  disturbanoe  may  be  called  X,  and  is  connected  with  k 

by  the  eipmtion  Jt  =  2'jr/X.  The  capillar}'  U-nsion  endeAVoura  to  contract 
the  surface  of  the  fluid ;  so  that  the  stability,  or  instability,  of  the  cylindrical 
form  of  equilibrium  depends  upon  whether  the  surfiice  (unclosing  a  given 

*  statique  B^irimmtM$  H  fMnffM  de$  LtfuUm  mmU  mm  miiIm  Atcm  MoUmUtra, 

raria.  1873. 

t  "Mteofa»it»k  OoMkiCiition  dea  Yeinea  LiqaidM  taoote*  jme  dea  OrilleM  Oinakina  en 

mince  pnroi."    Ann.  d.  Chim.  t.  liii.  1«}3. 

X  A  motion  oommoii  to  every  part  of  the  fluid  ia  neceaaarily  without  influence  upon  the 
ilalilli^,  tad  wnj  fhtralDn  U  Ml  oat  of  Moooat  for  aomMiiHMo  of  ooootptlon  sad  oipiowioo. 
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volume)  be  greater  or  less  respectively  aft»'r  the  displacement  than  before. 
It  has  been  prt»ve(l  by  Plateau  (see  also  Appendix  I.)  that  the  surface 
is  greater  thiiu  before  displacement  if  ku  >  1,  that  is,  if  X  <  27ra ;  but  leas, 
if  £u  <  1,  or  \  >  2ira.  Accordingly,  the  ojuilibriuni  is  stable,  if  X  bo  less 
than  the  circunifereaoe;  bat  anatable,  if  \  be  greater  than  the  ciraumference 
of  the  ogrlinder.  DistorbMioes  of  (he  former  kind,  like  those  oonsidered 
in  the  earlier  part  of  this  pspor,  lead  to  vibruttons  of  hannonio  ty^,  whose 
amplitudes  always  remain  small ;  but  disturbances,  whose  wave-length 
exceeds  the  circumference,  result  in  a  great-er  and  greater  departure  from 
the  cylindrical  hgure.  The  analytiail  expression  for  the  motion  in  the  latter 
case  invcAvsB  exponential  terms,  one  of  which  (except  in  case  of  a  particular 
rektion  between  the  initial  disf^aoements  and  velocities)  increases  rapidly, 
being  equally  multiplied  in  equal  timea  The  coeflSdent  (q)  of  the  time 
in  the  exponential  term  (ifif)  may  be  considered  to  measure  the  degree  of 
dynamical  instability  ;  its  recipitxsal  1/q  is  the  time  in  which  the  disturbance 
ia  multiplied  in  the  mtio  1  :  e. 

The  degree  of  instability,  as  meas)ire<l  by  q,  is  not  to  be  detvnnined 
from  statical  considerations  only ;  otherwise  there  would  be  no  limit  to  the 
increasing  efficiency  of  the  longer  wave-lengths.  The  joint  operation  of 
superficial  tension  and  inertia  in  fixing  the  «ave>length  of  maximum 
instability  was.  I  believe,  first  considoed  in  a  oommnmcation  to  the 
Uathematioal  Society*  on  the  "  Instability  of  Jets."  It  appears  that  the 
value  of  q  may  be  expressed  in  the  form 

 •<'> 

where,  as  beibre,  T  is  the  su])ertieial  tension,  p  the  density,  and  F  is  given 
by  the  following  table: — 


F[ka)  j 

•flO 

•0000 

441 

•3382 

■m 

•iri3fi 

.W 

•34:Vi 

•10 

■'JIOS 

•GO 

••i»u 

•so 

•tni4 

-80 

•S701 

•so 

•8188 

•90 

•9016 

The  greatest  value  of  F  thus  ootresponds,  not  to  a  zero  value  of  IdHi*, 
but  approximately  to  it'fi' =  4858,  or  to  \  =  4"50S  x  2u.  H»  nre  the  inaxi- 
mUDl  iustjibility  ixTurs  when  the  wave-length  of  disturbanci'  is  about  half 
as  great  agaiu  as  that  at  which  instability  tiret  commences. 

*  Math,  8m.  Pfoe^t  N«fwiber,  1878.  [Art  unn.]  8m  alio  AppandU  I. 
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Tukiug  fur  water,  iu  CG.s.  uuits,  2' =  61,  p  =  l,  wu  get  lur  the  case  of 
maximuni  instabilily, 

»"-V?5i^-"»*' •<»> 

if  d  he  the  diameter  of  the  cylinder.  Thus,  if  d  =  1,  ^"'=115;  or  for  a 
diameter  uf  une  centimetre  the  disturbance  is  multiplied  2*7  times  iu  abuut 
one-aiutb  of  a  aeoood  If  the  dislatlniioe  be  multiplied  1000  fold  in 
time  ft  -  8  log^  10  =  6'9.  so  that  t  -  •79(|i.  For  eMrofde,  if  the  diameter 
be  one  millimetre,  the  dislurbauce  is  multiplied  1000  fold  in  about  one* 
fortieth  of  a  second.  In  view  uf  the}<e  estimates  the  rapid  diainteigratioii 
of  a  fine  jot  of  water  will  not  cause  surpnse. 

The  relative  importance  of  two  harmonic  disturbances  depends  upon  their 
initial  mjignitudes,  and  upon  the  nites  at  which  lliey  grow.  When  the 
initial  values  are  very  small,  the  latter  eonsidi-rution  is  much  the  more 
im|)ortanl;  for,  if  the  disturbaiicea  bt:  repreni'nted  by  OiC'''',  0^^''',  in  which 
^1  exooeds  q^,  their  ratio  is  (a^ai)e~">~^';  and  this  ratio  decreases  without 
limit  with  the  time,  whatever  be  the  initial  (finite)  ratio  :  a|.  If  the 
initial  disturbaooes  are  small  enough,  that  one  is  ultimately  preponderant^ 
for  which  the  me^isure  of  instability  is  greatest.  The  Kmaller  the  causes  by 
which  the  original  e«juilibnun)  is  upset,  the  mon^  will  the  cylindrical  mass 
tend  to  dividt!  itself  regularly  into  portions  whose  length  is  eipial  to 
•lf'5  times  the  diameter.  But  a  disturbance  of  less  favourable  wave-length 
may  gain  the  prepoudemooe  in  case  its  magnitude  be  sufficient  to  produce 
dieintegration  in  a  less  time  than  that  required  by  the  other  disturbances 
present. 

The  application  (»f  these  results  to  actual  jets  presents  no  gieat  diihculty. 
The  distoibance.s,  by  which  equilibrium  is  upset,  are  impressed  upon  the 
fluid  as  it  leaves  the  aperture,  and  the  continuous  portion  of  the  jet 

represents  the  distance  travelled  during  the  time  necessary  to  produce 
disintegration.  Thus  the  length  of  the  continuous  portion  iieceKsarily 
dejK'iids  upon  the  char.icter  of  the  disturbances  in  res})ect  of  amplitude 
and  wave-length.  It  may  be  iucreased  considerably,  as  iSavart  showed, 
by  a  suitable  isdatiMi  of  the  reservoir  from  tremors,  whether  due  to  external 
sources  or  to  the  impact  of  the  jet  itself  in  the  vessel  placed  to  receive  ik 
Nevertheless  it  docs  not  appear  to  be  possible  to  cany  the  prolongation  very 
far.  Whether  the  residuary  disturbances  arc  of  external  origin,  or  are  due 
to  friction,  or  to  some  peculiarity  of  the  fluid  motion  within  the  reservoir, 
lia.s  iu)t  be»  n  .satisfactorily  determined.  On  this  point  Plateau's  explanations 
are  not  very  clear,  aud  he  .sometimes  expresses  himself  as  if  the  time  of 
disbtf^iation  depended  only  upon  the  capillary  tensioii,  without  r^erenoe 
to  initial  disturbances  stall. 
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Two  liiws  wvrv  fiirimilatfd  by  Savart  with  rt'f<|H?rt  to  the  Inigtli  of  the 
coutinuous  portion  ut°  the  jet,  utid  have  buun  to  u  certaiu  extuut  expluiued 
fay  PlatoMi.  Fm  a  given  fluid  and  »  giv«a  orifloe  the  length  is  apiwoximntely 
praportional  to  the  aqaare  root  of  the  head.  Thia  followe  at  once  fiponi 
theory,  if  it  can  be  iis^uintHl  that  the  diMtuHmnoes  remain  always  of  tho  same 
chiiractcr,  so  that  the  time  of  disintegnition  is  constant*.  When  the  hciul  is 
j,'iven,  Savart  found  the  h'nfi^th  to  be  proportional  to  the  clianieter  of  the 
oriHce.  Fntin  (iS)  it  ap|K?ar»  that  the  time  in  which  a  disturbance  is 
multiplied  in  a  given  ratio  variee,  not  as  d,  but  aa  dfl.  Again,  when  the 
fluid  is  ehanged,  the  time  varies  as  f^T'K  But  it  may  bo  doubted,  I  think, 
whetbmr  the  length  of  the  oontinuous  portion  obeys  any  very  simple  lavra» 
evea  when  external  cUsturbanoes  are  avoided  as  fiv  as  possible. 

When  the  cireunistancea  of  the  ex|>eriment  an.'  such  that  the  reservoir  is 
iuHueucod  by  the  shocks  due  to  the  impact  of  the  jet,  the  disintegration 
usually  establishes  itnelf  with  complete  reg^nlarity,  and  is  attcndt-d  by  a 
musical  note  (Ssivart).  'I'he  impact  uf  the  regular  si-ries  of  dii»ps  which  is  at 
any  moment  stiikiug  the  sink  (or  vessel  receiving  the  water),  determines  the 
rupture  into  simiku'  drops  of  the  portion  of  the  jet  at  the  same  moment 
piMsing  the  oriHce.  The  pitch  of  tho  note,  though  not  alMolutoly  definite, 
cannot  differ  much  from  that  which  corres|>onds  to  the  division  of  the  jet 
into  wav»'-lt"ii^Lhs  of  maximum  instability  ;  and,  in  fact,  Savart  found  that 
the  fretjUcniy  was  directly  as  the  square  root  of  tlie  head,  iiivei-sely  ;us  the 
diameter  of  ihu  orihce,  aud  ladepeudout  of  the  nature  uf  the  Huid — laws 
which  ftiHow  immediately  from  Plateau's  theoiy. 

From  the  pitch  of  the  note  due  to  a  jet  of  given  diameter,  aud  issuing 
unfer  a  given  head,  the  wave-leiq(th  of  the  nascent  dtviidons  oan  be  at  once 
deduced.  Reasoning  finom  some  observations  of  Savart,  Plateau  finds  in  this 
way  4*38  as  the  ratio  of  the  length  of  a  division  to  the  diameter  of  the  jet. 
The  diameter  of  the  orifice  was  .3  millims.,  from  which  that  of  the  jet  is 
deduced  by  the  introduction  of  the  coefficient  'H.  Now  that  the  length  of  a 
division  hiis  Innm  estimated  tl  priori,  it  is  perhajw  prefenible  to  reverse 
Plateau's  calculation,  aud  to  exhibit  the  frequency  of  vibration  in  terms 
of  the  other  data  of  the  problem.  Thus 

 w 

But  the  most  certain  metho<l  of  obtaining  complete  regularity  of  reso- 
lution is  to  bring  the  reservoir  under  the  iuHuence  of  an  external  vibrat^ir, 
whose  pitch  is  approximately  the  same  as  tiiat  proper  to  the  jet  Magnusf 

*  For  thi'  sake  of  simplicity,  I  nct.'li'ct  tho  action  oT  gim^lgr  upOD  Uw  jet  wbtD  fonocd.  Tbt 
quedioQ  hu  been  fortbcr  diaouwied  bjr  I'latcau. 
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employed  a  Neef  8  hammer,  attached  to  the  woodra  fifame  whkdi  aui^Mvted 
the  reeervwr.  PMrfaape  an  electxioally  maintained  tuning-fork  is  stall  better. 

MagnuH  Hhuwud  that  the  rnont  im|MHrtant  part  of  the  effect  is  due  to  the 
f'oi-CL'd  vibration  of  that  side  of  the  veasel  which  contains  th<'  orifice,  and  that 
but  littlo  of  it  is  projiagated  through  tho  air.  With  resjK'ct  to  the  limits  of 
pitch,  Savart  found  that  the  note  might  be  a  tifth  above,  and  more  than  au 
octave  below,  that  proper  to  the  jet.  According  to  theory,  there  would 
be  no  well-de6ned  lower  limit;  on  the  othw  side,  the  external  vibration 
cannot  bo  efficient  if  it  tends  to  produce  divisions  whose  length  is  less  than 
the  circumference  of  the  jet.  This  would  give  for  the  interval  defining  the 
upper  lin)it  tt  :  4-508,  whidi  i.s  very  nearly  a  fifth.  In  the  case  of  Plateau's 
numbers  (tt  :  4'.SS)  thi-  discri'paiu'y  is  a  little  greattsr. 

The  detached  masses  into  which  a  jet  is  resolveil  do  not  at  once  assume 
and  retain  a  spherical  form,  but  execute  a  series  of  vibrations,  being 
alternately  oompteased  and  elongated  m  the  dtreetioii  of  die  axis  of  itym- 
metiy.  When  the  resolution  is  effected  in  a  perfectly  periodic  manner, 

each  drop  is  in  the  same  phase  of  its  vibration  as  it  pinmm  through  a  given 
point  of  s{«ice ;  and  thence  arises  the  remarkable  appearance  of  alternate 
swellings  and  contractions  described  by  Savart.  The  interval  from  one 
swelling  to  the  next  is  the  space  described  by  the  drop  during  one  complete 
vibration,  and  is  therefore  (as  Plateau  shows)  proportional  cwtorw  parUm  to 
the  squaxe  root  of  the  head. 

The  time  of  vilwation  is  of  ooune  itself  a  function  of  the  nature  of  the 
fluid  and  of  the  sise  of  the  drop.  By  the  method  of  dimensions  alrae  it  may 
be  seen  that  the  time  of  infinitely  small  vibrations  varies  direotly  as  the 

square  root  of  the  mass  of  the  sphere  and  iuvei-sdy  as  the  square  root 
of  the  capillary  tension;  and  in  Appendix  II.  it  is  proved  that  its  ex- 
pri38siou  is 

^-^/m  -  

V  being  the  volume  of  the  vibrating  nuuss. 

In  an  experiment  anaiit,'e<l  to  determine  the  tinie  of  vihrution,  a  stream 
of  19'7  cub.  cuntims.  jK;r  second  was  broken  up  under  the  jvction  of  a  fork 
making  128  vibrations  pur  second.  Neglectitig  the  mass  of  the  small 
Spherules  (of  which  more  will  be  said  presently),  we  get  for  the  mass 
of  each  sphere  19*74-128,  or  *154gnn.;  and  thence  1^  (lOX  taking  as 
before  T^Sl, 

TO '0478  second. 

The  distance  between  the  first  and  second  swellings  was  by  measurement 

IG'5  oentims.  The  level  (»f  the  contraction  midway  between  the  two 
swellings  was  36*8  centims.  below  the  surfoce  of  the  liquid  in  the  reservoir. 
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cormtponding  to  a  velocity  of  [269]  oeDtima.  per  second  These  data  give 
for  the  time  of  vibration, 

r  a  16*5  ^  [269]  »  0612  aeoond. 

The  diaerepaney  bekween  the  two  values  of  r,  which  is  greater  than  I  had 

ex|K>elcd,  18  duubtlesK  due  in  part  to  excessive  amp!itudt>,  rendering  the 
vibration  slower  than  that  calcubted  for  infinitely  small  amplitudes*. 

A  rough  estimate  of  the  degree  of  flattening  to  be  expected  at  the  first 
swelling  may  be  arrived  at  by  calculating  the  eccentricity  of  the  oblatum, 
which  has  the  same  volume  and  surfitce  as  those  appertaining  to  the  p<jrtiun 
of  Huid  in  question  when  fonning  part  of  the  undistuilx."d  cylinder.  In 
the  case  of  the  most  natural  mode  of  resolution,  the  volume  of  a  drop 
is  9«a',  and  its  snr&oe  is  ISira^.  The  eccentricity  of  the  Mukm  which  has 
this  volume  and  tiiis  sur&ce  is  'WA^  corresponding  to  a  ratio  of  principal 
axes  equal  to  about  1 :  8. 

In  coosequcmce  of  the  rapidity  of  the  motion  some  optical  device  is 
ncceH.s.-iry  to  render  appireiit  the  phenomena  attending  the  disiutegratiuu 
of  a  jet.  Magnus  employed  a  roUiting  mirror,  and  also  a  rotating  disk  from 
which  a  fine  Hlit  WiUj  cut  out.  The  rexuiicst  method  of  obtainiug  iiisUui- 
taneous  illumination  is  the  electric  spark,  but  with  this  Magnus  was  not 
suooessfol.  "The  rounded  masses  of  whidi  the  swellingp  consist  reflect 
the  light  emanating  fiwm  a  point  in  such  a  manner  that  the  eye  sees  only 
the  single  point  of  each,  which  i.s  principally  illuminated.  Hence,  when  the 
stream  is  illuminated  by  the  electnc  spark,  the  swellings  appear  like  a 
string  of  pearls;  but  their  form  eaimot  be  recognised,  beeanse  the  intensity 
of  the  light  reflected  from  the  remaining  portions  of  the  masses  is  too  small 
to  allow  this*  on  account  of  the  velocity  with  which  the  impression  is  lostf." 
The  electric  spark  had,  however,  been  used  successfully  tw  this  purpose 
vsaob  years  before  by  BuflTt,  observed  the  Aadow  of  the  jet  on  a  white 
screen.  Preferable  to  an  opaque  screen  in  my  experience  is  a  piece  of  ground 
gUiss,  which  allow.'*  the  shadow  to  be  examined  from  the  further  side.  I  have 
found  also  that  the  jet  may  be  very  well  observed  directly,  if  the  illumination 
is  properly  managed.  For  this  purpose  it  is  necessary  to  place  the  jet 
between  tiie  source  of  li^t  and  the  eye.  The  best  efibct  is  obtained  when 
the  light  of  the  sparic  is  somewhat  diffused  by  being  passed  (fin*  example) 
throu|^  a  piece  of  ground  glssB. 

The  spark  may  be  obtained  from  the  seoondaiy  of  an  induction  ooil, 
whose  terminals  are  in  ccnnexi<ni  with  the  coatings  of  a  Levyden  jar.  By 

*  [IHUU.  KxperimentM  upon  the  vibraliuna  of  drupa  which  (aU  mildly  from  iiozsles  have  been 
made  by  Lenard  {H^ied,  Amt,  voL  SIX.  |».  909, 1889).] 

t  Phil.  Mug.  vol.  xviii.  p.  172. 

X  Liebiff'$  Am,  vol.  lxxvui.  1S51. 
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adjimlment  of  tho  contact  breaker  the  series  of  Hparku  may  be  made  to  fit 
more  or  le.s8  [Midecily  with  the  formation  of  the  drops.  A  still  greater 
improvement  may  be  effected  by  using  an  electrically  maintauied  fork, 
which  performs  the  double  office  of  controHing  the  reeolatioii  of  the  jet 
and  of  interrupting  the  primary  current  of  the  induction  coil.  lu  this  form 
the  experiment  is  one  of  remarkable  beauty.  The  jet,  ilhitniuated  only 
in  one  phase  of  transformation,  appears  almost  perfectly  Hti-ady,  and  may 
l)c  exatniticd  at  leisure.  The  fork  that  I  used  had  a  fri'<iucnry  of  12H,  and 
conjmuuicated  it«  vibration  to  the  reservoir  through  the  table  on  which  both 
were  placed  without  any  special  provirion  for  the  purpose.  The  only  weak 
point  in  the  arrangement  waa  the  rather  feeble  eharacter  of  the  apurks, 
depending  probably  upon  the  use  of  an  induction  coil  too  large  for  the  rate 
of  intermittetice.  A  change  in  tlic  j)h;i.sc  under  observation  could  be  effected 
by  pressing  slightly  upon  the  reservoir,  whereby  the  vibration  communicated 
was  rendered  more  or  less  int^iuse. 

The  jet  is.sued  horizontally  from  an  orifice  of  about  half  a  centimetre 
in  diameter,  and  almost  immediately  asKunieil  a  rippled  outline.  The 
gradually  increasing  amplitude  of  the  disturbance,  the  formation  of  the 
elongated  ligament,  and  the  subseqnent  transformation  of  the  ligament 
into  a  spherule,  could  be  examined  with  ease.  In  consequence  of  the 
transformation  being  iu  a  mofe  advanced  oti^  «t  the  finrwaid  than  at  the 

hinder  end,  the  ligament  remains  for  a  monieJit  connected  with  the  mass 
behind,  when  it  luia  freed  itsS^if  Iroiu  the  nuuss  in  front,  and  thus  the 
resulting  spherule  acquires  a  biickwai'ds  relalive  velocity,  which  of  necessity 

leads  to  a  coUirioo.  Under  ordinary  dicumstances  the  si^erale  rebounds, 
and  may  be  thus  reflected  backwards  and  forwards  seTeral  timca  brtween  the 

atyaoent  masses.    But  if  the  jet  be  subject  to  moderate  electrical  influence, 

the  spherule  amalgamatcH  with  a  larger  mass  at  tlie  first  opportunity*. 
Magnus  showed  that  the  stn-ani  of  sj)herule.s  may  be  diverted  \uU)  another 
path  by  the  attraction  of  a  powerfully  electriiied  rod,  held  a  httle  below  the 
place  of  resolution. 

Very  interesting  roodihuitions  of  these  phenomena  are  observed  when  a 
jet  from  an  orifice  in  a  thin  plate  f  is  directed  obliquely  upwards.  In  this 
case  drops  which  break  away  with  difflerent  velocities  are  carried  under  the 
action  of  gravity  into  different  paths;  and  thus  under  ordinary  circumstances 
a  jet  is  apparently  resolved  into  a  "sheaf,"  or  bundle  of  jets  all  lying  in  one 
vertical  plane.  Under  the  action  »»f  a  vibrator  of  suitable  peri(Kiie  time  the 
resolution  is  regularised  ;  and  then  eavh  drop,  breaking  away  under  like 
conditions,  is  projected  with  the  same  velocity,  and  therefore  follows  the 

•  Proe.  Aoy.&e.lIaiialil8,187t.  On  IIm  loflam  «(  BiMtaiailjroDOollUiiif  Water  Dieps. 

[Art.  ux.) 

t  T!yiid«il  htm Anwa ttst t pinhoto gm beiawr awysliebs awJ  wMi sJwmtsai. 


Digitized  by  Google 


ON  THS  CAPILLARY  PHENOMENA  OP  JETS. 


895 


samo  ])ath.  The  apparent  gathering  together  of  the  sheaf  into  a  fine  and 
wcll-dctincd  stream  is  an  etfect  of  singular  beauty. 

In  certain  cases  whore  ihv  ironior  to  which  the  jet  is  Hiibjected  is 
compound,  the  single  |>iith  is  replaced  by  two,  three,  or  even  more  paths, 
which  the  drops  follow  in  a  regular  cycle  The  oxplauatiou  has  been  given 
with  remarkable  insight  by  Plateau.  If  for  example  besides  the  pnncipal 
diaturbanoe,  which  determines  the  nie  of  the  drops,  there  be  another  of 
twice  the  period,  it  is  clear  that  the  alternate  drops  break  away  under 
different  conditions  and  therefon^  with  diflerent  vcliKities.  Complete 
perioilicity  is  only  attained  after  the  piissage  of  a  pair  uf  drops;  and  thus 
the  odd  serie»  of  drops  puniucs  one  path,  and  the  even  series  another. 
All  I  propose  at  present  is  to  bring  forward  a'  few  ftett  oooneeted  with 
the  influence  of  eleetricity,  which  are  not  mentioned  in  my  former  com- 
munication. To  it,  however,  I  must  refer  the  reader  for  furthei-  explana- 
tions. The  literature  of  the  subject  is  given  very  fully  in  Plateau's  second 
volume. 

When  the  ]vl  is  projixited  upwanls  at  a  inodi>nite  obliipiit\',  the  slieaf  is 
(;us  Savart  deserilM'S  it)  confined  to  a  vertical  plane.  Under  these  circiim- 
stanccM,  there  are  few  or  uo  collisions,  as  the  drops  have  room  to  clear  one 
another,  and  moderate  electrical  influence  is  without  effect.  At  a  higher 
obliquity  the  drops  begin  to  be  scattered  out  of  the  vertical  phine,  which 
is  a  sign  that  collisions  are  taking  place.  Moderate  electrical  influence  will 
now  reduce  the  .scattering  .igain  to  the  vertical  plane,  by  causing  the 
coalescence  of  drops  which  come  into  contact.  When  the  projection  is 
nearly  vertical,  the  whole  scattering  is  due  to  etillisions,  and  is  destroyed 
by  electricity.  If  the  resolution  into  drops  is  regularised  by  vibrations  of 
suitable  frequency,  the  principal  drops  follow  the  same  path,  and  unless  the 
projection  is  nearly  vertical,  there  are  uo  collisions,  as  explained  in  my 
former  paper.  It  sometimes  hapjiens  that  the  spherules  are  ]>rojocted 
laterally  in  a  distinct  strwim,  making  a  considemble  angle  with  the  main 
streatu.  This  is  the  result  of  eollision.s  between  the  sj)heniles  and  the 
principal  drops.  I  believe  that  the  former  are  often  retiected  backwards 
and  forwards  several  times,  until  at  last  they  esca|>e  laterally.  Occasioually 
tile  principal  drops  themselves  collide  in  a  regular  manner,  and  ultimately 
escape  in  a  double  sfenam.  In  all  oasea  the  behavionr  under  electrical 
iiiflnence  is  a  criterion  of  the  occurrence  of  collisions.  The  principal 
plieiiomeiiu  are  eatdly  observed  directly,  with  the  aid  of  iustautaueous 
illumination. 

[l.sU!i.  Further  e\-perinu-nts  upoo  jets  are  described  in  Proc  Roy.  Hoc 
vol.  XXXIV.  pp.  130—145,  18ii2.J 
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Afpbwdix  L 

The  ,suhj*f;t  of  thl"-  up|M  iJ(iix  w  th»-  matht  inatical  invf?iti;f<itiun  <»f  the 
luutioD  uf  fnctionicifis  Huui  under  the  actiuu  of  capillar^'  furce,  the  ooo- 
figantion  of  the  fluid  differing  inflnitcly  little  from  (hat  of  eqidfibrinm 
ia  the  finm  of  an  infinite  eiieular  ejriinder. 

Taking  the  nxih  uf  the  c}  iiud*  r  :i.s  axis  uf  z,  and  polar  cu-ordinale»  r,  0  in 
the  perpt'udiaibur  phne,  we  may  expren  the  fiMrm  of  the  snrfaoe  at  any 
time  t  by  the  eqoatioD 

r-«,+/(^.#X  <") 

in  whidi  /(0,s)  is  always  a  smaH  quantity.    By  Fooriei's  theorem,  the 
arbitrary  function  /  may  be  expanded  in  a  eefieB  of  terms  of  the  type 
am  ii6  ctjo  kz ;  And,  ats  we  shall  .see  in  the  conn«(.>  of  the  investigation,  each 

of  thes«,-  t<  riii.>-  may  be  coiisiderc-*!  indrj^'iulfntly  of  the  others.  The  sum- 
mation extends  Uj  all  pututivu  values  ol  k,  and  to  all  positive  integral  values 
of  n,  zero  included. 

During  the  motion  the  quantity  a,  dm^  not  remain  aUioluiely  coiusUiot, 
and  muttt  be  determined  by  the  condition  that  the  inclosed  volume  is 
invariable.   Nov  lor  the  smhboe 

r  =  a,  +  a^cixi  n$  am  kz,  (12) 

we  find 

volume  =  \fft*d$dz  =  f  (ird,-  +  ^ wa„*  co^  kz)dz=  z  (?m,*  +  J-wti,*) ; 
so  that,  if  a  denote  the  ludius  of  the  section  of  the  undisturbed  cylindtf. 


whence  approximately 

B,-o(I-ici„V«'>   (13) 

For  the  case  a»0,  (18)  ia  replaced  by 

a,-»a(l>W/'»'X   (14) 


We  have  now  to  calculate  the  area  of  the  surface  of  (22X  on  which  the 
potential  eneigy  of  diqilaoement  depends.   We  have  [aj^noximately] 

Snriaee  -//(I  -I-  ^(dr/d$f  4  ^r^(drfd0y]  rd0dt 

—  *  |2ir(i,  +  |irA*a,'a  +  Jini='a,*a-'} ; 

so  that,  if  a  denote  the  surface  corresponding  on  the  avenge  to  the  unit 
of  length, 

9  «  8«o  +  \ira-*  (ifc"tf  +  ««  -  1)  «,»   (15) 

the  value  of  u,  being  substituted  from  (13). 
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Thu  pottiutiai  energy  P,  eHtiinated  per  unit  length,  is  therefore  ex- 
prcoBod  by 

P  -  i«o-»         +  »«-!)  ««»  (16)» 

T  being  the  Buperficial  tension. 

For  the  case  n  =  0,  (KJ)  is  n-placed  liy 

P  =  iwo-'T(Xr*o«  - 1)   (17) 


From  (1(>)  it  appears  that,  when  n  is  unity  or  any  greater  integer,  the 
vahie  of  P  is  positive,  showing  that,  for  all  displacenientB  of  thewe  kindH,  the 
orij^ina!  o<|uilibriuiii  is  stable.  For  the  cjis*-  of  di»placeinont8  symmetrimi 
about  the  axis,  we  s^'e  from  (17)  that  the  etpiilibriuni  is  stable  or  unstable 
acconiing  an  ka  is  greater  or  less  than  unity,  i,e.,  according  as  the  wave- 
length {Tnrfk)  is  leas  or  greater  than  the  eiroumferenoe  of  the  cylinder. 

If  the  expression  for  r  in  (12)  involve  a  number  of  terms  with  various 
values  of  »  and  the  oorresponding  expression  finr  P  is  found  by  simfde 
addition  of  the  expressions  relating  to  the  oompmient  tenni»  and  onff^int 
only  the  squares  (and  not  the  products)  of  the  quantities  «. 

The  veloeity-potential  (^)  of  the  motion  of  the  fluid  satisfies  the 
equation 

dr'        d  r d8* dz*  '  ' 

or.  if  in  order  to  correspond  with  (12)  we  assume  that  the  variable  part 


is  proportional  to  cosntfoosiky, 

^%-^-(^^)*=«-.  

The  solutioii  of  (18)  under  the  omdition  that  there  is  no  introduction  or 
abstraetion  of  fluid  along  the  axis  of  ayukinetiy  is— 

<f>  =  finJn(ikr)coBn0cosk»  (19) 


in  which  t  =  VC—  1  )*  and  is  the  symbol  of  the  Bessel's  function  of  the 
nth  order,  so  that 

"A.  W=  2»I>  +  1)     +  27fn  +  2  +  274.  2« +^2.2;^^  +  ■} 

The  constant  is  to  be  found  from  the  condition  that  the  radial 
velocity  when  r^a  coincides  with  that  implied  in  (12).  Thus 

tfcA,/,'(tfca)-«*«^dfc   (21) 

*  [1899.  If  k=0,  the  rigLt-hand  uivraber  o(  (16).  corresponding  to  r=a^+a^eoan0,  n«edH  to 
bs  dooUad.] 
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The  kinetic  euergy  of  the  motion  is,  by  Ureeu's  theorem, 

80  that,  by  (21^  if     denote  the  kinetic  eneigy  per  unit  length. 
When  fi-O,  we  must  take,  instead  of  (22), 

''i"^^:j!X>C!j-  •  (») 

The  meet  gencml  valuo  of  /T  is  to  be  found  by  simple  summation,  with 
respect  to  V  and  k,  from  the  particular  values  cxpresstxl  in  (22)  and  (23). 
Since  the  cxpresHions  for  P  and  A'  involve  only  the  sipiarcs,  and  not  the 
pnMluetH,  of  the  quantities  a,  dafdt,  it  folIowH  that  the  uiotions  repre.seuted 
by  (12)  take  place  in  perfect  independence  of  one  another. 

For  the  free  motion  we  get  by  Ljigrange's  method  from  (16),  (22), 

^.  T    . (a-a) ^,,^^_l^^^o  

at*     pa*    Jniika)  .  y  / 

whidi  applies  witliout  change  to  the  ease  n  » 0.  Thus, 
if  a.Qeoo8(|rt-~e), 

^'vV'lX-^"-**"''-'^  

giving  the  frequency  of  vibration  in  the  cases  of  stability.  If  «  =0,  and 
Aa  <  1,  the  solution  changes  its  form.   If  we  suppose  that  a*  a  e*^, 

*-^'"^^-^'-'>  <*«) 

From  this  the  table  in  the  text  was  calculated. 

When  n  ia  greater  than  unity,  the  values  of  in  (25)  are  usually  in 
practical  cases  nearly  the  same  as  if  i»  were  sero,  or  the  motion  took  pUioe 
in  two  dimensiMis.  We  may  therefore  advantsgeously  introduce  into  (26) 
the  sui^Msition  that  ka  is  small.   In  this'  way  we  get 

ji^  -  n  (n'  -  1  +  A»a«)  ^  [l  +  ,^£^2    ' " J ^^^^ 
or,  if  Aa  be  n^lected  altogether, 

;>'  =  («^-n)^,  (28) 
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which  agree  with  the  formuUe  used  iu  the  text.  When  n  =  1,  there  is  no 
force  of  restitution  for  the  ease  of  a  displacement  in  two  dimensions. 

Combiiiiiif:^  in  tlie  uhujiI  wiiy  two  stationary  vibrations,  whose  phjuses 
differ  by  a  quarter  of  a  periotl,  we  find  as  the  expression  oi  a  progressive 
wave, 

r  "  a,  +  7h  COS     oca  iur  006  |)f   lyw  MB  iU9  sin  i«  ain  |)l 

=  «o  +  7n  COS     cos  (p<  —  kg)  (29) 

For  the  application  to  a  jot  the  progressive  wave  must  be  roduccd  to 
steady  motion  by  the  sniK'rposition  of  a  common  velocity  (w)  equal  and 
opposite  to  that  of  the  wave's  propagation.    The  solution  then  becomes 

.rmOt  +  fnCOBnficMlu,  (80) 

in  which  7,  is  an  absolute  constant  The  corresponding  velocity-potMitia]  is 

 •(«) 

It  i.H  instructiTe  to  verify  thoso  n-snlts  by  the  formuke  iqpplicable  to 
Htciuly  motion.    The  resultant  velocity  q  at  any  pQint  is  approzimately 

equal  to  d^Jdz^  and 


—  v+.irr  /  / .»  .  cos  At  COS  n$. 


At  the  surface  we  have  approximately  r  b  a,  and 

■ 

Thus  by  the  hydrodynamical  equation  of  pressure,  with  use  of  (85),  since 

Pressure  -  const  -I- 7«a"*T(n* - 1  +  i^a?) cofiktcMne.  (32) 

The  pressure  due  to  superBoial  trasbn  is  T^Rc^-k-Bi^),  if  are 
the  radii  of  curvature  in  planes  parallel  and  perpendicuhir  to  die  aads; 
and  from  (30) 

-       -  dH-fdi^  =  -  it»7«  008  ntf  cos 
RC^    1^ + e^r^/d^  «  a-*  -l-  7.  a-*  (»■  - 1)  cos  ntf  cos  £y ; 

80  that 

Ftessure    const  -h  yiia~*(ii' -  1  +  if  a')  cos  ni9  cos  l». 

Thus  the  pressure  due  to  velodty  is  exactly  balanced  by  the  capillaiy  force, 
and  the  anrfiwe  condition  of  equilibrium  is  satisfied. 


Digitized  by  Google 


400  ON  THE  CAPILLARY  PU£N01iENA  OF  JETS.  [60 

Appendix  II. 

We  will  now  investigate  in  the  same  manner  the  vibrations  of  a  liquid 
masH  abuul  a  sphericid  Bgure,  confining  ouiticlvcs  for  brevity  to  modes  of 
vibntion  symmetiKal  about  an  axis,  which  is  suffioimit  for  the  iii)))iicatioii 
in  the  text.  These  modes  require  for  their  ex|nemoa  only  Li^piendre's 
functions  P„ ;  the  more  general  problem,  involving  Laplace's  functions,  may 
be  treated  in  the  same  way,  and  leads  to  the  same  results. 

The  radius  r  may  be  expanded  at  any  time  t  in  the  series 

r  =  a,  +  a,  P,  (/x)  +  +  o„  P„(/m)  +  (^3) 

where  a,,  it.,  are  small  tpiantities  relatively  to  a„,  and  fi  (according  to  the 
usual  uoUitioii)  represents  the  cosine  of  the  colatitude  {6). 

For  the  volume  included  within  the  surfiu»  (33)  we  have 

V^Itt  J_^Vci/*  =  JTTO,'  [1  +  3^  (2n  +  l)-'a,'KJ. 

approximately.  If  a  be  the  radius  of  the  sphere  of  equilibrium, 

a*  =     [  1  +  3  S  (2»  +  1 )-' a^Vtt-].   (34) 

We  have  now  to  calculate  the  area  of  the  surfifuse  8» 

S  -  2^/  r  Bin  ^         +  Q]     =  2,r/|,-  +  4  (^)]  sin^dA 

For  the  first  part 

rdfi  =  2a^'  +  2  S  (2n  +  i  )-'o,». 

For  the  second  part 

The  value  <rf  the  quantity  on  the  right-hand  aide  may  be  found  with  the  aid 
of  the  formula* 

-       **  -<- + D/^-i-.*- 

=  i2n(i»+  IX  =  Sn(n  + 1)(2«+  l)-a,« 


Thus 
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Accordingly 

S  -  4»ra,»  +  2wS  (2»  +  !>-'  (»'  +  n  +  2;  a»» ; 

or,  smoe  by  (34) 

8  =  4iro» + 2irS  (n  - 1)  (tt  +  2)(2n  +  l)-'a««.  .(86) 

If  3*  be  the  obheeive  tenmon,  the  potential  energy  ia 

P  =  27r r  S  (n  -  1)  (H  +  2)  (2»  +  l>-ian«.   (36) 

We  have  now  to  calculate  the  kinetic  energy  of  the  motion.  The 
velocity-potential  ^  may  be  expanded  in  the  series 

*-A+A»-P,(m)  +  +  A.t*P«(f*)+...;   (87) 

and  tins  fiar  IT  we  get 

-  I  J*  ^  <W  -  ip .  W  f '       rf^  -    .  4»a^ .  2  (ft.  +  l)rina-^W. 

But  by  cnin]KinKon  of  the  value  of  d^dr  from  (37)  with  (38),  we  find 
nar^^^n-donldt  ',  and  thus 

K^tirfHifT(%i^+l)r*n-^(dan/dtY.   (88) 

Since  the  products  of  the  quautities  a„  and  da^jdt  do  not  occur  in  the 
ezpreestont  for  P  and  JT,  the  motions  represented  by  the  various  terms 
occur  independently  of  one  another.  The  equation  fi>r  On  is  by  Lagraiige's 
method 

^  +  n(»-l)(m.2)^a.-0;   (39) 

so  that^  if  o»  oc  ooB(pf+fX 

j^-n(n-l)(n+2)J^.  (40) 

pa 

The  periodie  time  r  given  in  the  text  (equation  (10))  follows  from  (40) 
by  putting  t  «  2njr\  «  -  2,  V"  |irtt». 

To  find  the  Ksdius  of  the  sphere  of  water  which  vilnates  seoonds, 
put  p  s  Sir,  7  «  81,  f»  as  1,  a  a  2.  Thus  a  2*54  oentim&,  or  one  inch 
almost  exactly.  [1809.  But  a  better  value  for  T  would  be  74] 
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ACOUSTICAL  OBSEBVATIONa  II. 

[Pka.  Mag.  vii.  pp.  149—162,  1879.] 

Pure  Tones  from  Sounding  Flamn. 

Thb  best  approximation  to  a  pure  toDO  is  doubtless  that  given  by  a  ibric 
held  over  a  suitably  tuned  air  resonator;  but  unlets  the  ▼ibrations  are  main- 

tained,  the  sound  is  of  but  short  duration,  and  varies  in  intensity  throughoutb 
On  the  other  hand  the  introduction  of  an  electro-magnetic  maintenance  (as 
iu  Hehnholtz's  vowel  experimeiits)  somewhat  complicates  the  apparatus. 
For  many  purposes  extreme  purity  and  constancy  of  pitch  are  not  important; 
and  thus  an  arrangemeut  which  shall  be  simple  and  easy  to  manage,  even 
though  leas  perfect  in  its  operation  than  a  tuning-fork,  is  still  a  desideratum. 

During  tiie  last  year  I  have  often  used  with  good  effect  air  rsMoatora 
whose  vibrations  were  maintained  in  a  well-known  manner  by  hydrogen 
flames.   In  the  common  form  of  the  experiment  an  open  cylindrical  tube  is 

employed  as  resonator,  and  gives  a  sound,  usually  of  a  highly  compound 
character.  In  order  to  obtain  a  pure  tone,  it  is  only  necessary  to  replace  the 
tube  by  a  resonator  of  difl'ereut  form,  such  as  a  rather  wide-mouthed  bottle 
or  jur ;  but  a  difficulty  then  arises  from  the  progressive  deterioration  of  the 
limited  quantity  of  air  induded.  A  bettor  result  is  obtained  from  a  tube 
with  a  central  expansion,  such  as  a  bulbous  paraffin-lamp  chimney,  which 
allows  of  a  through  draught,  and  yet  departs  suflBcientiy  firam  the  cylindrical 
form  to  give  a  pure  tone.  For  ready  .speech,  it  is  sometimes  necessary  to 
restrict  the  lower  aperture,  e.(j.  by  a  bored  disk  of  wood  attached  with  wax. 
Another  plan  which  answers  very  well  is  to  block  the  middle  of  a  cylindrical 
tube  by  a  loosely  fitting  plug.  The  tubes  that  I  used  are  of  cast  iron,  and 
were  plugged  by  rectangular  [deoes  of  wood  fnovided  with  spring  of  brass 
wire  to  keep  thraa  in  position.   The  length  ot  the  plug  may  be  about  two 
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diameters  of  the  tube;  the  length  of  the  tube  itself  should  be  about  twelve 
diameters.  In  all  wises  the  best  result  requires  that  the  tubes  through 
which  the  hydrogen  is  supplied  be  of  suitable  length,  and  be  provided  with 
saitaUe  buraera.  These  may  be  made  of  glass,  and  are  easily  adjusted  by 
trial 

For  qcdinary  purposes  a  oommon  hydrogen-bottle  is  snffleient ;  bat  the 
note  is  rather  more  steady  whan  the  hydrogen  is  sufqplied  firom  a  gas-holder. 
In  this  way  I  have  obtained  pore  tones,  giving  with  tuning-forks  pretty 

steady  beats  of  more  than  two  seconds'  period.  When  the  intensities  are 
nearly  eqoalj  the  phase  of  approximate  silence  is  veiy  well  marked. 

Pouite  0/  tiimtee  near  a  waU  from  wkkh  a  pum  tarn  u  r^msttd. 

On  this  subject  there  are  two  papers  by  X.  Savart*,  who  advances  views 
very  difficult  of  acceptance.  A  criticism  of  some  of  Savart's  positions  was 
published  soon  after  by  Seebeck ;  but  the  question  does  not  appear  to  have 
been  thoroughly  cleared  up. 

One  source  of  confusion  is  imperfect  recognition  of  the  fiust  tiiat  tha 
poeitixniB  of  the  nleuces  depend  npon  the  nature  of  the  apparatus  used  tat 
the  investigatioiL  In  the  case  of  the  ear  a  ailoice  reqaires  that  there  be  no 
variation  of  pressure  at  the  open  end  of  the  ear-passage,  whether  it  be  in  its 

natural  state,  or  prolonged  by  a  tube  fitted  into  the  external  ear.  The 
addition  of  a  small  cone  or  resonat^jr  will  not  affect  the  truth  of  this  state- 
ment. Thus,  if  the  influence  of  the  head  and  body  of  the  observer  acting  as 
simple  obstacles  be  put  out  of  account  (as  may  fidrly  be  done  when  a  tube  is 
nsedX  the  silences  ooonr  at  distances  from  tibe  wall  which  are  odii  multiples 
of  the  quarter  wavc-lengthf.  On  the  other  hand,  if  a  membrane  simply 
stretched  over  a  hoop  and  held  parallel  to  the  wall  be  u.^ed  a-s  the  indicator, 
the  posit  ions  of  zero  disturbance  are  at  distances  from  the  wall  equal  to  even 
multiple.s  of  the  quai'ter  wave-length. 

In  the  theory  of  ()rgan-{)ipes  the  places  of  zero  velocity  and  of  maximum 
pressure- variation  are  usually  called  nodes ;  and  the  places  of  zero  pressure- 
variation  and  of  maximum  velocity  are  called  loopi.  If  we  retain  this 
nomenclature,  we  may  say  that  rilenoes  as  investigated  by  the  ear  ocenr  at 
loops,  and  that  the  maximum  sound  is  found  at  nodes ;  but  in  Savart's  papers 
the  silences  are  identified  with  noihs.  Moreover  the  difference  is  not  one  of 
words  merely ;  for  Savart  considers  that  (apart  from  the  eflFects  of  obstacles) 
the  silences  are  to  be  found  at  distances  from  the  wall  which  are  even 
multiples  of  the  quarter  wave-length.    A  large  part  of  his  woric  is  thus  an 

*  Am.  d,  Ckim.  vol.  ucxt.  18.19,  toI.  xnr.  1845. 

t  Tba  warns  ftnUntappowdoompleto.  8a!Mrl%*««Biii"aMea^hslf  Mkaf. 
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eudeavuur  to  bring  the  facts  into  accordance  with  a  mistaken  theoretical 
view. 

When  tho  modian  plane  is  parallel  to  the  wall,  the  obstruction  presented 
by  the  head  displaces  considerably  the  positions  of  the  silences.  In  his  first 
paper  Savart  proposes  to  add  27  mm.  to  the  measured  distances  between  the 
external  ear  nearer  to  the  wall  and  the  wall  itself^  in  ovder  to  take  aooomit 
ot  the  interval  hetwem  tiie  extmal  ear  and  the  sentient  apparatus.  Id  the 
ease  of  the  ear  further  from  the  wall  a  similar  distance  is  to  be  sabtraeted. 
I  am  at  a  loss  to  understand  how  the  situation  of  the  sentient  apparatus  can 
be  supposed  to  be  an  element  in  the  question  at  all.  Everything  must 
surely  depend  upon  whether  there  is  or  is  not  a  variation  of  preasure  at  the 
outer  end  of  the  ear-passage.  In  the  second  paper  Savart  takes  (as  it  appears 
to  me)  a  further  step  in  the  wrong  direction.  He  states  that  the  positioos 
of  the  silences  are  the  same,  whether  they  be  observed  with  the  ear  nearer 
to  the  wall,  or  with  the  ear  further  from  it,  and  draws  the  conclusion  that 
the  part  of  the  head  with  which  we  have  to  deal  is  that  sitimtfd  in  the 
median  plane  midway  bi  tweeii  thi'  ear.-;.  Having  alivady  aildi  d  "27  nini.  to 
his  measurements  (in  the  case  of  the  ear  nearer  to  the  wall),  to  take  account 
of  the  distanoe  between  the  external  ear  and  the  labyrinth,  he  now  adds 
60  mm.  more.  By  this  artificial  treatment  the  distances  of  the  mlences  from 
the  wall  arc  made  to  agree  with  the  series  of  even  mnltiples  of  the  quarter 
wave-length,  though  considerable  anomalies  remain  unexplained. 

There  can  be  no  doubts  I  imagine,  that  Savart's  theoretical  views  are 
quite  erroneous,  and  that  what  has  to  be  explained  by  the  action  of  the  head 

as  an  obstacle  is  the  displaci  inent  of  the  silences  from  the  loops,  and  not 
from  the  nodes.  An  exui^t  theoretical  investigation  of  this  subject  is  of 
course  out  of  the  (question  ^  but  some  information  bearing  upon  it  may  be 
obtained  from  a  calculation  given  in  my  I%eor^  of  Sound,  §  328,  relating  to 
the  character  of  the  obstruction  to  sound  presented  by  ligid  spheres.  It 
appears  that  if  a  source  of  sound  be  situated  at  the  surface  of  a  sphere  whose 
circumference  is  moderate  in  comparisoTi  with  the  wave-length,  the  phase 
(which  is  the  element  on  which  the  j)henomena  under  consideration  princi- 
pally depend)  at  a  distance  is  appro.xinuitely  the  same  as  if  the  source  were 
moved  outward  from  the  surface  through  a  distance  equal  to  half  the  radius, 
and  the  sphere  were  removed  altogether.  By  the  theorem  of  reciprocit)r, 
§  294,  it  follows  that  in  the  case  of  reflection  of  plane  waves  there  is  a  silence 
at  the  point  on  the  surface  of  the  sphere  nearest  the  wall  when,  not  this 
point  itself,  but  another  further  from  the  centre  by  half  the  mdius,  is  distant 
from  the  wall  by  an  odd  multiple  of  the  quarter  wave-length,  provided  that 
the  distance  between  the  sphere  and  wall  be  not  too  small  a  multiple  of  the 
radiu&  Instead  tiierefore  of  adding  with  Savart  S7  mm.,  <ur  77  mm.,  to  the 
observed  distances  in  the  expectation .  of  so  arriving  at  even  multiples  of  the 
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quarter  wave-length,  we  ou.ei'ht  rather  to  subtract  some  such  distance  as 
50  mm.  ill  iliu  expectation  of  arriviug  at  odd  multiples  of  the  same  (^uautity. 

The  following  are  some  of  Savwt's  results  given  in  the  first  paper: — 

DHignationB  des  Htm  Distiinces  da*  poliiti 

pointft.  A  Im  pkiai. 

Faroi. 

1'  ventre. 

l'  IKI'Ud. 

2*'  ventre. 


0-000 

•148 
•373 
•716 

2'^  iioeud.  I  1000 


3*  ventre. 
3*  ncettd. 
4^  ventre. 
4*  noBud. 


1358 
1*61S 

1-  007 

2-  275 


If  we  eabtract  27  -f  50  (a  77)  from  Savart's  numben  far  nodes  vre  get 

■2m,  -923,  1-538,  2198, 

corresponding  to 

|(-6i9X      fC6i9X      K-eiox  H-eio), 

or  to 

•809,  •927,  1^546,  2  1<i3; 

Gli)  bting  the  value  of  the  half-wave  (oiule).  The  "ventre"  between  the 
wall  aiiid  the  first  uude  does  not  belong  to  the  regular  system  at  all. 

From  a  theoretical  point  of  view,  it  appeared  to  me  highly  improbable 
that  the  sileuces  for  the  two  t  ai-s  should  (M-cur  in  the  same  })osition  of  the 
head,  except  perhaps  in  the  ca.se  of  a  ptirtieular  wave-leugth  equal  to  about 
three  diameters ;  and  laboratory  experiments  with  steadily  maintained  tones 
had  made  me  fiuniliar  with  the  phenomenon  of  Bounds  apparently  trans- 
ferring themselves  from  one  ear  to  the  other  when  the  head  is  moved ;  but  I 
thought  it  desirable  to  try  a  few  experiments  in  the  open  air  especially 
directed  to  the  ezaminati<m  of  this  point. 

The  source  of  sound  was  a  lamp-chimney  and  hydrogen-flame,  as  described 
above,  of  pitch  e'  tint,  so  that  the  (luarter  wave-length  was  about  eleven 
inches.  The  apparatus  was  placed  at  distances  varying  from  about  18  to 
50  fiMt  in  front  of  a  tolerably  6at  wall ;  and  the  observer,  with  one  ear 
stopped,  investigated  the  positions  of  the  silences^  holding  the  middle  plane 
of  his  head  parallel  to  the  wall.  Although  the  positions  of  the  silences  were 
not  veiy  well  defined,  presumably  in  consequence  of  unequal  amplitudes  of 
the  superposed  vibrations,  the  most  inattentive  observer  could  not  fail  to 
notice  that  it  was  necessary  to  move  the  head  considerably  in  order  to  pass 
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from  a  pliicc  where  the  sound  was  a  minimum  for  one  ear  to  a  place  where 
it  was  a  minimum  for  the  other  ear.  We  may  therefore  conclude  that 
Sftvarf  8  stalMiieiit  it  not  gesaeanSlj  tra^  and  tliat  the  views  wlildi  he  hes 
fimnded  upon  it  have  no  eafficiait  daim  upon  oar  aooeptanoe. 

When  the  median  plane  of  the  head  is  perpendicular  to  tiie  wall,  the 
silences  are  ohaenred  at  distances  which  are  ocid  multiples  of  the  quarter 
wave-length,  agreeably  with  themy. 


The  beautiful  phenomenon  of  sensitive  flames  is  now  familiar  to  students 
of  acoustics ;  but  its  rationale  is  by  no  means  understood.  An  important 
contribution  to  the  facts,  from  which  some  day  a  theory  will  doubtless  arise, 
is  contained  in  the  observation  of  Pi-of.  Tyndall  as  to  the  "  seat  of  sensitive- 
ness." My  present  purpose  is  to  bring  forward  another  ftet  whidi  also  will 
probably  be  found  important  It  may  be  thus  stated.  Under  the  actkm  of 
statumnry  sonorous  waves  a  flame  is  exdted  at  loops  and  not  at  nodu. 

The  source  of  sound  was  a  little  oontrivanoe  on  the  {oinoiple  of  the  bird- 
call, blown  fix>m  a  well-regulated  bellows.  Fkobably  a  very  hi^^  <agan-pipe 

or  whistle  might  be  employed ;  but  it  is  necessary  to  use  a  nearly  pure  Umc  ; 
and  the  pitch  must  be  high,  or  the  Hame  will  be  not  affected  sufficiently. 
At  a  distance  of  a  few  feet  the  sound  was  reflected  perpendicularly  from  a 
laigo  board.  The  flame  itself  was  that  called  by  Tyndall  the  vowel  flame, 
issuing  from  a  inn-hole  steatite  burner  fod  from  a  gas-holder  with  gas  at 
high  pressure  (9  or  10  inches  [26  cm.]). 

The  observations  were  made  by  moving  the  burner  to  and  fro  in  front 

of  the  board,  until  the  positions  were  found  in  which  the  flame  was  least 
disturbed  by  the  sound ;  and  it  will  be  seen  from  the  results?  that  these 
positions  were  very  well  defined.  The  distance  between  the  board  and  the 
orihce  of  the  burner  was  then  taken  with  a  pair  of  dividers,  and  measured  on 
a  scale  of  millimetres.  Two  observers,  J  and  E,  adjusted  the  flame  inde- 
pendmtly  of  one  another.  The  following  are  the  results  obtamed :— 
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Thi'  second  column  contains  the  indivirliial  measurements  by  the  two 
observers  ;  the  third  shows  the  mean  of  all  the  results  for  tlu"  same  position. 
The  numbers  in  the  fourth  eohnun  are  the  results  of  dividing  those  of  the 
third  oolamn  by  1,  2,  3,  4,  5,  respectively,  and  agree  very  well  togetiier, 
proving  that  the  pontions  ocnneide  with  nodea.  If  the  positions  had  ooindded 
with  loops,  the  numbers  of  the  third  column  would  have  been  in  the  ratios 
1:3:5:7:9.  The  wave-length  of  the  sound  was  thus  31'2nun.,  corre- 
sponding to  pitch /"^S. 

A  few  observations  were  made  at  the  same  time  on  the  positions  of  the 
silences,  as  estimated  by  the  ear  listening  through  a  tube.  As  w;is  to  he 
expected,  they  coincided  with  the  loojw,  bisecting  the  intervals  given  by  the 
flame.  When  the  flame  was  in  a  position  of  minimum  etlect,  and  the  ircc 
end  of  the  tube  was  held  close  to  the  burner  at  an  equal  distance  from  the 
reflecting  wall,  the  sound  heard  was  a  maximum,  and  diminished  when  the 
end  of  the  tube  was  displaced  a  little  in  either  direction.  It  may  therefore 
be  taken  as  established  that  the  flame  is  affected  where  the  ear  would  not  be 
afiected,  and  vice  vend. 

Aerial  Vibratiani  qf  mry  Low  Pikh  moMlotiMd  liamee. 

In  a  lecture  "On  the  Explanation  of  certain  Acoustical  PhoiomenaV 
I  showed  the  production  of  a  pure  tone  of  about  95  id1»ations  per  second 
fimm  a  glass  resonator  and  a  hydrogen-flame.  With  i  larpr  r  resonator  of  the 
same  kind — a  globe  with  a  short  neck,  intended  for  sht>wing  the  combustion 
of  phosphorus  in  oxygen,  the  piti-h  is  64  vibmtions  per  second.  I  have  lately 
made  some  further  experiments,  with  the  view  of  finding  whether  there  is 
any  obstacle  to  the  maintenance  by  flames  of  vibratiiMis  of  still  lower 
frequency.  The  resonator,  whose  natural  pitch  is  64,  was  fitted  with  a  paste- 
board tube  2  inches  in  diameter  and  14  inches  long.  In  this  condition  its 
calculate<l  frequency^  is  about  25 ;  and  it  was  found  that  vibrations  could  be 
maintained  by  a  hydrogen-flame,  or  even  by  a  flame  of  common  gas.  The 
supply-tube  should  be  of  considerable  length ;  and  the  orilice  must  not  be 
much  contracted.  Although  the  intensity  of  vibration  was  such  as  to  make 
it  a  matter  of  difficulty  to  keep  the  flame  alight,  scarcely  anything  could  be 
heard.  I  saw  no  reason  to  doubt  that  still  slowcf  vibrations  might  be  main- 
tained by  flames. 

In  illustration  of  the  mechanics  of  this  subject,  an  apparatus  was  con- 
triM  d,  in  which  by  the  aid  of  electricity  a  periodic  communication  of  heat  to 
a  limited  mass  of  air  could  be  effected.  By  means  of  a  perfomted  cork  one 
leg  of  a  U-tube  containing  mercury  was  fitted  uir-tight  to  the  neck  of  an 

*  Fmetibtga  •ftheBoifat  Imtitution,  M&rch  15. 1875.  Stitn,  vol.  srm.  p.  S19.  [Alt  iff.] 
f  TAeofy  ^Smmi,  voL  u.  |  807  (8).  H  iaoh-i-H  em.} 
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inverted  bottle  of  about  200  cub.  centims.  capacity.  The  diameter  of  the 
column  of  mercury  was  about  1  centim.,  and  the  length  of  the  column  about 
25  oeatinu.  The  oombmation  constituted  a  resonator,  differing  from  an 
ordinary  air  resonator  by  the  snbetitotion  of  mercury  for  air  in  the  channel 
joining  the  interior  of  the  vessel  with  the  external  atmosphere.  Inside  the 
bottle  was  a  spiral  of  fine  platinum  wire,  at  one  end  in  communication 
through  the  cork  with  one  pole  of  a  Kittorv  of  twi.  or  three  small  Grove  colls. 
The  other  end  of  the  platmuui  spiral  was  iDriiu.cted  with  a  copper  wire, 
which  terminated  in  the  U-tube  near  the  eiiuilibrium  position  of  the 
mercury  surlaoe.  The  second  pole  of  the  battery  was  in  permanent  oon- 
nocion  with  the  enter  extremily  oi  the  menmiy  column.  As  tiie  mercury 
vibrates,  the  circuit  is  petiodsoalty  completed  and  laroken.  The  current 
passes,  and  the  platinum  wire  glows,  when  the  mercury  rises  in  the  leg 
connected  with  the  bottle.  Thus  tlu'  communication  of  heat  occuix  when 
the  air  in  the  interior  is  condensed  by  the  vibration,  which  is  the  uecesitary 
conditbn  for  maintenance,  as  is  explained  in  the  lecture  referred  to. 

B^*9  JSfmtM  on  a  Iarg9  mxUe. 

The  pirodnotion  of  sound  in  tubes  by  heated  gause  wsa  discovered  by 
Rijke',  and  is  perhaps  the  most  interesting  of  all  the  cases  in  which  vibra- 
tions are  maintaine<l  by  hoat.  Tho  probable  explanatirju  i.s  given  in  the 
Royal-Institution  lecture.  It  i.s  surprising  that  the  phenonieuon  i.s  not  more 
generally  known,  as  on  a  large  scale  the  effect  is  extremely  striking.  I  have 
employed  a  cast-iron  pipe  5  foet  long  and  4|  inches  in  diameter,  hn^g  over  a 
table  ftom  a  beam  in  tlM  roof  of  my  laboratoiy.  The  gause  (iron  wire)  is  of 
about  32  meshes  to  the  linear  inch,  and  may  advantl^;;eoasl7  be  ussd  in  two 
thickncs-ses.  It  should  be  moulded  with  a  hammer  on  a  circular  wooden 
block  of  Hornewhat  smaller  diameter  than  that  of  the  l)ipc',  iiiul  will  then 
retain  its  position  in  the  pipe  by  friction.  When  it  is  desired  to  produce  the 
sound,  the  ganse  caps  are  poshed  up  the  pipe  to  a  distance  <^  about  a  foot, 
and  a  gas-flame  from  a  huge  roee-bumor  is  adjusted  undenieath,  at  saeh  a 
level  as  to  heat  the  gauze  to  a  bright  red  heat.  For  this  purpose  the  vertical 
tube  of  the  lamp  .should  be  prolonged,  if  necessary,  by  an  additional  length  of 
brass  tubing.  In  making  the  adjustment  a  more  convenient  view  of  the 
interior  of  the  pipe  is  obtained  with  the  aid  of  a  small  piece  of  iooking-gla^ 
hdd  obliquely  underneath.  Sometimes  a  sound  is  excited  by  the  flame  itsdf 
independently  of  the  ganse.  This  should  be  avoided  if  possible,  as  it  impedes 
the  due  heating  of  the  gauze.  When  a  good  red  heat  is  attained  the  fiame 
is  suddenly  removnl,  (  ither  by  withdrawing  the  lamp  or  by  stopping  the 
supply  of  gas.  Ill  about  a  second  the  sound  begins,  and  presently  ri.soS  to 
such  intensity  jus  to  shake  the  room,  after  which  it  gradually  dies  away.  The 
whole  duration  of  the  sound  may  be  about  10  seconds. 

•  Pogg.  Ann.  cvu.  339.  1869. 
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ifutuaf  Ii^hmce  of  OfffCM-PipeB  nmrly  «n  uniaan. 

The  easiest  way  of  approaching  the  consideration  of  this  subject  is  to 
take  the  case  of  an  open  or  stopped  pipe,  divided  into  two  similar  parti>  by  a 
r^id  barrier  alopg  its  middle  plane.  In  the  absence  of  the  bamer.  the 
vibntioDB  of  the  two  halves  onder  the  action  of  the  wind  are  in  the  same 
phase;  and  at  first  sight  there  appears  to  be  no  reason  why  this  state  of 
things  should  be  disturbed  by  the  barrier.  Nevertheless  it  is  well  known  to 
ph)rmcists  that  the  two  halves  do  in  fact  take  opj>osite  vibrations,  with  the 
result  that  the  sound  iu  the  external  air  at  a  distance  from  the  compound 
pipe  is  a  small  fraction  only  of  that  due  to  eithw  half  acting  alone.  Li  the 
pipe  itself  the  vilnntion  is  more,  and  not  less,  intense  on  aoeonnt  of  the 
baurier.  It  is  true  that  at  the  very  beginning  of  the  sound,  when  the  wind 
first  comes  on,  the  vibrations  in  the  two  halves  are  similar,  as  is  evidence*! 
by  the  greater  loudness ;  but  the  opposition  of  phase  is  rapidly  established, 
usually  in  a  fraction  of  a  second  of  time.  As  a  system  with  two  degrees  of 
freedom,  the  compound  pipe  is  capable  of  two  distinct  modes  of  vibration,  in 
one  ni  which  the  vibrations  of  the  component  pipes  are  in  the  same  pltase» 
and  in  the  other  in  opposite  phases.  Why  the  action  of  the  wind  should 
maintain  the  latter  mode  of  vibration  to  the  exclusion  of  the  former  has  not 
hitherto  been  explained ;  but  the  fact  remains  that  that  mode  of  vibration, 
which  depends  for  its  possibility  upon  the  barrier,  is  chosen  in  preference  to 
the  other  mode,  which  is  not  dependent  upon  the  barrier,  and  in  the  absence 
of  the  barrier  is  the  one  necessarily  adopted. 

The  two  possible  modes  of  vibration  have,  as  in  almost  all  such  cases,  two 
distinct  pniods  of  vibration,  the  difference  depending  upon  the  behaviour  of 
the  air  just  outside  the  open  ends.   In  oonaequenoe     the  inertia  of  the 

external  air  at  an  open  end,  the  effective  length  of  a  pipe  exceeds  its  actual 

length  by  abt^ut  six-tenths  of  the  radius.  The  increment  of  effective  length 
is  therefore  greater  in  the  case  of  the  compound  column  of  air  when  its  parts 
vibrate  in  the  same  phase,  than  it  would  be  for  either  of  the  parts  if  removed 
from  the  influence  n/t  the  other.  On  the  other  hand,  when  the  vibntitms  are 
in  <^i|»osite  phaseet  the  increment  must  be  much  less,  one  component  pipe 
absorbing  the  air  disdiaxged  from  the  other.  Accordingly  one  note  of  the 
compound  pipe  is  graver,  and  the  other,  which  is  the  one  actually  sounded,  is 
more  acute,  than  the  natural  notes  of  the  component  pipes  when  supposed  to 
act  independently  of  one  another. 

In  order  to  show  this  effect  it  is  not  neces-njiry  that  the  two  pipes  be 
sumlar,  or  even  of  exactly  the  same  pitch.  If  two  pipes  in  approximate 
anison  be  placed  so  that  thmr  <qpen  ends  aro  contiguous,  a  mutual  influemoe 
is  exerted,  which  is  usually  sufficient  to  prevent  the  prodnotioa  of  beats. 
The  examples  about  to  be  given  will  show  that  the  unison  need  not  be 
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exact;  but  the  greater  the  deviation  from  unison,  the  more  iiitriiHe  is  the 
residual  sound.  Beyond  the  hiuit  of  the  admissible  departure  from  uuisou, 
beats  ensae;  but  at  first  they  are  iiregular,  and  liaUe  to  be  disturbed  bj 
Teiy  slight  causes,  suoh  as  draughts  of  air.  According  to  theory,  the 
frequency  of  the  beats  ought  to  be  a  little  greater  than  the  difference  of  the 
frequencies  of  the  notes  g^iven  by  the  pipes  independently ;  but  I  have  not 
been  able  to  detect  the  ditference  experimentally.  It  would  therefore  seem 
that  over  most  of  the  range  for  which  the  mutual  influence  is  sensible  and 
regular,  it  is  sufficiently  powerful  to  prevent  more  than  one  note  being 
Bounded 

In  the  experiments  that  I  have  tried,  the  pipes  were  blown  from  a 
bellows  provided  with  a  special  regulator,  and  the  pitches  of  the  various 
notes  were  detennined  by  counting  the  beats  for  20  second.H  between  them 
and  a  8«jmewliat  sharper  note  on  a  hannonium.  Sometimes  the  blown  ends 
of  the  pipes  were  near  together,  and  .sometimes  (in  the  case  of  u])en  pipes) 
the  unblown  ends ;  but  during  the  course  of  an  experiment  the  positions  of 
the  pqies  were  not  altered.  In  order  to  prevent  a  pipe  speaking,  I  placed 
some  cottim-wool  over  the  wind-way,  and  aometinies  inserted  a  stopper;  so 
that  the  pitch  of  the  pipe  as  a  resonator  was  entirely  altered.  The  IbUowing 
are  the  details  of  some  of  the  observations : — 

L  SepL  28.  Open  metal  pipes  about  2  feet  long,  one  of  them  provided 
with  an  adjustiibl*  paper  slider  for  modifying  the  pitch.  Blown  ends  near 
one  another;  unblown  ends  distant 

Beats  per  second  with  harmonium-note. 
Om  pip*  sloM.  Ofharp^^aloM  Both  pipw  togittMr. 

4-5,  4*5  5*0,  4*8  3*2,  81 ; 

so  that  the  note  given  by  both  pipes  together  is  decidedly  sharper  than 
those  of  the  separate  pipes. 

II.  Sept.  -2^^.  Same  pipes  as  in  I.  Unblown  ends  near  one  another; 
blown  ends  distant. 

Beats  per  second  with  harmonium-note. 
Om  pipe  akM.  OUmk  ptps  sIoim.  Both  pipes  togeUiar. 

4«  6*1  3-8 

m  25.  Same  pipes  placed  parallel  to  one  another  at  a  distance 

of  about  14  inches. 

Beats  per  second  with  harmonium-note. 
Ono  jif  StaM.  Other  pipe  aloiM.  Both  pipee  togsths. 

515,  5-20  5-30.  5  45  5*00,  5*15 
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The  uotc  of  both  pipes  together  13  aomewhat  higher  than  the  notes  of 

the  single  pipes. 

IV.  Sept  26.   Same  pipea.   Unblown  ends  near;  blown  ends  distant. 

Beats  per  second. 

OtMpipealona.  OtiiarpIpvtloiM.  Bo<h  ptpai  tagatfier. 

5-80.  6-85  715,  7*50.  7*45  9-35,  5-50»  5-45 

V.  Sept.  26.   Two  bottles,  tuned  with  water  to  about    were  blown  by 

wind  issuing  from  flatteued  tubes  connected  with  the  bellows  by  lengths  of 
india-rubber  tubing.  When  the  bottles  were  sufficiently  romoved  from  one 
smother,  the  mutual  influence  wns  very  small,  being  ijisiifficiont  to  provrnt 
the  formation  of  slow  and  pretty  steady  beats  of  about  four  seconds'  period. 
This  experiment  shows  that  the  mutual  influence  depends  upon  the  proximity 
of  the  opm  ends  of  the  pipes,  and  not  upon  any  effects  propagated  throagli 
the  supply-pipes  leading  from  a  common  bellows. 

Some  fiirther  remarln  on  this  sulgect  will  be  found  in  a  paper  read 
before  the  Hoacal  Association,  Dec  2, 1878.  Bef««noe  may  also  be  made 

to  some  allied  experiments  by  Gripon*,  with  which  I  have  only  lately  become 
acquainted.  They  appear  scarcely  to  extend  to  the  case  with  whicli  I  have 
principally  occupied  myself,  niiint  ly  that  in  which  both  pipes  are  blown. 
M.  Gripon  hjid,  howevtr,  anticipated  me  in  the  experimental  determuiation 
of  the  eflfect  of  a  flange  in  modifying  the  correctioa  for  an  open  eodf  of  a 
pipa 

Kettledruvis. 

The  theor\  of  the  vibrations  of  uniform  and  luiiformly  stretched  flexible 
circular  membranes,  vibrating  in  vacuo,  has  been  known  for  many  yearsj. 
In  practioe  deviations  from  such  theoretical  results  are  to  be  expected,  if 
only  in  consequeiioe  of  the  reaction  of  tiie  air,  whidi  must  operate  with 
cuirideEable  foroe  ooa  fibratiiig  body  exposing  so  laige  a  snrfiuse  in  propor- 
tion to  its  mass.  In  the  case  of  kettledrums,  the  problem  is  further  oom> 
plicated  by  the  action  of  the  shell,  which  limits  the  motion  of  the  air  on  one 
side  of  the  membrane. 

From  the  fact§  that  kettledrums  are  struck,  not  in  the  centre,  but 
at  a  point  about  midway  between  the  centre  and  edge,  we  may  infer  that  the 
vibrations  which  it  is  desired  to  excite  are  not  of  the  symmetrical  cla^  I 
find,  indeed,  that  the  sound  undeigoes  little^  if  any,  change  wh«i  the  central 
point  is  touched  by  the  finger.  Putting  therefoie  the  ctynunetrical  vibiaUona 

*  JHHUd.  C'him.  vol.  ni.  p.  371,  1(974. 

t  PML  Ar<v.JiuM,1877.  [Artxi.Ti.^810.] 

X  Theory  'i  f  Sovnd,  ch.  rx. 

I  I>e  PoDti({u>.    tfocecdiHg*  uj  the  Mutical  A$»ociatioH,  Feb.  1S76. 
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out  of  account,  we  have  to  consider  the  parts  played  by  vibrations  of  the 
following  uiudes:— (1)  that  with  one  nodal  diameter  and  no  nodal  circle; 
(2)  that  with  two  nodal  diAineten  and  no  nodal  eircle;  (3)  that  with  three 
nodal  diameters  and  no  nodal  circle  *,  (4)  that  with  one  nodal  diameter  and 

one  nodal  circle,  &c.  The  investigation  proved  to  be  of  greater  difficulty 
than  I  had  ex{X!Cted,  partly  in  consequence  of  the  short  duration  of  the 
sounds.  Better  ears  than  mine  are  liable  to  be  puzzleti  in  attt  mpting  to 
analyse  compound  sounds  of  such  complicutiou  and  irregularity.  The  follow- 
ing results,  however,  are  hdieved  to  he  tmstworthy. 

The  principal  tone  ooireqpoods  to  mode  (1) ;  the  fame  corresptmding  to 
(2)  is  abottt  a  /^ih  highw;  that  of  mode  (8)  is  ahout  a  major  seventh  ahove 

the  principal  tone;  the  tone  of  mode  (4)  its  a  little  higher  again,  forming  an 

imperfect  octave  with  the  principal  tone.  For  the  corresponding  modes  of  a 
uniform  membrane  vibrating'  in  vacuo,  the  theoretical  intervals  an;  those 
represented  by  the  ratios  134,  I  CG,  1'83,  or  about  a  fourth,  a  major  sixth, 
and  an  interval  neaily  midway  hetween  a  major  and  a  nunor  ssvsn^, 
respectively. 

In  experimenting  on  this  snhjeet  it  is  important  to  bear  in  mind  that  the 

system  of  tones  is  really  double,  and  that  its  components  coinmde  only  on  the 

supposition  of  perfect  symmetry.  In  practice  the  reipiirement  of  symmetry 
is  difticult  to  attain  even  approximately ;  and  thus  it  is  that  beats  are 
generally  heaixl,  arising  from  the  superposition  of  vibrations  of  nearly  equal 
frequency.  For  the  purpose  of  identifying  the  various  modes,  the  want  of 
symmetry  is  rather  advantageous  than  otherwise.  In  the  case  of  the  gravest 
mode,  I  fastened  witib  cement  a  small  load  (a  halfpenny)  to  a  pmnt  of  the 
membrane  ntoated  about  halfway  between  its  centre  and  edge.  In  this  wi^ 
the  two  Efravest  tones  fell  ivsun<l«  r  to  ;il)oiit  a  semitone,  one  of  them  (the 
graver)  being  excited  alone  by  a  blow  anywhere  along  the  diameter  through 
the  load,  the  other  alone  by  a  blow  anywhere  along  the  perpendicular 
diameter.  With  the  aid  of  a  resonator  tnned  to  the  pitch  of  the  subordiMUe 
tone,  the  nodal  diameters  of  the  two  modes  (1)  may  be  fixed  with  great 
precision  by  the  absence  of  beats.  With  a  resonator  timed  to  a  pitch 
midway  between  tliose  of  the  two  tones,  the  boats  are  most  distinct  when  the 
blow  is  delivered  at  a  point  near  the  middle  of  one  of  the  four  quadrants 
formed  by  the  two  nodal  diametera ;  but  the  position  necessary  for  the  most 
dtstinet  beats  varies  with  the  pitch  of  the  resonator,  and  also  with  the 
situation  of  the  observer.  It  may  be  remarked  that,  provided  the  deviation 
from  symmetry  be  moderate,  the  same  vilnations  (except  as  to  phase)  are 
excited,  whether  a  blow  be  delivered  at  any  point,  or  at  the  other  point  on 
the  same  diameter  etpially  distant  from  the  centre  ;  and  vibrations  excited 
by  striking  one  point  are  damped  by  touching  the  other.  The  other  modes 
with  nodal  diameters  only  were  identified  in  a  similar  way.  The  mode  (4) 
with  a  nodal  oirele  is  known  by  the  cessation  of  sound  at  a  particular  point 
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when  various  places  along  a  radius  are  tried ;  on  either  side  of  this  point  the 
sound  revives. 

The  drum  that  I  examined  is  of  about  25  inches  diameter ;  and  the  form 
of  the  shell  is  nearly  hemispherical.  During  the  experiments  the  pitch  of 
the  principal  tone  was  about  120  vibrations  per  second.  The  vibrations  were 
excited  by  a  small  wood«i  hammer,  such  as  is  used  for  harmookons,  the  head 
being  covered  with  cotton-wool  tied  on  with  string.  For  the  gtaver  tones 
the  thickness  of  the  cotton-wool  may  with  advantage  be  greater  than  for 
higher  tonea 

I  am  not  in  a  position  to  decide  the  question  as  to  the  function  of  the 
shell ;  but  I  think  it  at  Icjwt  doubtful  whether  it  introduces  any  really 
advantageous  luodification  into  the  relations  of  th<i  eon»j>onent  tones.  It  is 
possible  that  its  advanUige  lies  rather  in  obstructing  the  flow  that  would 
otherwise  take  place  round  the  edge  of  the  membrane.  It  must  be  remem> 
bered  that  the  sounds  due  to  the  various  parts  of  a  vibrating  membrane 
interfere  greatly.  In  the  case  of  a  membrane  simply  stretched  upon  a  hoop, 
and  vibrating  away  from  all  obstacles,  no  rouiuI  at  all  would  be  hcaixi  at 
points  in  the  prolongation  of  its  j)lane.  And  even  when  thero  is  a  shi-ll,  no 
sound  would  be  heard  at  points  on  the  axis  of  symmetry,  at  least  if  the 
symmetrical  vibiationB  may  be  left  out  4^  account. 

The  Julian  Harp. 

So  far  as  I  am  aware,  it  has  always  been  assumed  by  writers  who  refer  to 
this  subject  that  the  vibrations  of  the  string  are  in  the  plane  parallel  to  the 
direction  of  the  wind  ;  and,  indeed,  the  action  of  the  wind  in  maintaining  the 
motion  is  usually  expUined  as  the  result  of  friction,  and  as  analogous  to  the 
action  <^  a  violin-bow.  It  is  more  than  a  year  since  I  made  acme  eixperi- 
mcnts  with  the  view  of  testing  a  suspicion  of  the  incoireetness  of  this  view ; 
and  I  then  arrived  ;it  tlie  conclusion  that  the  vibrations  are  in  fact  executed 
in  the  plane  ji -i  pendicular  to  the  direction  nt'  the  wind.  I  suppose  for 
simplicity  that  the  length  of  the  string  is  perpendicular  to  the  direction 
of  the  wind,  as  is  usually  the  case  in  praotioe.  Beoently  I  have  repeated 
these  experiments  in  an  improved  form,  and  with  confixmatocy  re8alt& 

The  best  dran^t  is  that  obtained  from  a  chimney.  In  my  later  experi- 
ments  a  fireplace  was  fitted  with  a  stmoture  of  wood  and  paper,  whieh  oould 

prevent  all  access  of  air  to  the  chimney,  except  through  an  elongated 
horizontal  aperture  in  the  front  (vertical)  wall.  The  length  of  the  aperture 
was  20  inches,  and  the  width  4  inches ;  and  along  its  middle  a  guL  string 
wjis  stretched  over  bridges.  The  strength  of  the  diaught  could  be  regulated 
by  slightly  withdrawing  the  framework  from  tihe  fireplace,  so  as  to  allow  the 
passage  of  air  to  the  chimney  otherwise  than  through  the  slit. 
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A  fine  point  of  light  was  obtained  from  a  fragment  of  a  silvered  bead 
afctached  to  the  string  with  wax,  and  illuminated  by  a  stutably  placed  candle, 
and  was  observed  in  the  direotion  of  the  length  of  the  string  through  an 
extemporized  telescope.  In  this  way  there  could  be  no  mistake  as  to  the 
actual  plane  of  vibrntioii,  or  uncertainty  as  to  the  direction  of  the  wind  over 
the  string.  The  path  of  the  point  of  light  was  seen  to  be  nearly  rectilinear 
and  vertical,  showing  that  the  vibration  is  across  the  wind.  Sometimes  the 
path  was  .sensibly  elliptic  with  the  major  axis  vertical. 

When  a  string  is  stretched  across  the  slit  at  the  bottom  of  a  slightly 
open  window,  there  is  usually  some  difficulty  in  determining  the  actual 
direotioii  of  the  wind  where  it  plays  upon  the  string.  On  a  sUll  night,  and 
with  a  regular  fire,  the  sound  is  sometimes  steady  for  a  long  time,  but  it  is 
wonderfully  sensitive  to  the  slightest  ohanges  in  the  draught.  On  one 
occasion  it  wjis  found  impossible  to  open  a  distant  door  so  slightly  as  not  to 
stop  the  sound,  which  would  revive  in  a  f«-w  stjcunds  after  the  door  wius 
closed  again.  A  piece  of  paper  no  larger  than  the  hand  thrown  upon  the 
fire  (whidi  was  burning  without  flame)  altered  the  draught  snflBciently  to 
stop  the  sound  until  the  heated  axr  due  to  its  combustum  had  passed  up  the 
chimney.  It  is  the  irregularity,  and  not,  as  has  been  asserted,  the  insuffi- 
cient intensity,  of  the  wind  which  prevents  the  satisfiustory  performanoe  of 
the  harp  in  the  open  air. 
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INVESTIGATIONS  IN   OPTICS,   WITH  SPECIAL  REFERENCE 

TO  THE  SPECTROSCOPE. 

[PhiL  Mag.  vni.  pp.  261—274,  403—411,  477—486,  1879; 
IX.  pp.  40—55,  1880.] 

§  1.   ResolvinQt  or  Separaiing,  Power  of  Optical  Instruments. 

AaooxaiSQ  to  the  principles  of  oommoa  opticfl,  there  vs  no  limit  to 

resolving-power,  nor  any  reason  why  an  object,  suflScienlI\  well  lighted, 
shoukl  be  better  seen  with  a  large  telescope  than  with  a  small  one.  In  order 
to  exjjliiin  the  peculiar  advantage  of  large  in.strament.s,  it  is  necea.sary  to 
disciird  what  may  be  looked  upon  as  the  fundamental  principle  of  common 
optics,  viz.  the  assumed  infinitesimal  character  of  the  wave-length  of  light 
It  is  probably  for  this  reason  that  the  suljeot  of  the  present  section  is  so 
little  understood  outside  the  circles  of  practical  astronomers  and  matiie- 
matioal  phjrsidsts. 

It  is  a  simple  consequence  of  Hnyghem^s  principle,  that  the  direction  of 
abeam  of  liiuiied  width  is  to  a  certain  extent  indefinite.  Consider  the  case 
of  parallel  light  incident  perpendicularly  upon  an  infinite  screen,  in  wliich  is 
cut  a  circular  aperture.  According  to  the  principle,  the  various  points  of  the 
aperture  may  be  regarded  as  secondary  sources  emitting  synchronous  vibra- 
tions. In  the  direction  of  original  propagation  the  seoon^oy  vibrations  are 
all  in  the  same  phase,  and  hence  the  intensity  is  as  great  as  possible.  In 
other  directions  the  intensity  ia  less;  but  there  will  be  no  sensible  dis- 
crepancy of  phase,  and  therefore  no  sensible  diminution  of  int-ensity,  until  the 
obliquity  is  such  that  the  (greatest)  projection  of  the  diameter  of  the  uperture 
upon  the  direction  in  question  amounts  to  a  sensible  fraction  of  the  wave- 
length of  the  light  So  long  as  the  extrsme  difGuemce  of  phase  is  less  thsii 
a  quarter  of  a  period,  the  resaltsat  cannot  differ  much  from  the  maximum ; 
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and  thus  there  is  little  to  choose  between  directions  making  with  the 
principal  direction  less  angles  than  that  ezpreesed  in  circular  measure  by 
dividing  the  quarter  wave-length  by  the  diameter  of  the  aperture.  Direct 

antagonism  of  phase  commences  when  the  projection  amounts  to  half  a  wava- 

length.  When  the  projection  is  twice  as  great,  the  ph;ises  range  over  a 
complete  period,  and  it  might  be  supj)osed  at  first  sight  that  the  secondary 
waves  would  neutralize  one  another.  In  consecpieiice,  however,  of  the  pre- 
ponderance of  the  middle  parts  of  the  aperture,  complete  neutralization  does 
not  occur  until  a  higher  obliquity  is  readied. 

This  indefiniteness  of  direction  is  sometimes  said  to  he  due  to  "  diffiRSC- 
tion"  by  the  edge  of  the  aperture— a  mode  of  expression  which  I  think 
misleading.  From  the  point  of  view  of  the  wave-theory,  it  is  not  the 
indefiniteness  that  requires  explanation,  but  rather  the  smallness  of  its 

amount. 

If  the  circular  beam  bo  received  upon  a  perfect  lens,  an  image  is  formed 
in  the  focal  plane,  in  which  directions  are  represented  by  points.  The  image 
accordingly  consists  of  a  central  disk  of  light,  surroundetl  by  luminous  rings 
of  rapidly  diminishing  brightness.  It  was  under  this  form  that  the  problem 
was  originally  investigated  by  Airy*.  The  angular  radius  0  at  the  central 
disk  is  given  by 

0^1'tl91~.   (1) 

in  which  X  represents  the  wave-length  of  light,  and  the  (diametw  of  the) 
aperture. 

In  estimating  theoretically  the  resolving-power  of  a  telescope  on  a 
double  star,  we  have  to  consider  the  illumination  of  the  field  due  to  the 
superposition  of  the  two  independent  images.  If  the  angular  interval 
between  the  components  of  the  star  were  equal  to  20,  the  centml  disks 
would  be  just  in  contact.  Under  these  conditions  there  can  be  no  doubt 
that  the  star  would  appear  to  be  fiiirly  resolved,  mnoe  the  brightneas  <^  the 
external  ring-systems  is  too  small  to  jnoduce  any  material  conAtsuHi,  unless 
indeed  the  components  are  of  very  unequal  magnitude. 

The  diminution  of  star-disks  with  increasing  aperture  was  obssrved  by 
W.  Herschel;  and  in  1823  Fraunhofer  formulated  the  law  of  invoBS  propor- 
tionality. In  invL'sti<jations  extetuling  over  a  long  series  of  years,  the 
advantage  of  a  large  aperture  iu  separating  the  coin])onerit.s  of  close  double 
stars  was  fully  examined  by  Dawesf .  In  a  few  instances  it  happened  that  a 
small  companion  was  obscured  by  the  first  bright  luminous  ring  in  the  image 
of  a  powerful  neighbour.  A  diminution  of  aperture  had  then  the  efibct  of 

•  CmA,  no.  Trmmt.  1884. 
t  Mem.  AMiwm,  8oe.  vol.  laaef. 
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bringing  the  snudler  star  into  a  more  fiivouraUe  poritioa  for  detection;  bat 
in  general  the  advantage  of  increaaed  aperture  waa  very  apparent  even  when 
attended  by  ooorideraUe  aberration. 

The  resolving-power  of  telescopes  waa  investigated  also  by  Foncaolt*, 
who  ^ployed  a  scale  of  equal  bright  and  daric  alternate  parte:  it  was  found 

to  be  proportional  to  the  aperture  and  independent  of  the  focal  length.  In 
tclftsoopos  of  tho  best  constnictiun  the  performance  is  not  sensibly  prejudiced 
by  outstanding  aberratiun  and  the  limit  imposed  by  the  finitenesa  of  the 
waves  of  light  is  practically  i-eached.  Verdetf  has  compared  Foucault's 
rsanlta  with  theory,  and  baa  drawn  the  conclusion  that  tiie  radiue  of  the 
visible  part  of  the  image  of  a  luminous  pdnt  was  nearly  equal  to  the  half  of 
the  radius  of  the  first  dark  ring. 

Near  the  margin  of  the  thecwettcal  central  disk  the  illuminalion  ia 
relativriy  voy  small,  and  consequently  the  observed  diameter  of  a  star-disk 
ia  sensibly  less  than  that  indicated  in  equation  (1),  how  much  less  depending 
in  some  measure  upon  the  brightness  of  the  star.  That  bright  stars  give 
larger  disks  thou  faint  stars  is  well  known  to  practical  observers. 

With  a  high  power,  say  100  for  each  inch  [2*64  cm  ]  of  aperture,  the 

sharpness  of  an  image  given  by  a  telescope  is  necessarily  deteriorated,  the 
appiirent  breadth  of  a  point  of  light  being  at  least  8^  minutes.  In  this  case 
the  effective  aperture  of  the  eye  is  j^j^  inch,  lu  his  paper  on  the  limit  of 
microscopic  vision},  Helmholts  has  shown  that  the  aperture  of  the  eye 
cannot  bej(mach  contracted  without  impairing  definition — ^from  which  it 
fdlows  that  the  limit  of  the  resolving-power  of  telescopes  is  attained  with  a 
very  moderate  ina^^nifiratioii,  probably  about  20  for  each  inch  in  the  aperture 
of  the  object-glass  or  mirror. 

We  have  seen  that  a  certain  width  of  beam  is  necessary  to  obtain  a  given 
resolving-power;  but  it  (Imcs  iir»t  follow  that  the  wholi'  nf  an  available  area  of 
aperture  ought  to  be  ust-d  in  order  to  get  the  best  result.  As  the  obliquity 
to  the  principal  direction  increases,  the  first  antagonism  of  phase  which  sets 
in  ia  between  secondary  waves  issuing  from  marginal  parts  of  the  aperture ; 
and  thus  the  operation  of  the  central  parts  is  to  retard  the  formation  of  the  /I 
first  dark  ring.  This  unfavourable  influeiice  of  the  central  rays  upon 
resolving-power  was  well  known  to  Herschel,  who  was  in  the  habit  of  block- 
ing them  off"  by  a  caniboaRl  stop.  The  image  due  to  an  annular  aperture 
was  calculated  by  Airy ;  and  his  results  showed  the  contraction  of  the  central 
diidE  and  the  augmoited  hri^tnesa  d  tiie  surrounding  ring8§.  Mwe  reoMitly 

•  Ann.  df  rOhnerr.  df  Parit,  t.  v.  1858, 
t  Le^tu  d'Optique  Physique,  t.  I.  p.  809. 

t  Pou-        JabdbMid,  1874. 

I  8m  Also  AttruL  Mmah.  iVMcM,  sssm.  1878.  [Aik  m.] 
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this  subject  has  been  ably  treated  by  M.  Ch.  Andre*,  who  has  especially 
ooorideied  the  eate  io  whieh  the  diameter  of  the  central  stop  is  half  the  foil 
aperture.   How  fiur  it  would  be  advaotageons  to  eany  the  operatioD  of 

blocking  out  the  central  rays  would  doubtless  depend  upon  the  nature  of  the 
object  under  examination.  Near  the  limit  of  the  power  of  an  instrument  a 
variety  of  stops  ought  to  be  tried.    Possibly  the  best  rays  to  block  out  are 

those  not  quite  at  the  centre  (see  §  2). 

The  fact  that  the  action  of  the  central  rays  may  be  disadvantageous 
shows  that  in  the  case  of  full  aperture  the  best  effect  is  not  neoessarily 
obtained  whoi  all  the  seoondaiy  waves  arrive  in  the  same  phase  at  the  focal 
point.  If  by  a  retardation  of  half  a  wave-length  the  fdiase  of  any  partieolar 
ray  is  reversed,  the  result  is  of  the  same  character  as  if  that  ray  were 
stopped.  Henoe  an  exactly  paiabolic  figure  is  not  certainly  the  best  for 
mirrors. 

The  character  of  the  image  of  a  luminous  line  cannot  be  immediately 
deduced  from  that  of  a  luminous  point.  It  ha.s,  however,  been  investigated 
by  M.  Andrd,  who  hnds  that  the  Brst  minimum  of  illumination  occurs  at  a 
somewhat  Iowa*  obliquity  than  in  the  case  of  a  point.  A  double  Ims  is 
therefore  probably  more  earily  resolvable  than  a  double  pomti  but  the 
difference  is  not  great.  In  the  case  of  a  line  the  minima  an  not  absolute 
aeros  of  illumination. 

§  2.    Rectangular  Sectioris. 

The  diffraction  phenomena  presented  by  beatns  of  rectangular  .section 
are  simpler  in  theory  than  when  the  section  is  circular;  and  lln'V  have  a 
practical  application  in  the  spectroscope,  when  the  beam  is  limited  by  prisms 
or  gratings  rather  than  by  the  object-glasses  of  the  telescopes. 

Supposing,  for  oonvenionoe,  that  the  sides  of  the  rectangle  are  horizontal 
and  vertical,  let  the  horisontal  aperture  be  a  snd  the  vertical  apoiure  be  h. 

As  in  §  1,  there  will  be  no  direct  antagonism  among  the  phases  of  the 
secondary  waves  issuing  in  an  oblique  horizontal  direction,  until  the  obliquity 
is  such  that  the  projection  of  thi>  horizontal  aperture  a  is  equal  to  At 
an  obliquity  twice  as  great  the  jjliases  range  over  a  complete  period  ;  and, 
since  all  parts  of  the  horizotUal  aperture  ham  an  equal  importance,  there  is  in 
this  direction  a  complete  absence  of  illumination.  In  like  manner,  a  aero  of 
illuminatioo  occurs  in  every  horisontal  directi<m  nptm  which  the  projection 
of  a  amounts  to  an  exact  multiple  of  X. 

The  complete  solution  of  the  present  problem,  applicable  to  all  oblique 

directions,  is  given  in  Airy's  Tracts,  4th  edition,  p.  316,  and  in  Verdefs 
lagoMt  t.  J.  p.  265.  If  the  focal  length  of  the  lens  which  receives  the  beam 

•  '•itadidela]>iftaati0DdaMlMiiiitram6nta4X)F«iq^ 
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be  f,  the  illumiuation  at  a  point  in  the  focal  plane  whose  horizontal  and 
▼ertieal  coordiiiateB  (measured  from  tlie  focal  point)  are  ^,  17,  is  given  by 


sin- (-n-af/V}  sin' (-n-WV^ 


.(1) 


the  intensity  of  the  incident  light  being  unity.  The  image  is  traversed  by 
straight  vertical  and  horizontal  liaea  of  darkaess,  whose  equations  are  respec- 
tively 

sin  {ira^fXf)  =  0,      sin  (irftij/X/)  =  0.  (2) 

The  calculation  of  the  image  due  to  a  luminous  line  (of  uniform  intensity) 
is  fitotlitated  in  the  present  case  by  the  fact  that  the  law  of  distrihotioik  of 
iMjghtDflBB^  as  one  coordinate  varies,  is  independent  of  the  value  of  the  other 
coordinate.  Thus  the  dislxibutiiMi  4^  brightness  in  the  image  of  a  vertical 
line  is  given  by 

the  same  law  as  obtains  for  a  luminous  point  when  horizontal  directions  are 
alone  considered.  It  follows  from  (3)  that  in  the  spectroscope*  tiis  definition 
iff  indeptitdeiU  ofUte  vertioal  aperture. 

In  order  to  obtain  a  more  precise  idea  of  the  character  of  the  image  of  a 
luminous  line»  we  must  study  the  march  of  the  function  w~*  sinP  u.  The  roots 
occur  when  u  is  any  multiple  of  w,  except  sero.  The  maximum  value  of  the 
fonctioa  is  unity,  and  occurs  when  u  =  0.  Other  maxima  of  rapidly  diminish- 

ing  magnitude  occur  in  positions  not  far  removed  from  those  lying  midway 
between  the  roots.  The  image  thus  consists  of  a  centml  band  of  half  width 
corresponding  to  «  =  tt,  accompanied  by  lateral  hands  of  width  v,  and  of 
rapidly  diminishing  brightness.  The  aooompauying  Table  and  diagram 
(fig.  1)  will  give  a  sufficient  idea  of  the  distribution  of  brightness  for  our 
purpose. 

Tabu  I. 


u 

u~*  sin'  u 

1  « 

u~*  sin*  u 

0 

1-0000 

w 

•0000 

♦» 

•9119 

HUM 

i» 

•8  ion 

•0427 

Jir 

•6839 

•0460 

i" 

I' 

•Oltt 

♦» 

*mo 

Sr 

'0000 

•0901 

■0162 

!«• 

•0866 

•0000 
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The  curve  A  HOD  ropros.  rits  the  values  of  n^-  sin'  n  from  u  =  0  to  «  =  Sir. 
The  part  corresponding  to  negative  values  of  w  is  similar,  OA  being  a  line 
of  s^metiy. 

7%.  1. 


Let  OB  now  consider  the  distribution  of  brightness  in  the  image  of  a 
doable  Ibe  whose  components  «re  of  equal  strength  and  at  such  an  angnhur 

interval  that  the  central  line  in  the  image  of  one  coinddea  with  the  first  zero 
of  blightoess  in  the  image  of  the  other.  In  fig.  1  the  curve  of  brightness  for 
one  component  is  A  BCD,  and  for  the  other  OA'C ;  and  the  curve  represent- 
ing half  the  combined  brightne.'^.se.s  is  E'BEF.  The  brightness  (correspftncling 
to  B)  midway  between  the  two  central  points  A,  A'  is  8106  of  the  brightness 
at  the  central  points  themselvea  We  may  consider  this  to  be  abont  the 
Untit  of  closeness  at  whidi  there  conld  be  any  decided  appeanmoe  of  resdu- 
tion.  The  obliquity  corresponding  to  4i  >■  ir  is  such  that  the  phases  of  the 
secondary  waves  range  over  a  complete  period,  i.e.  such  that  the  projection 
of  the  horizontal  aperture  upon  this  direction  is  one  wave-length.  We  con- 
clude that  a  double  line  cantwt  be  /airly  resolved  unless  it.8  components  subtend 
an  angle  egemting  that  mbtmdtd  by  the  waee-length  of  light  at  a  diatanee 
espial  to  Ihe  Amnmtol  aperture*. 

This  rale  is  eanvenient  on  account  of  its  simpltdty ;  and  it  is  snflteiently 
aoeoiate  in  view  of  the  necessary  uncertabty  as  to  wlutt  exactly  is  meant  by 
resolution.  Perhaps  in  practice  somewhat  more  favourable  conditions  are 
necessary  to  seoore  a  resolution  that  would  be  thought  satts&ctoiy. 

If  the  angular  interval  between  the  components  of  the  double  line  be  half 
as  great  again  as  that  supposed  above,  the  brightnesa  in  the  middle  is  *1802, 
viz.  (2  X  -0901 ),  as  against  1  0450,  viz.  (1  +  •04r»0),  at  the  central  line.  Such 
a  falling  oti'  in  the  middle  mu8t  be  more  than  sufficient  for  resolution.  If 
the  angle  subtended  by  the  components  of  the  double  line  be  twice  that 

*  In  the  gpeotroioope  the  angular  width  of  the  fllit  should  oot  lamtA  A  modwrsto  frMtion  of 
kbe  angle  defined  in  the  text,  if  foil  reeolving-pover  be  wanted. 


Digitized  by  Google 


WITH  SPECIAL  REFERENCE  TO  THE  SPECTROSCOPE. 


421 


aabtended  by  the  wave-length  at  a  distance  equal  to  the  hotuontal  aperture, 
the  central  bands  are  just  clear  of  one  another,  and  there  18  a  line  of  absolute 
blackness  in  the  middle  of  the  combined  images. 

On  the  supposition  that  a  certain  horizontal  aperture  is  available,  a 
question  (similar  to  thnt  considered  in  §  1 )  arises,  as  ro  whether  the  whole  of 
it  ought  to  be  used  in  order  to  obtain  the  highest  possible  resolving- power. 
From  fig.  1  we  see  that  our  object  must  be  to  depress  the  curve  ABCD  at 
the  point  B.  Now  the  phase  of  the  zesultant  is  that  of  the  waves  coming 
from  the  centre ;  and  at  the  obliquity  corresponding  to  B  the  phases  of  the 
secondary  waves  range  over  half  a  pcniod.  It  is  not  difficult  to  see  that  the 
removal  of  some  of  the  central  waves  will  depress  the  intensity-curve  at  B, 
not  only  absolutely,  but  relatively  to  the  depression  produced  at  A.  In 
order  to  illustrate  this  question,  I  have  calculated  the  illumination  in  the 
various  directions  on  the  supposition  that  one-sixth  of  the  horizontal  aperture 
is  bicdced  off  by  a  central  screen.  In  this  case  the  amf^tude  is  represented 
by  the  fnnetion  /  where 

/-i*-«{8ini»-gin(iu)},  (4) 

and,  as  usual,  the  intensity     represented  by  /*. 


Table  n. 


/ 

/**•/•• 

/ 

/«+/•• 

0 
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1-0000 

-•2729 
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2r 
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•4717 
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-•MOT 

•0014 

+  -1S77 
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■0000 

•oooo 

•0000 

+  0O43 

■onoo 

w 

-1693 

•0866 

•OOOO 

•uooo 

I* 

•ssn 

•1617 

-•0889 

•0016 

#» 

•aen 

•1889 

Sv 

•1061 

•0108 

The  third  and  sixth  colamns  show  the  intensity  in  vacioos  dirsctionB 

relatively  to  the  intensity  in  the  principal  direction  (u  =  0);  and  tiie  curve 
ABCD  (fig.  2)  exhibits  the  .«ame  results  to  the  eye.  A  comparison  with 
Table  T.  yhows  that  a  con.siderable  advantage  h;u?  been  gained,  the  relative 
illumination  at  B  being  reduced  from  -4053  to  •3205.  On  the  other  hand, 
the  augmented  brightness  of  the  first  lateral  band  (towards  C)  may  be 
un&vourable  to  good  definition.  The  seocmd  bright  lateral  band  (towaids  JD) 
is  nearly  obliterated  The  curve  JB'BSF  reprssents  the  resultant,  illumina- 
tion doe  to  a  double  line  whose  components  are  of  the  same  strength,  and 
at  the  same  angular  interval  as  before.   The  relatively  much  more  decided 
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drop  at  B  indicates  a  considerable  improvement  in  te«olving>power,  at  least 
on  a  double  line  of  this  degree  of  oloeenesB. 


Kff.  i. 


The  inereased  importaooe  of  the  first  lateral  band  is  a  necessary  oonse- 
(jtipnre  of  the  stoppage  of  the  central  rays;  for  in  this  direction  the  resultant 
has  a  phase  opposite  to  that  of  the  rays  stopped.  The  defect  may  be  avoided 
in  great  measure  by  blocking  out  rays  somewlmt  removed  from  the  centre  on 
the  two  rides,  and  allowing  the  central  rays  themaelvee  to  pass.  As  an 
enmple,  I  have  taken  the  ease  in  which  the  two  parts  stopped  have  each  a 
width  of  one-eighth  of  the  whole  aperture,  with  centres  ritusted  at  the 
points  of  trisection  (fig.  3). 

Tig.  s. 
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The  function  /suitable  to  this  case  is  readily  proved  to  be 

f  =  «-«  [sin  u  —  2  sin  (lu)  cos  (^«)}  (5) 

The  values  of  /  and  /•  -f-^*  are  given  in  Table  III.;  and  the  intensity^enrve 
A  BCD  is  shown  in  tig.  4. 

Table  IIL 
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The  depression  ut  B  is  even  fjrenter  than  in  fiir  2,  while  the  rise  at  (7  is 
much  less.    Probably  this  ariuagemeut  is  about  as  etiicieut  as  any. 


Fig.  4. 


T  have  endeavonrcd  to  test  these  conchisions  experimentally  with  the 
spectroscope,  nsing  the  ddnble  soda-line.  The  horizontal  apertnre  of  a  single 
prism  instrument  was  narrowed  by  gradually  advancing  cardboard  screens 
ttntn  t]|«re  wu  leaioely  any  appearance  of  resolution.  The  mterior  nys  woe 
blocked  out  with  Tertical  wires  or  needles,  adjusted  antil  they  ooeui^  the 
desired  podttoos  when  seen  through  the  telescope  with  eye-piece  removed. 
With  the  arrangements  either  of  fig.  2  or  of  fig.  4  a  very  decided  improve- 
ment on  the  full  aperture  was  obs^'rvi  d  :  hut  there  was  no  distinct  difference 
between  these  two  arn\ngenients  themselves.  Indeed,  n<i  such  difference 
was  to  be  expected,  since  the  brightness  of  the  first  lateral  band  bus  no  bad 
effect  on  the  combined  images,  as  appears  from  the  curve  SBBF  (fig.  2). 
Under  other  drearostanoes  the  inBaence  of  the  bright  lateral  band  might  be 
more  unfinroarable. 

In  powerful  spectrcscopes  the  beam  is  often  rendered  nnsymmetrical  in 
briglitness  by  absorption.  In  such  cases  an  improvement  woidd  probably  be 
effected  by  stopping  some  of  the  niys  on  the  preponderating  side,  for  which 
purpose  a  sloping  screen  might  be  used  giving  a  variable  vertical  aperture. 
It  should  be  noticed,  however,  that  it  is  only  when  the  yertical  aperture  is 
constant  that  the  imsge  of  a  luminous  line  is  immediately  deducible  from 
that  of  a  luminous  point. 

§  3.   Optical  Power  of  Spectrotoopes. 

As  the  power  of  a  telescope  is  measured  fay  the  cloeenees  of  the  double 
stars  which  it  can  resolve,  so  the  power  of  a  spectroscope  ought  to  be 
measured  by  the  closeness  of  the  closest  double  lines  in  the  spectrum  which 
it  is  competent  to  resolve.  In  this  sense  it  is  possible  for  one  instrument  to 
be  more  powerful  than  a  aecond  ui  one  part  of  the  spectrum,  while  in  another 
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part  of  the  spectrum  the  second  instrument  is  more  powerful  thau  the  first. 
The  most  sUikii^  oases  of  this  inversion  occnr  when  one  instrament  is  n 
diffisotion-spectroeot^  and  the  other  a  disperston-epectroaoope.  If  the 
instniniects  are  of  efiQal  power  in  th>'  vi  ll  jNv  roginn  of  the  spectrum^  the 

former  will  be  the  more  powerful  in  the  red,  and  the  latter  will  be  the  more 
powerful  in  the  greeu.  In  the  present  section  1  suj)pose  the  material  and 
the  workmanship  to  be  perfect,  and  omit  from  cousideratiou  the  effects  of 
QiiBymmetrical  absorption.  Loss  of  light  by  reflection  or  by  unifimn  absorp- 
tion has  no  eflfect  on  reeolving-power.  Afterwards  I  propose  to  examine  the 
effiMt  of  some  of  the  oron  most  likely  to  occur  in  ptactioe. 

So  fiff  as  relates  to  the  diffiraetion-speetrosoope,  the  problem  of  the 
present  section  was  solved  in  the  Philosophical  Magazine  for  ^larch,  1874 

[Art.  ZXX.  p.  216].  I  there  showed  that  if  n  denote  the  number  of  linos  on 
a  grating  and  m  the  order  of  the  .spootnini  observed,  a  double  line  of  wave- 
lengths X  and  \  +  h\  will  be  just  resolved  (according  to  the  standard  of 
resolution  defined  in  the  previous  section),  provided 

^=1.   (1) 

which  shows  that  the  resolving-power  varies  directly  as  m  and  n.  When  the 
ruling  is  very  close,  m  is  always  small  (not  exceeding  3  or  4);  and  even  when 
a  considerable  number  of  spectra  tu-e  formed,  the  use  of  an  order  higher  than 

the  third  or  fourth  is  often  inocmvenient  in  consequence  of  the  overlapping. 
Bnt  if  the  diflBonlty  of  ruling  a  grating  may  be  measured  by  the  total 

number  of  lines  (n),  it  wonld  seem  that  the  intervals  ought  not  to  be  so 
small  as  to  preclude  the  convenient  use  of  at  least  the  third  and  fourth 

spectra. 

In  the  case  of  the  soda  double  line  the  difference  of  wave-lengths  is  a 
very  little  more  than  y,-,Vr^ ;  so  that,  according  to  (1),  about  1000  lines  are 
necessary  for  re^solutiun  in  the  first  spectrum.   By  experiment  I  found  ILSO*. 

"Since  a  grating  resolves  in  proportion  to  the  total  number  of  its  gj-ooves, 
it  might  be  supposed  that  the  defining- power  depends  on  different  principles 
in  the  ease  of  gratingi>  and  prisms ;  but  the  distinction  is  not  fundamental 
The  limit  to  definition  arises  in  both  cases  fix>m  the  impossibility  <^  repre- 
senting a  line  of  light  otherwise  than  by  a  baud  of  finite  though  narrow 
width,  the  width  in  both  cases  depending  on  the  horizontal  aperture  (for  a 
given  \).  If  a  grating  and  a  prism  have  the  same  horizontal  aperture  and 
dispersion,  they  wUl  have  equal  resolving-powers  on  the  spectrum." 

*  In  my  former  paper  this  uuinb«r  U  given  as  1200.  On  reference  to  my  notebook,  I  find 
tiiail  thwi  took  the  fall  width  of  Um  gnting  u  an  EngUaU  iacb.  Ilt«  8000  Uom  oom  a  ParU 
iDob,  whMDM  the  abova  aanvwtioii.  VkoB  Um  naton  of  tba  «■■■,  boiwfir,  th*  experiment  doee 
nol  admit  of  modi « 
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At  the  time  the  above  pangraph  was  written,  I  waa  under  the  impireB- 

sion  that  the  dispersion  in  a  prismatic  instrument  depended  on  so  many 
variable  elements  that  no  simple  theory  of  its  resolving-power  was  to  be 
expected.  Last  autumn,  while  engaged  upon  some  expenmeuts  with  prisms, 
I  was  mndi  stnick  with  the  tnftriority  of  their  speetva  in  compariaon  with 
thoee  which  I  waa  in  the  habit  of  obtaining  from  gratings,  and  was  led  to 
calcniate  the  resolving-power.  I  then  found  that  the  theoy  of  the  xesolving- 
power  of  prisms  is  ahooost  as  simple  as  that  of  gratings. 

Let  AfBt  (fig.  5)  be  a  plane  waT»«ar&oe  of  the  li^t  befiire  it  fiJls 
upon  the  prisms,  AB  the  oonesponding  wave-enifiuie  for  a  partientar  part  of 
the  spectmm  after  the  l^t  has  passed 

the  prism  or  after  it  has  pa.««ed  the  eye-   a*  

piece  of  the  observing-telescope.  The 
path  of  a  ray  from  the  wave-surface 
AfBt  to  A  or  B  i»  determined  by  the 
condition  that  the  optical  distance, 
sented  by  fftda,  is  a  minimum ;  and  as 
AB  in  by  stippoeition  a  wave-eorfiMse,  this  optical  distance  is  the  same  fer 
both  points.  Thus 

JlidM  (for  A)  »//»d«(fiir  il>  (2) 

We  have  now  to  consider  the  behaviour  of  light  belonging  to  a  neighbour- 
ing part  of  the  spectmm.  The  path  of  a  ray  from  the  wave-eurfiMe  A,Bt 

to  is  changed ;  but  in  virtue  of  the  minimum  property  the  change  may  be 
neglected  in  calculating  the  optical  distance,  as  it  influences  the  result  by 
quantities  of  the  second  order  only  in  the  change  of  refran^l)ility.  Ac- 
cordingly the  optical  distance  from  A^Bt,  to  is  represented  by  j'ifi  +  S/i) 
the  integration  being  along  the  path  A^...A  ;  and,  similarly,  the  optical 
distance  between  A^  and  B  is  represented  by  J(ji  +  Sfi)da,  where  the 
integratioii  »  along  the  path  B^.^B,  In  virtue  of  (2)  the  difintnee  of 
die  optical  distances  is 

ftt^da  (along  B,...£)  -J&ftds  (along  A,. ..A)  (3) 

The  new  wave-surface  is  formed  in  such  a  position  that  the  optical  distance 
is  constant;  and  therefore  the  dispersion,  or  the  angle  through  which  the 
wave-surface  is  tiiriH-d  by  ihu  change  in  refrangibility,  is  found  simply 
by  dividing  (3)  by  the  distance  AB.  If,  as  in  common  flint-glass  spectro- 
SCopeS)  there  is  only  one  dispersing  substance,  JB/ids^Bft.t,  where  s  is 
simfdy  the  thickness  travwaed  by  the  ny.  If  we  call  the  width  cf  the 
mneigent  beam  a,  the  dispersion  is  rcprosonted  by  S/t(^— *t  end  «^ 
being  the  thicknesses  traversed  by  the  extreme  rays.  In  a  properly  con- 
structed instrument  ^  is  negligible,  and  $t  is  the  aggrsgate  thickness  of 
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the  prismt  at  thnr  itaick  eadB,  which  we  will  call  t;  ao  thai  the  diqMnioti 
(ff)  ia  given  by 

tf-^'*  (4) 

By  §  2  the  conditiou  of  re^lutiou  of  a  double  line  whose  components 
aobtend  an  angle  0  is  tiiait  $  muet  exceed  Xfa.  Hence  horn  (4),  in  order 
that  a  double  line  may  be  reaolved  whoee  components  have  indices  ^  mad 
fi+  fi/i,  it  is  neoesflaiy  that  t  shonld  exceed  the  value  giv«i  by  the  feilowing 
ei|iiation, 

'  =  a'^  •<») 

which  exprcH-ses  that  the  relative  retardation  of  the  extreme  rays  due  to  the 
change  of  rcfrangibility  is  the  same  (X)  as  that  incurred  without  a  change 
of  refrangibility  when  we  pass  hem  the  principal  direction  to  that  cone- 
sponding  to  the  fint  minimum  of  illumination. 

That  the  resolving- power  of  a  prismatic  spectroscope  of  given  dispersive 
material  is  proportional  to  the  total  thidcness  used,  without  regard  to  the 
number,  angles*  or  setting  of  the  prisms,  is  a  most  important,  perhaps  the 
most  important,  proposition  in  connexion  with  this  subject.  Hitherto  in 
descriptions  of  sj)ectroscopes  far  t«Ki  much  stress  has  been  laid  upon  the 
amount  of  dispersion  produced  by  the  prisms;  but  this  element  by  itself 
tells  nothing  us  to  the  power  of  an  instrument.  It  is  well  known  that  by  a 
sufficiently  dose  approadi  to  a  grazii^  emeigence  the  disperrion  of  a  prism 
of  given  thickness  may  be  increased  without  limit ;  but  there  is  no  corre- 
sponding gain  in  resolving-power.  So  far  as  resolving-power  is  concerned, 
it  is  a  matter  of  indifference  whether  dispersion  be  effected  by  the  prisms  or 
by  the  telesoojie.  Two  things  only  are  necessary: — first,  to  use  a  tliickness 
exceeding  that  prescribed  by  (5);  secondly,  to  narrow  the  beam  until  it  can 
be  received  by  the  pupil  of  the  eye,  or  rather,  since  with  full  aperture  the 
eye  is  not  a  perfect  iuBtrument^  until  its  width  is  not  more  tiian  <me-thini  <nr 
one-fourth  of  the  diametw  of  the  pnpiL 

The  value  of  expression  (3)  on  which  resolving-power  depends  is  readily 
calculable  in  all  cases  of  practical  interest.  For  a  compound  prism  of  flint 
and  crown,  fyt.t  is  replaced  by 

 («) 

where  i  and  t  denote  the .  reqMCtive  ihu^neasss  tmversed,  and  Sfi,  Sfi  the 
corresponding  variations  of  reftaotive  index. 

The  relation  between  Bfi  and  BX  may  generally  be  obtained  with  suihcient 
approximation  from  Cauchy's  formula 

A*  =  -d+^X-.   (7) 
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ThuB  £^--2AX-*fiL   (8) 

The  value  of  B  Taries  of  coatee  aooonfiiig  to  the  material  of  the  pnenw. 
Aa  an  example  I  will  take  Ghaooe'a  «*eztnHleD8e  flint"  The  indioea  tot  0 
and  the  more  refraaj^hle  D  are* 

I»»-*1'650388,  ^-1-644866; 

^^-^=^05522  (9) 

X„  -  6-889  X  Xa  -  6'662  x  10^, 

the  onit  <tf  length  being  the  centimetre;  whenee  by  {7% 

Thus  hy  (5)  aud  (8), 


Fov  the  soda-line, 

X-5-889xl<^*,  ax-KX>6xlO-«; 

and  thus  the  thicieness  necessavy  to  resolve  this  line  is  given  by 

t=l-02  ceDtimetres  (12) 

The  number  of  timea  tlie  power  of  a  spectroscope  exceeds  that  necessarj'  to 
resolve  the  soda-lines  might  conveniently  be  taken  as  its  practical  measure. 
We  learn  from  (12)  that,  according  to  this  dehnition,  the  power  ot  au 
instrument  with  simple  prisma  <^  "eztna^oise  glass"  is  ezprsssed  approxi- 
mately by  the  number  of  centimetres  of  avaikble  thickness. 

In  order  to  confirm  this  theory,  I  have  made  some  obsarvatimis  on  the 
thickness  necessary  to  resolve  the  sodaplines.  The  prism  was  of  extra-dense 

glass  of  refractive  index  very  nearly  agreeing  with  that  above  Specified,  and 
had  a  refracting  angle  of  G0°.  Along  one  face  sliding  screens  of  canlboanl 
were  adapted,  by  which  the  horizontal  aperture  coidd  be  adjusted  until, 
in  the  judgment  of  the  observer,  the  line  was  barely  resolved.  A  soda-fiame 
was  generally  used,  though  sindlsr  observations  have  been  made  upon  the 
D  lines  of  the  sohur  spectrum.  When  the  adjustment  was  complete,  the 
aperture  along  the  face  of  the  prism  was  measured,  and  gave  at  once  the 
equivalent  thickness,  ie.  the  difference  of  thicknesses  traversed  by  the 
extreme  rays,  since  the  prism  was  in  the  position  of  minimum  deviation. 
Care,  of  course,  was  takeu  that  no  ordinary  optical  imperfections  of  the 
apparatus  interfered  with  the  experiment. 

One  observer,  familiaur  with  astronomical  work,  fixed  the  point  of 
resolution  when  the  thickness  amounted  to  from  IHO  to  1*20  centimetre. 

*  Uopkinton,  Proe.  Eo^.  Soe.  Jana  1877. 
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I  \v;is  myself  less  easily  satisfied,  requiring  from  135  to  r40  centimetre. 
But  eveu  with  a  less  thickness  than  1  centimetre,  it  was  evideut  that  the 
object  under  examination  was  not  a  single  line.  With  the  same  prism 
I  found  the  tibtoknen  necessary  to  resolve  l,bt  in  the  solar  spectmm  to 

be  about  'I'o  centimetres.  According  to  (11),  the  thickness  required  for  6,64 
should  be  2  2  times  that  required  for  A  A-  Probably  something  depends 
upon  the  relative  intensities  of  the  component  lines. 

From  ( 1 )  and  ( 11 )  we  see  that  if  a  diffraction  and  a  dispersion  instrumeait 
have  equal  resolviog-powers, 

*  =  -5ir;  (18) 


so  that  the  power  of  a  dispersion  instrument  relatively  to  that  of  a 
diffraction  instrument  varies  inversely  as  the  thii-d  power  of  the  wavfr- 
length. 

For  the  kind  of  glass  considered  in  (10),  and  for  the  region  of  the 
D  lines. 


To  find  what  thiebMaB  k  neoessaiy  to  rival  the  fourth  spectrum  of  a  grating 
of  8000  lines,  we  have  merely  to  patm^l,  »  >b^>00;  so  that  the  necessary 
thickness  is  about  12^  centimetres — a  result  which  abundantly  explains  the 
observations  which  led  me  to  calculate  the  power  of  prisms^ 


§  4.    Influence  of  AherraHon, 

In  the  investigations  of  §  2  the  wave-surface  wivs  considered  to  be  plane, 
or  (alter  passing  through  a  cuudeusiug  lens)  spherical.  As  all  optical 
instruments  are  liable  to  aberration,  it  is  important  to  inquire  what  effects 
are  produced  thereby  upon  the  intensity-carves,  and  eqpeeially  to  ascertain 
at  what  point  a  sensible  deterioration  of  dt  finition  ensues.  The  only  work 
bearing  upon  the  present  subject  with  which  1  am  acquainted  is  Sir  G.  Airy's 
investigation  "of  the  intensity  of  light  in  the  neighbourhood  of  a  caustic*"; 
but  the  problem  considered  by  liim  relates  to  an  unlimited  beam. 

Considering  in  the  first  ]>Ia<-e  the  case  of  a  beam  of  rectangular  section, 
let  us  suppose  that  the  aberration,  or  error  of  phase,  is  the  same  in  all 
vertical  linei^  so  tiMt  the  actual  wave-snrfooe  is  cylindricaL  With  origin  at 
the  centre  and  axis  of  «  horizontal,  the  aberration  may  be  expressed  in  the 
form 

«*•+>«  +  .....  (1) 

•  C«m6.  PkU.  Traau.  toL  n.  1888. 
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No  terms  appear  in  or  ^:  the  first  would  be  ec^uivaleut  to  a  goueral 
tuining  of  tiie  beam ;  and  the  aeooad  would  imply  imperfect  ibeoning  of 
the  central  parts.   In  many  caaea  the  eireumstanoea  are  ajrmmetarical  with 

respect  to  the  centre;  and  then  the  first  term  which  occars  is  that  con- 
taining X*.  But  in  general,  since  the  whole  error  of  linear  retardation  which 
we  shall  contemplate  is  exceedingly  small  in  comparison  with  other  linear 
magnitudes  concerned  in  the  probkun,  the  tenn  in  is  by  far  the  more 
important,  and  those  that  follow  may  be  neglected. 

As  in  the  case  of  no  aberration  (treated  in  §  2),  the  distribution  of 
brightness  in  the  image  of  a  point  la  similar  along  e  very  vwtieal  line  in 
the  fbcal  plane;  and  therefore  the  image  of  a  vertical  line  follows  the  same 
law  of  brightness  as  applies  in  the  case  of  a  point  to  positions  situated  along 
the  axis  of  ^.  The  phase  of  the  resultant  at  any  point  ^  is  by  symmetry  the 
same  as  that  of  the  secondary  wave  issuing  from  the  centre  («asO);  and 
thus  the  amplitude  of  the  resultant  is  proportional  to 

J***C0e27r^^+M:»)<iiR   (2) 

In  Sir  G.  Airy's  problem  tho  ujipor  limit  of  the  integral  (2)  is  infinite. 
Fortunately  for  my  purpose  tho  method  of  calculation  employed  by  him 
is  that  of  (juadriituieti,  and  the  iuterme<ii.'Ue  results  are  recoixled  ([).  402) 
in  suthcient  detail.  In  order  to  bring  (2)  into  conformity  with  Airy's 
notation,  we  must  take 

awcc*  -  iw<         2ir«f/X/»  -  ^am ;  (8) 

we  thus  obtain 

(^)-ij^'^otm^ir(f^-mw)dm,   .(4) 

in  which  the  upper  limit  of  the  integral  is  the  cube  root  of  the  extreme 
aberration  expressed  in  quarter-periods.  For  example,  the  upper  limit  is 
unity  when  tiie  phase  at  one  extremity  is  a  quarter-period  in  advance, 
and  (hat  at  the  other  extremity  a  quarter-period  in  the  rear,  of  the  phase  at 
the  centre. 

The  influence  of  aberration  may  be  oonsideTed  in  two  ways.  We  may 
tttppcee  the  aperture  (a)  constant,  and  inquire  into  the  effect  of  an 

increasing  aberration  (c) ;  or  we  may  take  a  given  value  of  c  (i.e.  a  given 
wave-surface),  and  examine  the  effect  of  a  varyinq-  aperture.  To  the  latter 
comparison  Airy's  results  an-  more  immediately  aj)plioable.  The  following 
Table,  easily  derived  from  that  given  by  him,  exhibits  the  values  of 
JcoB  ^TT {(o^  -  into)  da,  between  the  limits  specified  in  the  headings  of 
columns  2,  8,  4,  5.  The  leaulta  are  applicable  at  <mee  to  the  oompariaon 
of  the  ampUtude-curves  corresponding  to  various  apertnzea,  since  the 
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relation  of  m  to  ^  in  (3)  is  independent  of  a.  To  obtain  intensities,  it 
would  be  neoefluiy  to  square  tbe  numbera  given  in  the  Tabla 
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•9999 

-0-4 

•6449 

•4165 

•4211 

•4986 

(M) 

•8422 

•6878 

•5672 

•6653 

+0-4 

•9570 

•9538 

•7898 

•8404 

+  0-8 

•9559 

M120 

10157 

•9701 

-i  1-2 

•8307 

10748 

1-1141 

•9979 

+  1-6 

•6024 

•8170 

•9661 

•8705 

+  20 

•31G1 

+  -3952 

+  ■6569 

•6649 

+  2-4 

+  0303 

-  0079 

-•0060 

+  1172 

+  2-8 

-  -IflfW 

•4290 

5110 

-  -3624 

+  3-2 

•3309 

•5826 

■7645 

•7087 

+  3-6 

•3621 

■5028 

•6485 

■7652 

+  40 

-  2761 

-  -2626 

-  -2725 

-  4745 

The  second  column  relates  to  the  ease  where  the  aperture  is  sneh  that 
the  aberration  between  the  cxtn  initie.s  and  the  centre  is  one  quarter 
of  a  period,  or  (which  is  the  same  thing)  where  the  wave-surface  at  the 
eztzemitieB  deviatee  bjr  a  qnutm  wave-length  from  the  tangent  plane  at 
the  oentnil  line  of  infleetioo.  It  will  be  eeen  that  the  position  of  maxinram 
iUaminatioD  deviates  sensibly  from  the  centre  (m  =  0,  {  =  0).  This  is  no  more 
than  might  have  been  expected,  since  the  plane  which  most  nearly  coincides 
with  the  actual  wave-surface  is  ineliiied  to  the  central  tangent  plane.  The 
third  column  relates  to  an  aperture  about  a  fourth  part  larger,  for  which  the 
extreme  aberration  is  (1  quarter-periods  or  nearly  half  a  period,  and  the 
fourth  column  relates  to  an  aperture  such  that  the  extreme  aberrati<m 
amounts  to  about  three-quarters  of  a  peiiod. 

From  columns  2  and  3  we  see  that  an  incroii^e  of  aperture  up  to  that 
oorresponding  to  an  extreme  abenation  of  half  a  period  has  no  ill  effect 
upon  the  cratral  band,  but  it  incresses  midiily  the  intensity  of  the  fiist 
lateral  band  at  m*  +  8*2.  Indeed  the  principal  objection  to  much  greater 
apertures  is  this  atlgmented  importance  of  the  lateral  band.  The  practical 
conclusion  is  that  the  best  results  will  be  obtained  with  an  aperture  giving 
an  extreme  aberration  of  from  a  quarter  to  half  a  period,  and  that  with 
a  [still  further]  increased  aperture  aberration  is  not  so  mudi  a  diraet 
cause  of  deteriontion  as  an  obstacle  to  the  attainment  of  that  improved 
dsfiniJiion  which  should  acoompsny  the  incresse  of  iqpertnre. 
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We  mH  nam  suppose  Ihe  aperture  given,  and  ermine  tiie  effiwt  of 
incraanng  abenatioL   In  aftptying  the  tabalar  resalts  we  must  have  reigaid 

to  the  factor  (4>c)~^  which  occurs  in  (4),  and  we  must  take  aoooont  of  (be 
variation  of  the  relative  scale  of  m  and  f  in  paMii^  from  one  curve  to 
another  (f  oc  m  \'4c).  The  results  for  three  cases  are  expressed  graphically 
by  the  curves  in  fig.  6.  The  first,  which  rises  highest,  repre.'^eiits  the 
tntensity  at  the  various  points  of  the  local  plane  when  there  is  no  aber- 
mtioik— tbe  nme  ai  m  fig.  1.  The  aeoond  and  third  oiir?ee  lepreaeat 


Vif.  6. 


the  intensities  when  the  extreme  abemtions  are  a  quarter-period  and 
half  a  period  respectively.  The  total  area«i  of  these  curves  are  the  same, 
since  the  whole  quantity  of  light  in  the  beam  is  independent  of  the 
aberration ;  and  this  area  is  equal  to  that  of  a  rectangle  whose  height  is 
the  manmam  ordinate  OA  of  the  first  curve,  and  width  the  distance  OB 
betwera  0  and  the  first  position  of  aero  intensity.  It  appears  that  aber- 
ration begins  to  be  distinctly  mischievous  when  it  amounts  to  about  a 
quarter- period,  i.e.  when  the  wave-surface  deviates  at  each  end  by  a  quarter 
wave-length  from  the  true  plane.  The  most  marked  effiTt  is  the  increased 
importance  of  the  lateral  band  on  one  side,  and  the  approximate  obliteration 
of  the  lateral  band  on  the  other  side. 

When  the  aberration  is  syniint  trical  about  the  centre  of  the  beam,  the 
term  in  ar*  vanishes,  and  the  whole  effect  is  of  higher  order.  In  general  the 
term  in  «^  will  preponderate ;  and  thus  tiie  probl«n  for  a  symmetrical  beam 
fesolves  itself  into  the  investigation  of  aberration  vaxying  aa  «*.  In  one 
respect  the  problem  is  simpler  than  the  preceding,  on  account  ai  the 
symmetry  of  the  intensity-curves;  but  in  another  it  is  more  complicated, 
since  the  phase  of  the  resultant  does  not  correspond  with  that  of  the  central 
element.    The  intensity  is  represented  by 
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and  it  requires  for  its  calculation  two  integrations.  These  oould  be  effected 
by  quadratures;  but  the  results  would  perhaps  scarcely  repay  the  labour, 
especially  as  the  practical  question  differs  somewhat  from  that  here  proposed. 
The  inti'iisity-curve  derived  from  (5)  represents  the  iu-tual  state  of  things  on 
the  supposition  that  the  focussing  adopted  is  that  proper  to  a  very  small 
apertore;  whereas  in  praetioe  the  abemtion  would  be  in  stnne  degree 
compensated  fiv  by  a  dumge  of  fiMns,  as  it  is  obvious  that  the  real  wave- 
surface,  being  curved  only  in  one  directioOt  oould  be  more  aocurately 
identified  with  a  sphere  than  with  a  plane. 

Some  idea  of  the  effect  of  aberration  may  be  obtained  from  a  calculation 

of  the  intensity  at  the  central  point  (^  =  0),  where  it  reaches  a  maximum; 
and  this  can  be  effected  without  quadratures  by  the  aid  of  a  series.  In 
this  case  we  have  instead  of  (5), 

4  [^^f^**cos(2n/5B*)<i»]  +  4  [j^*"8in(8w>SB«)*(rj'.  (6) 

Now  by  integration  by  parts  it  can  be  |noved  that 

whence  by  separation  of  real  and  imaginary  parts,  and  putting  x  equal 
to  onity, 

^■"*15     5.9.13^5.9  13.17.21  -J 
rain(W)ito-sinA|l-<^r-f     ^''^^     -  -1 

^mayaiMrf«m     muMny      5.9^5.9.13.17  J 

""15     5.9.13^5.9.13.17.21       j  ^' 
Calculating  from  these  series  I  find 

r     /I  1-36704  n  .  -21352 

|^j^co8(i7rx*)da;J  sin  {iirx*}  cLc^  •'9676. 

Again, 

£oo6  (i 9r«*)  das  -  -87704,  j^'sin  (^wc*)  de  » -26812, 

[j^coe(iiM;«)ii»j'+  |^|^sin         <tej'-  -84109. 
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Again, 

peoB  (tw*)  da: » '64397,  jjm  (ira*)  dx  » -33363, 

jj^cos  (irx*)  da?J*  +  i"^^)       =  *52549. 

Thus  aa  extreme  aberratioii  of  one-eighth  of  a  period  rednces  the 
intenaity  at  the  central  point  from  anity,  oomepondtng  to  no  aberration, 

to  '9376.  With  an  aberration  of  one  quarter  of  a  period  the  intensity 
is  '84109;  and  with  an  aberration  of  half  a  period  the  intensity  is  reduced 
to  02549.  We  mnst  remember,  however,  tliut  tliose  numbers  will  be 
sensibly  raised  it  a  readjustment  of  focus  be  uduuttod. 

In  most  optical  instrumeuts  other  than  sjiPc-tro<fnj)es  the  section  of  the 
beam  is  circular,  and  there  is  symmetry  abovit  an  axis.  The  calculation 
of  the  intensity-curves  as  affected  by  aberration  could  be  performed  by 
qaadratures  from  tables  of  BeaBel's  functions;  but,  as  in  the  case  last 
considerad,  the  results  are  liable  to  a  modifioation  in  practice  from  re- 
adjustment of  focua  For  the  central  point  we  may  obtain  what  we  require 
from  a  series. 

The  intensity  may  be  reineeented  by 

[^2  j^*coe<Ar*)rdrj*  +     j^'sin  {hi-')  rdr^ , 

tile  scale  being  mich  that  the  intenaity  is  unity  in  the  case  of  no  abemtioa 
(ik^OX  As  before,  we  find 


whence 


*j,  '  V     6  *6.10    6.10.U  +  -f' 

*/>(*^'*- «- *  {'  -  «- 'la  +  « .  .i*     i«  -  •■■} 

[^o     0.10.14  J 

Thus»  when  A»^w, 

of     /I  -uv  ^     1*82045  o  i' .  .  -35424 

Jo*^^^^^      *    ^2  '  *  Jo*"*  ^^'^^^  '*^*' "    ^2  » 

J^coB  (iirt-*)  rrfrj*  +     j^'sin  (im-*)  rdrj'  =  -9464. 
a.  L  28 
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Aguja,  when  &»^ir, 

2  Tcoedirr*) rir -  -77^9,  2  f 'sin  (Jirr*) r A* -  -48828, 

1^2  j\oa{i'irr^rdr^+  ^2  J^'ain  (firr*)  r<lrj' - -8008. 
Again,  wheu  h  =  ir, 

2  roofl(irf-)r&«--3740,  2  r8m(irf-)r<lr--6048. 

2 1^08  <«rO  rdr j '  +  [^2  ['sin  (irr»)  rdr  J  -  -3947.  • 

Hence  iu  this  case,  as  in  the  preceding,  we  may  consider  that  uburratiun 
begins  to  be  decidedly  prejadidal  whoi  the  wave-snrfrce  deviates  from  ite 
proper  place  by  about  a  quarter  of  a  wave-length. 

Aa  an  application  of  diis  result,  let  us  investigate  what  amount  of 
temperature  disturbanoe  in  the  tube  of  a  tdesoope  may  be  expected  to 

impair  definition.  According  to  the  experiments  of  Biot  and  Arago,  the 
refractive  index  ^  for  air  at  temperature  IT  C  and  at  atmospheric  pressure 
is  given  by 

-00029 
1+'00S7«* 

If  we  take  the  treezuig- point  as  standard  temperature, 

«/»--ri*  xio-*.  (11) 

ThuH,  supposing  that  the  irregularity  of  temperature  t  extends  throu^  a 
length  I,  and  produces  a  retardation  of  a  quarter  of  a  wave-length, 

iX-M{«xl0-«; 

or,  if  we  take  X-  53  x  10-^. 

f*-12.  (12) 

the  unit  of  length  bebg  the  centimetre. 

We  may  infer  that^  in  the  case  of  a  telescope-tube  18  oentimetres  long, 
a  stratum  of  air  heated  one  degree  Gent,  lying  along  the  top  of  the  tube  and 

occupying  a  moderate  fraction  of  tiie  whole  v<dume,  would  produce  a  not 
insensible  effect.  If  the  change  of  temperature  progressed  uniformly  from 
one  side  of  the  tuht;  to  the  other,  the  result  would  be  a  lateral  displaceiiR'Ut 
of  the  image  without  loss  of  definition;  but  iu  general  both  effects  would  be 
observable.  In  lunger  tubes  a  similar  disturbanoe  would  be  caused  by  a 
proportionally  less  diflbrenoe  of  temperature. 

In  the  ocdinary  investigations  of  the  aboration  <^  optical  instruments 
attention  is  usually  given  to  a  quantity  called  the  bn^iludmal  aberration, 
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which  is  the  distance  befcwemi  the  geometiical  fooos  and  the  point  at  which 
the  eitreflM  ray  meets  the  axis.  In  oi-der  to  adapt  these  calculatious  to 
our  purpose,  it  is  nocessfiry  to  establish  the  connexion  between  longitudinal 
aberriition  and  the  deviiition  of  the  actual  surface  of  the  converging 
wave»  from  a  truly  spherical  suriace  having  im  centre  at  the  geometrical 
fisCIIB. 

If  the  axis  of  symmetiy  he  taken  aa  that  oi  m,  and  the  tangent  phine 
to  the  wave-turface  as  plane  of  ^y,  we  have  as  the  equation  of  the  ideal 
wave-Burfiuse, 

+  + 

/  being  the  distance  of  the  focna  from  the  origin;  or  if  we  limit  our 
attention  to  the  plane  y  -  0, 

+   (18) 

The  ixctual  wave*Biuiaoe,  having  at  the  origin  the  same  curvature,  is 
represented  by 

+   (14) 

where  «  is  a  constant  depending  upon  the  amount  of  aberration.  The 
diatance  (4)  between  the  anrfiioea  ia  given  by 

=   (16) 

The  equation  to  the  normal  to  (14)  at  the  point      s)  is 

so  that  when  {-"O, 

If  the  longitudinal  aberration  be  called  B/, 

(1-8*)  (16) 

Thus  by  (16)  and  (16), 

'^-^.-i"'  <■"> 

where  a  denotes  the  angular  semi-aperture.  Taking  the  greatest  admiflsible 
value  of  &  as  equal  to  ^X,  we  shall  see  that  Bf  must  not  exceed  the  value 
givoi  by 

S/=Xa-»   (18) 

As  a  practical  example,  we  may  take  the  case  of  a  single  lens  of  glass 
collecting  parallel  rays  to  a  focus.    With  the  most  favourable  curvatures  the 

2a— 2 
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longitudinal  aberration  is  about  fa};  so  that  ot*  must  not  exceed  Xj/.  Fur  a 
lens  of  3  feet  [91  cm. J  focus,  this  condition  is  satisried  if  the  aperture  do 
not  exceed  2  inches  [51  cm.].  In  spectroscopic  work  the  chromatic  aber- 
ration of  single  lenses  does  not  come  into  play,  and  there  is  nothing  to 
{mhUd  their  empbym^t  if  the  above-mentioned  restrictimi  be  obaerved. 
I  have  been  in  the  habit  of  using  a  plano-convex  lens  of  plate-glass,  the 
curved  side  being  turned  towards  the  parallel  light,  and  have  found  its 
performance  quite  satisfactory.  The  fact  that  with  a  given  focal  length 
the  extreme  error  of  phase  varies  as  the  fourth  power  of  the  aperture  is 
quite  in  aooordance  with  practioal  experience;  f<w  it  is  well  kiiown  that 
the  difficulty  of  making  object-glasses  for  telescopes  increases  very  FSfodly 
with  the  angular  aperture. 

When  parallel  rays  &11  directly  upon  a  spherical  minor,  the  longitudinal 

aberration  is  only  one-eighth  as  great  as  for  the  most  favourably  shaped 
lens  of  e(}ual  focal  length  and  aperture.  Hence  a  spherical  mirror  of  .S  feet 
focus  might  have  an  aj^erture  of  2|  inches,  and  the  image  would  not  suffer 
materially  from  aberration. 

§  5.    On  the  Accuracy  required  in  Optical  Surfaces. 

Foucault,  in  the  memoir  already  referred  to,  was,  I  believe,  the  first 
to  show  that  the  errors  of  optical  surfaces  should  not  exceed  a  moderate 
fraction  of  the  wave-leugth  of  light.  In  the  case  of  perpendicular  reflection 
fimm  miiTOf^,  the  results  of  $  4  lead  to  the  conclusion  that  no  conaidemble 
area  of  the  suriaoe  should  deviate  ftmn  truth  by  more  than  one-eighth  of 
the  wave-length.  For  a  glass  surface  refracting  at  nearly  perpendicular 
incidence  the  admissible  error  is  about  four  times  as  great.  It  will  bo 
understood,  of  course,  that  the  errors  of  one  surface  in  an  optical  train  may 
compensate  for  those  of  another,  all  that  is  necessary  being  that  the  resultant 
error  of  retardation  rise  nowhere  to  importance. 

In  the  case  of  oblique  reflection  at  an  angle  0,  the  error  of  retardation 
due  to  an  elevation  BD  (fig.  7)  ia 

QQ*  -      =  5/)  sec    (1  -  cos  SQQ)  =  J?i)  sec  <^  (1  +  cos  2<^)  =  2BD  cos  ^, 

from  which  it  follows  that  an  error  of  given  magnitude  in  the  figure  of 

a  surface  ia  less  important  in  oblique  than 
^*  ^  in  pcrpendioukr  refleetimi.  At  first  sight 
this  result  appears  to  be  contradicted  by 
experience;  for  it  is  wdl  known  to 
practical  opticians  that  it  is  more  difficult 
to  secure  a  satisfactorj'  performance  when 
*  ^       reflection  is  oblique.    The  discrepancy  is 

explained  in  great  measure  when  we  take  into  account  the  kind  of  error 
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to  which  surfaces  arc  most  liable.  No  iinjmi  taut  deviation  from  a  sym- 
metrical lorni  is  to  be  feared ;  but  a  surface  iutended  to  be  plaue  may  easily 
aaBQine  a  slight  general  ooDvexity  or  ooncavity.  Now  in  direoi  xefiecfeMm,  a 
small  curvature  is  readily  and  almost  completely  compensated  by  a  small 
motion  uf  the  eyepiece  giving  a  change  of  focus;  but  the  compensation 
obtainable  in  this  way  is  much  less  perfect  when  the  reflection  is  obli(|ue. 
In  the  first  case  the  family  of  surfaces  approximating  to  a  plane,  which  will 
answer  the  purpose,  coincides  with  the  family  of  surfaces  most  likely  to 
be  produced;  in  the  second  case  the  family  of  ellipsoidal  or  hyperbolic 
surfaces  capable  (with  suitable  focus)  of  giving  good  definitica  contains 
only  one  symmetrical  member — the  perfect  plane.  In  order  to  test  experi- 
mentally the  correctness  of  the  theoretical  result,  it  would  be  necessary  to 
retain  the  focus  suitable  to  the  true  surface,  and  uot  to  allow  a  readjustment 
by  which  its  errons  may  be  in  greater  or  less  degree  compensated. 

A  further  difficulty,  not  touched  by  the  preceding  considerations,  still 
remains  to  be  mentioned.  In  tlie  onlinary  method  of  testing  plane  .surfaces 
by  measuring  the  change  of  focus  required  when  a  distiint  point  is  viewed 
through  a  telescope,  firat  directly,  and  then  after  reflection  in  the  sur&ce,  the 
test  is  found  to  be  more  delicate  as  the  reflecti<»i  is  more  oblique.  The 
explanation  of  the  api>j\rent  incousi8t4.'ncy  will  be  best  understood  by  a 
calculation  of  the  focal  length  of  mirrors,  founded  directly  upon  the 
principles  of  the  wave  theory.  Let  ACB  (Hg.  8)  be  an  arc  of  a  (parabolic) 
mirror,  which  reflects  piirallel  niys  GA,  HD,  pj^^  ^ 

KB  to  A  focus  F.  AD  =  y,  DF^f,  CD  =  t. 
In  calcuUkting  the  retardations  of  the  various 
rays,  we  will  take  as  standard  the  phase  at  F 


of  a  ray  coinoideut  with  HD,  reflecte<l  at  D  cj— Is — ^  H 

(as  by  a  plane  mirror  ADli)  instead  uf  ut  C, 
so  that  the  actual  retardation  at  F  of  the 
central  ray  HCF  is  2<.  The  retardation  of 
the  extreme  ray  QAF  is  AF-^FD,  or        +  Since  J*  is  by 

supposition  an  optical  focus,  the  phases  of  all  the  rays  must  be  the  same, 
and  thus 

V(/«+y«)-/=2<.  (1) 

If  the  aperture  (Sy)  be  small  in  proportion  to  the  focal  length, 
*^{f*-^f)-f^Wlf  •pproximately, 

so  that 


(2) 


In  the  limit  it  is  a  matter  of  indifference  whether  /  be  measured  from  D 
or  from  C,  If  r  be  the  radius  of  curvature  at  G, 
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and  /«  in   (3) 

the  usual  formula. 

When  the  incideDce  is  oblique,  there  are  diftVn  nt  foci  in  the  primary 
J  and  the  secondary  pliuies.    Considering  first  the 

case  of  the  prinuuy  plane,  let  AOS  (fig.  9)  be 
the  miiTor,  and  F  the  foctu.  AD»»y,  CD^t, 
nCD=<f>.  AL  is  the  course  which  the  i-ay 
GA  would  tak(<  if  reflected  by  the  plane  Kurface 
ADB.  C  is  that  point  of  the  mirror  at  which 
the  tangent  ia  parallel  to  AJi.  The  reUiixiation 
at  J*  of  the  lay  QAF  is  AF~AL\  and  the 
retaidation  of  the  xay  HCF  due  to  the  curvature 
of  the  minor  is  2<  oos  ^  These  retardations  must  he  equal ;  and  thus 

AF-AL^'j{A]>-¥FI/)-AL^Uoi»^ 

When  the  aperture  is  small,  »^{AIf-\'FD)-'AL  is  approximately  ^FDfAL; 
ultimately  AL  may  be  identified  with  /t,  the  fiical  length  in  the  primary 
plane,  and  FL  may  be  identified  with  y  oos  ^,  so  that 

t^  =  2loos^.  (4) 

/,="'r*  •<») 

Thus  it  appears  that,  so  fjir  as  the  primary  focal  length  is  concerned,  the 
diminished  retardation  of  the  central  my  dtie  to  obliquity  is  outweighed 
by  the  corresponding  diminution  of  effective  aperture  {FL);  but  although  in 
consequence  of  obliquity  a  greater  change  of  focus  (estimated  from  that 
requirad  for  the  plane  surfiuse)  is  necessary  in  order  to  get  the  best  result, 
still,  if  no  change  of  focus  be  admitted,  the  error  due  to  curvature  is 
leas  sensible  in  oblique  than  in  direct  reflection. 

The  preceding  discussion  assumes  that  the  same  extent  of  surface  is 
used  in  all  cases.  In  testing  planes  by  reflection  it  often  happens  that  a 
greater  extent  of  surface  is  used  in  tlie  ease  of  obliqtiity,  the  field  being 
limited  by  the  object-glass  of  the  telescope  rather  than  by  the  reflecting 
plane.  Under  such  drcumstanoes  the  loss  of  definition  (with  focus  un« 
altered)  due  to  curvature  is  aggravated  by  obliquity. 

In  the  secondary  focal  plane  thete  is  no  diminution  of  efltective  aperture 
due  to  obliquity.   Instead  of  (4)  we  have 

2^008  0  (6) 

 c) 


Digitized  by  Google 


62J 


WITH  8PBCIAL  BIPBBXNOB  TO  THE  SPICTBOBOOPE. 


439 


In  this  case  the  fivvourable  effect  of  obliquity  tihuws  itscit"  directly  in  the 
iucrcuikxi  value  of 

Fig.  10. 


We  will  now  consider  the  effi»ct  of  enom  in  a  refinwting  suiftce.  The 
enor  of  retardation  due  to  an  elevation  BD  is 

fiQS-QQ'='(^Q'  i/M  cos  (<f> -<!>•)-  1) 

^  ^jyfi  cot  ^  COB  4>' +  n  sip  ^ain0'  — 1 

« 1,1,  (?f??  *£2?  ^'  -( 1  .  JD  0*  cos  ^'  -  cos 

since 

^  sin    ss  nn  ^. 

As  a  function  of  obliquity  fi  cas  <f)'  —  cos  ^  is  luiust  {n  —  \)  when  the  obliquity 
ia  SOTO  I  it  is  greatest  when  the  obliquity  is  90^   Thus  the 

retardation  for  a  given  orror  of  elevatimi  incmueB  somewhat  with  the 
obliquity,  being  in  the  case  of  glass  about  twice  as  great  at  a  gruing 
as  at  a  perpendicular  incidence. 

Before  conchiding  this  section,  it  may  be  worth  while  to  point  out  how 
the  principles  of  the  wave  theory  may  be  appliiMl  directly  to  calculate  the 
focal  length  of  lenses.  The  relative  retanlations  of  the  rays  DAF  aiu\  ECF 
(fig.  11)  are  evidently  AF  —  CF  and  iji—\)t,  if  t  denote  tho  thickness 
of  the  lens  at  the  centre.   Thus,  '\[  AC  =  y,  FC  =/, 

- 1)  e  =      +  f)  -/  =  iyV  («) 

approximately.    For  ghvss  /x  —  1  =  ^  nearly;  so  that  tho  old  rule*,  that 


Fig.  IL 


"  in  glass  lenses  the  half-breadth  is 

a  moan  proportional   between   the  ^  

thickness  and  the  focal  length, "  is 
more  scientific  than  the  usual  formnla  ^ 
in  terms  of  the  radii  of  curvature. 
If  the  lens  do  not  terminate  in  a  ^ 
sharp  edge,  we   may  take   ns  the 
eiTective  thickness  the  difference  of  the  thicknesses  at  the  centre  and  at 
the  edge. 

*  Ooadhiglon%  Optics,  p.  96. 
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For  an  oblique  central  pencil,  the  focal  lengths  iu  the  two  principal 
planes  may  be  obtained  as  in  the  case  of  the  roiiror.   They  take  the  fimn 

-  0*  cos  f  -  cos  ^) «  (9) 

^  =  (/A  cos  ^'  -  COS  ^)  t,  (10) 

in  which,  if  we  please,  we  may  substitute  for  t  its  value  in  temut  of  the 
radii  of  curvature,  via. 


§  6.    The  Aberration  of  OUique  Pencils. 

In  treatises  on  geometrical  optics  it  is  usual  to  calculate  the  lUierrations 
of  niirinrs  and  lenses  iov  direct  |>encil8,  but  in  the  case  of  oblique  pencils  to 
rest  satistit'd  with  deteniniiing  the-  primary  and  secondary  focal  lengths. 
For  most  purposes  indeed  aiitigniatisin  is  a  worse  defect  tbau  aberration, 
SO  that  in  the  presence  of  the  former  it  is  not  worth  while  to  consider 
the  latter;  hat  in  this  respect  the  spectroscope  is  an  exception,  and 
the  completion  of  its  theory  requires  the  ooosideration  of  the  aberration 
of  oblique  pencils. 

The  reason  of  this  peculiarity  is  not  difficult  to  see.  When  a  luminous 
point  is  observed  through  an  optical  instniment  affected  with  astigmatism, 
there  are  threi'  nutiible  representations  of  it  to  be  obtained  bv  varyinj^  the 
focus.  At  the  primary  and  secondary  foci  the  point  is  representiHi  by 
perpendicular  line.s  of  small  width,  and  at  a  jjarticular  intermediate  position 
by  a  circle  of  light,  called  the  cirde  of  least  conAuion.  In  most  cases  the 
last  representation  would  be  the  best;  but  if  the  object  under  ezaminatitm 
be  itself  a  uniformly  luminous  line  parallel  to  one  or  other  of  the  focal  lines, 
the  best  result  will  evidently  be  obtained  at  the  corresponding  focus. 
Under  these  circumstances  the  image  is  not  prejudiced  by  the  astigmatism, 
and  iL«  j)erfeclion  depends  upon  the  au)ount  ut  aberration.  In  the  case 
of  a  properly  iuljusted  spectroscope  the  slit  is  parallel  to  tiie  edges  of 
the  prismq,  and  the  speetoum  is  seen  with  best  definition  at  the  primary 
focnsL 

The  abenatimi  that  we  have  now  to  c(msider  is  <^  lower  order  than 
that  which  affects  symmetrical  pencils,  and  therefore,  when  it  occurs,  is 
presumably  of  greater  importance.  Before  calculating  its  amount  in 
particular  cases,  it  will  be  conr<'nient  to  consider  the  general  character 
of  the  effects  produced  by  it.   The  axis  of  the  pencil  being  taken  as 
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axis  of  z,  let  the  equation  of  the  wave-surface,  to  which  all  rays  aro 
normal,  be  „  r 

*-^+^  +  ««'  +  /3<y  +  7xy»  +  fiy»+  (1) 

The  principal  focal  lengths  are  p  and  p'.   In  the  case  of  symtnetoy  p  and  p' 

are  equal,  and  the  coeflBcients  of  the  terms  of  the  third  order  vanish.  The 
aberration  then  depends  upon  terms  of  the  fourth  order;  and  even  those 
arc  made  to  vanish  in  the  fonnulae  for  the  object-glasses  of  telescopes  by 
the  selection  of  suitable  curvatures  If  this  be  effected,  the  outstanding 
aberration  will  be  of  the  sixth  order ;  whereas  iu  jhe^^ase  of  uns^metriciid 
pencils,  even  if  we  should  succeed  in  destroying  the  ternos  of  the  thiid  order, 
there  will  still  remain  an  ahonation  of  the  fourth  order.  It  follows  that 
every  effort  should  be  made  to  retain  sjpmmetiy  about  the  aads ;  but  in  the 
case  of  the  spectroscope  this  is  usually  impossible.  If  we  could  secure  a 
perfect  parallelism  of  the  imrulent  light,  and  perfectly  flat  faces  fur  our 
prisms,  we  should  indeed  get  rid  of  aberration,  and  at  the  uiime  time 
render  oarseWes  independent  of  the  adjustments  of  the  spectroscope ;  for 
it  is  evident  that  no  repetition  of  refracUons  at  plane  sur&oes,  however 
situated,  could  disturb  the  original  parallelism  of  the  light.  The  fact  that 
most  laige  spectroscopes  are  more  or  less  srDsitive  to  maladjustment  of 
the  prisms  proves  either  that  the  faces  arc  imt  Hat,  or  that  it  is  difficult  to 
obtiiiii  a  sutKciently  accurate  luljustment  of  the  eoliimator.  We  shall  suppose 
that  tlie  faces  of  the  prisms  are  surfaces  of  revolution,  so  that  it  is  possible 
by  proper  adjustments  to  render  everything  symmetrical  with  respect  to 
a  plane  Insecting  at  right  angles  the  refiracting  edges.  If  p  be  the  primary 
focal  length,  this  plane  is  that  represented  by  y  »  0,  and  the  equation  of  tiie 
wave-surfiioe  reduces  to 

'"|  +  |'  +  «*'  +  *J''3^»  

terms  of  higher  onlcr  being  omitted. 

The  constants  a  and  7  in  {'!)  may  be  interpreted  in  terms  of  the 
differential  coethcients  of  the  principal  radii  of  curvature.  By  the  usual 
formula,  the  radius  of  curvature  at  the  pmnt »  of  the  intersection  of  (2)  with 
the  plane  ^  =  0  is  approximately  ^(l  —  Bo^).  Since  y«0  is  a  principal 
plane  throughout,  ^is  radius  of  curvature  is  a  principal  ndins  of  die 
sur&oe;  so  tha^  denoting  it  by  pt  we  have 

'-li^t  w 

In  the  neighbourhood  of  the  origin  the  approximate  value  of  the  product  of 
the  principal  curvatures  is 

1     6«K  272 
PP     P  P 
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.  .     P  P     P  P 

vheiibe  by  (Z)\ 

^--^^  (4) 

The  equation  of  the  D<nn»l  at  the  point        «  is 

and  its  intenectim  with  the  plane  —  p  oocnxa  at  the  point  determined 
iq^^'oadmatelj  by 

^=-p(2ouc^  +  yy%  ,j  =  P-P-  2pyxi/  (6) 

tmns  of  the  third  oider  being  omitted. 

Aeeording  to  geometrical  optica,  the  thickneas  of  the  image  of  a  luminoas 
line  at  the  primary  focus  i«  detomined  by  the  extreme  vahie  of  ^;  and 

for  good  definition  in  the  spectroscope  it  is  necessary  to  reduce  this 
thickness  as  much  as  possible.  One  way  of  attaining  this  result  would 
be  to  nairow  the  aperture;  butj  as  we  have  seen  ia  preceding  sections, 
to  narrow  the  IwriioDtal  apertore  is  really  to  throw  away  the  peeoliar 
advantage  of  laige  instmmenta.  The  same  objection,  however,  does  not 
apply  to  narrowing  the  vertical  aperture;  and  in  many  spectroscopes  a 
great  improvement  in  definition  may  be  thus  secured.  In  general  it  is 
necessary  that  both  y  and  a  be  sninll.  Since  the  value  of  f  i.s  independent 
of  p',  it  would  seem  that  in  respect  of  detinibiou  thci-e  is  uo  advantage 
in  avoiding  astigniati.sm. 

We  will  now  examine  nior*-  closely  the  character  of  the  image  at  the 
primary  focoa  in  the  caae  of  u  pencil  of  circular  section.  Unless  p  —  p, 
the  seoond  term  in  the  value  of  17  may  be  ne^^ted.  The  nya  for  which 
+  j^»r*  intersect  die  phue  i^^pia  the  parabola 


<^^^-7^^-f-8v^;  .(7) 


and  the  various  parabolas  oorrespimding  to  different  values  of  r  differ  from 
one  another  only  in  being  shifted  along  the  axis  of  f.  To  find  out  how  much 
of  the  parabolic  arcs  are  included,  we  observe  that  for  any  given  value  of  r 
the  vahie  of  ij  is  greatest  when  x  =  0.  Hence  th<>  rays  starting  in  the 
secondary  plane  give  the  remainder  of  the  boundary  of  the  image.  Ita 
equation,  formed  from  (6)  after  putting  a;  =  0,  is 

,^^.(P-fi^  (8) 

pp'y 
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and  reprosenta  a  parabola  touching  the  axis  of  ij  at  the  origin.  The  whole 
(if  the  image  is  inclii(ied  between  this  parabola  and  the  parabola  of  forni  (7) 

corre.sponding  to  the  inaxiinuni  value  of  r. 

The  width  of  the  image  when  17  =  0  is  3a/ar',  and  vani.shes  when  a  =  0, 
when  there  is  no  aberration  for  rays  in  the  primary  plane.  In  this  case 
the  two  parabdic  bonndarieB  ooindde,  and  the  image  is  reduced  to  a  linear 
are.  If  liirtliar  7*«0,  this  are  faeoomes  tlnt^iU,  ond  then  the  image  of 
a  luminous  line  is  perfect  (to  this  order  of  approximation)  at  the  primary 
focns.  In  general  if  7  =  0,  the  parabola  (7)  reducers  to  the  straight  line 
r;  ^  0 ;  that  is  to  say,  the  rays  which  start  in  the  secondary  plane  remain 
in  that  })lane. 

We  will  now  consider  the  image  formed  at  the  secondary  focus.  Putting 
^  a*     in  (5),  we  obtain 

l^Pzl^,         „^-2^p'xy  (9) 

If  7  =  0,  the  secondary  focal  line  is  formed  without  aberration,  but  not 
otherwise.  In  general  the  curve  traced  out  by  the  rays  for  which    + y* »  r"* 

i^^i'-'y^'^-  -(^o) 

in  the  form  of  a  figure  of  eight  symmetrical  with  respect  to  both  tiie  axes. 
The  rays  starting  either  in  the  primary  or  in  the  seoondaty  plane  pass 
throucrh  the  axis  of  f  the  thidmeM  of  the  image  being  due  to  the  rays 

for  which  x  =  y  =  rly/2*. 

This  subject  can  be  illustrated  .without  difficulty  by  ex|>crinient.  A 
radiant  point  i.s  obtained  by  admitting  sunlight  into  a  darkened  room 
through  a  lens  of  short  focus  placed  in  the  window-shutter.  A  real  image 
of  the  rsdiant  is  received  upon  a  piece  of  ground  glass  and  examined  fiimn 
behind.  To  render  the  light  i^prozimately  homogeneous,  a  pieoe  of  red 
glass  is  employed.  The  following  results  relate  to  an  equiconvex  lens  of 
6  inches  [15  cm.]  aperture  and  about  8  feet  [91  em.]  focus,  on  which  the 

light  falls  obliquely. 

As  the  screen  is  mov(xl  gradually  V)ack  from  the  lens,  the  illuminated 
area  diminishes.  At  a  certain  point  it  begins  to  double  back  upon  itself, 
until  at  the  primary  focus  the  whole  area  is  double.  The  light  is  seen  to  bo 
very  unequally  distributed.  At  the  edges,  corresponding  to  the  bonndaiy 
of  the  lens,  the  illumination  is  feeble;  while  at  the  folded  edge,cone8p(»idmg 
to  the  central  vertical  line  of  the  lens,  a  caustic  is  formed.  On  this  aooount 

*  I  have  ktoljr  found  that  the  aberration  of  anajmunetrieal  peoeflji  «m  vwjr  geoMiIlj  tmrtcd 
by  Sir  W.  Hamilton  in  his  work  on  Syttnm  o  f  I!„>if.  Even  if  I  conld  have  snppofied  Hamilton's 
reinltf  to  be  known  to  the  reader,  the  invcKtigaiion  in  the  text  would  still  be  noooflsarj,  as  my 
purpose  is  verj  different  from  his.  In  the  general  HbaatJ  («rilh  Mid  9  flailt)  tlMn  is  BO 
diatinotMHi  betmaa  tbo  primsiy  and  leoondaiy  imafai. 
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it  wuuld  Becm  that  curvature  of  the  primary  focal  line  is  a  worse  fault  than 
tluckneeB  for  the  purpoees  of  the  spectroecope. 

The  accompanying  figures  show  the  general  ohaitMster  of  the  image  at 
the  inimary  focus  under  various  circumstanoes.  The  thick  line  represents 
the  folded  and  highly  illuminated  edge,  the  thin  line  the  double  edge 
corresponding  to  the  margin  of  the  lens.  The  quantities  u,  r, ,  v.j  are  the 
distances  from  the  lens  of  the  radiant  point,  the  primary,  and  the  secondary 
focus  respectively,  expressed  in  inches. 

fig.  12.  Fig.  18.       Fig.  14.  Fig.  15.  Fig.  16. 


In  all  these  cases  the  line  ot'  intersection  of  the  plane  of  the  lens 
with  the  screen  lies  to  thf  ri(/lit  of  the  diagram.  It  will  be  seen  that  the 
primary  focal  line  is  thm,  though  curved,  when  =  u.  This  is  true  iii 
general  for  an  equioonvn  lens^  as  may  he  shown  bom  ooosideraUons  of 
symmetry. 

Experimenting  on  a  plano-oonvez  lens  held  at  an  obliquity  of  about  90% 

I  found  that  the  focal  lines  were  far  bett*?r  fonned  when  the  convex  -"^ide 
was  turned  towards  parallel  rays  than  when  the  flat  side  was  so  turned. 
The  theory,  which  T  stiljsequently  invcsl igated,  is  given  in  the  following 
section.  1  think  that  s])hi'rical  lenses  inclined  at  the  most  suitable  obliquity 
might  in  many  cases,  ])t  t  haps  in  star-speotrosoopes,  replace  cylindrical  lenses. 
If  it  wero  neoesaary  to  cause  no  conveigency  at  all  in  the  secondary  plane, 
a  compensating  concave  lenst  held  perpendicularly,  would  be  used. 

§  7.    Aberration  of  I.enxes  and  Prisms. 
The  following  investigation  refers  to  the  aberration  of  rays  in  the  ]>ritiiary 


Fig.  17. 


plane.  Let  Q  be  a  radiant  point  in  air,  from 
which  rays  &11  upon  the  spherical  surfooe  of 
glass  APB^  of  radius  r.  We  require  an 
approximate  expression  fur  the  length  of 
any  my  QP  refened  to  that  of  a  standard 
ray  QiL. 

Qii-u.  «i2rsin(ia)). 
QP>-i»*+4r*Bin'i«+4ntsinidi»  sin(^+i«)). 
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80  that  as  fiur  as  the  cube  of 

-  u s  r  sin  ^ .  «>  +  gl^^s  ^ + — ^p-^ )  «r 

rsm<f>{l  .  rcos4>  .  r'co8«^\ 

— i-[s^~ir'^-ir-r'  

Similarly  if    be  any  other  point,  and      -  u\  QfAH  » 

Q'P  -  tt' = r  ain  f .    +  ^008  ^' +  ^^*')  o»« 
r  sin     / 1    r  co.s  rWj^'\ 

If  QP,  Q'P  be  incident  and  refracted  rays  corresponding  to  a*  =  tf,  the  omidi- 
tion  must  ho  satisfied  that  S(QP)*>^5(Q'P)  as  a  paaaea  from  the  value  $  to 
e-^hd.  Thus 

8in*  +  (^co9*+— j^^jtf  2    l^"*"    "T^"*"  t^)^ 

•    „       (  rcos*d)'\- 

sin^'/,  .  3rco8A'  8r"coe(^ 

--^  (1  +— jr^  +— ^'  

If  QA,  Q'A  be  also  ctirrospondinfj  rays,  sin  ^  — /a sin  ^' =  0,  as  appears  by 
supposing  $  —  0  in  {^i),  which  then  becomes 

If  we  make    »0  in  (4), 

COS  ^  +  — jp^r  -  ^  ^008  ^'  +  j  (5) 

the  usual  formula  for  the  primary  focus.  For  oor  present  poipoee  0  is  small, 
but  it  is  not  zero. 

We  will  now  apply  the  fundamental  finmula  (4)  to  the  case  of  a  lens 
whose  thidkness  can  be  ne^ected  in  comparison  with  the  radii  of  onrvatnre 

and  the  distances  of  the  foci.    The  pencil  is  supposed  to  &I1  ccntrically,  so 

that  the  angle  of  incidence  at  the  second  surface  is  ecjiial  to  the  angle  of 
refraction  at  the  first  surtace.   The  dislauce  corresponding  to  FA  is  the 
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teat  both  surfaces,  and  will  be  denoted  by  y.    Thus,  for  the  first 
refiraotioD, 

+ (i  -  ^)  -  ^  n*'  ^  ™:,*')  (i  -  ^p^) . ...(«) 

For  the  second  refraction  we  have  to  interchange  0  and  0',  writing  «  for  r, 
tt'  for  H,       for  [I,  and  v  for  u'.  Thus 

By  addition  of  (6)  and  (7),  and  writing  for  brevity  e  for  cob  ^  and  o'  for  cos 

we  get 

The  quantity  within  brackets  in  (8)  may  be  written 

On  substitution  for  t^/v-if/u  of  its  appnudmate  value  from  (8),  (l/r-l/«) 
becomes  a  foctor  of  the  whole  expression,  and  we  get 

^-i){ff-;-<^-'>(i+;+i)}- 

Again,  from  (6)  with  saffioient  approximation  tar  onr  purpose, 

so  that  the  bracket  in  (b)  assuines  the  fonn 

.    ,     ./I    l\fc'     1     1     1  1) 
-(/w  - c)  I  H  —  +-  +  -++  7  (9) 

From  (6)  and  (7). 
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Uung  tliis  in  (9),  we  get 

so  that 

 (")• 

From  this  we  see  at  once  that  in  the  case  of  an  equioniTex  at  eqntooneaTe 

lens,  for  which  l/r+  l/»  =  0,  the  aberratioik  vanishes  if  l/u+l/»  =  0,  %.e.  if 
the  primary  focus  bo  at  the  same  distance  on  one  side  of  the  lens  as  the 
radiant  point  is  on  the  other. 

For  some  ptiq>oscs  a  more  convenient  expression  may  be  obtained  by 
sabetitutiog  for  t;  its  approximate  value.   Writing  ft  for  ftc'/Ct  we  get 

 (12) 

If  the  ineictent  rays  be  parallel,  u    oo ,  and  the  aberration  vanishes  when 

r       fi  —  fi'^  +  l       fi  cos  ^'  cos  (f>  —  fi*  cos'  <f>'  +  cos'  <p ' 

If  the  second  surface  be  plane  (•  »  «  ),  this  condition  is 

m'-m'*+1-0,  or  /=i(l  +  VS)-l-62. 

Vor  a  reftaetive  index  pt^l'o,  the  Talae  of  ^  which  makes  » 1*68  is 
about  29*.  This  is  the  obliquity  at  whidi  a  plano-convex  lens  of  plate  glass 
roust  be  held  in  order  to  give  a  thio  primary  image.  A  move  refractive  lens 
must  be  held  at  a  less  obliquity.  If  the  refractive  index  exceed  r62,  there 
is  no  powition  of  the  lens  for  which  the  image  is  free  from  aburratioQ. 

From  the  above  formulas  there  is  no  difficulty  in  calculating  the  aberra- 
tion due  to  any  combination  of  lenses.  As  an  example  I  will  take  the  case 
of  two  lenses  [of  similar  glass  and]  of  equal  focal  length,  inclined  at  equal 
angles  but  iu  opposite  directions  to  the  axis  of  the  pencil.  Denoting  the 
radii  of  the  second  l^is  by    and    the  final  focal  length    Is  to  be  found 

*[18M.  Theikmedon^-^-^.npraMDtiDglilMia^ 
tj  obliqaity,  baa  fh*  foUmriiig  sppraiimsls  ta^pnuSm 

dnV+(«B  in  aia*f.] 
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from  (11)  in  combination  with 

.+0»'+«)(^+g.)}]- 

By  addition, 





If  the  1^3866  be  of  the  aame  eurvatares  and  be  similarly  tamed,  »  r,  V  >• «. 
The  aberration  then  varies  as  (1/k  •  1/A      eannot  vanish. 

If  the  lenses  be  of  the  same  carvatare  and  be 
''•R  turned  oppoeite  ways  (fig.  18),  «^--r. 

The  abenation  is  proportional  to 

c(2/«;'  +  c)Q-^,)  +  2(^'  +  c)(]+]); 

or,  on  snbetitation  of  the  approximate  value  of  1/v', 

M^^i^l  <-) 

where,  as  before, 

/i'  =  fi  cos  ^'jeoB  ^ 

Thus  the  combiuation  is  aplaaatic,  independently  of  the  value  of  u,  if 


J-i^  (") 


By  supposing  the  light  to  be  parallel  between  the  leuses,  we  obtain  (13)  as  a 
particular  case  of  (16). 

We  will  next  investigate  the  aberration  in  the  case  of  a  prism  with  flat 
faces  on  whidi  diveigent  or  eonvexgent  lig^t  falls  at  the  angle  of  minimum 
deviation.  From  (4),  with  notation  simihur  to  that  employed  above, 

and 

+   (19) 

{  denoting  the  length  of  the  path  of  the  ads  of  the  poicil  within  the  prism. 
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if  y  be  neglected. 


 (sso) 


whenoe 

V    u  + 1 

i-  i  ■•  («) 

so  that 

i^^X^y^y  (ss) 

Accordingly  (18)  becomes 

From  (17)  and  (23),  by  multiplication. 

Again,  from  (17), 

FVom  (24)  and  (25), 



In  most  caMfl  </«  is  negligible  in  the  small  term,  and  the  longitadinal 
abermtioa  is  simply 

^..%Md2^^  

The  linear  width  of  the  imago  is  Bv.$t  where  $  denotes  the  angular  semi- 
aperture  i  and  the  angular  width  of  the  image  is  SvB/u,  or,  since  y  008^/«aB  ^, 

»<^-y.g.  

To  apply  this  result  to  the  qpeefarascopc,  it  is  convenient  to  compare  (28) 
with  the  angular  deviation  due  to  an  alteration  of  refractive  index  from 
ft  to  fA  +  hft,   This  is  equal  to 

g^sm^*    2g/»  sin  ^ 


If  (28)  and  (20)  be  equal, 


 .  .     .   (29) 

008^        fibos^  ^  ' 

^-'-^  •<«») 

which  detwmines  the  degree  of  oonfiisioii  of  refrangibilities  produoed  by  the 
aberration. 

a.  I.  S9 
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For  a  glass  pi  isin,  /i  —  /i  '  differs  ver^  little  from  uuity.  If  the  refracting 
angle  be  60°,  cos*  <pi'  =  1,  aud  thus 


By  (8).  (10),  §  4,  the  value  at  ifktor  the  sodaplines  in  the  case  of  a  prism  of 
"eztn^lenae  glaas"  is  5*8  x  10"*.  Henoe^  if  the  imi^  of  one  aoda-liae  jnat 
tou<A  the  image  of  tho  cither,  d  =  '0054,  or  the  distance  «  most  be  about  100 

times  the  width  of  the  beam  where  it  falls  upon  the  prism.  With  small 
instruinentM,  whose  whole  resolving-power  i.s  only  a  small  multiple  of  that 
necessary  to  resolve  the  Hodu-lines,  it  in  putuublu  to  work  without  a  collimator 
by  allowing  a  distance  of  10  or  80  feet  between  the  slit  and  the  prisms ;  but 
in  the  case  of  powerful  instruments  a  pretty  aocurate  «i|iustment  of  tiie 
odlimator  is  indispensable. 

The  uext  thing  to  consider  is  the  effect  of  curvature  in  the  faces  of 
prisms.  We  shall  negleiA  I,  the  length  of  path  within  the  prism,  as  small  in 
oomparison  with  the  other  distanees  ocmcemed ;  its  influence  is  doubtless  no 
more  important  than  when  the  feces  are  flat.  Fkom  (4), 


(81) 


giving  by  subtraction 


Hence 


./I    1\    SysinAf/c'    c\/l     c  o\ 


.(34) 


The  condition  that  there  flhall  be  no  aberration  requires  that  the  quantity 
within  hfaekets  vanish.    In  oi-dcr  to  discuss  it  further  it  will  be  convenient 
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to  express  u  and  v  in  terms  of  u'.  By  the  original  equations,  y  being 
neglected, 

 m 

£.^VM^..^,/^  .(36) 

being  writtcii  as  before  for  /jlc'/c. 

By  subBfeifcatioD  of  lihMe  values  in  (34)  the  condition  becomes 

(^!){0.'..)^^].(^'){(.'.I)^..:;]-0.   (3T, 

This  oooditioii  asrameB  a  simplified  form  when  r  %.e.  when  one  fiuse  is  as 
much  oonTU  as  the  other  bee  is  concave;  it  is  satisfied  either  by 

5?  +  ].=0.   (38) 

or  by 

(/  +  l)!''  +  ^=0  


u 


In  the  first  can,  by  (35),  u»-or;  so  that  if  the  first  fiM»e  be  oonvez,  the 
incident  rays  most  be  eonvMgent.  In  the  second  csse^ 

«  s  -  e  (^' ^.  1)  r  «  -  0»  COS  ^' +  COS  ^)  r. 

With  general  valuer  ol  r  uad  s,  (37)  may  bo  wi  iLLen 

20"+ i)g+(v+ 1)  [l + 1)  i. j.)  -   •(«) 

which  (Ict-crmines  the  values  of  n'  (if  ;viiy)  for  which  the  aberration  vanishes. 
.  The  roots  of  (40)  are  real  and  therefore  aplanaticiam  is  possible,  if 

*-<^'-(v.v-i)(i.i)  (") 

be  positive.  Unless  both  fiuses  are  flati  one  must  be  convex  and  the  other 
ocmcave.  The  limitH  witliin  which  a  suitaUe  value  of  will  secure  aplanati- 
ciRin  are  found  by  equating  (41)  to  aero.   The  roots  are  reciprocals,  and  are 

given  by 

«    (2/i'-H)'t4VU-^+/.')  ■ 
r"       4/i'«  +  4/t'-l  - 

If  the  actual  value  of  .s-  :  ?•  be  nearer  utiity  than  the  values  flotenninefl  by 
(42),  the  aberration  may  be  destroyed  by  selecting  for  u  one  of  the  roots 
of  (40). 

S9— S 
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If,  for  example,    - 1*62,  and  the  refiracting  angle  be  60%  ^'  -  2-392, 

^=1-43  or  (l-43)->. 

Unlees,  therefore,  the  enrvatures  are  opposite  and  pretty  nearly  equal,  no 
adjostment  of  the  focus  of  the  collimator  ean  destroy  the  aberration. 

In  any  optical  instmment  whatever,  the  abenation  in  the  primary  plane 
may  be  eliminated  by  sloping  one  of  the  lenses  to  a  suitable  angle ;  but,  as 

was  shcnvn  in  the  preceding  sectiun,  we  have  also  iu  many  cases  to  contend 
with  the  ab(!rratii>ii  of  the  rays  in  the  st  condary  plane.  The  laltei'  abtTration 
is  more  diHicult  to  caleulato  than  the  tonner.  Among  lennes,  the  only  case 
that  I  have  iuvebtiguieU  in  that  of  a  plano-convex  lens  on  the  curved  side  of 
which  parallel  light  falls.  It  appears  that  the  abarati«i  of  the  rays  in  the 
secondary  plane  vanishes  when  the  following  relation  obtains  between  the 
refractive  index  and  the  obliquity: 

-•♦"'"'."d^"-  w 

The  obli(iuity  is  aero  when  fn  - 1-62— the  same  value  of  fi  that  gives  no 
aberration  in  the  primary  plane  for  rays  of  small  obliquity.   Neither  Idnd  of 

aberration  is  important  for  a  glass  lens  nf  this  sort  moderately  sloped.  If 
/t  - 1  -5,  <43)  gives  ^  «  73%  If  /«  exceed  1-62,  (43)  cannot  be  satisfied. 

Another  case  of  considerable  interest  can  be  investigated  more  easily. 

It  is  that  of  a  prism  with  flat  sides,  through  which  convergent  or  divergent 
light  passes.  The  prism  is  supposed  to  be  adjusted  until  the  symmetrical 
(horizontal)  plane  contains  the  radiant  j>oiiit;  l)ut  it  nee<l  not  be  in  the 
[wsition  of  minimum  deviation.  The  problem  depends  upon  the  same 
principles  as  are  applied  by  Prefoe8<nr  Stokes*  to  investigate  the  corvature 
of  the  imsge  of  a  straight  line  when  seen  through  a  prism.  If  $  denote  the 
altitude  of  a  ray  before  it  falls  upon  the  prism,  0'  the  altitude  of  the  ray 
within  the  prism,  the  horizontal  projection  of  the  ray  follows  a  course  which 
would  be  that  of  an  actual  ray  if  the  refractive  index  were  changed  from 
fi  to  fi  cos  O" /cos  6.  Since  sin  6'  =  pr^  sin  6,  and  6,  &  are  supposed  to  be 
small,  the  virtual  change  in  the  refractive  index  is  from  ft  to  ft  +  i  (/t  -  ')  ^. 
Thus,  if  represent  the  range  refraogibilities  confused  in  the  resulting 
spectrum  of  an  infinitely  thin  slit^ 

V  =  Hm-/*-)^.   (44) 

The  factor  fi  —  fi~'  is  equal  to  unity  when  fj,  =  I  Q2,  and  for  glass  will  never 
diflfer  much  from  unity.  By  comparison  with  (31),  it  would  appear  that  in 
the  case  of  a  60*  prism  in  the  position  of  minimum  deviation,  tiie  admissihle 

*  Jloyal-Sociely  I'nxeediHgi,  April  30,  1874. 
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vertical  angular  aperture  is  twice  as  great  as  the  iuiitnisaiblc  horizontal 
angular  aperture ;  but,  on  account  of  the  variable  distribution  of  light  in 
the  image,  thid  conclusion  probably  re4uires  modilicatioD  in  £Ei>vour  of  the 
lumaontal  aperture. 

If  there  is  to  be  no  confusion  of  the  two  soda-liucs  when  seen  with  a 
prism  of  exti»4enae  ^^aas  one  inch  high,  the  distance  of  the  ndiant  pmnts 
imist  exceed  four  feet 

E/^uation  (44)  is  applicable  without  change  to  a  spectroscope  of  any 
number  of  properly  adjusted  prisms  of  mmilar  material. 

§  H.    The  Design,  of  SpectroKopu, 

The  eirBamstanoes  under  wUdi  spectrosotqpes  are  used  are  so  various 

that  it  is  probably  impossible  to  lay  down  any  one  construction  as  absolutely 

the  best ;  but  the  principleH  of  the  foregoing  sections  allow  us  to  impose 
certain  liiuitaliou.s  within  which  the  choice  of  the  designer  must  be  confined. 
The  first  point  to  be  considered  is  the  resolviug-power.  This,  in  the  case  of 
prinnalio  XDsfaruments  of  one  given  material,  carries  with  it  tiie  total  thick- 
ness traversed;  and  the  question  is  simply  in  what  form  it  is  meet  advan« 
tageous  to  employ  this  thickness.  The  other  points  to  be  attended  to  are 
principally  illumination.  tpKuitity  of  material,  rcmly  applicability  to  various 
parts  of  the  spectrum,  simplicity  and  ease  of  construction. 

To  a  certain  extent  the  requirements  of  illumination  and  resolving-power 
are  antagonistic.  If,  indeed,  the  eye  were  a  perfect  instrument,  a  beam  of 
diameter  equal  to  that  of  the  pupil  would  present  the  full  degree  of  bright- 
ness, and  a  resolving-power  corresponding  to  the  thickness  employed.  But, 
as  was  explained  lu  ^  3,  in  <Hfder  to  obtain  the  full  value  of  the  thickness  it  is 
necessary  liurther  to  narrow  the  beam ;  and  then  illumination  suffers.  If  full 
illumination  be  required,  we  must  em]doy  a  thickness  three  or  four  times  as 
great  as  that  defined  by  (5),  §  3* 

Apart  from  the  question  of  the  area  of  the  pupil  occupied  by  the  beam, 
illumination  suffers  from  the  effects  of  abmjqition  and  reHectioii.  The  firet 
depends  niinpiy  ujmju  the  thieknesH  traversed,  ami  is  therefore  an  invariable 
quantity  when  the  material  and  resolviug-power  are  given.  Some  years 
since  it  was  laid  down  by  Pidroring*  that  in  spectroscopes  composed  of 
prisms  of  the  same  material  and  in  the  position  of  minimum  deviation  (which 
disperse  equally  and  admit  the  same  amount  of  light)  the  loss  by  absorption 
will  be  the  same.  In  accordance  with  what  has  just  been  proved,  we  are 
now  able  to  diqiense  with  the  restriction  to  minimum  deviation. 

*  "  On  th«  CompiaMw  BfltoiMwy  of  DiiliMt  Vorm»  of  lbs  Bpaoteoscope,'*  PML  Uaf.  jxxn. 
p.  41, 1868. 
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In  powedttl  spectroscopes  the  transparency  of  the  material  of  which  the 

prisms  are  made  is  a  point  of  great  imix)rtnnce.  Some  specimens  even  of 
well-mado  Hint  and  crown  j;hiss  examined  by  (>hristie*  stopped  as  much  as 
half  the  light  in  a  thickness  uf  i  inches  [lU  cm.].  Such  a  degree  of  absorption 
rendeis  the  g^aas  miaaited  for  imtraiDeDta  <tf  mom  than  modexate  power. 
FVom  meosurementB  hy  RobmBon  and  Grubb't',  however,  it  would  seem  that 
ahsorption  need  not  stand  in  the  way  of  much  mure  powerful  instruwcntti 
than  any  yet  attempted.  One  specimen  of  Chance's  glass  was  of  such 
transparency  that  111  inches  [2<S'2  ctn.]  would  be  necessary  to  reduce  the 
transmitted  light  in  the  ratio  2-7  to  1. 

The  loss  of  light  by  rctlectioii  depends  upon  the  number  of  surfaces  and 
upon  the  angles  at  which  the  rays  arc  incident.  It  might  be  thought  that  a 
great  mnltipUcatioii  of  nirfiioes  was  necessarily  very  nnfavonrable  to  bright- 
ness; but,  as  has  been  ptnnted  cot  by  Pickering  in  the  paper  veleind  to, 
this  difficulty  may  be  overcome  by  using  prisms  of  such  angle  that  the 
rcHccted  light  is  perfectly  polarized.  Under  these  circumstances  half  the 
light  at  least  escape  s  retlectiou ;  and  the  necessary  angles  (64°  for  ordinary 
flint  glass)  are  not  otherwise  objectionable.  The  least  loss  of  light  is 
incunred  when  the  whtda  ttddmesB  is  thrown  into  one  prism  tit  moderate 
ao^;  but  the  gain  in  brightness  would  rarely  compensate  for  tiie  other 
disadvantages  of  such  a  oonstmotion^ 

With  regard  to  the  material  for  prisms,  the  choice  lies  principally  between 
various  kinds  of  glass  and  Huids.  It  is  not  without  difficulty  that  glass  is 
prepared  free  from  strise  and  well  annealed;  but  solid  prisms  have  the  great 
udvant4ige  that,  when  once  good  ones  are  obtained,  there  is  no  further  trouble. 
In  consequence  })robably  of  the  practice  of  using  in  all  cases  a  standanl  angle 
of  60°,  an  exaggerated  idea  is  often  entertained  of  the  advantage  of  great 
density.  According  to  Hopkinson,  the  diffsrences  of  indices  relative  to  the 
lines  D  and  B  for  dense  flinty  extra^ense  flint,  and  doable-extra-dense  flint 
are  respectively  '0067|  DOTS,  and  '0091>  whidi  numbers  are  inversely  as  the 
equivalent  thicknesses. 

Of  fluids,  bisulphide  of  carbon  has  the  merits  of  cheapness  and  very  high 
dispersive  power,  the  difference  of  indices  for  1)  and  B  being  "0126.  When 
pure,  it  is  also  in  a  high  degree  transparent.  Ou  the  other  hand,  ita  sensi- 
tiveness to  variations  of  temperature  is  so  great  that  1*  C  mskes  about  nine 
times  as  great  a  diange  of  r^angibility  as  a  passage  from  A  to  A>  Qreat 
precautions  are  therefore  required  to  prevent  inequalities  of  temperature 
from  destroying  definitum;  and  frequent  shaking  is  generally  neoessaiy. 

*  **  On  the  UagnUjiiig-Fowcr  uf  the  Half-priam  as  a  Means  of  obtaining  great  DisperBion, 
and  on  the  general  Ttmrj  of  the  Half -luuni  Speetraaaope,"  Pneeedi$m$  (*«  Banal  Soeietft 
March  1,  1877. 

t  "Description  of  the  Great  Melbourne  Telcficope,"  Phil.  Tram.  1869,  p.  IGO. 

t  [1889.   This  amogement,  amilojred  bj  FiaunhofBr,  has  been  remed  for  etar  apaotroaeopea.J 
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Some  obaervere  have  thought  that,  apart  from  inoqtialities  ot  temperature, 
ordinary  bisulphide  of  carbon  tends  to  arrange  itself  in  strata  of  diflferent 
refractiug-powcr ;  but  this  dues  uub  scum  to  be  established  satiKioctorily.  lu 
some  recent  experiments  with  a  rotating  etiiier,  introduoed  with  the  view  of 
promoting  unifiwrnity  of  tompraature,  I  obtained  evidence  of  a  thin  layer  of 
moisture  floating  on  the  surface.  Under  the  action  of  the  stirrer  this  layer 
was  broken  up  and  the  liquid  rendered  very  irregular.  A  few  lumps  of 
chloride  of  calcium  introduced  into  the  li({uid  absorbed  most  of  the  liiyer; 
but  an  arrangement  such  that  the  froo  surlace  remained  undisturbed  would 
have  been  preferable. 

Within  the  hiat  few  months  Prof.  Liveing*  has  proposed  the  use  of  a 
solution  of  iodide  of  mercury,  which  is  considerably  more  dispersive  than 
even  bienlphide  <^oaibon,  the  difference  of  indicce  faetwera  D  and  B  amount- 
ing to  "017.  This  liquid  is  of  a  yellowish  oolour,  and  is  hardly  snfficiently 
tranqMrent,  even  at  the  lower  end  of  the  speetnim,  to  make  its  use  advisable 
in  very  powerful  instruments.  But  for  some  purposes  its  great  dispersion  is 
an  importiint  recommendation.  Using  a  single  prism  of  GO  with  an  available 
thickness  of  1^  inch,  I  have  obtained  results  which  many  pretentious  instru- 
ments could  not  surpass. 

Experience  has  not  yet  decided  the  question  as  to  the  relative  advantages 
d  large  and  small  prisms.  As  generally  used,  large  prisms  have  the  dis- 
advantages of  requiring  a  greater  quantity  of  material  for  a  given  thickness 

and  of  involving  cumhvous  and  more  expensive  telescopes.  The  Hrst  might 
be  avoided  ptirtially,  and  the  second  wholly,  by  the  use  of  higher  refracting 
angles,  or  (perhaps  preferably)  by  the  addition  of  half-prisms  to  the  ends  of 


the  train  (fig.  19).    That  prisms  may  act  as  cylindrical  telt^copes  was 

obstTved  many  years  ago  by  Brewsterf  ;  and  recently  Christie  hjis  con- 
structed halt-prisni  spectroscopes  in  which  this  piupcriy  is  taken  aiivaiit^igo 
o£  In  these  mstrumeuts,  however,  the  total  thickness  of  glass  is  too  small 
for  hi^  resolving-power. 

In  the  arrangement  of  fig.  19  the  rays  from  the  collimator  are  recmved  on 
dmmiakiiig  half-prisms,  by  which  the  width  of  the  beam  is  increased  up  to 

*  "On  the  DiRpersion  of  a  Bolntton  of  Meromie  Iodide,"  CanUmdge  ProeeedingB,  M»y  19, 
1879. 

t  OftiM  (London.  1868).  p.  6U. 
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tbe  point  suitubie  for  the  big  prisma.  Ai'terwanLi  the  rays  axe  oonoentrated 
by  magnifying  half-prianiB  antil  the  width  of  the  beam  is  the  lame  as  at 
fint  On  this  plan  the  larger  prions  need  be  no  kt^m  than  small  ones; 
and  the  quantity  of  glass  corresponding  to  a  given  total  thicknsas  varies  as 
the  fint  power,  instead  of  as  the  square,  of  the  linear  dimension. 

I  have  experimented  with  a  pair  of  GO''  prisms,  3  inches  thick  and  only 
I  inch  high.  The  glass  is  of  rather  low  density ;  so  that  when  the  position 
of  tuiniinuni  deviation  is  adopted,  the  emergent  beam  is  inconveniently  wide. 
With  this  material  a  larger  angle  would  have  been  preferable  j  but  much  thu 
same  result  may  be  arrived  at  by  turning  the  prisms  a  little,  so  as  to  inorease 
the  angle  of  incidence  on  the  first  surfiiee  and  the  angle  of  emeigenoe  from 
the  last  sur&oe*.  In  this  way  the  incident  and  emergent  beams  are  so  far 
narrowed  that  they  can  be  received  on  small  telescopes ;  and  the  combination 
is  very  economical  in  comparison  with  one  in  which  the  position  of  minimum 
deviation  is  adopted,  iuvulving,  as  it  would,  larger  telesoopes,  and,  unless  a 
lues  of  brightness  were  accepted,  higher  prisms. 

Another  point  requiring  attention  in  the  discussion  of  the  question  of 
large  versus  smalt  prisms  is  the  relative  difficulty  of  securing  the  necessary 
aocuFaoy  of  sur&oes  in  the  two  cases ;  but  it  can  hardly  be  treated  satisfoc* 
ttnily  d  priori.  It  would,  however,  seem  that  small  prams  have  the  advan- 
tage in  this  respect  alsow 

So  far  I  have  supposed  the  prisms  to  be  simple.  Of  late  years  compound 
j)ri8ms  of  flint  and  crown  have  come  largely  into  fiishion ;  and  (piite  recently 
M.  Tholion  has  revived  thi'  Ufse  of  cuinpuutid  ])risiiis  ut  bisulphide  of  carlxjn. 
Mr  Christie  considers  that  cunipouud  prisms  are,  on  the  whole,  to  be  preferred  ; 
but  I  canned  help  thinking  that,  except  where  direct  vision  is  important, 
their  advantages  have  been  ovemted.  The  diffisrenoe  of  indices  in  Uie  case 
of  crown  glsss  for  the  rays  D  and  B  is  '0085,  which  is  quite  sufficiently  high 
to  come  into  ron^pai  ison  with  the  ooxiesponding  numbers  for  flint  and 
bisulphult^  ut  carbon.  In  a  direct-vision  prism  the  thickness  of  the  crown  is 
greater  than  that  of  the  flint ;  so  that  the  loss  of  efficiency  is  even  more 
serious  than  a  mere  c<:»mparison  of  the  dispersions  would  suggest.   See  (G)§  4. 

The  principle  of  the  cunipound  prism  is  carried  to  its  limit  by  employing 
media  of  equal  refractiug-powcr  for  the  part  of  the  spectrum  under  examina- 
tion. For  thb  purpose  I  chose  bisulphide  of  carbon  and  flint  giaaa  With 
Chance's  "dense  flint"  the  reftactions  are  the  same,  and  the  diflGnenoe  of 

dispersioi^s  relative  to  D  and  B  is  "0036*  i«.  about  as  great  as  the  differenoe 

for  "  dduble-e.xtra-deuse  flint"  and  crown.  A  dozen  glaxs  prisms  of  tlO^  were 
cemented  in  a  straij:,'ht  line  on  a  strip  of  glass  and  immersed  in  bisnlphule  of 
carbon.  The  liquid  is  contained  in  a  tube  closed  at  its  ends  with  glass 
plates.  The  "thickness**  of  each  prism  is  1  inch  [2*84 cm.]  and  the  height 

*  A  pair  of  prisms  Uiiu  arranged  is  called  bjr  Tliollon  a  couple. 
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[parallel  to  the  refmcting  edge]  about  ^  inch,  so  thut  the  totiil  thickness  is 
12  inches  [30'o  cm.].  The  character  of  the  glass  is  such  that  at  ordiuary 
temperatures  the  red  rays  paw  witbont  demtkm.  To  observe  otbor  parts  of 
tbe  apeotrum  with  advantage,  it »  neoenary  to  mix  a  little  ether  [oc  beniole] 
with  the  bisulphide  of  carbon  in  Older  to  lower  its  power.  A  similar  result 
could  be  obtained  by  slightly  warauag  the  tube;  but  this  oonrse  is  not  to  be 
recommended. 

The  instrument,  which  was  made  by  Hilger,  gjivc  excellont  results  at 
tinjes,  but  showed  the  usual  caprice  of  bisulphide  of  cailu)!!.  With  the 
refracting  edges  vertical,  the  detiuitiou  woh  u.sually  good  fur  twenty  ur  thirty 
seconds  after  shaking  up,  but  would  often  rapidly  deteriorate  afterwards. 
Although  care  was  taken  not  to  touoh  the  tube  with  the  hands,  this  effect 
was  sometimes  so  persistent  that  I  began  to  think  I  hod  evidence  of  a 
tendency  to  separate  into  distinct  layers.  When  the  edges  of  the  i)ri8inH 
(and  slit)  were  horizontal,  the  tube  being  also  horizontal  jus  before,  the  Ions  of 
definition  after  shaking  still  occurred,  but  coidd  be  renie<lie(i  in  great  measure 
by  a  change  of  focus.  Further  experience,  however,  led  me  to  attribute  these 
efiects  to  temperature<diffBrenoes,  caused  perhaps  by  the  ceiling  of  the 
laboratory  bemg  warmer  than  the  flow.  At  any  rate,  they  wwe  greatly 
mitigated  by  wrapfdng  round  the  tube  strips  of  copper  and  numerous  folds 
of  cloth ;  and  they  could  be  jirodueed  with  considemble  persistency  by 
touching  the  top  of  the  naked  tube  for  a  few  secotids  with  thi'  HmikIn.  A 
difference  of  even  of  a  degree  Cent,  between  the  upper  and  lower  halves 
of  the  prisms  might  be  expected  to  make  itself  apparent  when  the  e^ges  are 
vertdcaL  The  advantages  of  this  construction  are  the  elimination  of  reflec- 
tion and  the  almost  absolute  immunity  from  defects  due  to  errors  in  tho 
separating  surfaces :  but  they  are  rather  dearly  purchased.  A.s  might  be 
expected,  the  best  results  ;us  to  definition  are  obtained  when  the  tubi-  is 
vertical;  but  such  an  arrangement  is  inconvenient,  as  it  involves  tlif  aid  of 
refleetcra.  Spectroscopes  on  this  plsn  may  perhaps  be  useful  for  spcK^ial 
purposes;  bat  the  want  of  ready  adaptability  to  different  ports  of  the 
spectrum  is  a  serious  ohjectioiL 

The  general  result  of  this  discuasion  would  seem  to  be  in  favour  of  a 

spectroscope  with  simple  glass  prisms  of  such  angle  that  the  reflected  light  is 

wholly  polarized,  the  ntiinber  of  prisms  being  increased  up  to  the  point  at 
which  mechanical  difficulties  begin  to  interfere.  With  the  aid  of  reflection, 
at  least  six  prisms  may  be  used  twice  over.  When  it  becomes  necessary  to 
increase  the  size  of  the  pn^ms,  considerable  economy  may  be  effected  by  the 
introduction  of  half-prisms  at  the  ends  of  the  train,  as  already  explained. 

When  the  surfaces  are  not  quite  flat,  or  when  the  focus  of  the  collimator 
is  imperfectly  adjusted,  it.  becomes  important  to  secure  a  rather  exact 
perpendicularity  between  the  edges  of  the  prisms  and  a  plane  paasing 
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through  their  middle  points;  Otbemiso  the  liDcar  imagu  uf  a  point  may  not 
be  parallel  to  the  length  of  the  slit.  Even  when  the  plane  of  symmetry  is 
ubtiiiued,  there  may  roinain  considerable  errors,  due  to  curvatiu-e  of  the 
image,  dependent  upon  the  quiintity  denoted  by  7  in  §  6.  Much  iufornmtion 
as  to  the  cause  of  bad  definition  may  often  be  obtained  by  repUicing  the  slit 
by  a  simple  hole  and  examining  the  chaiacfeer  of  the  resultant  image.  In 
many  instruments  [with  refracting  edges  vertical]  a  great  improvement  is 
effected  by  narrowing  the  vertical  aperture  whenever  the  light  will  bear 
diminution.  Such  a  result  may  be  anticipated  when  with  full  ajK'rture  the 
top  and  bottom  of  the  spectrum  appear  Letter  defined  than  the  central  parts. 
The  principal  cause  of  error  is  probably  a  deviatiou  of  the  extreme  rays  from 
hoiiaimtality  in  their  passage  through  the  prisms,  due  either  to  imp^eet 
action  of  the  eollimatOT  «r  to  the  curved  fiioes  of  preceding  prisma 

It  is  not  easy  to  decide  whether  the  highest  resolvii^-powar  is  more 
likely  to  be  obtained  by  gratings  or  by  prisms.  Up  to  a  certain  point  the 

resolviug-power  of  gratings  is  principally  a  question  of  the  OOOUnM^  with 
which  the  lines  can  be  rule<l.  If  the  deviations  of  the  lines  from  their 
proper  places  do  not  exceed  (suy)  one-fourth  of  the  interval  between  cotjsecn- 
tive  lines,  the  dciiuition  in  the  tirst  spectrum  will  not  be  materially  injured. 
To  obtain  corresponding  results  in  the  8nd,  3rd,  4th,. . .  spectrum,  the  errors 
must  not  exceed  |,  ^,  respectively  of  the  same  interval*.  Eveiy  effort 
diould  also  be  made  to  rule  as  great  a  number  of  lines  as  poamble^  even  if  it 
be  neoessaiy  for  this  purpose  to  reduce  their  length. 

I  have  lately  had  the  opportunity  of  experimenting  with  two  Rutherfurd 
gratings,  one  on  glass,  with  nearly  12,000  lines  (a  present  from  Mr  Rutherfurd 
himself),  the  other  on  speculum-metal,  with  nearly  14,000  lines  (kindly  lent 
me  by  Mr  Spottiswoode).    The  lines  are  at  the  rate  of  17,296  to  the  inch. 

•  [IWJ.  This  is  a  oonscfincnco  of  tho  i-onoTol  principle  that  errors  of  phikM  le«8  than  the 
quarter  iwriod  do  not  aerioiuly  ditilurb  detiuilioD.  It  has  beco  tiU^tiiited  that  tbe  statement  in 
die  test  is  fneoniisteiit  wMi  «Aat  wm  ptoted  on  p.  SIO^  with  regud  to  tlio  peribnMiiee  «f 
a  grating  composed  of  two  halvcB,  in  each  of  which  tbo  rulinR  is  accurate  bnt  is  snbjcot  to 
an  alteration  of  interval  in  paaaing  from  one  half  to  the  other.  But  the  standard  of  accunciy  now 
laid  down  liolde  good  in  any  oho^  end  Um  qneitieii  leewding  tba  perfbnnuwa  (in  tiie  flnt 
qiectmm]  of  the  compound  grating  h  simply  whether  the  error  of  placing  accaraulates  so  far 
M  to  reach  the  amoant  of  the  quarter  intervaL  Whether  it  will  do  no,  or  not,  depends  not  only 
upon  the  aeaoined  eltention  of  interval  In  the  ntio  1000 : 1001,  but  aleo  open  the  total  nomber 

of  lima.  The  ideal  grating  with  which  the  nctual  grating  is  to  be  compared  must  bo  supposed 
to  have  an  interval  equal  to  the  mean  of  the  two,  and  therefore  differing  from  each  by  part. 
In  the  middle  of  die  giitbif  the  aetnal  Knee  He  doee  to  their  idaal  poeltione,  hot  deviate 
incrcaaingly  on  either  side.  The  deviation  attfiinn  tlie  quarter  interval  at  the  /iOOth  line,  and 
thus  if  the  whole  grating  inolnde  leas  than  lOOU  lines,  its  performance  should  not  be  moeh 
worae  than  {fall  tibeHnee  woe  aeonnteljpbeed.  The  fliet,  proved  on  p^  SIO,  that  emh  a  grating 
would  fail  to  rc^olvc  the  JJ-Iincs  is  quite  in  harmony,  as  will  appear  when  it  is  ri  iiuimhered  that 
an  aooorate  grating  of  lOOU  lines  can  only  just  do  so.  Though  not  important  in  the  present 
eonnasioD,  it  waaj  he  noted  that  a  part  of  the  error  jvat  direowed  maj  be  oonpenaated 
a  diaage  of  ftwoa.  {Sue.  SrtL  **Wav«  •Omtj,"  p.  4M8,  1688.)] 
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Both  these  gratings  give  admirable  results  in  the  second  spectrum,  where, 
acconliug  to  (1+)  §  4,  the  rt'.st)lviiig-po\ver  in  the  orange  exceeds  that  obtain- 
able from  2'i  cciitiiiis.  of  oxtra-deiiHt-  flint.  In  the  thin!  spoctnim  the  gain 
of  resulviug-^K>wer  is  still  apparent,  but  illuuiinatiuu  is  rather  dcHcient. 

It  is  much  to  ho  wislu'd  that  s])ectruseupists  in  possession  of  jwwerfiil 
instruments  would  compare  their  actiuil  in  iloiiiiiinces  with  tluxse  of  which 
ihe^  are  theureticuily  capable.  A  carefully  arraugcU  succcssiou  of  tc^ts  uf 
gradually  incteasiiig  difficulty,  like  those  affiled  to  teleeocqpes,  would  be  of 
especial  value.  In  my  own  obeervations  I  have  usually  attended  princi|mlly 
to  the  definition  of  the  fine  lines  boideriiig  6^  and  to  the  donUe  Ime  h^. 

For  experiments  on  dark  heat,  to  which  in  some  respects  gratings  are 
well  adapted,  reaolving-power  is  secondary  to  illumination.   In  cider  to 

avoid  confusion  of  spectra,  it  would  be  well  to  eliminate  the  second  spectrum 
altogether,  whicli  could  be  effected  by  ruling  equally  stroi^  lines  at  alternate 

intervals  in  the  ratio  of  one  to  three. . 

[1H99.  A  direct  vision  spectroscope,  on  the  principle  described  on 
pp.  256,  257,  has  recently  been  constructed  (sec  Proc.  Roy.  Inst.  March 
24,  1899)  in  which  the  linear  dimension  of  the  prisms  is  doubled.  The 
" thickness"  of  each  prism  (along  the  hypothenuse)  is  2  inches,  and  the 
total  thickness  for  the  10  prisms  employed  is  20  inches.  The  edges  of  the 
prisms  are  horizontal  and  are  disposed  downwards ;  so  that  the  upper  part  of 
a  rectangular  beam  of  light  (which  traverses  the  instmment  once)  passes 
through  20  inches  of  "dense  flint"  ghiss,  while  the  lower  part  passes  an 
equal  thickness  of  bisulphide  of  carbon  When  with  the  aid  of  reHectors 
the  light  is  mtuie  to  traverse  the  instrument  three  times,  the  thickness  of 
glass  (or  CS,)  is  00  inches  (152  cm.)i  Used  in  this  way  the  spectroscope, 
when  tested  upon  the  lines  J7  or  6  of  Fraunhofer,  performs  as  well  as  a  good 
Bowland  grating.] 
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ON  REFLECTION  OF  VIBRATIONS  AT  THE  CONFINES  OF 
TWO  MEDIA  fi£TW£EN  WHICH  THE  TIUNSITION  IS 
GRADUAL. 

[Proceedings  of  the  London  Mathemtttioal  Society,  xt.  pp.  51—56,  1H80.] 

Many  {Ayndata,  of  whom  may  be  espedally  mentioned  Youngs  Fraanel, 

Fmason,  Gn>  n,  tud  Cauchy,  hsve  iavesfcigated  the  reflection  of  light  or 
floond  at  the  outface  of  seijaration  of  two  uniform  nu'dia  of  (Hffcn'iit 
tnechaiiicxil  [tropt'i  ticH.  The  transition  from  one  niediuiii  to  the  other  being 
treated  au  abrupt,  the  probluiu  is  of  uo  great  ditiicidty  fur  the  case  of  plaue 
waves  incident  uptm  a  plane  surAioe  of  eepamtum.  It  is  of  some  interest  to 
inquire  what  modifioations  would  be  caused  by  the  substitution  of  a  gradual 
for  an  abrupt  transition,  and  the  principal  object  of  this  paper  is  to  give  the 
details  of  <nie  partionlar  case,  which  admits  of  pretty  simple  treatments 

It  b  evident,  firom  the  first,  that  the  tiansitiou  may  be  supposed  to 
be  so  gradual  that  no  sensible  reflection  would  ensue.  No  one  would 
expect  a  ray  of  light  to  undergo  reflfction  in  pa-ssing  through  the  earth's 
atmosphere  as  a  consequence  of  the  gradual  change  of  density  with  elevation. 
At  first  sight,  indeed,  the  case  of  so-called  total  reflection  ma,\  appesir  to  be 
an  exception,  as  it  is  independent  of  the  suddomess  of  transition ;  but  this 
only  shows  that  the  phenomaum  is  inaoeuntely  described  by  its  usual  title. 
It  ifl^  in  strictness,  a  jtarticular  case  of  refraction,  rathor  than  of  reflection, 
and  must  he  so  considcn-d  in  theoretical  work,  although,  no  doubt,  the  name 
of  total  reflection  will  be  retained  whenever,  jus  in  constructing  optical 
in.stnunmts,  we  have  to  dial  with  offeets  nither  than  with  causes. 

Admitting,  then,  that  reflection  proper  is  due  to  suddennesii  of  transition, 
we  have  .still  to  inquire  what  degree  of  suddenucsii  is  requisite.  It  is  not 
difficult  to  see  that  the  quantity  with  which  the  thickness  of  the  transitional 
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layer  comes  iuto  cumparison  is  the  wave-length  of  the  vibration;  80  that, 
when  the  thiidcneas  is  a  huge  multiple  of  the  wave-length,  there  is  little 
Teflection,  hut  when,  on  the  other  hand,  the  wave-length  is  a  huge  multiple 

of  the  thickuess,  the  reflection  is  sensibly  as  copious  as  if  the  transitiain 
were  nbsolutely  abnipt.  There  is  thus  a  considerable  distinction,  in  practice, 
between  the  cases  of  sound  and  of  light,  the  wave-length  of  the  one  being 
some  million  times  greuter  than  that  of  the  other.  When  sound  is  reticcted 
in  air  from  ordinary  solids  or  liquldis,  the  tnomtion  between  the  media 
may  be  treated  as  i^rapt  with  abundant  aeeuney ;  but  it  is  not  so  oertun 
that  a  similar  treatment  is  adequate  to  the  case  of  light  It  is  probable, 
however,  that  in  the  case  of  light  parsing  from  fluids  to  solids,  or  from 
one  fluid  to  a  second  which  docs  not  mix  with  it— e.^r.,  from  bisuljihide 
of  carbon  to  water — the  phenomena  are  not  materially  iuflueuced  by  in- 
sufficient suddenness  of  tmusiiiuu.  On  the  other  hand,  when  the  two 
fluids  are  roisciUe,  it  would  not  be  easy  to  complete  an  experiment  belbie 
the  abruptness  of  tiaasition  is  so  fiur  Inoken  down  by  difinsian  that  the 
thiokneas  of  the  tnmsitional  layer  amounts  to  a  multiple  of  jsiw  ^  ^ 

The  problem  of  gradual  transition  includes,  of  course,  that  of  a  vai  iabN 
medium.  The  particular  cjise  which  I  have  t;vken  is  that  of  a  stretchwl 
string,  whose  longitudinal  density  varies  a.s  the  inverst»  squan?  of  the 
abscissa  (measured  along  its  length),  vibmting  transvei-sely.  The  same 
analysis  is  strictly  applicable  to  other  cases  of  vibrations,  whidi  I  need 
not  stop  to  specify,  and  the  results  will  iUustrate  the  general  character 
of  the  {dienomena  to  be  expected  in  all  cases.  If  y,  denoting  the  transverBe 
displacement,  be  proportional  to  tf*,  the  equation  which  it  must  satisfy  as  a 
function  of  «,  is  * 

^  +  ^ar*y~0  (1) 

where  ir  is  Bomc  positive  constant,  of  the  nature  of  an  abstract  number*. 
The  solution  of  (1)  is 

y-il«*+*»+B«»-*«,  (2) 

whore 

TO«  =  »*-i  (3) 

If  m  be  real,  that  is,  if  >  ^,  we  may  obtain,  by  supposing  il »  0,  as  a 
final  solution  in  real  quantities, 

ff^C«i^GM{pt-mU^m  +  €y,  (4) 

iriiieh  roproscnts  a  positive  progrossive  wave,  in  many  respects  similar  to 
those  propegated  in  uniform  media. 

Let  us  now  suppose  that,  to  the  left  of  the  point  .r  =  Xi,  the  variable 
medium  is  replaced  by  one  of  uniform  constitution,  such  that  there  is 

•  Tktory  ^aamd,  f  141. 
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no  diaoontiouity  of  dennty  at  the  point  <iS  tranaition ;  and  let  tu  inqnire, 
what  reflection  a  positive  progressivo  wave  in  the  uniform  medinm  will 
undergo  on  arrival  at  the  variable  medium.  It  will  be  sufficient  to  consider 
the  case  where  in  is  real,  that  is,  where  the  change  of  density  is  bat 

mfxierately  rapid. 

By  suppasition,  there  is  no  negative  wave  in  the  variahle  medinm,  so  that 
il  =  0in(2).  Thus 

and,  when«i>«t, 

^  =  ^-*"^  (5) 

The  general  soluti^m  for  the  nnifonn  medium  may  be  written 

y -I  ire^*-*w*«  +  JCe**»«^»*i,   (6) 

from  which,  when 


In  equation  (G),  H  represents  the  ampUtade  of  the  incident  positiTe 
wave,  and  K  the  amplitude  of  the  reflected  native  wave.  The  condition 
to  be  aatiflfied  at  abc^  !•  expressed  by  equating  the  values  of  d^/fdm  given 
by  (o)  and  (7)l  Thus 

K  _i{n-  m)  +  ^ 

which  gives,  in  symbolical  form,  the  ratio  of  the  reflected  to  the  incident 

vibmtion. 

Having  regard  to  (3),  we  may  write  (8)  in  the  form 

(9) 

so  that  the  real  amplitude  of  the  reflected  wave  is  |(tt-f-m)r*  of  that 

of  the  incident.  Thus,  as  was  to  be  expected,  when  n  and  in  are  great, 
i.e.,  whvn  the  density  changes  slowly  in  the  variable  medium,  there  is  but 
little  reflection. 

Pa.s.siTig  oil  now  to  the  more  important  problem,  we  will  snpposo  that  the 
variable  medium  «'xt('iuls  only  so  far  a.s  the  ])oint  x  =  x.^,  beyond  which  the 
density  retains  uniformly  iUi  value  at  that  point.  A  positive  wave  travelling 
at  first  in  a  uniform  medium  of  density  proportional  to  passes  at 
the  point  «bs\  into  a  Tariable  medium  of  density  proportional  to  «r*, 
and  again,  at  the  point »  «  o^,  into  a  unifwm  medium  of  density  proportional 
to  mf*.  The  veloeitieB  of  ptopapition  are  inveraely  proportional  to  the 
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stjunro  n)4^ts  of  the  densities,  i.e.,  vary  as  a;,  so  that,  if  ft,  bu  the  refractive 
index  between  the  extreme  media, 

1  00) 

The  thickness  (d)  of  (he  layer  of  transition  ia 

d^»»-9i  .(11) 

The  wave-lengths  in  (he  (wo  media  are  given  by 


80  that 


2ird  ML  ..ov 


For  (he  6n(  medhrai  we  (ak^  aa  before, 

y  =  +   (6) 

giving,  when  x^x^ 

dy     _inU-K  ind 

if,  fiwp  brevity,  we  write    for    ~  . 
For  (he  variable  medimn, 

+   .(2) 

giviqg,  when 

<*y    ,  -I  (i  + +  (i  -  »"»)  ^*>"*"  n 

ydi"*"    ~  "  ^^^^ 

Hciicc  the  cuuditioQ  to  be  satisfied  at    =  x,  gives 


whence 


The  condition  to  be  satisfied  at  ar  =  a^  may  be  deduced  from  (14).  by 
sulistituting  x<g  for  «|,  putting  at  the  same  time  $^  1  in  virtae  of  the 
supposition  that  in  the  second  medium  (here  ia  no  negative  wave.  Hence, 
equating  (he  (wo  values  of  J  iB,  we  ge( 
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as  (he  equation  from  whieh  the  vefleeted  wave  in  the  first  medium  is  to  be 
foand.  Having  regard  to  (8),  we  get 

8o  that 

iT  ~  J  . 

f  2  (m  +  n)  +       (m  -  ») 

Tlus  is  the  aymbolical  solution.  To  interpret  it  in  real  quantities*  we  most 
distinguish  the  cases  of  m  real  and  m  imaginaiy.  If  the  transition  be  not 
too  sttdden«  m  is  real,  and  (16)  may  be  written 

K    i  —  1+ eoB(2ffl  log        sin  (2m  log  /*)  

J7*'SiR+n+(m— lOcoe  (2m  log  /a)  -f- »  (m  -  it)  8iD(2m  log  /*) ' 

Thus  the  expression  for  the  ratio  of  the  inimtUiea  of  the  reflected  and 
incident  waves  is,  after  redaction, 

sin'  (m  log  /t)   «yv 

4iii*  +  sin'  (m  log  /*) ^  ' 

If  »i  be  iinagiuarj,  we  may  write  im  =  m'  \  (16)  theo  gives,  for  the  ratio  of 
iu  tensities, 

(^^-fi-^f  +  iem"'* ^^^^ 
or,  if  we  introdooe  the  notation  of  hyperbolic  trigonometry, 

_  sinh^m' lofj  m)  _  .^^^ 
sinh^  {>,i  log  fi)  +  4//*'* ^  ' 

For  the  critical  value  ms  0,  we  get,  from  (17)  or  (19), 

*+{Hf^y  

Thess  expressions  allow  us  to  traoe  of  the  efihct  of  a  move  or  less  grsdoal 
transition  between  media  of  given  index.  If  the  transition  be  abaolutelj 
abrupt,  n  =  0,  by  (1 2) ;  so  that  m'  - 1*  In  this  case,  (19)  gives  as  Toung^s 
well-known  formula 


a- 


.(21) 

Since  .7?"' sinh  T  incroa^'s  continually  from  x  =  0,  the  ratio  (10)  increases 
continually  from  m'  =  0  to  w'  =  ^ ,  i.e.,  diminishes  continually  from  the  case 
of  sudden  taantian  m* »  ^,  when  its  value  is  (21),  to  the  critical  case  m  —  0, 
when  its  value  is  (20)^  after  which  this  form  no  longer  holds  good.  When 
m'«0,  n  =  |,  and,  1^(12X  rf-(X,-X^/4w. 
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When  n  >  ^,  (17)  is  the  appropriate  form.  We  see  from  it  that,  as 
n  increases,  the  reflection  diminishes,  until  it  vanishes,  when  m  log  fi  =  ir, 
tA,  when 

"'-i^WFf  •<"> 

With  a  still  more  gndual  tnuuttton  the  reflectton  revives,  reftdies  a 
maximnm,  agaiii  vaniahee  when  mlogpt^tw,  and  so  on. 

Ab  a  nnmericel  example  I  will  take  the  caee  of  =  },  applicable  to  the 
reflection  of  laminons  waves  in  passing  from  glass  to  air.  The  value  of 
log*}  is  '40546520.  For  the  sudden  transition,  we  have,  from  (21),  'fMO. 
When  m'  =  0,  i.e.,  when  d  =  (\-  X,)/4w,  the  reflection  is,  by  (20),  -039478, 
but  very  little  less.   For  moderate  values  of  m',  we  maj  derive,  from  (18)^ 

(logM)»    L       (log/*)*    4m^  ■     |.  .23) 

(iog#»)'+4r+(iogM)'+4  8  +   

or,  in  the  present  examine, 

088478  (l  +  -g*  '  X  -039478^ . 


Thsra  is  thus  no  appreciable  variation  of  reflection  from  m'^^  to 
The  refleetion  vanishes  when 


i  + 


(•4055)*' 


a  bebg  any  integer.  Even  when  1,  the  first  term  in  the  value  of  »*  is 
small  relatively  to  the  seoond,aad  we  may  take,  with  sufficient  approximation. 

The  thickness  of  the  layer  of  transition  at  which  the  r^eetion  firrt 

vanishe^s  is  thus  a  little  greater  than  the  difTerencc  of  the  wave-lengths. 
The  revivals  of  rcHection  which  occur  when  the  transition  is  still  more 
gradual  are  not  irnjjortunt.  The  approximate  values  are  (2/37r)',  (2/57r)^  &c., 
the  reflection  with  abrupt  transition  being  Uiken  as  standard.  Thus,  at 
the  first  revival,  the  reflection  is  only  about      of  its  original  value. 
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ON  THE  MINIMUM  ABf:RRATION  OF  A  SINOLB  LENS  FOR 

PARALLEL  RAYS. 

[Proettimfft  o/Um  Cambridge  PhUonp/ueal  Society,  liL  ppi  378—875, 188a] 

It  is  well  known  that  when  tho  material  of  a  Ions  is  plat^^-  glass  (ji  =  1*5), 
tho  aberration  is  least  when  the  lens  is  cluublf  convex,  tho  radius  of  the 
anterior  surfince  r  being  equal  to  of  the  fucal  length  /,  and  that  of  the 
posterior  8tirfiu»  (— «)  equal  to  The  xesidiial  aborratioii  ^  is  then 
given  by 

 (1) 

y  being  the  Mmiapertnre*. 

In  the  older  works  on  Optics  the  special  supposition  that  /i=l'5  is 
introduced  at  the  beginning  of  - the  ealealationi^  eo  that  the  resnlte  are 
nob  avaiUthle  for  an  examination  of  tiie.  efleot  of  a  Taiying  vefraetiTe  index ; 

but  it  has  been  repeatedly  asserted  that  leoMS  formed  of  diamonds  or 

of  other  preci(»us  stones  of  high  refracting  power  have  an  almost  in- 
appreciable uhcrration-f-.  In  Coddington's  Optics,  §  S9,  the  tninimuni 
aberration  for  yu,  =  2  is  stated  to  be  only  ^y*//.  but  no  algebraical  calculation 
is  given. 

The  general  expression  of  the  aberration  for  parallel  rays  is{ 

-v=^'vM^rr-i)()-ii]/^  

while  r,  «,  and  /  are  connected  by 

r<'-'>(^')  <») 

•  Parkinson's  Optiei,  §§  180,  181. 

t  E.g.  Optict.   EncyclopatUa  BritoiMiM,  1842. 

t  FarkintM'*  OpUet,  f  1». 
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Writing  for  brevity  R,  8^  F  reapeotively  for  a-\  /"',  and  taking 
0-         80  tbat  -Sm^^B,  we  g«t 

?  +  (^-r  -  ;)  (}  -  ^  y  -  flf  { J?    +  2)  -  -BO  (2/*  + 1)  + 

Since  /i>  1,  both  terms  are  of  the  same  sign,  and  the  aberration  can 
never  vanish.    If  /  and  y  be  given,  the  aberration  is  least  when 


that  ia,  when 


2(^  +  2)0.-1) 


The  corresponding  value  of  «  w 


ao  that 


2(/.  +  2)(^-l) 


_^.r  =  i^^'i±-y    (7) 

whieh  agrees  with  the  naalt  of  [FkwkhiBon'e  Optics]  §  ISO. 

When  this  condition  is  satisfied,  the  second  term  of  (4)  gives  for  the 
miiiimum  abemtum 

which  Ih  applicable  to  all  values  of  fi. 
If /*  =  2,  (8)  gives 

not  Jj,  an  .st.at<'<l  by  Cixidington.  The  aberration  tends  indeed  to  beconae 
less  OS  fi  iucreoiicij,  but  it  remains  cuu8iderablc  tor  all  substances  known  in 
natnre. 

It  seems  to  have  been  thought  evident  that  great  advantage  would  result 
from  higher  refracting  power  on  account  of  its  allowing  the  use  of  more 
moderate  curvatures.  It  appears  however  horn  (5)  and  (6)  that  as  p 
incaoaees,  r  tod  #  do  not  t«id  to  beoome  infinite  fiw  the  form  of  minimum 
abwration,  bat  upptoaeii  the  finite  ndae  /  * 
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[rinlosophical  Magazine,  ix.  pp.  278—283,  1880.] 

Intermittent  Sounds. 

In  the  PkOoeophioal  Magaeine  for  May  1876,  Ptof.  A.  H.  liayer  describes 
some  experiments  on  this  subject,  made  by  rotating  a  perforated  cardboard 

disk  between  a  resonator  and  a  vibrating  fork.  "  When  the  disk  is  stationary 
with  one  of  it..s  openings  opposito  the  mouth  of  the  resonator,  it  is  evident 
that  the  ear  will  experience  a  simple  souurous  sensation  when  a  tuning-fork 
IB  broiight  near  the  mouth  of  the  reeoiiator.  On  revolving  the  perforated 
diflk,  two  additumal  or  aeoondaiy  aoanda  afqpeai^-one  alightly  above,  the 
other  aUgfatly  below  the  pitch  of  the  fork.  An  increasing  velocity  of 
rotation  causes  the  two  secondary  sounds  to  diverge  yet  further  from  the 
note  of  the  beating  fork,  until,  on  reaching  a  certain  velocity,  the  two 
secondary  sounds  become  separated  from  each  other  by  a  major  sixth, 
while  at  the  same  moment  a  reaoltant  sound  appears,  formed  by  the  union 
of  the  sound  of  the  fork  with  the  upper  and  loww  of  the  seomdaiy  aonnda. 
This  resultant  is  the  lower  second  octave  of  the  note  given  by  the  fork. 
On  further  incrca.sing  the  velocity  of  rotation  of  the  disk,  the  two  secondar}' 
sounds  and  the  resultant  disappear,  and  the  ear  experiences  only  the 
sensation  of  the  simple  sound  produced  by  tlie  fork,  whoso  heats  at  this 
stage  of  the  experiment  have  blended  into  a  smooth  continuous  .^ensjition." 

In  concluding  his  pai>er  Prof.  Mayer  calls  attention  "  to  tlie  evident 
difference  existing  between  the  dynamic  constitution  of  the  sonorous  waves 
belonging  to  beating  pulses  prodooed  by  the  action  of  a  perforated  rotating 
disk  on  a  Mmttnaous  stream  of  sonorous  vibrations^  and  tiioee  waves  which 
cause  beats,  and  which  are  fonned  by  the  joint  action  of  sonorous  vibrations 
differing  in  pitch.  That  these  two  kinds  of  beats  are  alike  in  their  effects 
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when  followiog  in  the  aame  fB|iidity  I  have  awiimod  to  be  the  fact  in  this 

paper." 

At  the  time  when  Prof.  Mayer's  paper  first  appeared,  I  examined  this 
question  more  closely ;  and  some  of  ray  results  were  referred  to  in  a 
ditjCU^itiioD  before  the  Musical  A^oeiatiou.  The  ditference  between  the 
two  kinds  of  beats  is  considerable.  If  there  are  two  vibrations  of  equal 
amplitude  and  slightly  differing  frequendes,  represented  by  oos2vni<  and 
COS  2ini|^  the  reenltant  may  be  expressed  by 

2  cos  IT  (ft,  —  n,)  < .  cos  w  (»!  +  ti,)  t, 

and  may  be  regarded  as  a  vibration  of  frequency  ^  (n,  +  n.,),  and  of  amplitude 
2  cos  TT  (n,  —  n,)  Hence,  in  passing  through  zero,  the  amplitude  changes 
sign,  which  is  equivalent  to  a  change  of  phase  of  180",  if  the  amplitude 
be  regarded  as  always  positive.  This  change  of  phase  is  readily  detected  by 
messurement  in  drawings  traced  by  machines  for  componnding  vilnntiflns. 
If  a  force  of  the  above  character  act  upon  a  systan  whose  natural  frequency 
is  i  (n,  +  n,),  the  effect  produced  is  comparatively  small.  If  the  system 
start  from  rest,  the  successive  impulses  cooperate  at  first,  but  after  a 
time  the  later  impulses  begin  to  destroy  the  effect  of  former  ones.  The 
greatest  response  is  given  to  forces  of  frequency  »i  and  n,,  and  not  to  a 
force  of  frequency  i(iit+<it). 

On  the  other  hand,  when  a  single  vibration  is  rendered  intermittent 
by  the  periodic  interposition  of  an  obstacle,  there  is  no  such  change  of 
phase  in  coosecntive  revivals.  If  a  force  of  this  charsoter  aii^  upon  an 
isodironoas  system,  the  offset  is  indeed  less  tiian  if  there  were  no  infeer- 
mittence;  but  as  all  fhe  impulses  operate  in  the  same  sense  without 
any  antagonism,  the  response  is  powerful*  An  intermittent  vibratioQ  or 
force  may  be  represented  by 

* 

2  (1  +  eos  2wiN<)  COS  2inil, 

in  whidi  n  Is  the  frequency  of  the  vibration,  and  m  the  frequenoy  of 
intennittenoe.  The  amplitude  is  always  positive,  and  varies  be^een  the 
values  0  and  4.  By  ordinary  trigooometiical  tnnsfonnatum  the  above 
expression  may  be  put  into  the  form 

2  cos  2waf -f  COS  2w  (i» + m)  < + cos  Sir  (n  -  m)  < ; 

which  shows  that  the  intermittent  vibmtion  is  equivalent  to  three  simple 
vibrations  of  frequencies  n,  n+m,  and  n  —  m.  This  is  the  explaoatifm  oi 
the  secondsiy  sounds  obeerved  by  Uayer.   When  m  is  equal  to  |fi» 

n  +  m:n-m  =  5:3,  or  the  interval  between  tiie  seoondaiy  eounds  is  a 

major  sixth.  The  frequency  of  the  resultant  sound  is  m  (that  is,  ^»); 
and  its  pitch  is  two  octaves  below  that  of  the  original  vibration. 
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In  the  Edinburgh  Proceedings  for  June  1878,  an  experiment  similar  to 
Mayer's  is  descnb*  <1  by  Profieaaon  Cram  Brown  aod  Tait^  and  is  explained 

in  the  above  maimer. 

If  the  intensity  of  the  intermittent  sound  rise  more  suddenly  to  its 
maximum,  we  may  take  iooa^mntoosSinrt;  and  this  may  be  teansfiwmed 
into 

}  coe  iiriU  +  cos  2w  (n  +  «i)  ^  +  cos  27r  {n  —  m)t 

+  i  cos  2ir  (n  +  2m)  t  +  i  cos  2ir  (n  -  2m)  <. 

There  are  now  four  secondary  sounds,  the  frequencies  of  the  two  new 
ones  differing  tvrioe  as  much  as  before  fstm  that  of  Uie  primaxy  sound. 

Other  cases  might  be  treated  in  the  same  way;  but  my  object  at 
present  is  to  describe  a  modified  form  of  the  ex])oriraent  which  I  planned 
some  years  ago,  but  first  carried  out  last  summer. 


The  desired  forces  were  obtained  electromagiielically.  A  fork  interrupter 
of  frequency  128  gave  a  periodic  cnnent,  by  the  ]>assago  of  which 'through 
an  electromagnet  a  second  Ibik  of  like  pitoli  could  be  excited.  The  action 

of  this  current  on  the  second  fork  could  be  rendered  intt  rroittent  by 
short-circuiting  the  electromagnet.  Thi;^  was  efTe<-tcd  by  another  interrupter 
of  freijiuncy  4,  worked  by  an  independent  current  from  a  Smec  cell.  To 
excite  the  main  current  a  Grove  cell  was  emjiloyed.  When  the  contact 
of  die  saoond  intemipter  was  pwmanratly  broken,  so  that  the  main  cunent 
passed  continuoosly  throagfa  the  electromagnet^  the  fork  was,  of  course, 
most  powerfully  affected  when  tuned  to  128.  Scarcely  any  response  was 
observable  when  the  pitch  was  changed  to  124  or  132.  But  if  the  second 
interrupter  was  allowed  to  operate,  so  as  to  render  the  periodic  current 
through  the  electromagnet  interuuttent,  then  the  fork  would  respond 
poweriuUy  when  tuned  to  124  or  132  as  well  as  when  tuned  to  128,  but 
not  when  tuned  to  intmnediato  pitches,  such  as  126  cr  190. 

The  operati<m  of  llie  intwmittenoe  in  producing  a  sensitivMiess  which 
would  not  otherwise  exists  is  easily  und«stood.  When  a  foric  of  frequency 
124  starts  from  rest  under  the  influence  of  a  force  of  frequency  128,  the 
impulses  cooperate  at  first,  but  after  ^  of  a  second  the  new  impulses  begin  to 
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oppose  the  earlier  ones.  After  ^  of  a  second,  another  series  of  irapuisas 
begius  whose  effect  agrees  with  that  of  the  iirst,  aud  so  on.  Thus  if 
all  these  impalsee  era  allowed  to  act,  the  remltaiit  effiaefc  m  trifling ;  but 
if  eveiy  alternate  aeries  is  stopped  off,  a  laige  yilnatioii  aoeumttlatea 


A  New  Form  of  8irm. 

Some  years  ago*,  I  observed  that  a  light  pivoted  blade  is  set  into 
rapid  rotation  when  exposed  to  wiud.  The  piieuoiuenon  is  uf  the  same 
character  as  the  rotation  of  a  slip  of  paper  &lling  freely  in  air,  whudi 
was  diseuased  a  long  while  ainoe  by  Fro£  Hazwellf.   In  both  oases  the 

rotati  11  may  oocttT  in  eit?ier  direction,  proving  that  its  cause  is  not  to  be 

looked  tor  in  any  want  of  symmetry.  Hut  the  vi(nv  ox])re,'yjpd  by  Maxwell 
does  not  appear  to  apply  to  the  pivoted  blade;  aud  I  think  that  the  real 
explanation  is  yet  to  be  discovered.  At  preseut,  however,  I  am  concerned 
merely  with  an  application. 

Fig.  s. 


In  fig.  2,  ^  is  a  blade  oat  out  of  sheet  brass  and  provided  with  sharp 
projecting  points*  which  bear  in  hollows  at  the  ends  of  the  screws  Bt  0. 

These  screws  pass  through  a  small  wooden  frame  FG,  and  are  adjusted 
until  the  blade  can  turn  freely  but  without  perceptible  shake.  D  and  B 
are  pieces  of  cardboard  or  sheet  metal,  fitting  pretty  closely  to  the  blade 
when  in  the  same  plane  with  them,  so  that  in  this  position  of  the  blade  the 
passage  through  the  frame  is  almost  closed.  As  the  blade  turns,  it  acts  the 
part  of  a  revolving  stopcock. 

In  the  summer  of  1878  I  made  sevemt  mrens  on  this  plan,  which 
performed  well  One  of  them  is  represented  about  foil  sise  in  the  figure. 

If  the  wind  from  the  bellows  is  admitted  symmetrically,  they  will  revolve  in 
either  direction,  and  soon  acquire  sufficient  speed  to  give  a  note  of  moderate 
pitch.  The  position  of  maximum  obstruction  is  for  small  disphicements  a 
position  of  stable  etiuilibrium.  If  a  larger  displacement  is  given,  the 
vibi-atiou  tends  oi  iisell  to  increase  up  to  a  certain  point,  or  even  to  pass 

*  "Od  Um  ResitUooe  of  Fluid*,"  Phil,  Mag.  Dm.  1876.  [Art.  xut,  p.  393.] 
t  CawibrU^  and  DiMiH  Math.  Joum^  16B4. 
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into  continuous  rotation ;  but  the  preciao  behaviour  iu  Lhia  respect  probably 
depends  upon  the  details  of  oonetmotioiL 

Tk$  AcousUeal  Shadow  of  a  Oireular  Didt. 

In  a  well-known  experiment,  suggested  by  P<M880n,  a  bright  point  is 
obaenred  in  the  centre  oS  the  shadow  of  a  eiraalar  disk  on  which  waves 
of  light  are  direetly  incident  It  is  some  yean  since  I  first  attempted  to 
obtain  the  acoustical  analogue  of  this  beautiful  phenomenon  ;  but  my  efforts 
were  without  succera  until  a  few  months  Hincc.  The  difficulties  to  be 
overcome  are  entirely  different  in  optics  and  in  acoustics,  on  account  of 
the  imnicuse  disproportion  of  wave-lengths.  In  the  lornier  c;use  the  disk 
must  be  small  and  accurately  shaped,  and  the  source  of  light  must  be 
<d  very  small  angular  magnitude — in  practioe,  an  image  of  tiie  son  fbnned 
by  a  distant  lois  of  short  fixsos.  In  the  kttw  case  the  difficulty  is  to 
arrange  the  experiment  on  a  scale  that  shall  be  adequate  in  ocnnparisoa 
with  the  wave-length  of  the  sound. 

The  best  way  of  considering  the  subject  theoretically  is  with  the  use 
of  Huyghens's  zones.  The  plane  of  the  disk  is  divided  into  zones  by  its 
intersection  with  spheres  whose  centres  are  at  the  point  under  consideration, 
and  whose  radii  form  an  arithmetical  progression  with  common  difference  ^X. 
The  vibrations  due  to  tibese  aones  sre  at  first  nearly  equal,  but  gradudly 
diminisb  to  nothing,  unless  the  outer  boundary  of  the  ap^ure  is  circular; 
and  thus  the  Bffp^gBAe  effect  is  represented  by  a  swies  of  which  the  tenns 
arc  of  opposite  sign  and  of  slowly  diminishing  magnitude.  Now  the  sum  of 
such  a  .series  is  equal  approximately  to  half  its  fii-st  term  ;  so  that  the 
whole  effect  of  the  aperture  outside  the  disk  is  independent  of  the  disk's 
diameter— that  is  to  say,  is  the  same  as  if  no  ohstadb  at  all  were  prasmt 

Thu  way  <d  regarding  the  matter  shows  at  once  what  degree  of  acouiafly 
is  required  in  the  figure  of  the  ciroumfo!«ioe,  which  must  not  sensibly 
encroach  upon  the  first  exterior  zone.  If  «  be  the  radius  of  a  circle  in 
the  plane  of  the  disk,  b  the  distance  of  the  point  under  consideration, 
and  ^*  =  ar'4-^»^  dx  =  rdrfx;  so  that  if  dr  =  dx  =  r\l2x.  If,  therefore, 
X  be  the  radius  of  the  disk,  the  radial  error  should  be  a  small  fraction 
of  r\/2a;. 

In  like  manner,  we  may  form  an  estimate  of  the  size  of  the  bright  spot,  a 
sulgeot  which  has  been  treated  analytically  by  Airy*.  If  the  disk  be  moved 
laterally  through  the  width  of  one  aone,  it  is  clear  that  the  elfeet  at  the  old 
point  will  be  materially  changed.  Henoe  the  diameter  <^  the  bright  spot  is 
comparable  with  r\jx,  zw\  its  apparent  magnitude  as  seen  from  the  disk 
is  comparable  with  \jx.  For  the  lull  success  of  the  experiment,  the  apparent 
magnitude  of  the  luminous  source  should  be  of  the  same  order. 

*  thil.  Mag.  Ums  1841. 
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When  we  pass  to  the  analogous  experiment  in  acoustics,  it  is  of  course 
impossible  to  retain  any  approxiniatiou  to  optical  conditions.  Instead  of 
a  ratio  of  X  :  a;,  equal  to,  say,  X0^>  must  be  satisfied  with  some  such 
value  as  In  order  to  dimitush  \  as  far  as  possible,  it  is  advisable  to  use 
sounda  of  very  high  pitch,  which  have  the  additional  advantage  of  readily 
exdting  aenaitive  flamea,  I  have  firamd  it  beat  to  wovk  indoora,  in  which 
case  a  diak  of  15  inches  diameter  is  suitable  ;  with  a  much  laqpW  disk  and  ia 
an  onliiiarv  room  there  would  hardly  bo  sufticient  free  space  on  a)!  sides. 
I  have  tried  a  considerable  variety  of  sources  of  sound,  including  electric 
s^Nirks,  a  small  electric  bell,  and  a  Qalton's  whistle ;  but  the  best  results 
were  obtained  with  a  bird-call  and  with  a  squeaky  toy-reed. 

Ou  November  20  the  source  was  a  bird-call  blown  with  a  pressure  of 
4  inofaea  [inch  «  2*54  cm.]  of  water,  and  was  ^aoed  abont  SO  inehea  frcHn  the 
15  inehea  diak.  The  obaorvation  was  made  at  a  diatanoe  of  S4  inehea  on 
the  further  aide  of  the  disk,  and  was  sucoeasfiil  both  with  the  ear  and 

with  the  sensitive  flame.  In  the  fonner  case  I  employed  a  plate  of  wood 
bored  with  a  hole  about  }  inch  in  diameter,  and  held  against  the  side  of  the 
head  in  such  a  position  that  the  hole  was  opposite  the  ear-passage.  The 
head  was  moved  about  until  the  poaitioa  of  maximum  aoond  was  determined, 
and  was  then  withdxawn,  leaving  the  plate  m  «i(tk  In  order  to  verify 
oonvenimtly  that  the  poeition  of  mazimimi  sound  was  really  at  tiie  centre 
of  the  shadow,  a  hole  was  bored  through  the  centre  of  the  disk,  which 
could  b<'  closed  with  a  cork  during  the  adjustment  of  the  ear-plate.  When 
the  adjustment  was  complete,  the  cork  was  removed;  and  then  the  eye 
placed  behind  the  ear-plate  would  see  the  source  of  sound  through  the 
two  holes.  With  a  little  practice  the  central  point  oonM  be  pii^ed  out 
alnicat  aa  well  bj  ear  aa  by  eye. 

With  a  sensitive  flame  the  obaervation  waa  even  easier.  The  moat 
auitable  is  that  from  a  inn-lude  burner  btonght  near  the  flaring-point 
by  a  gaa-praaaure  of  about  10  inches  of  water.    To  get  the  best  result, 

the  pressure  must  be  carefully  adjusted;  and  in  ortler  to  avoid  disturbance, 
it  is  advisable  to  move  the  .source  rather  than  the  flame.  When  the  place 
of  maximum  eflfect  has  been  determined,  the  cork  is  removed  from  the 
central  hole  of  the  disk,  and  the  gas  is  lowered.  By  looking  just  over  the 
bomer  it  ia  then  eaay  to  see  whether  or  not  the  sonvoe  of  sound  ooenines  the 
central  position. 

On  November  S4  the  toy-reed  was  substitnted  for  the  Urd-call,  the  disk 
and  distances  being  the  same  as  befim.  Jh  the  eaae  ct  thia  aouroe  the 
eiqwriment  succeeded  better  with  the  flame  than  with  the  ear. 

On  a  subsequent  oocamm  a  laiger  diak,  of  30  inofaes  diameter,  waa 
tried;  but  the  results  were  not  so  good,  probably  in  consequenoe  of  the 
inereaaed  eflfect  of  reflection  from  the  floor  and  walls  of  the  room. 
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ON  THE  STABILITY,  OR  INSTABILITY,  OF  CERTAIN 

FLUID  MOTIONS. 

[Prootedinga  of  Ika  London  Mathematieal  Soeietif,  xi.  pp.  57—10,  1880.] 

In  a  former  communication  to  the  Society  on  the  "  Instability  of  Jets*," 
I  applied  a  method  due  to  Sir  W.  Thomson,  to  calculate  the  manner  of  falling 
away  from  tH^uilibriuni  of  jets  Injuuded  by  one  or  mon;  surfaces  of  discon- 
tinuity. Such  interest  as  these  inve,stigations  posscsvsed  was  due  principiily 
to  the  pussibility  of  applying  theii-  results  to  the  explanation  of  certain 
aooOBtioal  phenomena  rela^ng  to  amaitive  flames  and  smoke  jets.  Bat  it 
eoon  appeared  that  in  one  imp(»taat  respect  the  calculations  fiuled  to 
ooneqiond  with  the  fitcts. 

To  fix  the  ideas,  let  us  take  the  case  of  an  originally  plane  surface  of 
sepaiation,  on  the  two  sides  of  which  the  Huid  moves  with  equal  and  opposite 
constant  velocities  (+  V).  In  equilibrium  the  elevation  h,  at  every  point  x 
along  the  surface,  is  zero.  It  is  proved  that,  if  initially  the  surface  be  at  rest 
in  the  form  defined  by  A  =  5^  cos  kx,  then,  after  a  time  t,  its  form  is  given  by 

h  =  Hcoiilcx  coshA-Fif,  (1) 

provided  that,  throughout  the  whole  time  contemplated,  the  disturbance  is 
small.  In  the  same  sense  as  that  in  which  the  frequency  of  vibration 
measures  the  stability  of  a  system  vibrating  about  a  configuration  of  staUe 
eqailibrium,  so  the  coefficient  kV  of  t,  in  equations  suoh  as  (1),  measures  the 
instability  of  an  unstable  system ;  and  we  see,  in  the  present  case,  that  the 
instability  mcreasea  ifithout  limit  with  k;  that  b  to  say,  the  shorter  the 
wave-length  of  the  sinnositieB  on  the  surfiwe  of  separation,  the  more  rapidlj 
are  they  magnified. 

The  application  of  this  result  to  sensitive  jets  would  leiui  us  to  the 
conclusion  that  their  bensitiveuesii  increases  indehnitely  with  pitch.    It  is 

*  Pneeedingit  vol.  x.  p.  4,  Nov.  ii,  1878.  [Art.  Lviii.J 


Digitized  by  Gopgle 


66]       ON  THfc:  STAIIILITY,  OR  INSTABILITY,  OF  CEUTAIN  FLUID  MOTIONS.  475 

true  that^  in  the  case  of  certain  flames,  the  pitch  of  the  most  efHcient 
flonnds  is  very  high,  not  far  from  tho  iipj)cr  limit  of  human  hearing;  but 
there  are  other  kinds  of  sensitive  jets  on  which  these  high  sounds  are 
without  effect,  and  which  require  for  their  excitation  a  moderate  or  even 
a  grave  pitch. 

A  pKobaUe  ezplaaaluni  of  the  disorepancy  readily  suggesta  itself.  The 
oakmlatioitB  are  foanded  npon  the  Bapporition  that  the  changea  of  velocity 
are  disooatbaous — a  supposition  whieh  oannot  ponibly  agree  with  reality. 

In  cunsequcncc  of  fluid  firiclioD  a  surface  of  discontinuity,  even  if  it  could 
ever  be  formed,  would  instantaneously  disappear,  the  transition  from  tht;  one 
vel(x:ity  to  the  other  becoming  more  and  more  gnuiual,  until  the  layer  of 
transition  attiiined  a  sensible  width.  When  this  width  is  comparable  with 
the  wave-length  of  the  niitto«it7»  the  eoluttoii  for  an  abrupt  transition  ceases 
to  be  apfdlcaUe,  and  we  have  no  reasm  for  supposing  that  the  instability 
would  increase  for  much  shortw  wave-lengths. 

Jn  the  following  investigaticma^  I  shall  suppose  that  the  motion  is  entirely 
in  two  dimensiOBS,  parallel  (say)  to  the  plane  xy,  so  that  (in  the  usual 
notation)  w  is  zero,  as  well  as  the  robitions  f,  t}.  The  rotation  parallel  to  s 
ia  connected  with  the  velocities  u,  v  by  the  equation 

,  /rf«  (lv\ 

f-Hrfy-J  <*> 

When  the  phenomena  under  consideration  are  such  that  the  compressi- 
bility may  be  neglected,  the  condition  that  no  Uuid  is  anywhere  introduced 
or  abstracted,  gives 

du    dm  ^ 

 w 

In  the  absence  of  friction,  }^  remains  constant  fiv  every  particle  of  the  fluid ; 
otherwise,  if  y  be  the  kinematic  viscosity,  the  general  equation  for  is 

^t^dm^^'dy^^dg^"^^   

where 

dldt^dfdt+ud/dx  +  vdjdy  +  wd/dz,   (5) 

and 

V*mdFjdaf+d'/df  +  d'/dz*.   (6) 

For  the  imposed  applications  to  motion  in  two  dimensions,  these  equations 
reduce  to 

d^'?t  =  uV'^.  (7) 

djot  =  didt  +  (idjdx  +  vdjdi/t  .....(8) 

^'  =  d'idx'  +  d'idi/\   (9) 

while  the  two  other  equations  similar  to  (4)  are  satisfied  identically. 

*  liunb'a  MaHtm^FhOdt,  p.  148. 
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In  order  U)  investigate  the  iiitlueuce  of  friction  on  stratified  motion,  we 
way  now  suppose  that  v  is  zero,  while  u  and  1^  are  functions  of  y  only.  Our 
eqaaliooB  thcoi  give  simply 

dUdt^pdFtld^,   (10) 

whidi  showB  that  the  rotation  ( i*  conducted  aootwding  to  precisely  the  Bame 
lawB  as  heat   In  the  case  of  air  at  atmospheric  pressure,  the  value  of  »  ia» 

according  to  Maxwell's  experiments,  v  =  *1 6*,  not  differing  greatly  firom  the 
number  ('22)  oorresponding  to  the  conduction  of  temperature  in  mm. 

The  various  solutions  of  (10),  discovered  by  Fourier,  are  at  once  ap]>licabli; 
to  our  present  purpose.  Tn  the  problem  already  referred  to,  of  a  surftice  of 
discontinuity  y  =  0,  separating  portions  of  fluid  moving  with  different  but 
originally  constant  velocities,  the  rotation  ia  at  first  zero,  except  upon  the 
snrfaoe  itself,  but  it  w  rapidly  diffused  into  the  adjacent  fluid.  At  time  t  its 
value  at  any  point  y  is 

^   (11) 


•2^(11^0' 

and 


Jdff. 


jljdy  =  ^j^dy  =  i(V,-VO.   (12) 


if  Ft,  Ft  are  the  veloeittes  on  the  podtive  and  negative  aides  of  the  surfiM>e 

i*espectively.  If  y*=4ivt,  the  value  of  f  is  less  than  that  to  be  found  at  y —  O, 
in  the  ratio  e  A.  Thus,  after  a  time  t,  the  thickness  of  the  layer  of  transition 
(2y)  is  comparable  in  maguitude  with  l'Q>Jt  :  for  example,  after  one  second 
it  may  be  considered  to  be  about  1^  centimetres.  In  the  ciise  of  water,  the 
coefficient  of  conductivity  is  much  less.  It  seems  that  i'  =  '014;  so  that, 
after  one  second,  the  layer  is  about  half  a  centimetre  thidL 

The  drcnmstances  of  a  two-dimensional  jet  will  be  represented  hy 
sufqKmng  the  vebeity  to  be  limited  initially  to  an  infinitdy  thin  layer 
at  y  =  0.  It  ia  convenient  here  to  use  tiie  velocity  «  itaelf  instead  of  C- 
Since  H^^dujdjf, 

du/dt=v(i'u/dy\  (13) 

and  thus  the  solution  is  of  the  same  form  as  before : 


/+■> 
_^i*dy.. 


 (14) 


We  may  oondude  that,  however  thin  a  jot  of  air  may  be  initially,  its 

thickness  after  one  second  is  comparable  with  1^  centimetres.  A  similar 
calculation  may  be  made  for  the  case  of  a  linear  jet^  whose  whole  velocity  is 

originally  concentrated  in  one  line. 

There  is,  therefore,  ample  foundation  for  the  opinion  that  the  phenomena 
of  sensitive  jets  may  be  greatly  influenced  by  Huid  friction,  and  deviate 

*  Tbs  etmtioMtre  and  8«oond  being  uniU, 
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materially  from  tho  results  of  calculations  based  upon  the  supposition  of 
discoutinuous  changes  of  velocity.  Under  these  circumstances,  it  becomes 
important  to  investigate  the  character  of  the  equilibrium  of  stratified  motion 
in  cases  more  nearly  approachiug  what  is  met  with  in  piaotioe.  Fully  to 
nicltide  the  ^eota  of  friction,  would  immensely  increase  tiie  difficulties  of 
the  problem.  For  the  present,  at  least,  we  must  treat  the  fluid  as  friction* 
less,  and  be  satisfied  if  we  can  obtain  solutions  for  laws  of  stratification 
which  are  free  from  discontinuity.  For  the  undisturbed  motion,  the  com- 
ponent velocity  v  is  zero,  and  u  is  a  function  of  y  only.  A  curve,  in  which  u 
is  ordinate  and  y  is  abscissa,  represents  the  law  of  stratification  and  may  be 
called,  for  brevity,  the  velocity  mam, 

A  daaa  of  problems  whidi  can  be  dealt  with  by  fiurly  simple  methods,  is 
obtained  by  wappmag  the  notation  ( to  be  oonstant  thronghont  layen  of  finite 
thickness,  and  only  to  change  its  value  in  passing  a  limited  number  of  planes 

for  which  y  is  constant.  In  sueh  cases,  the  velocity  cmve  is  composed  of 
portions  of  straight  lines  which  meet  one  another  at  finite  angles.  This  state 
of  things  may  be  supposed  to  be  slightly  disturbed  by  bending  the  surfaces 
of  transition,  and  the  determination  of  the  subsequent  motion  depends  upon 
that  of  the  form  of  these  sor&oes.  For  reteins  its  constant  Talue  through- 
out each  layer  unchanged  in  the  absence  of  friction,  and  by  a  well-known 
theorem  the  whole  motion  depends  upon  We  shall  suppose  that  the 
functions  deviate  from  their  equilibrium  values  by  quantities  proportional  to 
e'**.  so  that  everything  is  periodic  vnth  respect  to  x  in  a  distance  \  equal  to 
2irlk.  By  Fourier's  theorem,  the  solution  may  be  geueralised  sufficiently  to 
co?er  the  case  of  an  aibitnary  ddbrmation  of  the  sarlMws.  At  ftinotions  of 
the  time,  the  distnrbanoes  will  be  assumed  to  be  proportional  to  where  n 
may  be  either  real  or  complex,  and  the  character  of  the  resulting  motion  is 
determined  in  great  measure  by  the  value  of  «,  found  by  the  solution  of  the 
problem. 

By  a  theorem  due  to  Helmholtz,  the  effect  of  any  clement  dA  rotating 
with  angular  velocity  ^,  is  to  produce,  at  a  point  whose  distance  from  the 
element  is  r,  a  traosverae  velocity  q,  such  that 


In  the  application  of  this  result  to  the  proUems  in  hand,  it  will  be  oonvenient 
to  regard  the  actual  value  of  (  at  time  I  as  made  up  of  two  parts,  (i)  its 

undisturbed  value,  (ii)  the  difference  between  its  actual  value  and  (i).  The 

effect  of  (i)  is  to  pnxluce  th(>  undisturbed  system  of  velocities,  on  which  the 
small  effect  of  (ii)  is  suporpo.sed  ;  and  the  cjilculation  of  the  latter  effects 
evidently  involves  integrations  which  extend  only  over  the  infinitely  small 
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areas  included  between  the  disturbed  and  undLsturbed  am-fecea  of  transition. 
Suppose  that  the  equation  of  one  of  these  surfaces,  reckoned  from  its 
undisturbed  position,  is 

 .(16) 

in  which  //  is  not  necessarily  real.  Then  dA  =  iid(,  and  if  A^f  be  the  excess 
of  the  value  of  ^  on  the  upper  above  that  on  the  lower  side  of  the  surfiEUMJ,  we 
get,  by  (15),  at  any  point  whose  abadflsa  is  w  and  distance  from  the  sur&ce 

 (m 

nhen 

f  (18) 

The  velocity  q,  given  by  (17),  is  perpendicular  to  r.  The  next  step,  previous 
to  integrati<Mi,  is  to  rsBolve  it  in  the  fixed  direetions  of  m  aiki  y.  The 
reaolntion  is  effected  by  introdoctton  of  the  (acton  b/r,  and  (f — «)/r;  and 
thns,  for  the  whole  effect  of  the  sorfiMe  under  considenlion, 

«.-*^f|"'*^.  ^,_Agj*"iy(g-^)d^. 

or,  by  (16), 

_  6^   

• — ;rj..  i^+ij^x)'  

The  integiab  are  readily  evaluated  by  the  theorem 

r+^cosar,  C+^aBmaXj   

and  we  obtain 

««-lfAts*»*-**.   (21) 

In  die  derivation  of  (SI),  if  has  been  treated  as  infinitesimal  in  comparison 

with  b,  but  in  the  sequel  wo  shall  require  to  apply  the  formula  to  points 
situated  upon  the  surface  itself.  The  value  of  u  would  need  more  careful 
examination,  but  that  of  t'  is  easily  seen  to  be  equally  applicable  when  b  is 
zero,  since  the  neighbouring  elements  do  not  contribute  sensibly  to  the  value 
of  the  integral.  In  fact,  the  value  is  the  same  on  whichever  side  of  the 
sotftoe  die  pdnt  under  otmsiderBtion  is  situated,  and  6  is  in  both  oaaea  to  be 
taken  positive.  Aoeoidingly,  when  ( Is  aero,  we  «re  to  take  simply 

©--i/fAfe**.  (22) 

We  are  now  prepared  to  enter  upon  the  consideration  of  special  problems. 
As  a  first  example,  let  us  suppose  that  on  the  upper  side  of  a  layer  of 


Digitized  by  Gopgle 


66]      OW  THI  8TABILIT7.  OR  IMSTABILIT7,  OP  CBBTAIN  FLUID  X0TIO1I8.  479 

thickness  b  the  un(Jlsturbed  velocity  u  is  equal  to  +  V,  and  on  the  lower  aide 
to  —  V,  while  inside  the  layer  it  chaugos  uuiiormly.  Thus 

^=^du/dy^V/b  (23) 

inside  the  layer,  and  outside  the  layer  ^=0.  In  the  disturbetl  motion,  let 
the  equations  <^  the  upper  and  lower  surfaces  be  respectively,  at  time  t, 

ij-^a*^«*»,   i»'  =  if  (24) 

then*  by  (21 X  (22X  (28),  the  whde  value  of  «  linr  a  point  on  the  upper 
mu&oe  18 

V  =  ib-'  (H  -  H  e-'*),  (24y 

and  for  the  lower  surface 

«a>i6-»F««^(J3#-»-fi').   (26) 

From  these  values  of  v  the  podtion  of  the  suriaces  at  time  t+dt  may  be 
calculated.  At  time  t,  ij  corresponds  to  a?;  at  time  t  +  d(,  t;  +  vdt  corresponds 
to  ;r  +  ndt,  ti  being  the  whole  component  velocity  parallel  to  «.  Thus»  at  time 
t  +  dt^  corresponding  to  z,  we  have 

or,  ou  neglecting  the  squares  of  small  quantities, 

Now,  from  (24),  dqjdt  »nui ;  so  that,  equating  the  two  values  of  duf/dt,  we 
get,  from  (24), 

mir-  «->  V(H  -  Jr«-»)  -  ikVH, 

or 

(^-l  +  kb)H-¥r^H''^0,  (26) 

In  like  manner,  by  considering  the  motion  of  the  lower  surface,  we  get 

r*Jr+  (-  y  - 1  +  »)  jr-0.  (27) 

By  eliminating  the  ratio  W :  H  between  (26)  and  (27X  we  obtain,  as  the 
equation  giving  the  admissible  values  of 

if^^m-iy-e^\  (28) 

When  lA  is  small,  that  is,  when  the  wave-length  is  great  in  compariaoil  with 
6,  the  case  iqi^pcoximateB  to  that  of  a  sudden  transition.  Thus 

n««  ^  [1  -  2Jk6  +  ifc*6»  -  (1  -  2fc6  +  2A»6»  +...))=-  ifc»  approximately 

 (29) 
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in  agreement  with  equation  (30)  of  my  fonncr  pwipcr.  In  this  case  the  motion 
ia  unstable.    On  the  other  hand,  when  kb  is  great,  we  find,  from  (28), 

 (80) 

and,  dnoe  the  valueB  of  n  an  veal,  the  motioii  is  ttabte.  It  appears,  theieforot 
that  80  liir  firom  the  uistabiHty  iumaang  indeinitely  with  «?iwiini»liing'  wta^ 
length,  aa  when  the  transition  is  sudden,  a  diminution  of  wave>Iength  below 
a  certain  value  entails  an  instability  which  gradually  decreases,  and  is  finally 
exchanged  for  actual  stability.  The  following  table  exhibits  more  in  detail 
the  progress  of  6*n'/     as  a  function  of  ^6 :— 


kb 

kb 

•2 

-  03032 

1-0 



-  13634 

•4 

-■06888 

1-ft 

-•oson 

•« 

-•14190 

1-0 

't-'OUVS 

•8 

-•16190 

I'D 

•I--9B1CB 

We  see  that  the  inetabOity  is  greatest  when  kb  =  '8  nearly,  that  is,  when 
X  =  86 ;  and  that  the  passage  from  instability  to  stability  takes  place  when 

kb  =  \  3  nearly,  or  when  \s  56. 

Corresponding  with  the  two  values  of  n,  there  are  two  ratios  oi  H'  .  H 
determined  by  (26)  or  (27),  ea<^h  of  which  cj^ives  a  normal  mode  of  disturb- 
ance, and  by  means  of  thes*  normal  uio<ics  the  results  of  an  arbitrary 
displacement  of  the  two  Hurilic^  may  be  represented.  It  will  be  seen 
that  for  the  staUe  distuihanoea  the  ratio  H'lH  h  real,  indicating  that  the 
sinuoeitieB  of  the  two  sorfaoes  are  at  every  moment  in  the  same  phase. 

We  may  next  take  an  uample  of  a  jet  of  thiokness  2&  moving  in  still 
fluid,  supposing  that  the  velocity  in  the  middle  of  the  jet  is  F,  and  that 
it  foils  uniformly  to  aero  on  either  side.  Taking  the  middle  line  as  axis  of 
we  may  write 

«=K(lTy/frX  (31) 

in  which  the  —  sign  applies  to  the  upper,  and  the  -|-  sign  to  the  lower  half  of 
the  jet  Thus 

C-i<itt/<iy-TiK/6  (32) 

within  the  jet^  and  outside  the  jet  t«  0.  In  this  problem  there  are  three 
surfooes  to  be  considered.  We  will  suppose  the  equation  of  the  upper 
sur&ce,  for  which  Aif=  K/26,  to  be  ;?  =  H&^ff^\  that  of  the  middle  .surface, 
for  which  A^^  =  -  Vjb,  to  he  j)  ==  //V**«**^ ;  and  that  of  the  lower  surface,  for 
which  AC=  7/26,  to  be  7i"  =  U"e^^. 
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FlEom  (22),  the  velocities  «  are  to  be  oaloulated  as  befinre.   We  find 

V  (upper  Buriiace)  =  ^^s**  (-  S+  2«-»^' 

iV 

V  (middle  surface)  =  ^  e''"e^  [-  e-^H  +  ^H'  -  e-^H"\, 

V  (lower  surface)   =  ^tf^e*"  {-  e-^M  +  2tr^H'-  H"\. 

For  the  upper  and  lower  smfiuies  the  horiaootal  velocity  is  aero»  and  for  the 
middle  surfiMe  it  is  F.   In  the  same  manner  as  for  (26X  we  thus  obtain 

mH-2yH'  +  'fn"=0  \ 
yH  +  {m+  2kb  -  3)  H'  +  yH  '  =  0  [  (88) 

in  which  y  is  written  for  e"**,  and  m  is  written  2/)  V~^n  + 1.  The  elimination 
from  (33)  oiH  iST  :E"  gives  the  following  cubic  in  i» : — 

m*+(2i6-S)in>  +  v>(4-.y)m-7<(l-|-8tt)»0.   (84) 

By  inspection  of  (33),  we  see  that  one  of  the  normal  disturbances  is  defined 
by  IT-O.  S+H^^Ot  and  that  the  corresponding  value  of  m  is  y.  It 
follows  that  m— 7«  is  a  ftetor  of  the  cubic  expression  in  (84),  and  the 


remaining  ({uadratic  footer  is  readily  obtained  by  division.  Thus  (84) 
assumes  the  form 

(m  -  /)  {m«  +  (2»  -  8  +  <y*)  m  +  y  (1  +  2tt)}  -  0.  (86) 

Fcr  the  symmetrical  disturbance 

n— ^a-srH»).   

a  real  quantity,  indicating  that  the  motion  is  staUs  so  for  as  this  mode  of 
disturfaance  is  oonoemed. 

The  other  two  values  of  n  are  real,  if 

(2116-8  + y)*- +   (8^) 


be  positive,  but  not  othmse.  When  kb  is  iafinifta«  y  -  0,  and  (87)  reduces 
to  4M^,  which  is  positive ;  so  that  the  motioa  is  stable  when  the  wave-length 
is  small  in  compaiiaon  widi  the  tbigkn^  of  the  jet   On  the  other  hand,  as 

may  readily  be  proved  by  expanding  7  in  (37),  the  motion  is  unstable,  when 
the  wave-length  is  jrreat  in  com|);irison  with  the  thickness  of  the  jet.  The 
values  of  (37)  can  be  more  easily  computed  when  it  ia  thrown  into  the  form 

(6  +  2tt  -  «-*)«  - 16  (1  +  2**).  (HS) 

B.    I.  31 
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Some  correspuudiug  values  of  (38)  and  2kb  are  shown  below : — 


i  9kb 

(88) 

2kb 

(88) 

-•064 

-•ws 

m 

-•aro 

S-0 

-•794 

1-5 

- 

3o 

-  -203 

S-0 

-•876 

4-0 

+  -671  1 

The  wave-length  of  maximum  instabih'ty  \s  about  t|  times  the  thickness  (26) 
of  the  jet ;  while,  fur  a  [value  of  iA]  about  half  as  great  again,  or  more,  the 

motion  becomes  stable. 

Although  it  is  the  fact,  as  I  have  found  by  pxperiment,  that  a  sensitive 
jet  breaks  up  by  becoming  sinuous  ivs  a  whole,  the  result  that  a  symmctricail 
mode  of  disturbance  is  stable,  is  special  to  the  law  of  velocity  assumed  in  the 
foregoing  cxampla  In  Older  to  illaafcimto  iStda,  I  wiU  atate  the  reaalta  for  the 
more  geneml  law  of  velocity  obtained  by  sappoaing  the  maadmum  velocity  V 
to  extend  through  a  layer  of  finite  thickness  b'  in  the  middle  of  the  jet.  The 
rotation  f  is  zero  in  this  central  layer ;  in  the  adjacent  layers  of  thickness  6, 

+  Vi2b,  iis  before.  The  equations  of  the  four  sur&ces,  in  croasing  which 
{■changes  its  value,  being  represented  by 

we  may  obtain  four  equations  involving  n  and  the  three  vatioaJ7:^:J5r  tJ?^. 

The  elimination  of  these  ratios  gives  a  biquadratic  in  n,  which,  however,  is 
ejisily  split  into  two  (piadratias,  one  of  which  relates  to  symmetrical  distiub- 
anr.  s.  f<.r  svhich  H  +  H"'  =  0,  H' +  H"  =  0 :  and  the  other  to  disturbances  for 
which  //  -  JI'"  =  0.  //'  -  H"  =  0.    The  resulting  equation  in  n  is 

(^) V  (  ±  y  T  7 V  +  2^)      ±  7"  - 1  +  2tt  +  7*  ( 1  T  y  T  attrO  -  0, . . .  (39) 

y  being  written  for  In  (39)  the  upper  signs  correspond  to  the 

symmetrical  displaoementa.  The  roots  are  real,  and  the  disturbancea  are 
stable,  if 

(±yT7V+2tt)'-4[±y-i+2tt+y(iTyTa»y')]  m 

be  positive. 

In  what  fidlowa^  we  will  fimit  our  attention  to  the  symmetrical  disturb* 
aooes,  that  ia,  to  the  upper  signs  in  (40),  and  to  terms  of  orden  not  higher 
than  the  first  in  6'.  The  expressioa  (40)  may  then  be  raduoed  to 

(1  -  y  -  2kb)'  +      (1+  y)  (1  -  y  -  2kb)  (41) 
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If     be  very  sioall,  this  becomes 

4W*-8A6'.ib*«.   (42) 

If  6'  be  lerob  (42)  u  positive,  and  the  diBtiirfaaiioe  is  stable,  as  we  fband 
before;  but  if  6  and  b'  be  of  th^^  same  order  of  magnitude,  and  both  very 
smaU  compared  to  X,  it  follows  bvm  (42)  that  the  distarbanoe  is  unstable. 

If  in  (89)  we  suppose  that  h  is  aero,  we  foil  back  npra  the  case  of  a  jet 

of  uniform  volocity  V  and  tbicknesB  V  moving  in  still  fluid.  The  equation 
for  fi,  after  division  by  6*,  becomes 

or 

(a  +  iF)«^+n«-a  (48) 

In  the  notation  of  my  former  paper,  [^6'  >- 1],  so  that 

r—^-oothiU,  ^^'-tanhi<; 

and  the  equations  there  numbered  (48)  and  (55)  agree  with  (48). 

Another  particuhu'  case  of  (89),  oompamble  with  previous  results,  is 
obtained  by  supposing  fr'  to  be  infinite. 

I  now  pass  to  the  consideration  of  certain  cases  in  which  the  moving 
layers  are  bounded  by  fixed  walls,  instead  of  by  an  unlimited  expanse  of 
st^itionary  flui<i.  The  effect  of  the  walls  may  be  imitated  by  the  introduction 
of  an  unlimited  number  of  similar  layers,  in  the  Hiime  way  jih  the  vibrations 
of  a  string  iixed  at  two  poiutu  are  often  deduced  iirom  the  theory  applicable 
to  an  unlimited  string  Tha  diiplacememts  of  the  snr&oes  at  which  ^  changes 
its  value  bei^g  taken  equal  and  opposite  in  consecutive  layen,  the  value  of  v, 
at  the  places  occupied  by  the  walls,  is,  by  sjrmmetry,  aero;  and  thus  the 
pceeenoe  or  absence  of  the  actual  walls  is  a  mister  (tf  indifference. 

Let  us  first  suppose  that  the  distributioii  of  velocity  within  the  hyer 
is  that  given  in  (31),  uniformly  increasing  from  zero  at  the  walls  to  a 
maximum  V  in  the  middle,  the  diBtance  between  tiie  walls  being  26.  The 

actual  surface  of  transition  and  its  successive  images  make  contributions  to 
the  value  of  v  at  the  surface,  which  are  alternately  opposite  in  sign,  and,  fus 
regards  numerical  value,  form  a  geometrical  progression  with  common  ratio 
<nr  y*.  Thus,  with  the  same  notation  as  befine,  we  have  at  tiie  surfiuse, 
from  (21),  (82), 

-  2(y  -  y  4  i»^,„)]J^^^,  I 

81—8 
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so  that,  as  iu  previuuH  problems, 

or,  as  it  may  also  be  writtea, 

y^tauhJA'-kb,   (44) 

[1899.  Solutions  for  the  wise  where  there  is  a  layer  of  finite  width  b'  in 
the  centre,  throughout  which  the  undisturbed  velocity  is  V,  were  subsequently 
{Proc  MaA,  Soe.  ziz.  pi  67, 1887)  found  to  be  erroneous  and  are  aocordingly 
omiUed] 


In  these  examples  the  velocity  curves  are  those  represented  by  figs.  (1) 
and  (2).  I  have  taken  a  further  step  in  the  direction  of  generalisation 
by  caleulating  the  motion  f<nr  a  velocity  curve  in  the  form  (3)b  The 
eritwion  of  itabiJity  is  com]dicated  in  its  aqtrefldon,  but  it  is  not  diffioult  to 
tbxm  that  the  motion  is  stable  if  the  ai^le  J\r  be  a  ]>r<)ir(  ting  angle.  From 
these  examples  there  seemed  to  be  somo  roason  for  thinking  that  tlic  motion 
would  be  stable,  whenever  the  voloeity  curve  was  of  one  curvature  thmut^'h- 
out;  and  this  led  me  to  attack  the  question  by  a  more  general  method,  which 
I  will  now  explain. 

Let  us  suppose  that  the  conditions  of  steady  motion  arc  satisfied  by 
«M     vs  F,  ^  ^  M  tiaoe  the  eflfecta  of  superpoeiug  upon  lAm 

motum  a  disturbance  for  whidi  «b&v,  C'Sj;    Both  the  original 

motion  and  the  disturbanoe  satisfy  tiie  equation  of  continuity  (8)l 

Since,  in  the  absence  of  friction,  the  rotation  of  every  element  remains 
unchanged,  8<^+^/9ifBO,  or 

«0 +(i7+««)  ^(^+ fi{)+(K+ 8s)  ^(^+«O-0^ 

This  equation  is  sjvtisfied  by  supposition,  if  Bu,  Sv,  0.  If  we  omit  the 
squares  and  products  of  the  small  quantities,  it  becomes 

f+f^f +   W 

If  FsO,  and    be  a  fbncdon  of  y  only,  (47)  reduces  to 

rfsr        .  dz  ^ 
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or,  atiioe  in  thia  oaae  Zmtj^dU/dy, 

We  now  intrtxiuce  the  supposition  that^  as  functioDB  ot  m,iu  and  ^9  are 
proportional  to  e^,  ao  that,  by  (3), 

«8«+^^''  =  0.  (4») 

Wc  thus  obtain,  hy  climinatiun  ot  Bu, 

a^^)(*^H-*^-'^  <«» 

If  we  further  suppose  that,  as  a  function  of  ^  18  proportional  to  where 
n  is  a  real  or  complex  constant,  we  get 

r<M»  (f'U, 


g^er)(^-«.)-:^;*.-a  <«) 


On  this  equation  the  solution  of  the  speeial  problems  ab^eady  considered  may 
be  founded.  If,  throughout  any  layer,  the  rotation  Z  be  constant,  tfiU/d^^Op 
and,  wherever  n-^kU  ia  not  equal  tu  zero,  (51)  reduces  to 

'^-w-*^  (K) 

Equation  (52)  may,  in  fact,  be  easily  established  independently,  on  the 
assumption  that  the  rotation  throughoat  the  layer  is  the  same  after  dis- 
turbance as  before.    From  (2), 


da~^[dicdy    da?)"  *{di^^dy*)' 


by  (3);  ho  that,  when  f  is  constant,  VHr=0.   In  like  manner  V*tt«0.  If 

Bv  X.  e^,  (52)  follows  immediately. 

The  solution  of  (52)  is 

8v=A^  +  Be-^,   (53) 

where  A  and  B  arc  constants,  not  restricted  to  be  re;U.  For  each  layer  of 
constant  2,  a  fresh  solution  with  fresh  arbitrarics  is  to  be  taken,  and  the 
partial  solutioiis  are  to  be  fitted  togedier  1^  mesm  of  the  proper  boundary 
oonditunuL  The  first  of  these  ccmditions  is  evidently 

 (54) 

The  second  may  be  obtained  by  integrating  (51)  across  the  bouudxu'y.  Thus 


c 


At  a  fixed  wall  ^»0. 
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The  reader  may  apply  thia  method  to  the  problem  whose  solution  is 

expressed  in  (4!4). 

In  cases  where  d^U/dy^  =  0,  the  substitution  of  (52)  for  (51),  or  the 
corresponding  supposition  that  f  is  unchanged  by  the  disturbance,  amounts 
to  a  limitation  on  the  geuerulity  of  the  solution.  Suppose,  for  example,  that 
the  motion  takes  place  between  two  fixed  wall^,  at  each  of  which  tv-ia 
Under  these  cimtmstanoes  (58)  shows  that  fiv  *  0  throaghout,  or  no  distoih- 
ance  is  possible;  and  this  is  ob^'iou8ly  tme  if  no  ni  rotation  is  introduced 
by  the  disturbance.  In  ot-der  to  obtain  a  general  solution,  we  must  retain 
the  fivctor  n  +  kU  in  (51).  For  any  value  of  y  which  gives  n  +  kU  =  0,  (52) 
need  not  be  sati.shed ;  and  thus  any  value  o{  —  kU  is  an  admissible  value  of  n, 
satinfying  all  the  conditions  of  the  problem. 

I  will  now  inquire,  under  what  conditions  (51)  admits  of  a  solution  with  a 
complex  value  of  n  ;  or,  in  other  word.s,  under  what  conditions  the  steady 
m<  tion  is  unstable, assuming  that, for  two  finite  or  infinite  values  of  Bv-^O. 
Let  nlk=p  i  iq,  So^a+ifi,  where  gr,  a, /9  are  real.  SabBtitntingin(51), 
we  get 

or,  on  equating  to  zero  the  real  and  imaginary  parti>, 

rfy-^'^dy  iP-i-ur+^  ^^^^ 

dt   ^^d^  {pVUf^   

Multiplying  (56)  by  y3,  (57)  by  a,  and  subtracting,  wo  get 

dfPi      d^^    d^U   ryCa'^^O       d  /    da_  d8\ 
•  "diT      df~  dfij>+Uy-i-q*-djf\rdy  "dyj 

At  the  limits  Bv,  and  therefore  both  a  and  are,  by  hypothesis,  zvro.  Hence, 
integrating  (58)  between  the  limits,  we  see  that  q  must  be  zero,  if  d^U/dy  be 
of  one  sign  throughout  the  range  of  integnition  ;  so  that,  if  the  velocity  curve 
is  either  wholly  convex  or  wholly  cou&ivo  for  the  sjxice  between  two  limits  at 
which  SvsO,  the  motion  is  thoroughly  stable*.  This  result  covers  all  the 
special  problems  of  motum  between  waUs  previously  investigated.  Its 
application  to  jets,  for  which  e^U/d^  changes  s^gn,  leaves  the  question  of 
stability  or  instability  still  open. 

*  More  genexaUy,  Um  awne  ooaolnuon  follows  if  the  imUo  :  9v  ham  real  valuu  mi  both 
Umita. 
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Another  general  reBiiit  worth  noUoe  may  be  obtained  ivom  (51).  Writing 
it  in  the  form 

wu  OiHi  that,  if  n  h  real,  Bv  uuiuut  puiM  from  one  zero  value  tu  another  zero 
▼aln^  unleaa  d^U'idy^  and  n-\-kU  be  somewhere  of  oonkrary  signs.  Thus,  if 
we  sappoae  that  U  is  ]MMitive  and  ^Ufd^  negative  throoghont^  and  that  V 
is  the  greatest  value  of  U,  wo  find  that  n^kV  must  be  positive.  For  an 
example  see  the  equation  immediately  preceding  (44X 

If  the  stream  lines  of  the  steady  motion  be  oonoentrio  ciroles  instead  <rf 
pandlel  straight  lines,  the  character  of  the  problem  is  not  greatly  changed. 
It  may  be  proved  that,  if  the  fluid  move  between  two  rigid  concentric  circular 

walls,  the  motion  is  stable,  provided  that  in  the  steady  motion  the  rotation 
either  continually  increases  or  continually  decreases  in  passing  outwards  from 
the  axis. 

[1899.  Further  investigations  upon  this  subject  will  be  found  in  Proc. 
Math,  Soc  vol  XUL  p.  OH,  IHHl ;  vol  XX vu.  p^  5«  1895.] 
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ON  THE  R£SOLVING-POW£R  OF  TELESOOPE& 

[FkUosophical  Magazine,  x.  pp.  116—119,  1880l] 

AiTHOUaH  I  have  recently  treated  of  this  ■abject  in  the  PkUtuofhieal 
Maganne*!  its  importance  induces  me  to  retoni  to  it  in  cxdet  to  explain  how 
eadly  it  may  be  investigated  in  the  laburatory.  There  can  be  no  reason  why 
the  experiment  about  to  be  described  should  not  be  included  in  oTeiy  course 

on  physical  optics. 

The  only  work  on  this  subject  with  which  I  am  acquainted  is  that  of 
Foucault'f',  who  investigated  the  resolving-power  of  a  tele-scope  of  10  centi- 
metres aperture  on  a  distant  scale  illuminated  by  direct  sunshine.  In  thiu 
fatm  the  6:qmim«it  is  troublesome  and  requires  expensive  apparatus— 
diflkulties  which  are  entirety  obviated  by  the  plan  which  I  have  followed  of 
using  a  much  smaller  ^lertnre. 

The  object,  im  which  the  resolving-power  of  the  tdesoope  is  tested*  is  a 

grating  of  fine  wires*  constructed  on  the  phm  employed  by  Fraunhofer  for 
diffraction-gratings.  A  stout  brass  wire  or  nxl  i.s  bent  into  a  horse-shoe,  and 
its  ends  are  screwed.  On  these  .screws  fine  wire  is  wound  of  diameter  equal 
to  about  half  the  pitch,  and  secured  with  solder.  The  wires  on  one  side 
beiiig  now  ent  away,  we  obtain  a  grating  of  considemble  aecnraogr.  A  wire 
grating  thus  formed  is  prefeiable  to  a  scale  ruled  <m  p^isr,  and  placed  in 
front  of  a  lamp  it  presents  a  veiy  suitable  subject  for  examination.  The  one 
that  I  employed  has  50  wires  to  the  inch  [2*54  cm.],  and  for  security  is 
mounted  in  a  frame  between  two  plates  of  glass.  For  rough  purposes  a  piece 
of  common  gauze  with  30  or  40  meshes  to  the  inch  may  be  substituted  with 
good  elVect. 

•  Oct.,  Nov.,  and  Doc.  1879,  Jan.  1880.    [Art.  lxii.] 

t  " Mdmoirw  sar  la  oonatrootion  des  t^leaoopes,"  AnnaU§de FOburvatoire, L  v. ;  alao  Tctd«l\i 
Ltfium  fOptipu  phpHqutf  i  L  p.  SOB. 
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For  the  sako  of  definiteness  oS  wave-length  the  grating  was  backed  by  a 

soda-flame,  though  fair  results  are  obtainable  with  a  common  paraffine-lamp. 
The  telescope  is  a  small  instrument  mounted  on  a  stjuid,  and  provided  with 
a  cap  by  means  of  which  various  diaphragms  can  bo  conveniently  fitted  in 
fimit  of  the  object-glasB.  The  apertures  in  tiieee  diaphragms  may  be  eithor 
eiicaler  or  reetMignlar.  In  the  latter  ease  the  iMigth  of  the  slit  is  placed 
panillel  to  the  wires  of  the  grating,  and  we  have  the  advantage  of  greater 
illumination  than  with  a  circle  of  equal  width.  The  observation  consists  in 
aaccrtainini:  the  greatest  distance  at  which  the  wires  can  be  seen  resolved. 
For  this  purpose  the  telescope,  focused  all  the  while,  is  gnidually  drawn  back 
until  in  the  judgment  of  the  observer  the  periodic  structure  is  no  longer 
seen;  and  the  distanoe  between  the  grating  and  the  diaphragm  is  then 
measoxed  with  a  steel  tape.  The  distance  thus  detmnined  is  more  definite 
than  might  be  expected,  the  differences  in  the  case  of  varioos  observers  not 
nsoally  amounting  to  more  than  iotZ  per  cent 

Two  slits  were  tried,  half  an  inch  long,  and  of  widths  '107,  *196  inch 
respectively.  These  widths  were  measured  by  bsorting  a  graduated  wedge. 

It  was  found,  however,  that  the  graduations  could  not  be  trusted  ;  so  that 
the  wcdj»e  wius  in  IhcL  usetl  merely  to  convey  the  length  to  be  measure<l  to  a 
pair  of  callipei-s  rea<ling  to  one-thou.sandth  of  an  inch.  The  distances  at 
which  resolution  just  ceased  were  estimated  respectively  as  Ul  5  and  lijH  o 
inches^  eoxresprading  to  angular  intervals  betweoi  consecutive  lines  equal  to 
and  According  to  theory,  the  minimum  angle  is  approximately 

equal  to  that  subtended  by  the  wave-length  of  lights  X,  at  a  distance  equal  to 
the  width  of  the  slit,  a.  In  the  present  case  X»  ')  <s<)  x  10^  centimetres,  and 
a  « 107  X  2*54,  or  196  x  2*54  centimetres,  so  that 

agreeing  with  the  angles  found  by  observation  more  closely  than  wu  should 
have  any  right  to  expect 

Besides  these  slits,  four  circular  apertures  were  examined.  Their  dia- 
meters were  measured  under  a  iii;ii^niifier  on  a  glass  scale  divided  to  tenths  of 
a  millimetre,  and  wore  found  to  be  172,  315,  48,  63  centimetre  respectively. 
In  the  esse  of  the  two  smaller  holes  the  illumination  given  by  an  ordinary 
soda>flame  was  hardly  sufficient;  hut  with  the  assistance  <tf  a  jet  of  oag^jgen 
the  ohswation  could  be  mada 

The  following  distances  are  the  means  of  those  Ibund  by  two  observers* — 
51*5, 9Sf  140, 196  inches  corresponding  to  angular  intervals  j^g, 
9^  respectively.  If  D  represent  the  diameter  of  the  aperture,  the  values  of 

*  Mr  Obnbraok  and  nqndt 
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XlD  are  respectively  ^j^,  y,^,  jukm*  The  ntioB  of  the  oboerved 
angular  inteirvala  to  X/D  aie  thus 

1*18,  1-09,  lOO,  1-09. 

That  a  circular  aperture  would  be  less  eflfectivu  than  a  slit  of  the  same 
width  might  have  been  ezpeoted.  Even  in  the  ease  of  a  slit  it  is  advanta- 
geous to  stop  smne  of  the  oentral,  in  nder  to  inoesse  the  ralatire  importaDce 
of  the  eztieme,  rays;  and  with  a  circular  a])erture  the  extreme  lajB  are 
much  worse  represented  than  with  a  slit.  From  the  above  results  it  appears 
that,  to  have  an  cc]ual  resolving-power,  the  circular  aperture  must  be  about  a 
tenth  part  wider  than  the  slit. 

Merely  to  show  the  (K-pciuience  of  resolving-power  on  aperliire  it  is  not 
nt'cessiiry  to  use  a  telescope  at  all.  It  iy  sufficient  to  look  at  wire  gauze 
backeil  by  the  sky,  or  by  a  flamo,  through  a  piece  of  blackened  cardboard 
pierced  by  a  needle  and  held  oloee  to  the  eye.  By  varying  the  distance  the 
point  is  easily  found  at  which  resolution  ceases;  and  the  observattou  is  aa 
sharp  as  with  a  telescope.  The  fiznetion  of  the  telescope  is  in  Hut  to  allow 
the  use  of  a  wider,  and  thereforo  moro  essily  measurable,  aperture. 

An  interesting  modification  of  the  experiment  is  obtained  by  using  lights 
<^  various  wave-lengths.  For  this  purpose  we  may  have  recourse  to  coloured 
glasses;  but  the  best  results  would  doubtless  require  the  rays  of  the 
spectrum. 
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ON  THE  RESULTANT  OF  A  LARGE  NUMBP:R  OF  VIBRATIONS 
Of  THE  SAME  PITCH  AND  OF  ARBITRARY  PUASK 

[PkUotopkietU  MagoMiH^,  x.  pp.  78-78,  1880.] 

Verdet*,  in  an  investigation  upon  this  subject,  has  arrived  at  the 
conclusion  that  the  resultant  of  n  vibrations  of  unit  amplitude  and  arbitrary 
phivse  approaches  the  definite  value  \/n  when  n  is  very  great  It  can  bo 
shownf ,  however,  that  this  conclusion  is  inaccurate,  and  that  the  resultant 
tends  to  no  definite  vnloe^  however  great  the  number  of  componmta  may  be. 

Bat  there  ie  a  modified  form  4^  the  qnestikm,  whidi  admite  of  a  definite 
answer,  and  was  perhaps  vaguely  before  Yerdet's  mind  If  we  inquire  what 
is  the  average  intensity  in  a  great  number  of  oases,  or,  in  tiie  language  of  the 
thecny  of  probabilities,  what  is  the  expectation  of  intensity  in  a  single 
case  of  composition,  we  ehali  find  that  the  result  is  that  assigned  by  Verdet, 
namely  n. 

A  ainiplu  but  instructive  variation  of  the  problem  may  bu  obtained 
by  supposing  the  possible  phases  limited  to  two  oppusite  phases,  in  which 
case  it  is  convenient  to  discard  the  idea  of  phase  altogether,  and  to  regard 
the  amplitudes  as  at  random  positive  or  negativa  If  all  the  mfp»  are  the 
same,  the  resultant  intensity  is  n*;  i(  on  the  other  hand,  there  arc  as  many 
positive  as  negative,  the  result  is  zero.  But  although  the  intensity  may 
range  from  0  to  li-,  the  siujiller  values  are  much  more  probable  than  the 
greater;  and  to  caloilate  the  expectiition  of  intensity,  these  diticrent  degrees 
of  probability  must  be  takeu  into  account.  By  well-known  rules  the  expres- 
sion for  the  expectation  is 

^{l..^■^..(.-2>^■^!!^(.-*y■^^'^"-^'H«-^.-8).^.■■}■ 

*  icfOMf  ^Oplique  phyiiqtu,  t  L  p.  997. 
f  JfMh.  Sot.  Ave.  Maj  1871.  [Art.  n.] 
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The  value  of  the  series,  which  to  be  oontinued  so  long  as  the  terms  are 
finitob  is  amply  n,  as  may  be  proved  by  oompanaon  of  ooefficieata  of  af  in  tiie 
equivalent  finma 

(«•  +  «-*)"  -  2«  (1  +     + . . .)»  =  e**  +  ne<»-« *  +  -       ^ ^  e"^-  + .... 

The  ezpeetafcion  of  inteneity  ia  therefixe  n,  and  tMa  wh^her  a  be  greai  or 
amalL 

In  the  more  general  problem,  where  the  phases  are  distributed  at  random 
over  the  complete  period,  the  expressioii  for  the  expectation  of  intensity  is 

ftM  ftm  /-Sir  ^ff 

Jo  i    io  •••2^      ■  ■  ^^*''^^*****^'*'**'^°'^^"^^"^*'"*^****^ 
If  we  efifeot  the  integration  with  reqiect  to  tf,  we  get 

ia  it  -  ^ ^ -  U  +  +  «*^^' +  •••)* +  (^*"^  +  ^^' + 

Gontanning  the  process  by  auooeasive  int^pitions  with  respect  to  9^  9*^ ... » 
we  see  that^  as  before,  the  eacpectation  of  intenaity  is 

So  far  there  ia  no  difficulty  ;  but  a  complete  investigation  of  this  subject 
involves  an  estimate  of  the  relative  probabilities  of  resultantii  lying  between 
a^sigiicHl  limits  of  magnitude.  For  examj)le,  we  ought  to  be  able  to  say  what 
is  the  probability  that  the  intensity  due  to  a  large  number  {n)  of  ecjual 
components  is  less  than  \n.  it  will  be  convenient  to  begin  by  taking  the 
^blem  under  the  rertcletion  that  the  phases  are  of  two  <^posite  kinds  «mly. 
When  this  has  been  dealt  with,  we  shall  not  find  maeh  difficulty  in  extending 
our  investigation  to  phases  entirely  sxbitniy. 

By  Bemoulli'a  theorem*  we  find  that  the  probability  that  of  n  vibratioosi 
which  are  at  random  positive  or  negative,  the  nomber  of  positive  vibrationa 
liea  between 

^n  — rVCi^)   and    in  +  TV(in) 

is,  when  n  is  great, 

where  r  '\/(2fi),  and  r  must  not  surpass  \jn  in  onler  of  magnitude.  In  the 
extreme  cases  the  amplitude  is  ±  2t  ^'"^  ♦^^he  intensity  is  2t^  Thus, 

if  we  put  r  —  that  the  chance  of  intensity  less  than  is 

f  f*tf-*<ft--5f05; 

80  that  however  great  n  may  be,  there  is  always  more  than  an  even  chance 
that  the  intensity  will  be  less  than  \n.  This,  of  course,  is  inconsistent  with 
any  such  tendency  to  close  upon  the  value  n  as  Verdet  supposes. 

*  Todhnnter's  lluUny  of  the  Theory  of  ProbaMiity,  9  998. 
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From  the  tables  of  the  definite  integral,  given  in  Do  Morgan's  Differential 
Calculus,  p.  657,  we  may  find  the  probabilities  of  intensities  less  than  any 
assigned  values.    The  probability  of  intensity  less  than      is  "2704. 

Again,  the  chance  that  in  a  series  n  the  number  of  positive  vibrations  lies 
between 

i»+TV(i«)  and  in+(T+*r)v'(in) 

is 

which  expresses  accordingly  the  chance  of  a  positive  amplitude  lying  between 

2rV(i»)  and  2(r+»r)V(i»X 

Let  these  limits  be  ealled  m  and  «  4-  so  that  r  « <r/V(2n) ;  then  the  chance 
of  amplitude  between  «  and  «  +  &v  is 

? — e-^t^$m. 

The  expectation  of  intensity  is  expressed  by 

as  before. 

It  will  be  convenient  in  what  follows  to  consider  the  vibrations  to  be 
represented  by  lines  (of  unit  length)  drawn  from  a  fixed  point  0,  the  inter- 
section of  rect^ingiUar  axes  Ox  and  (Ji/. 

If  H  of  thi'se  lines  he.  taken  at  random  in  the  directions  +  a;,  the  probability 
of  resultants  also  along  ±  x,  and  of  vaiious  magnitudes,  is  given  by  pi'eceding 
ex|iresrani8.  We  will  now  suppose  that  sze  disiiibated  at  random  along 
f  «,  and  \n  along  ±  y,  and  inquire  into  the  probabilities  of  the  varions  result- 
ants. The  probability  that  the  end  of  the  representative  line,  or,  as  we  may 
consider  it^  the  representative  pomt,  lies  in  the  rectangle  dmdff  is  evidently 

—  e    •  deedjf. 


Substituting  polar  coordinates  r,  6  and  integrating  with  respect  to  6,  we  see 
that  the  probability  cf  the  representative  point  of  the  resultant  lying  between 
the  eirolea  r  and  r  •!>  dr  is 

n 

This  is  ther^ore  the  probsbility  of  a  resultant  vibration  with  amplitwie 
between  the  values  r  and  r  +  dr.  In  this  case  there  are  n  components 
distribnted  in  four  rectangular  directions;  and  we  have  supposed  that 
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exactly  are  distributed  along  ±9,  and      along  ±f.  It  k  importaai  to 

remove  this  restriction,  and  to  ihow  that  the  result  is  the  same  when  the 
distribution  is  perfectly  arbitiaiy  in  respect  to  all  four  directions. 

In  order  to  see  this,  let  us  sappose  that     -|-m  are  distributed  along  1  w 

and  ^11 -in  along  ±y, and  inquire  how  far  the  result  is  influenoed  by  the 
vnluf  .)f  HI.  The  chance  of  the  representative  point  of  the  resultant  lying  in 
the  ructaogle  dady  is  now  expressed  by 

__L_,-.>»i-ifei,«^ 

dxdy 


irV(«('-4m*) 


1  nr*  Imr' 


Also 


as  we  find  on  expanding  the  exponential  and  integrating.  Thus  the  ohance 
of  the  rqpiesentative  point  lying  between  the  circles  r  and  r+dr  is 

2rdr 
iv/(n*  —  4m*) 


•'-"■^+(n. -In').  •"•••}• 


Now,  if  the  distribution  be  entirely  at  random,  all  the  values  of  m  of  which 
there  is  a  finite  probability  are  of  ortler  not  higher  than  \^»,  «  being  treated 
as  infinite.  But  if  m  bo  of  this  order,  the  above  expression  is  the  sunie  as  if 
m  were  sero;  and  thos  it  makes  no  diflbrenoe  whether  the  numbers  of  com* 
ponents  along  ±m  and  along  f  y  are  limited  to  be  equal  or  not  The 
prerions  result,  n 

n 

is  accordingly  applicable  to  a  thoroughly  arbitrary  distribution  among  the 
four  rectangular  directions. 

The  next  point  to  notice  is  that  the  result  is  symmetrical,  and  indepradent 
of  the  direction  of  the  axes,  so  long  as  they  axe  rectangular,  from  which  we 
may  conclude  that  it  has  a  still  higher  generality.  If  a  totnl  of  n  components, 
to  be  distributed  along  one  set  of  rectangular  axes,  be  divided  into  any 
number  of  groups,  it  makes  no  diiference  whether  we  first  obtain  the 
probabilitiee  of  various  resultants  of  the  groups  separately  and  afterwwds 
of  the  final  resultant  or  whether  we  regard  the  whole  n  as  one  group.  Bnt 
the  resultant  of  eadh  group  is  the  same,  notwithstanding  a  change  in  the 
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systfin  of  rectangular  axes;  so  that  the  probabilities  of  various  resultants 
are  unaltered,  whether  we  suppose  the  whole  number  of  components  rf>stricted 
to  one  set  of  rectangular  axes  or  divided  in  any  uiaDuer  between  any  number 
of  sets  .of  MceSi  This  lask  sUite  of  things,  however,  is  equivKlent  to  no 
restriction  at  all;  and  we  thus  arrive  at  the  important  oondnsion  that^  if  « 
unit  vibrations  of  equal  pitch  and  of  arbiinuy  phases  be  oompouiided,  the 
probability  of  a  resultant  intermediate  in  amplitude  between  r  and  r + dr  is 

n  * 

a  simihur  resalt  applying,  of  ooone,  in  the  case  of  any  other  veetor  quantities, 
^e  probability  of  a  resoltant  of  amplitade  less  than  r  is 

or,  which  is  the  same  thing,  the  probability  of  a  resultant  greater  than  r  is 


The  following  table  gives  the  probabilities  intensities  less  than  the 
firaetions  of  fi  named  in  the  6nt  eolnmn.  For  example,  the  probability 
of  intensity  less  than  n  is  '682L 


r 


•06 

I* 

•0488       ;'  -80 

•6506 

•10 

•0062 

,  1-00 

•6321 

•M 

•MU 

•7768 

•40 

•nw 

s-oo 

•6847 

•eo 

•45U 

aiN>  ' 

•9BM 

It  will  be  seen  that,  however  great  n  may  be,  there  is  a  reasonable  ohanoe  of 
considerable  relative  fluctuations  of  intensity  in  oonseoative  triala. 

The  atstt^  intenmty,  expressed  by 


2  /•« 


is,  as  we  have  sera  already,  equal  to  «. 

If  the  amplitade  of  each  component  be  instead  of  unity,  as  we  have 
hitherto  supposed  for  brevity,  the  prohability  of  a  resultant  amplitude 
between  r  and  r+dr  is 

The  result  is  therefore  in  all  respects  the  same  as  if,  for  example,  the 
amplitude  of  the  components  had  been      and  their  number  equal  to  4fk 
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From  this  we  scu  that  the  law  is  not  altered,  even  if  the  conipoucuts  have 

different  amplittules,  provided  always  that  the  whole  number  of  each  kintl  is 
very  great;  so  tliat  if  tht  re  be  n  compoiientH  of  amplitude  o,  n  of  amplitude 
/3,  and  so  on,  the  probability  of  a  resultant  between  r  and  r  +  dr  is 

-  ■  .  L.-  ■ —  rdr. 
nc^  +  n/9"  + ... 

The  ooneliuioii  that  the  resultant  of  a  large  namber  of  independent 

sounds  is  pi-actically,  and  to  a  considerable  extent,  uncertain  may  appear 
paiadoxioal ;  but  its  truth,  I  imagine,  cannot  be  disputed.   Perhaps  even  the 

appearance  of  paradox  will  be  removed  if  we  remember  that  with  two  .sounds 
of  ecpial  intensity  the  degree  of  uncertainty  is  far  greater,  as  is  evidenced  in 
the  familiar  experiiuuiit  with  tuning-forks  in  approximate  unison.  That  the 
beats  flhonld  not  be  altog^iher  oblitented  a  multiplicatioa  of  sonrass  can 
hardly  be  thought  surpriaing. 

[1891).  The  probhnn  of  the  present  paper  is  treated  by  another  method 
iu  Theory  of  Sound,  2nd  ed.  §  42a,  1894.] 
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NOTB  ON  THE  THEORY  OF  THE  INDUCTION  BALANCE. 

[British  Aatooiation  Report,  Swansea,  pp.  472>-47d,  1880.] 

This  subject  has  been  treated  by  Dr  L(xlgo  in  the  Phil.  Mag.  for  February, 
1880,  who  has  arrived  at  several  interesting  results.  The  investigation  may 
be  coDflidexBbly  simplified  by  taking  the  case  of  pure  tones,  as  is  usual  in 
acoustics.  We  may  also  suppose,  for  distinctness  of  conception,  that  the 
current  in  the  primary  circuit  (a;,)  is  sensibly  unaffected  by  the  reacti<m  of 
derived  currents,  though  our  results  will  be  independent  ai  this  hypothesis. 

If  KiWt  be  the  currents,  72,  ilj          the  resistances,  if,,  M„M„  

the  coefficients  of  self-induction  and  of  mutual  iiuiuction,  the  equations  for 
three  circuits  are 

We  now  assume  that  Ct,   are  proportbnal  to  e*"',  where  n/iw  is  the 

frequency  of  vibration.  Thus 

in  (Mti.T.j  4-  M-n^i)  +  RiX^t  =  ~  -^fis^j. 
in  {MaZt  +  Mmih)  -i-  Rtte,  s  —  in  ifu^> 
whence  by  elimination  of 

Si  |l*  if.  +  i?,  +  ^-j^^l  =  -  .n  Jf„«,  -  • 

From  thu  it  appeals  thitt  a  want  of  biJance  depending  on  Mu  cannot 
comprasate  for  the  action  of  the  tertiary  drcnit,  so  as  to  {uoduce  silence  in 

the  Kocondary  (telephone)  circuit,  unless  R,  be  negligible  in  comparison  with 
n  Mj3,  that  is  uuletis  the  time-constant  of  the  tertiaiy  circuit  be  very  great  in 
B.    I.  92 
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comparison  with  the  period  of  the  vibmtioji.  Otherwiae  the  effwts  aie  of 
different  phases,  and  therefore  incapable  of  balancing. 

We  will  now  intnxluce  a  fourth  circuit,  and  suppose  that  the  primai-y 
and  secondary  circuits  are  accurately  conjugate,  so  that  M,^  -  0,  and  also  that 
the  mutual  induction  between  the  third  and  fourth  circuits  (AIu)  niay  be 
neglected  Thus 

in  {M^  +  MmK, + M^a^)  -f       = 0, 
in  {Mt^  -f  If tt«s)  -I*  RttB,  Bs  —  tn  , 

in  {M^Xi  +  Afu"!*)  +  -^4*4  =  —  ««  Af^^x^ , 

wheDoe 

■  "  *^  W  if* + iJi  «»   + ■ 

Two  omiditiona  mnst  be  satisfied  to  seeare  a  bolanoe,  sinoe  both  the  phases 

and  the  intensities  of  the  sci>anite  effects  must  be  the  same.  The  first  con- 
dition requires  that  the  time-ooostuits  of  the  third  and  fourth  eireuits  be 

equal,  unless  hoth  be  either  very  great  or  very  small  in  comparison  with  the 
period.  If  this  condition  be  satistird,  a  balance  may  be  obtained  by  shifting 
the  circuits  so  as  to  bring       Ma  into  equality  witli  jI/j,*. 

For  a  coil  of  mean  radius  o,  and  radius  of  section  etpial  to  a  h-  3"22,  the 
coefficient  of  self-induction  (L)  isf  12irn'a,  »  being  the  number  of  turns. 
Also,  if  r  bo  the  specific  resistance, 

jj__^2(3  22)»^»»r 
a 

For  copper  r  =  1640,  so  that 

T  =  LjR  s  aVlSlO  on  the  aQ.s.  system. 

In  the  case  of  a  ahiUitifj  the  time-constant  can  scarcely  be  so  high  sa  a 
t-en -thousandth  of  a  second,  but  ]>eriods  smaller  than  this  may  beoonoemed 
when  a  microphone  clock  is  employed. 

For  similar  discs  or  coins  the  time-constant  varies  as  a*/r,  a  being  the 
linear  dimension  and  r  the  specific  resistance.  Ei|ual  coins  cannot  in  general 
be  balanced  if  the  specific  resistances  are  different.  To  obtain  a  balance,  a' 
should  vary  as  r.    In  this  case 

M„Ma        o»  o» 

*  [18<>0.    The  pnrticular  gUtomcnt  npplioB  only  hImb  M^^lt^t  S^mS^} 
t  Maxwell,  EUetrieit^  and  MagneHm,  |  707. 
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OD  the  nippontion  that  the  poriti(HiB  of  the  coina  relatiTely  to  the  priiuaiy 

and  secondary  coils  are  the  same. 

A  perfect  balance  is  not  to  be  expected  in  general  without  two  adjust- 
ments, though  in  some  cases  a  fair  approximation  may  be  obtained  with  the 

sliding  wedge  employed  by  Hughes. 

If  the  condition  of  equality  of  timo-constants  be  sati.sfied,  the  remaining 
condition  ia  independent  of  the  value  of  n,  so  that  a  perfect  balance  for  one 
pitch  securcu  a  perfect  bal&Dce  for  all  pitches.  From  this  it  follows  that  the 
renilta  are  not  limited  to  simple  tones,  and  that  the  two  ocmditions  are 
anffleient  to  aeeure  a  balance  in  all  cases^  It  should  be  reroembwed,  how- 
ever, that  this  indifference  to  pitch  docs  not  apply  to  approximate  balances, 
which  may  be  aatiifootoiy  with  one  sound,  but  quite  inadequate  when  another 
is  subatituted. 


.32—2 
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ON  A  NEW  ARRANGEHBNT  FOR  SENSITIVE  FLAMES. 

ICauibridge  FhU.  Soc.  Froc.  iv.  pp.  17—18,  188U.J 

A  J  E  l  ul  coul-g<u)  from  a  pin-hole  burner  rises  vertically  in  the  interior  of 
a  cavity  from  which  the  air  is  exdudecL  It  then  passes  into  a  Inaas  tube  a 
few  indies  long,  and  on  reaching  the  top^  bums  in  the  open.  The  firont  wall 
of  the  cavity  is  formed  of  a  flexible  membrane  of  tisBue  p^>er,  through  whidi 
external  sounds  can  reach  the  burner. 

The  principle  is  the  same  as  that  of  Barry's  flame  described  by  Tyndall. 
In  both  caws  the  unignitod  part  of  the  jet  is  the  sensitive  agent,  and  the 
Hiiim'  is  only  an  indicator.  Hurry's  Hame  may  hv  nimle  very  sensitive  to 
sound,  but  it  is  open  to  the  objection  of  liability  to  dinturbiuice  by  the 
slightest  draught  A  few  jean  since  Mr  Ridout  proposed  to  enclose  the  jet 
in  a  tube  air-tight  at  the  bottom,  and  to  ignite  it  only  on  arrival  at  the  top 
of  this  tube.  In  this  case  however  external  vibrations  have  very  imi)erfect 
access  to  the  sen.sitivp  part  of  the  jet,  and  when  they  reach  it  they  are  of  the 
wrong  quality,  having'  but,  little  motion  transverse  to  the  direction  of  the  jet. 
The  arrangement  now  exhibited  combines  very  satisfactorily  sensitiveness  to 
sound  and  insensitiveness  to  wind,  and  it  requireii  no  higher  pressure  than 
that  of  ordinary  gas-pipe&  If  the  extreme  of  sensitivenesB  be  aimed  at^  the 
gas  pressure  must  be  adjusted  until  the  jet  is  on  the  pdnt  of  flaring  without 
sound. 

The  apparatus  exhibited  was  made  in  Prof.  Stuart's  workshop.  An 

adjustment  for  directing  the  jet  exactly  up  the  middle  of  the  brass  tube  is 
found  necessar}',  and  some  advantage  is  gained  by  contracting  the  tube 

somewhat  at  the  place  of  ignition. 

[IMO!).    For  further  particulars  of  construction  with  a  drawing,  see  Proe. 

Roy.  Iiist.  June  18^8.] 
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THK  fHUTOl'ilUJSJ!;. 

[Natun,  xxiiu  w  274—275.  1881.] 

The  following  oaloalatioD,  made  with  the  Tiew  of  examining  whether  Iho 
remarkable  phenomena  recently  discovered  by  Prof.  Bdl  oould  bo  explaiiu-d 
on  recognised  principles,  may  inten'st  the  rcndcTH  of  Nat »n'.  I  rci'i  r  to  the 
an -electrical  s(juii(ls  prodnctd  by  thi'  simple  impact  of  iutcrmittcul  nuiiutiou 
upon  thin  plate-s  of  various  substances. 

It  hsw  been  thought  by  some  that  io  order  that  a  body  exposeii  to 
varii^le  radiation  may  experience  a  aensible  fluctuation  of  temperature  its 
rate  of  oooliqg  must  be  rapid.  This  however  k  a  mistake.  The  variable 
radiation  may  he  divided  into  two  parts— a  constant  port,  and  a  pexiodic 
part — and  each  of  these  acts  independently.  Under  the  influence  of  the 
constant  part  the  temperature  of  the  body  will  rise  until  the  loss  of  heat  by 
nuliution  and  conduction  bjvlnnces  the  steady  inflow  ;  but  this  is  not  appn-- 
ciable  by  the  car,  and  may  for  the  present  purpose  be  lefl  out  of  account. 
The  question  is  as  to  what  is  the  effect  of  the  periodic  part  of  the  whole 
radiation,  that  is,  of  a  periodic  communication  and  oieiraelum  of  heat  which 
leaves  the  mean  temperature  unaltered.  It  is  not  diflScult  to  see  that  if  the 
radiating  power  of  the  body  were  sufficiently  high,  the  resulting  fluctuation 
of  temperature  would  diminish  to  any  extent,  and  that  what  is  wanted  in 
order  to  obtain  a  considerable  fluctuation  of  temperature  is  a  slow  rate  of 
cooling  in  consecjuencc  of  radiation  or  convection. 

If  6  denote  the  tempemture  at  time  t,  reckoned  from  the  mean  tcm|>era- 
ture  as  zero,  q  be  the  rate  of  cooling,  E  cos  pt  the  measure  of  the  heating 
effect  of  the  incident  radiation,  the  equation  regukting  the  fluctuation  of 
temperature  is 


Digitized  by  Google 


602  THE  raOTOPHONB.  [71 

Thus 

^    Ecos{pt  +  e) 

showing  that  H  p  and  A'  be  given,  6  varies  nmst  when  q  =  0. 

Let  us  8upiK)8e  now  that  intermittent  sunlight  falls  upon  a  phite  of  solid 
matter.  If  the  plate  be  transparent,  or  absorb  only  a  small  fuiction  of  the 
radiation,  little  sonorous  effect  will  be  produced,  not  merely  because  the 
radiation  transiiiitted  is  lost,  but  because  the  heating  due  to  tiie  remainder 
b  nearly  unifixm  thioughont  the  subatance.  In  order  that  plate  may 
bend,  as  great  a  difFereuce  of  temperatoie  as  possible  must  be  established 
between  itsS  siiles,  and  for  this  purpose  the  radiation  should  be  absorbed 
within  a  distauce  of  the  ordtn-  of  half  the  thickness  of  the  plate.  If  the 
absorption  be  still  more  rapid,  it  would  appeal'  that  the  thickness  of  the 
plate  may  be  diminished  with  advantage,  unless  heat  conduction  in  the  pUte 
itsdf  interfereSi  The  namerioal  caleaktion  relates  to  a  plate  of  iron  of 
thickness  d  It  is  supposed  that  q  is  negligible  in  comparison  with  p, 
is.  that  no  sensible  gain  or  loss  of  heat  occurs  in  the  period  of  the  inter- 
mittence,  due  to  the  fluctuations  of  temperature  themselves. 

If  tiie  posterior  surface  remains  unextended  the  extension  of  the  anterior 

surface  corresponding  to  a  curvature  is-d/p,  and  the  average  extension  is 
d/2p.  Let  us  in()uin-  what  degree  of  curvature  will  be  produced  by  the 
absorption  of  sunlight  during  a  time  t,  on  the  supposition  that  the  abt>orptiun 
»  dirtribnted  throughout  the  snbstanoe  d  the  plate,  so  as  to  give  the  right 
proportional  eztensiaai  to  every  stratom. 

If  Ht  denote  the  heat  received  in  time  t  per  unit  area,  c  the  specific  heat 
of  the  material  per  unit  volume,  •  tiie  linear  extension  of  the  material  per 
d^ree  centigrade,  then 

1  29Ht 

In  the  case  <rf  sunshine,  which  is  said  to  be  capable  of  meltiqg  100  feet 
of  ice  per  annum,  we  have  approximately  in  o.as.  measure 

Thus 

--•016  1. 
p  cv 

For  iron  e  =  -000012,     c  =  «G. 

Thus  if  t=  fjfif  (of  a  second),     d  =  02  cm. 

!//» =  112  X  10-». 

This  estimate  will  apply  roughly  to  a  period  of  iutermittence  equal  to 
^th  of  a  second,  i.e.  to  about  the  middle  of  the  musical  scale.   If  the  pkte 
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be  a  disk  of  radiiu  r,  held  Ihe  ctrcumference,  the  dispkoement  at  the 
centre  will  be  i*/fp,  or  56  r*  x  liy-*.  In  the  case  of  a  diameter  of  6  centi- 
metrea  this  becomes  5*0  x  10~*. 

Five  milliotiths  of  a  centimetre  is  certainly  a  small  amplitude,  but  it  ia 
probable  that  tlie  sound  would  hv  audible.  In  an  ex]>crinu;nt  (made,  it  ih 
true,  at  a  higher  pitch)  I  found  sound  audible  whose  imnilitude  was  leas  than 
a  tuu-miliiuuth  of  a  ucubimetro*.  We  may  conclude,  1  thuik,  that  there  i» 
at  ptesent  no  reason  for  discaiding  the  obvious  explanation  that  the  sounds 
in  question  are  due  to  the  bending  of  the  plates  under  unequal  heating. 

*  Pfoe.  Jtoy.  Soe.  1877.  [Art.  iltul  tM.] 
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ON    COPYING    DIFFRACTION-GRATINGS,    AND    ON  SOME 
PHENOMENA  CONNECTED  THEREWITH. 

[PhUosopIUcal  Magazine,  xi.  pp.  196 — 205,  1881.] 

In  the  Phil.  Mag.  for  February  and  March  1874  [Art.  xxx.]  I  gave  an 
aooonnt  of  expounenta  iif  the  pbotographio  reproduction  of  gratinga  ruled 
with  lines  at  a  rate  of  8000  and  6000  to  the  inch.  Since  that  time  I  have 
had  farther  ezpenmoe,  extending  to  more  closely  ruled  gratings,  and  have 

examined  more  minutely  certain  points  whicli  I  was  then  obliged  to  leave 
unexplain('(l  The  present  cummuiiicatiou  is  thus  to  be  regarded  as  supple- 
mentary to  tlii.^  ton  nor. 

Some  years  ago  Prof".  Quincko  (lescriUed  an  uiiphotng'raphic  process 
by  which  he  had  succeeded  in  copying  engraved  ghi&s  gmting&  lie  began 
by  depositing  a  thin  coating  of  ailver  by  the  diemical  method  upon  the 
fitce  <^  the  gxating.  The  conducting  layer  thns  obtained  was  then  tiaos- 
Aned  to  an  electrolytic  cell,  and  thickened  by  the  depodt  of  copper,  until 
stout  enough  to  be  detached  from  the  glass  substratum.  In  this  way 
he  prej)arcd  an  accurate  cast  of  the  glas8  smfaco,  fjiced  with  highly 
reflecting  silvur.  Since  the  optical  depth  of  the  lines  ia  incrov-sed  some 
four  times,  theue  gratings  usually  give  much  brighter  spectra  than  the 
g^asB  originala. 

Pro£  Quindce  was  kind  enough  to  send  me  some  specimens  of  hia  work, 
.  giving  extremely  beautifnl  spectra.  I  found,  however,  that^  thou|^  carefully 
preserved,  these  gratings  deteriorated  aflor  a  time,  afqparently  either  fiom 
insuffiaent  thickness,  or  from  imperfect  adhesion,  of  the  silver  layer.  In 
my  own  attempts  I  endeavoured  to  remedy  this  defect  by  not  allowing 
the  silver  to  dry  before  transference  to  the  electrolytic  cell,  and  by  com- 
mencing the  electric  deposit  with  a  sUver  instead  of  with  a  copper  solution. 
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I  did  not,  however,  succeed  in  finding  a  thoroughly  satisfactory  plating- 
liquid,  lu  the  ordinary  cyanide  solution  the  silver  Wfvs  at  onco  loosoned 
from  the  ghuss.  In  other  solutions  the  grating  could  be  immersed  with 
impunity,  but  the  film  began  to  strip  as  soon  as  the  current  passed.  Using 
aedaU  of  tnlver,  however,  I  was  able  to  obtain  a  certain  degree  of  thidcening. 
I  also  found  advantage  from  commenoing  the  depoedt  of  copper  with  a 
neutral  solution.  After  the  layer  had  attained  a  modcmte  thickness,  its 
edges  were  dij)jH'd  in  melted  paraffine;  and  it  was  then  transferred  to  the 
usual  Jicid  solution  of  copper.  I  did  not  find  it  nccc8.sary  to  take  any 
preciiutions  agfainst  tot)  ^-vat  an  adhesion  between  the  silver  and  the  glass. 

These  copies  are  now  four  years  old,  and  they  do  not  seem  to  have 
deteriorated.  A  slight  yellow  tarnish,  due  prabably  to  sulphur,  can  be 
removed  with  cjnmide  of  potaasiuin.  There  is,  however,  (me  defect  which 
I  have  not  been  able  to  avind.  The  silver  Bin&oe  is  never  suifficiently 
flat  to  bear  much  magnifying-powcr.  Unless  this  difficolty  can  be  overcome, 
the  use  of  such  gratings  must  be  limited  to  cases  where  brilliancy,  and  not 
high  defining-power,  is  the  desirable  quality.  For  most  purposes  the  photo- 
graphic method  of  reproduction  is  to  be  preferred  ivs  far  easier  and  quicker. 
Among  various  processes  of  this  kind,  I  am  still  inclined  to  give  the 
preference  to  that  in  which  collodio-chlinide  of  rilver  is  employed,  with 
subsequent  treotaieat  with  mercniy.  The  only  trouble  that  I  have  met 
with  is  the  tendency  of  the  soluble  salts  to  crystallize  in  the  film ;  but 
this  can  generally  be  avoided  with  a  little  judgment.  As  these  phott)gniphs 
cannot  well  be  varnished,  some  doubts  might  have  been  entcrtfiine<l  fia  to 
their  permanence ;  but  I  find  that  copies  now  more  than  seven  years  old  are 
none  the  worse.  For  gratings  to  be  subjected  to  rough  treatment,  the 
various  albumen  processes  offer  decided  advantages. 

In  my  former  paper  I  stated  my  opinion  that  the  photographic  method 
of  reproduction  would  be  apf^cable  to  lines  finer  than  any  that  I  had  then 
tried  (6000  to  inchX  In  the  summer  of  1879  an  opportunity  afforded  itself 
of  submitting  the  matter  to  the  test  of  actual  trial  through  the  kindness 

of  Mr  Rutherfuixl,  who  pre.sented  me  with  a  beautiful  glass  grating  con- 
taining nearly  12,000  lines,  ruled  at  the  rat^-  of  17,2.S0  to  the  inch.  The 
copies,  taken  with  suitable  precautious  to  secure  a  good  contact,  were 
completely  suooenfel,  so  ftr  as  the  spectrum  of  the  first  order  is  concaroed. 
Indeed  careful  oraipariaon  showed  no  appreciable  diffisrence  between  the 
defining-power  of  the  original  and  of  the  copies;  and  with  respect  to 
brightness  some  of  the  copies  hjul  the  advantage.  On  a  former  occasion* 
I  have  shown  that  the  theoretical  resolviiig-powcr  in  the  orange  region  of  the 
spectrinn  is  equal  to  that  obtainable  from  a  prisnuitic  spectroscopic  with 
12^  cm.  of  "extra  dense  flint";  and  I  have  no  reason  to  think  that  the 

*  PMf.  Jfay.  Ooi  187V.  (Att  um.  p.  4M.] 
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iictual  ro8t>lving-powur  fell  far  whort.  This  is  a  considerable  result  to  obtain 
with  u  phot(j^rraph  which  may  be  taken  iu  half  au  hour  at  a  oust  of  two  or 
three  HhillingH. 

The  case  is  diflToront,  howevi-r,  when  we  turn  to  the  spectnini  of  the 
second  order.  Used  iu  this  way  the  original  gives  mugniiiceut  results ;  but 
they  are  not  reproduced  in  the  ooptes.  Some  parts  of  the  photograph  will 
sometimes  show  a  fiunt  spectrum  of  the  seoimd  order;  bat  it  is  usually 
traversed  by  one  or  m«n«  dark  bands,  whose  nature  will  presraUy  be 
examined  more  at  length. 

As  a  rule,  glass  (or  at  any  rate  transparent)  orijginals  only  would  be  used 

for  purposes  of  reproduction  ;  but  as  a  matter  of  curiosity  I  tried  what  could 
be  done  in  copyiiitr  an  (iiit^iiial  ruled  on  spoculum-nietal.  The  specimen 
experimented  upon  Wcis  similar  to  my  own,  both  as  to  the  total  number  of 
lines  and  as  to  the  degree  of  closeness ;  it  belongs  to  Mr  Spottjswoode,  to 
whom  I  am  indebted  for  the  loan  of  it.  In  this  case  the  light  of  the  sun  had 
to  pass  through'  the  sensitive  film  before  it  could  reach  the  speeulum-metal ; 
it  WU.S  then  reflected  back,  and  in  rettiniing  through  the  film  impressed  the 
ruled  structure.  No  very  brilliant  ri-sult  was  to  be  expected  ;  but  I  suc- 
cee<i(>d  so  far  a.s  to  obtain  a  copy  which  gave  very  fair  results  when  tested 
upon  the  sun. 

In  my  former  paper  I  mentioned  that  when  a  apcctruni  of  high  order  is 
thrown  upon  the  eye,  there  usually  appear  upon  the  grating  a  certain 
number  of  irregular  dark  bands.  These  are  the  places  at  which  the  copy 
fiuls  to  produce  the  spectrum  in  question.  With  lines  not  closer  than  3000 
or  6000  t<j  the  inch,  and  with  reasonably  flat  glass  as  support  to  the  photo- 
gr-aphic  film,  these  bandu  rarely  invade  the  first  or  second  spectrum.  When, 
however,  we  come  to  17,000  lines  to  the  inch,  it  re<]uires  pretty  flat  glass 
and  some  precautions  in  printing  to  keep  even  the  tirut  spectrum  free  from 
them. 

It  wiis  obvious  from  the  first  that  the  formation  of  these  bands  was  a 
question  of  the  dntance  between  the  ruled  sur&ce  of  the  original  and  the 
aensitive  film ;  but  it  is  only  within  the  last  year  or  so  that  I  have  submitted 
the  point  to  special  experiment.  For  this  purpose  I  substitute  for  plane- 
parallel  j;hi-<s  as  a  substratum  for  the  scnsitiim  film  the  convex  surface  of  a 
lens  of  nioderat'C  curvature.  As  in  the  experiment  of  Newton's  rings,  we 
obtain  in  this  way  an  interval  gnulually  increjising  from  the  point  of  contact 
outwards,  and  thus  upon  one  plate  secure  a  record  of  the  effect  upon  the 
copy  of  vatying  degrees  of  doscnesBL  When  a  spectrum  of  any  order  is 
thrown  upon  the  eye,  those  places  upon  the  grating  where  the  spectrum  in 
question  fails  appear  as  dark  rings.  My  first  experiment  of  this  kind  was 
made  with  the  Rutherfurd  grating,  in  order  principally  to  find  out  how  close 
a  contact  was  really  necessary  for  copyiiig.   From  the  diameter  of  the  first 
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dark  r'ln^,  in  coiijimctiuii  with  a  rough  estitimto  of  the  curvature  of  the  leus, 
I  uuucluded  thut  the  iuturvul  bctwucu  thu  tiurfaccii  should  uuwlicre  muuh 
exceed  juiffm  of  an  iaoh.  It  appeared  mi  the  wme  time  that  the  chanoe  was 
remote  of  obtaining  a  satisfactory  perfimnance  in  the  spectrum  of  the  second 
order.  About  this  time  the  theoretical  views  occurred  to  me  which  will 
presently  be  exphiined,  and  I  purposed  to  check  them  by  more  careful 
measurements  than  I  had  yet  attempted.  In  the  course  of  last  snmnicr, 
however,  I  found  aceidentJiUy  that  Fox  Talbot  had  nia<le,  many  years  aL,'o*, 
some  kindred  observations ;  and  the  perusal  of  his  account  of  them  induced 
me  to  altar  somewhat  my  proposed  line  of  ttttatde.  It  will  be  convenieDt  to 
quote  here  Fox  Talbot's  brief  statraaent: — 

''About  ten  or  twenty  feet  froni  the  radiant  point,  I  placed  in  the  piith 
of  the  ray  an  equidistant  gratingf  made  by  Fraunhofer,  with  its  lines 
vertical.  I  then  viewed  the  light  which  had  passed  through  this  grating 
with  a  lens  of  considerable  magnifying-power.  The  appearance  was  very 
curious,  being  a  regular  alternation  of  numerous  lines  or  bands  of  red  and 
green  colour,  having  their  directions  jmrallel  to  the  lines  of  the  grating.  On 
removing  the  len.s  a  little  further  from  the  grating,  the  bantls  gnulually 
changed  their  colours,  and  became  alternately  blue  and  yellow.  When  the 
lens  was  a  little  more  removed,  the  bands  again  became  red  and  green.  And 
this  change  continued  to  take  place  tm  an  indefinite  number  of  times,  as  the 
distance  between  the  lens  and  grating  increased.  In  all  cases  the  bands 
exhibited  two  oom|dementaxy  colours. 

"  It  was  very  curious  to  observe  that,  thou^  the  grating  was  greatly  out 
of  the  focus  of  the  lens,  yet  the  appearance  of  the  bands  was  perfeotiy 
distinct  and  well  d^ned. 

"This,  however,  only  happens  when  the  radiant  point  has  a  very  unatl 
apparent  diameter,  in  which  case  the  distance  of  th(  lens  may  be  incresaod, 

even  up  to  one  or  two  feet  from  the  grating,  without  much  impairing  the 
beauty  and  distinctness  of  the  colourc<l  bands.  So  that  if  the  source  of  light 
were  a  mere  mathematical  point,  it  appears  possible  that  this  distance  might 
be  increased  without  Unut;  or  that  the  diaturbance  in  the  lominiftimis 
undulations  caused  by  the  interpcaitifm  of  the  grating  continues  indefinitely, 
and  has  no  tenden^  to  subside  of  itseli" 

It  is  scarcely  necessary  to  point  out  that  what  was  seen  by  the  eye  in 
this  experiment  in  any  podtion  of  the  magnifying  lens  was  the  same  as 
would  have  been  depicted  upon  a  photographic  plate  situated  at  its  focus,  at 
least  if  the  same  kind  of  rays  had  been  operative  in  both  casea  Talbot's 

•  Phtt.  Man.  Deo.  18S6. 

t  A  plate  of  glass  covered  with  gold  ImC  m  whkil  itmsl  hiiiidi«l  pscsUd  Unaa  an  «nt,  in 
flideir  to  tnnnnit  the  U(^t  at  equal  interrab. 
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obeervations  are  thcrc'fore  to  the  point  as  detennming  the  effect  of  vaiying 
intervals  in  photographic  copying. 

On  the  whole  the  above  description  agrees  well  with  what  I  had  expected 
from  theory.  It  is  indt-ed  impossible  to  admit  that  the  red  and  green  colora- 
tion could  disappear  and  revive  an  indefinite  number  t»f  times.  The  !ij)[)ear- 
aace  ul  colour  at  all  shows  that  the  phenomenon  varies  with  the  wave-length, 
and  accordingly  that  it  wonld  (as  in  all  audi  caiMB  when  white  light  is  used) 
ultimately  be  lost.  Besides  the  limit  imposed  by  the  apparent  magnitude  of 
the  sovioe  of  light,  there  must  be  another  depending  upon  the  variation  of 
WBYo-lexigth  within  tiie  range  oonoomed. 

In  trying  to  repeat  Talbot's  experiment  I  fimnd  that  even  the  SOOO-to- 
the-inch  grating  was  too  fine  to  be  eonveniently  employed;  and  eventually  I 

fell  back  upon  a  very  coarse  grating  made  some  years  ago  by  photogra|rfiing 

(with  the  camera  and  lens)  a  piece  of  striped  stuff.  By  comiMirison  of  coin- 
cideiicr.H  with  the  divisions  of  fine  ivory  scale  (vcrnii-r  fashion),  the  period 
was  deteruiiued  as  '01U4  inch.  As  u  source  of  light  I  used  a  slit  placed 
parallel  to  the  lines  of  the  grating  and  backed  by  a  fish-tail  gas-flame  seen 
edgewaya  In  order  to  observe  the  afqpearanoes  behind  the  grating,  a  lens  of 
modeiuto  magnifying- power  was  snfficimt.  This  lens  was  moved  gradually 
back  until  something  distinctive  was  seen ;  the  distance  between  the  lens 
and  the  grating  was  then  mea.vured  and  recortled.  In  order  to  render 
the  light  more  ni-arly  monochrumatic,  pieces  of  red  or  green  glass  were 
usually  held  in  front  of  the  eye. 

With  red  light  the  nearly  c<|ual  bright  and  dark  Ivirs  are  Si-vu  in  focus 
when  the  dist^uu-e  of  the  \vus  from  the  grating  is  1^  inch.  As  the  distance 
is  increased,  the  detinition  deteriorates,  and  is  worst  at  a  distance  of  3|.  In 
this  position  the  proper  period  (-0104  inch)  is  lost,  but  subordinate  fluctua- 
tions of  brightness  in  shorter  periods  prevent  the  formation  of  a  thofoughly 
flat  field  of  view.  As  the  distance  is  further  increased,  the  definition  appears 
to  improve,  until  at  distances  and  6J  it  is  nearly  Jta  go<xl  as  at  first.  The 
definition  in  an  internicdiate  position  such  as  6}  is  (listinctly  inferior,  but  is 
far  from  being  lost  ;us  in  position  'i^.  From  the  theoretieal  point  ot  view,  to 
be  presently  explained,  these  two  positions  of  extra  good  dehnition  am  not  to 
be  diBtinguished.  They  rebte  rather  to  the  sharpness  of  the  tdge  of  the  band, 
than  to  any  special  prominence  tiie  proper  period.  At  a  distance  of  7^  we 
have  again  a  place  of  worst  definition,  at  10|  a  revival,  and  so  on.  lliese 
alternations  could  be  traced  to  a  distance  of  mns  fmt  behind  the  giating. 

The  accompanying  table  gives  the  positions  of  best  and  worst  definition 

for  red  and  green  light  respectively.  Of  these  the  phuses  of  worst  definition 
could  be  observed  with  the  greater  accuracy ;  but  none  of  the  observations 
have  any  pretensions  to  precision.   The  star  indicates  the  position  for  focus. 
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It  is  evident  that  the  positions  for  retl  light  graclnally  fnll  quite  away 
from  the  corresponding  positions  for  green  light.  At  lUj,  for  example,  if  we 
use  a  green  glass,  we  lone  sight  of  the  proper  period,  and  have  before  us  an 
almost  nmform  field ;  bul  if  irithont  making  anjr  other  ofaange  we  aubatitute 
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a  red  gkn  for  the  green  one,  we  see  the  bands  again  with  great  distinetness. 
At  aboat  the  greatest  distance  included  in  the  table  the  positions  of  best 

definition  are  again  in  coincidence;  but  hen-  there  is  an  important  remark 
to  he  mafle.  If,  using  the  green  ghuss,  we  adjust  a  nrt'dlt'-point  to  the  centre 
of  a  bright  band,  we  tind,  on  substituting  the  red  glass,  that  the  needle-iwint 
ta  now  in  the  centre,  not  of  a  hr^ht,  bat  of  a  doHt  band.  The  &ct  is  that  at 
every  revival  of  definition  the  image  changes  sign,  in  the  photographic  aenae, 
from  poaitive  to  negative,  or  from  negative  to  positive — a  clear  proof  that  the 
appearance  in  qneation  ia  not  a  mere  ehadow  in  any  ordinary  aenae  of  the 
term. 

With  respect  to  the  numerical  values  of  the  distances  given  in  the  table, 
theory  indicates  that  the  interval  from  worst  to  worst  or  from  best  to  best 
definition  should  be  a  third  pro^iortional  to  the  period  of  the  grating  d  and 
the  wave-len|^  of  the  light  X,  t.«.  ahould  be  equal  to  d^pL  In  the  oaae  of 
red  li^ti  the  mean  internti  firom  worst  to  worat  ia  4rS  inchea,  and  fimn  beat 
to  best  47.  The  corresponding  numbers  for  grean  li^t  are  0*6  and  0*3.  In 
the  subsequent  calculation,  I  have  used  the  firat  atated  intervala  aa  probably 
the  more  correct. 

For  the  grating  employed  the  actual  value  of  (/  was  •0104  inch;  but  a 
small  correction  is  required  for  the  want  of  parallelism  of  the  light.  The 
distance  of  the  source  was  about  27  feet;  so  that,  as  the  mean  distance 
bdiind  the  grating  at  whidi  the  appearanoea  were  obaerved  waa  1^  foot,  the 
above  value  of  d  muat  be  increaaed  in  the  ratio  4^  28|  to  27.  Thus  fiv  the 
eflfocbve  d  in  cmtimetreai,  we  get 

2-04  x^Ix  0104. 
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Cnlctilating  from  this  iind  from  the  observed  intervals  a  lij  means  of  the 
formula  X  =  (Pja,  we  get  in  centimetres 

«  6*40  X  lOr*,  -  «-«9  X  10-«. 

Direct  determmatum  of  the  mean  wave-la^^ths  of  the  lights  tmnsinitted  by 
the  red  and  gnem  glaasee  respectively  gave 

X^^,,  =  6-64  X  10-»,  X<^,  -  5-76  x  10^. 

The  true  wave-lengths  aie  certainly  somewhat  greater  than  those  calcu- 
lated fh»n  TdbotTs  iribonoDienoa;  but  llie  diflerenoe  is  perhaps  hardly  outside 
the  UmitB  of  ezporimaitel  wror.  If  the  measaremeats  wore  ever  repeated, 
it  would  be  advisable  to  nse  a  coUimating  lens  as  wdl  as  a  more  aoeomte 
grating. 

The  problem  of  determining  the  illumination  at  various  points  behind  a 

grating  exposed  to  a  parallel  beam  of  homogpneous  light,  could  probably  be 
attacked  with  success  by  the  unual  methods  of  physical!  optic-s,  if  it  were 
assumed  that  the  gi-ating  presented  uniform  intervals  alternately  transparent 
and  opaque.  Actual  gratings,  however,  do  not  answer  to  this  description, 
and,  indeed,  vary  greatly  in  character.  I  have  therefore  pr^wred  to  follow 
the  comparatively  simple  method,  explained  in  my  book  on  Sound,  g  268, 
301,  whidi  is  adequate  to  the  determination  of  the  leading  features  of  the 
phenomenon. 

Taking  the  axis  of  s  normal  to  the  giatillg,  and  parallel  to  the  original 
direction  of  the  light,  and  the  axis  of  x  pcrpendictdar  to  the  lines  of  the 
grating,  we  require  a  general  expression  for  the  vibration  of  given  froquenev 
which  is  jMiriodic  with  respect  to  x  in  the  distance  d.  Denoting  the  vehxiity 
of  propagation  of  ordinary  pbne  waves  by  u,  and  writing  k  >-  2ir/X,  we  may 
take  as  this  expression 

A»  cos  (kat  —  kz) 
•f  ^1  COS        +     COB  (hat  -  fi^) + Bi  cos  {^"^  +  e,'^  sin  {kaJt  - 

+  A^ooR  (^J^'  +     cos(X!ae»^)  +  ^cos        +  e^'j  8in(ibiil-^)-|- ... , 
where 


^^^k^^zr. 

[The  terms  represent  the  various  spectra,  and]  the  series  is  to  be  con- 
tlnued  io  long  as  /i."  is  positive,  ie.  so  long  as  the  period  of  the  component 

fluctuations  parallel  to  x  is  greater  than  X.  Fcattircs  in  the  wave-form 
whos<>  peri(Ml  is  less  than  X  cannot  be  propagated  in  this  way,  but  are  rapidly 
extinguished. 
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The  iuteosity  of  vibnution,  measured  by  the  square  of  the  amplitude,  is 
^il,  +  Ai  cos        +     COB  {ks  — 

+  J?,  cos        +  e,' j  sin  (kz  -  fj^z)  +     COS        +     cos  (kt  -  ft^)  +  . . .  j 

+  ^-  ill  OOB  ~ 

+B^eoB        +  ei')  oos  (4»  —      >  il,  cos        +  e,^  sin  (*»  —  ^)  +  . ..^  . 

In  order  to  upply  thi.s  result  to  our  present  question,  it  is  supposed  a.'*  a 
rough  approximation  that  the  terms  with  suftixcs  higher  than  unity  may  be 
omitted.   We  thus  obtain 

-4."  +  iiii'  +  iB;'  +  2AJL^  cos  (~  +     ooB  (i»  - 

+  2A^i  cos  (^"^  +  e,' j  sin  (kz  —  ft^) 

+  iilr  co«         +  2e»]  +       cos  (^"^  +  2e,')  , 

which  as  a  function  of « is  periodic  with  a  p^od  determined  by 

lu  -  fiiZ=  in, 

or 

_  X  

In  the  oases  with  which  we  are  concerned  X*  is  small  in  comparison  with 
d*,  so  tlmt  approximately  z  =  2dy\.  So  far,  then,  as  this  theory  extends,  the 
phenomena  behind  the  grating  are  reproduecd  with  every  retreat  through  a 
distance  2cP/X;  but,  ou  account  of  the  terms  omitted,  this  conclusion  does 
not  apply  to  the  subordinate  ^x^riods  (on  which  depends  the  performance  of  a 
copy  in  the  spectra  of  highor  order) ;  nor  does  it  apply  rigratnisly  even  to  the 
principal  period  itsel£ 

Similar  results  to  those  given  by  direct  inspection  on  the  coarse  grating 
have  been  obtained  by  photo^mjthic  copying  of  finer  ones,  a  lens  (as  already 
explainc<l)  IxMug  substituteti  for  Hat  ^1jvs.s  ivs  a  support  for  the  sensitive  film. 
When  the  copy  is  held  so  that  the  spectrum  of  the  fii^st  order  is  fortiicd  upon 
the  eye,  several  dark  rings  are  visible,  separated  by  intei-vals  of  brightness. 
With  the  6000  Nobert  the  diameter  of  the  Brst  dark  ring  was  '64  inch,  and 
at  the  centre  xmnid  the  point  of  eontaet  there  was  a  dark  spot  nearly  as  dark 
as  the  ring.  In  the  second  and  third  spectra  the  centres  were  also  dusky, 
though  not  HO  black  as  in  the  first.  The  diameter  of  the  first  dark  ring  in 
the  second  spectrum  was  '30  inch.   [Inch  =  2*54  cm.] 
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The  occun-ence  of  a  dark  ntntrc  is  n  point  of  interest,  showing  that  for 
parpoHcH  of  reproduction  it  Ls  ]K)88ible  for  the  contact  to  be  too  close,  though 
I  do  not  remember  to  have  met  with  this  in  practice ;  and  theoretically  it  is 
what  would  be  expected  when  we  oonaidar  that  the  original  does  not  act  hy 
opacity.  According  to  this  view  a  diflferent  result  should  be  obtained  in 
copying  an  opaque  grating;  and  such  I  have  found  to  be  ther  case.  For  this 
purpose  I  employed  a  copy  of  the  same  6000  Xobcrt,  taken  some  years  ago 
on  a  tannin  plate,  and  prepared  the  photographic  film  on  the  same  lens  as 
before.  When  the  resulting  photograph  was  examined,  the  spectra  of  the 
first  three  orders  showed  bright  eenirtt.  The  diameto-  of  the  first  dark  rin^ 
in  the  first  speotrum  was  '44  inch — smaller  than  before. 

With  the  3000  Nobert  in  ph^ce  of  the  6000*  the  ring-system  is  formed  on 
a  taiger  scale.  The  centres  for  the  first  four  spectra  are  black,  with  the 
exception  of  the  actual  place  of  contact,  where  evidently  the  collcxliim  film 
was  impressed  me(rhanically.  The  diameter  of  the  first  dark  ring  in  the  first 
spectrum  i.s  00  inch,  not  quite  the  double  of  '54  inch,  although  the  same 
lens  as  before  was  use<l.  In  the  second  spectrum  the  diameter  of  the  first 
dark  ring  is  '56  inch,  and  in  the  thii-d  spectrum  "40  inch. 

Interesting  as  these  bands  may  be  in  theory,  they  are  to  be  avoided  as 
much  as  possible  in  the  practical  reproduction  of  gratings,  not  merely  because 
a  part  of  the  area  is  loeti  bnt  also  on  account  of  the  rsveiaal  whidi  takes 
place  at  evray  ravind  of  brightness.  Without  having  examined  the  roattor 

very  closely,  I  had  generally  found  the  performance  of  gratings  which  showed 

these  hands  to  be  inferior;  and  now  it  wnnld  seem  that  the  explanation  is  to 
be  found  in  the  above-mentioned  reversals,  which  could  not  fail  to  interfere 
with  the  resoiving-power. 

During  my  early  experiments  it  happened  once  that  in  the  coui-se  of 
printing  an  accidental  shifting  took  place,  leading  to  the  impression  of  a 
double  image.  A  more  perfoet  resoh  was  afterwards  obtained  by  inten> 
tiooally  communicating  to  the  plates  a  slight  relative  twist  in  the  middle  of 
die  exposure.  When  a'  spectrum  from  such  a  gmting  is  thrown  upon  the 
eye,  parallel  bare  are  seen  perpendicular  to  the  direction  of  the  grooves ;  bat 
the  number  and  position  of  these  bars  depend  upon  the  order  of  the  spectrum. 
In  one  case  twenty-five  bars  were  counted  in  the  first  spectrum,  and  twice 
that  number  in  the  second.  But  it  is  unnecessary  to  dwell  further  upon 
these  observations,  as  they  omreqiond  exactly  with  what  the  ordinaiy  theoiy 
of  gratings  would  lead  OS  to  expect. 
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ON  IMAGES  FORMED  WITHOUT  RBFLECmON  OR 

RBFBACnON. 

[Pkilosophical  Magatine,  zi.  pp.  214—218,  1881.] 

Thi  fttHoliiOQ  of  a  leu  in  tammg  an  image  is  to  otmipenBate  by  its 
variable  thickness  die  difibrenoes  in  phase  which  would  otherwise  esist 
between  secamdaiy  wavea  arriving  at  the  fiscal  point  horn  various  parts  of 
the  aperture.    If  we  suppose  the  diameter  of  the  lens  (Sr)  to  be  given,  and 

its  fooal  length  /  gradtmlly  to  increase,  these  differences  of  phase  at  the 
image  of  an  intiiiitely  distant  luminous  point  diminish  without  limit.  When 
y  attains  a  certain  value,  say  /i,the  extreme  error  of  phase  to  bo  compensated 
fidlsto^X.  Now,  as  I  have  shown  on  a  previous  occasion*,  an  ezttemeeRor 
of  phase  anuNuitiqg  to  ^X,  or  less,  fooduces  no  appreciable  det«ioiation  in 
the  definition ;  so  that  from  this  point  onwards  the  lens  is  useless,  as  only 
improving  an  image  already  sensibly  as  perfect  as  the  aperture  admits  of. 
Throughout  the  operation  of  increasing  the  focal  length,  the  resolving-power 
of  the  instrument,  which  depends  only  upon  the  aperture,  remains  un- 
changed; and  we  thus  arrive  at  the  rather  startling  conclusion  that  a 
telescope  of  any  degree  of  reiolving-powM  might  be  oonstmcted  without  an 
otject-i^ass,  if  only  there  were  no  limit  to  the  admissible  focal  length.  This 
last  proviso,  however,  as  we  shall  see,  takes  away  almost  all  practical  import- 
ance from  the  proposition. 

To  get  an  idea  of  the  msgnitudes  of  the  quantities  involved,  let  us  take 
the  case  of  an  aperture  of  ^  inrh  [inch  =  2'.54  cm.],  nbout  that  of  the  pupil  of 
the  eye.  The  distance  /i,  which  the  actual  focal  length  must  exceed,  is 
given  by 

*  nut  Ma0.  TXvmakm  1879.  [Ark  uai.|4.] 
a.   I.  33 
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SO  that 

Thus,  if  r«^,       /,  =  800. 

The  image  of  the  sun  thrown  on  a  screen  at  a  distance  exceeding  Gf)  feet, 
through  a  hole  |  inch  in  diameter,  is  therefore  at  least  ivs  well  defined  as  that 
seen  direct.  In  practice  it  would  be  better  detinefl,  as  the  direct  image  is  far 
from  perfect.  If  the  image  on  the  screen  be  regarded  from  a  distance  /,,  it 
will  appear  of  its  natund  angular  magnitude.  Seen  from  a  diatanoe  less  than 
it  will  appear  nagnified.  Inasmuoh  aa  tlie  aimngement  affiwds  a  view  of 
the  son  with  ftiU  definition  and  with  an  increased  af^Murent  magnitade,  the 
name  of  a  telescope  can  hai-dly  be  denied  to  it. 

As  the  minimum  focal  leQgth  increases  with  the  square  of  the  aporture,  a 

quite  impracticable  distance  would  be  required  to  rival  the  rcsolving-power 
of  a  modern  telescope.    Even  for  an  aperture  of  four  inches     would  be  five 

miles. 

A  similar  argument  to  that  just  employed  to  find  at  what  point  a  lens 
begins  to  have  an  advantage  over  a  simple  aj^erture,  may  be  applied  to  deter- 
mine at  what  point  an  adiromatio  lens  begins  to  assert  a  perceptible  snpe- 
nanty  ovw  a  single  lens  in  Ibrming  a  white  image.  Tlie  question  in  any 
case  is  simply  whether,  when  the  adjustment  is  correct  for  the  centml  rays  of 
the  spectrum,  the  error  of  phase  for  the  most  extreme  rays  (which  it  is 
necessary  to  consider)  amounts  to  a  quarter  of  a  wave-length.  If  not,  the 
substitution  of  an  achromatic  lens  will  be  of  no  advantage. 

If  /I  be  the  refnictive  irniex  for  which  the  adjustment  is  perfect,  then  the 
error  of  phase  for  the  ray  of  index  fi  +  B/j.  in  Bfi .  t,  where  t  is  the  "  thickness  " 
of  the  lens.  Now 

0-1)* -1-/2/; 

80  that,  if  the  error  of  phase  amount  to  W 

V  X/. 

In  onler  to  apply  this  numerically,  let  us  tike  the  case  of  hard  crown-glass, 
for  which  the  indices  are  given  by  Hopkinson*.  The  practical  limits  of  the 
spectrum  being  taken  at  £  and  G,  we  have  ft,ji=  1*5130,  fig^  1*5284,  the 
difierenoe  of  whieh  is  "0148.  If  the  focos  be  eoneet  for  the  mean  value  of 
the  extreme  value  of  S/*  ii  -Wf^  and  that  of  a^(^>l)  is  •0074/*521.  or 
'0142.  In  strictness  we  ought  to  take  into  account  the  variation  of  X;  boi 
for  such  a  purpose  as  the  present  we  may  put  it  at  ^f^f,^  inch  ;  and  then  the 
fraction  •0142  expresses  tiie  adini-sible  focus  when  a  single  lens  is  used  as 
compared  with  the  focus  necessjiry  when  a  lens  is  dispensed  with  altogether. 

*  iVDC.  i<oy.  Sae.  1877. 
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Thus,  if  the  i^wrtarc  be  ono-fiflh  of  an  inch,  an  achromatie  lens  has  no 
advantage  over  a  single  one,  if  the  focal  lont^th  bo  greater  than  about 
11  inches.  If,  on  the  other  hand,  we  sujipose  the  focal  length  to  be  66  fuet, 
a  single  lens  is  practically  perfect  up  to  an  aperture  of  17  inch.  The  effect 
of  spherical  aberration  in  disturbing  definition  was  considered  in  my  former 
paper.  In  such  a  case  as  that  last  specified  it  is  altogether  negligible.  The 
advantage  of  a  k«g  foeos  was  well  undeiBtood  by  Huyghens  and  his  contem- 
poraries; but  it  may  have  been  worth  while  to  consider  the  matter  for  a 
moment  from  another  point  of  view,  from  which  it  clearly  ajtpears  that  the 
substitution  of  an  achromatic  for  a  single  Icuh  servua  no  other  purpose  than 
to  diminish  the  minimum  admi-ssible  focal  length. 

Returning  now  to  homogeneous  light,  let  us  consider  the  case  of  an 
amudar  aperture  of  radii  rj  and  r,.  The  eitrome  difference  of  phase  at 
distance /  is  now  (rf-r^-h^.  If  this  be      we  get 

2(r,'-r,»)    2(r,  +  r,)(r,-r,) 
 5^        -  ^ 

as  the  value  of  the  minimum  distance  at  which  a  lens  can  be  dispensed  with 
irithoat  loss.  Ifrt  — ri  be  small,/i  is  much  smaller  than  for  a  (bit  drde  of 
radius  r,;  and  it  might  appear  that  a  great  advantage  would  be  gained 
eidiar  in  the  diminution  of /,  or  by  an  increase  in  r,.  The  qoestiim,  however, 
remains  whether  with  a  lem  the  definition  due  to  an  annolar  aperture  of 
given  outer  radius  rj  is  independent  of  the  inner  radius  1\. 

The  image  of  a  mathematical  poitit  consi.sts,  it  is  known,  of  a  central 
patch  of  brightness,  surrounded  by  rings  alternately  dark  and  bright.  If  we 
conceive  the  radios  of  tiie  central  stop  (i.e.  n)  gradually  to  increase  from  0  to 

the  diameter  of  the  central  laminovs  patch  dimimshes  in  the  ratio 
8*83  :  2'41.  From  this  it  might  bo  supposed  that  the  definition  due  to  the 
marginal  rim  acting  alone  would  be  superior  to  the  definition  due  to  the 
whole  aperture*.  It  is  true  that  there  is  at  first  some  improvement  in 
detiiiitioii ;  but  ivs  r,  approaches  equality  with  a  rapid  deterioration  .sets  in, 
notwithstanding  the  smalluess  of  the  central  luminous  patch.  In  order  to 
understand  this  it  is  necessszy  to  examine  more  minutely  the  distribution  of 
light  over  the  entire  field. 

If  the  point  tmder  oonsideratian  be  distant  />  firora  the  centre  of  the 
diffiaction-pattera,  the  illuminatton  for  the  fnll  aperture  is  given  by 

if  y  inrrpfhft  Ji  being  the  symbol  of  the  Bessers  Amotion  of  order  unity. 
The  dark  rings  correspond  to  the  roots  of  Ju  and  occur  when  y  —  8-88,  IHH, 
10-17,  Ac. 

*  8«e  •  ftftt  OB  «lw  SiflrMtton  of  01i|eBt-|IaHM,  Att.  MmiOL  MfliMt.  UTS.  (Art.  zn.] 

83—2 
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The  whole  illumination  within  the  area  of  the  circle  of  radius  p  is 
given  by 


J  9 


This  integral  may  be  trauHturiuud  by  kuown  properties  uf  BeiiserH  functiooH. 
Thus* 

SO  that 

We  theidbn  obtain 

If  y  be  infinite,  /„(y)  and  JAy)  vanish,  and  the  whole  illumination  is 
expressed  by  ir;**,  as  is  evident  a  priori.  In  general  the  proportion  of  the 
whole  illumination  to  be  found  uutmde  the  circle  of  radius  p  is  given  by 

F<Hr  the  dark  riqgs  Jx(y)^^\  bo  that  the  fraction  of  iUaminatioa  ontnde  aay 
dark  ring  is  simply  «/'«*(y).  Thus,  for  the  1st,  2nd,  3rd,  and  4th  dark  rings 
we  get  respectively  "IGl,  "ODO,  062,  and  047,  showing  that  more  than  ^  of 
the  whole  light  is  concentrated  within  the  area  of  the  second  dark  ring. 

The  ooireaponding  resalts  for  a  narrow  amralar  aperture  would  be  TOiy 
different,  as  we  may  easily  convince  ourselves.  The  illuniination  at  any 
point  of  the  central  spot  or  of  any  of  the  bright  rings  is  proportional  to  the 
square  of  the  width  ot  the  anuulus,  while  the  whole  quantity  of  light  is 
proportioiial  to  the  width  ttselC  As»  therefoie,  the  annnlas  ntnowa^  a  lev 
and  leas  proportion  the  whole  light  is  contained  in  any  finite  namber  of 
Inminous  rings*  and  the  definition  of  an  image  correepcmding  to  an  aasem- 
blage  of  laminoos  points  is  proportionaUy  impairsd. 

The  troth  is  that,  so  fiur  aa  it  is  possible  to  lay  down  any  genersl  law  at  all, 
the  definitaoD  depends  rather  upon  the  area  than  upon  the  external  diameter 
of  the  aperture.  If  il  be  this  area,  the  illumination  at  the  focal  point,  where 
all  the  secondary  waves  concur  in  phase,  is  givcm  by  =  ^I'/X*/"',  the  primar}' 
illumination  being  taken  as  unity.  The  whole  illumination  passing  the 
aperture  is  on  the  same  scale  represented  by  A.  Hence  if  A'  be  the  area 
over  whioh  an  iUuminatimi  /o*  would  give  the  aetnal  total  illuminatioo, 

*  TiMlhiilitar'a  LafUue'a  Fuiietiemtt  p.  S97. 
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AA* X/*;  and  A\  bdng  in  some  sense  the  area  of  the  diflbaetami-pattern, 
majr  he  taken  as  a  criterion  of  the  definition. 

In  the  oaae  of  an  annulns  we  saw  that  the  minimum  fixsal  length  aUowing 
a  lens  to  he  dispeneed  with  is  abo  dependent  upon  the  area  of  aperture — 

frW^  —  that  it  would  appear  that  if  the  object  be  to  form  at  a  given 

distance,  and  without  a  lens,  iia  well-defined  an  image  as  may  be,  it  is  of 
comparatively  little  consetiueuce  whether  or  not  an  annular  aperture  bu 
adopted  A  moderate  central  stop  would  doubtless  be  attended  with  benefit ; 
bat  it  is  probable  that  harm  latitor  than  good  would  result  from  any  thing 
like  extreme  proportions. 

P.S. — Reference  should  be  made  to  a  pap(>i-  by  Petzval  on  the  Camera 
Obticura  (P/ttZ.  Mdg.  Jan.  1859),  in  which  the  definition  of  images  formed 
widiout  lenses  is  considered.  The  point  <^  view  is  different  from  that  above 
adopted.  [1899.  The  reader  may  also  oonsult  Proa  Ba^.  Intt  Feb.  1891, 
JToAnw  xut.  p.  249, 1891;  PhO.  Mag,  xzxi.  p.  87, 1891.] 


Digitized  by  Google 


74. 


ON  THB  BLEGTROHAONEnC  THEOBT  OF  LIQHT. 

IPhUonpiM  Mofftuine,  JUL  pp.  81—101,  1881.] 

Thb  oUums  of  the  theory  propounded  by  Maxwell,  according  to  which 
light  consists  of  a  disturbance  in  a  medium  susceptible  of  dielectric  polari- 
zation, are  so  considerable  that  it  is  desirable  to  extend  its  application 
as  far  as  possible  to  various  optical  phenomena.  The  question  of  the 
velocity  of  propagation  in  vaouum  and  in  singly  or  doubly  refracting  trans- 
parent dielectrics  was  considerod  by  Maxwell  himself;  and  the  agieemant 
with  experiment,  though  far  from  perfect,  is  sufficiently  encouraging,  ilore 
recently  it  has  been  shown  by  Hehnholtz*,  Lorentzf,  Fitzgenild^,  and 
J.  J.  Thomson^,  that  the  same  theory  leads  to  Fresnel's  expressions  fur  the 
intensity  of  light  reflected  and  refracted  at  the  surface  of  sepiiratiou  of 
transparent  media,  and  that  the  auxiliary  hypotheses  necessary  in  this  part 
of  the  subject  agree  with  those  required  to  explain  the  laws  of  doable 
refinMstioiL  In  this  respect  the  eleetrDmagnetk  tlMOiy  has  a  marked  advan- 
tage over  the  older  view,  which  assimilated  luminous  vibrations  to  the 
onlinary  taraasverNe  vibrations  of  elastic  solids.  According  to  the  latter, 
Fresnel's  laws  of  double  refraction,  fully  contirmed  by  modern  observation |j, 
require  us  to  suppose  that  in  a  doubly-refracting  crystal  the  rigidity  of  the 
medium  varies  with  the  direction  of  the  strain;  while,  in  order  to  explain 
the  ftcts  relating  to  the  intensities  of  reflected  light,  we  have  to  make 
the  inconststent  assumption  that  the  rigidity  does  not  vary  in  passing  from 
one  medium  to  another.  A  further  discussion  of  this  subject  will  be  found 
m  papers  published  in  the  Jt^hUosopkiocU  MagatiM  during  the  year  1871. 
[Arts.  viiL  IX.  X.  XI.J 

*  Ctatb,  Bd.  Lxxii.  1870.  t  SohlOuulcb,  xxii.  1877. 

X  Phil.  Tnuu.  1860.  {  FIM.  Uag.  April  18S0. 

II  aiambradt,  PAtl.  Tram.  1879. 
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If  the  dialeetrio  madium  be  fludmrad  with  aeBiiUe  eoiidiiclivitj,  the 

electric  vibrationv  will  be  damped ;  that  is  to  say,  the  light  will  iukdei)g0 
absorption,  with  a  rapidity  which  Maxwell  has  calcii!at<-(l.  By  supposing 
the  conductivity  to  be  so  grvni  that  practically  complete  absorption  takes 
place  withiu  a  distance  comparable  with  the  wave-length,  we  may  obtain  a 
theoiy  of  metallie  refleetitni  wliudi  is  not  witihout  interest,  although  the 
phenomena  of  abnormal  dispeFsion  show  that  it  cannot  be  r^gaided  as 
complete. 

For  an  isotropic  mediam  at  rest  we  have  the  equations  (Maxwell's 
^eetndtjf  md  Magwtiam,  §|  501»  598,  807.  610,  611) 

«  m^p+df/dt.  &C  (1) 

47r/  =  KP,  &c  (2) 

p  =  CT,  &c.,   (3) 

P«  -  dFjdt  -  d^ldx.  &c.,   (4) 

a  ^dH/dif-dO/ds,  iso.  (5) 

a  m^fta,  to.,  (6) 

^^^/dy-dfifds,  «&;  (7) 

in  which  /,  g,  h  are  the  electric  diq>lacemeDt8,  p,  q,  r  the  corrents  of  con- 
duction, a,  V,  tv  the  total  currents*  P,  Q,  R  the  compontots  of  electromotive 
force,  K  the  specific  inductive  oqiaoity,  0  the  conductivity,  a,  fi,  y  the 

components  of  magnetic  force,  a,  6,  e  the  components  of  magnetiaatimi,  ft 
the  magnetic  capacity,  F,  G,  JJ*  the  Components  of  electrokinetic  momentum, 

and  ^  the  electric  potential. 

From  (2),  (4X  and  (5)  we  get 

(4  i  "  Si      '  "  ^       "      "  5 '   "^^^ 

In  the  case  of  K  constant,  equation  (8)  expresMS  that  the  eleetfie 

displacement  j{/dx  +  gdy)  round  a  small  circuit  in  the  plane  of  xy  corre- 
sponds to  the  electromotive  force  round  the  circuity  represented  by  dcjdL 
Again,  from  (IX  (2X  (3X  (6X  in 

,    (df  ,  47rC  .\     d  c     d  h  . 

From  equations  (8)  and  (9)*  the  problem  of  refleoti<m  can  be  investigated 
In  order  to  limit  oursdves  to  pUme  waves  of  simple  type,  we  shall  suppose 

*  These  are  the  general  cinaiUl  r«laUon«  given  hj  Manrall,  Phil.  Trans.  1866; 

ScUiityU  Ayr*,  voL  n.  p.  US.] 
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that  K,  ft,  and  C  are  independent  of  z,  and  that  the  electric  and  magnetic 
functions  are  independent  of  z  and  (as  dependent  upm  the  timn)  pro- 
portional to  e*"*.  The  two  principal  cases  will  be  considered  separately, 
(1)  when  the  electric  displacements  are  perpendicular  to  the  plane  of 
incidence,  (2)  when  they  are  executed  in  tbat  plane. 

Cfiae  1.    This  is  defined  by  the  conditions 

fwm  0^  g^O,  and  (aooordingly)  c  =  0. 

Thus 

ina  =  -  47r  ^  -g.,     inb^'hr^^  (10) 

,    /.     4.7rC\  ,     d  b     d  a 

KT-m-^i.  

Bliminating  a  and  b  from  (10)  and  (11),  we  get 

Com  2.   Here  the  special  conditions  are 

a*0,  6»0. 

We  have 

^i^i-ii)-^  

whence  by  elimination  of  /tad  g, 

d  \  _1   (c\\ 

da:  \K\ri'  -in.4najK)  da;  WJ 

\K  (u-  -  iH  .  'hrCjK)  dy  WJ  V*/ 

Equations  (12)  and  (15)  simplify  considerably  in  their  application  to  a 
uniform  medium,  assuming  the  common  form 

+cl»/<iy« (»»-•».  iw  C7/iC)= 0.  (16)» 

To  ezpreas  the  boundary  oonditbns  let  us  euppoee  that  «»0  is  the 
•urfroe  of  transition  between  two  uniform  media.  From  (12)  we  learn  that 
the  required  oonditiiMis  for  case  1  are  that 

muat  be  continuous. 

*  [1899.  A  alip  of  Um  p«n  u  hm  «onMted.J 
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In  like  manner,  for  oaae  2  we  see  bom  (16)  (hat 

c      .  1  ^(^\ 


muBi  be  contmnoua. 

If  the  media  are  fasnsparent,  or  but  moderately  upiique,  we  have  to  put 
(7»0.  The  diffiwential  equation  is  of  the  form 

d'/dx*  +  (fldf  +  n*fiK  =  0  (17) 

lu  ause  1  the  boundary  coudiliona  are  the  continuity  of  the  dependent 
variable  and  of  fir^djdx,  and  in  case  2  the  continuity  of  the  dei>eudent 
variable  and  of  K'^djdx.  Analytically,  the  results  are  thus  of  the  same 
form  in  both  oases.  If  $  and  9t  are  respectively  the  angles  of  inddenoe  and 
refiaetion,  the  ratio  of  tiie  reflected  to  the  incident  vibration  is  in  ease  1 

tan  ejiasjO- fiffjtj 

tan^/SmT+^/it ^  ^ 

and  in  cass  8 

tan  ejt&n  0  -  KfKx 

tan^i/tan^  +  m  

in  which  JT,  m  relate  to  the  first,  and  Ki,  ^  to  the  second  medium ;  while 
the  relation  between  ^  and  $  is 

K.fi,  :  K^L  =  am*0  :  sin*^,  (20) 

As  Helmholtz  ha.s  reinarkiMl,  Fresnel's  formulse  may  be  obtained  on  two 
duitinct  suppositions.    If     =  /i, 

^^'^  Bin  + 

and 

^^^^    tan(tf,  +  ^* 

but  if  /T,  =  K,  then  (19)  idcutitius  itnclf  with  the  sine-formulu,  uud  (18)  with 
the  tangent-formula.  Electrical  phenomena,  however,  lead  us  to  prefer  the 
former  alternative,  and  thus  to  the  aasamption  that  the  sfaofnie  displacements 
are  perpendicular  to  the  plane  of  polarisatimi.  The  formuUs  for  the  re^ 
fracted  waves,  which  follow  from  those  of  the  rrtlt  rted  waves  in  virtue 
of  the  piincipie  of  eneigy  alone,  do  not  call  for  detaiieii  consideration. 

In  the  problem  of  perpendicular  inotdsncs^  we  have  from  (18),  if  be 
constant  and  C  nro, 


+  n«/*^(|)  =  0.  (21) 
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For  ail  application  of  this  equation  to  detormino  the  intliu'iice  of  defective 
suddcnuess  in  the  trausition  between  two  uniform  uiudiu,  the  reader  is 
referred  to  a  paper  in  the  eleventh  vidume  <^  the  Proeatdings  of  the 
MaikmnaUeal  Soiet^,  [Art.  uun.  p.  468.] 

In  Older  to  obtain  a  theory  d  metallic  refleotioo,  0  most  be  coDudned 
to  have  a  finite  value  in  the  eeoond  medium.  The  aymbolicel  aolutioo  is 

not  thereby  altered  from  that  applicable  to  transparent  media,  the  effect  of 

the  finitcness  of  C  being  completely  represented  in  both  cases  by  the  sub- 
stitution of  K  {I  -  in"^  -iirCIK)  for  K.  Thus,  if  fi  be  constant,  the  formula, 
for  the  amplitude  aiul  phivse  of  the  reflected  wave  in  case  1  is  to  be  found  by 
transformation  of  (18),  in  which  the  imaginary  angle  of  refractioa  10 
oonneoted  with  0  by  the  relation 

/r,(l-Mi-«47r(?/ir,)  :  ir-sin*^  :  era'tf,  (22) 

In  like  mauuer  the  solution  for  ease  2  is  to  be  found  by  transformation 
of  (ID)  under  the  same  supposition. 

With  regard  to  the  proposed  transformations,  the  reader  is  referred  to  a 
paper  by  ESsenlohr*  and  to  some  remarks  thereupon  by  myself f.  The 
results  are  the  formula  published  without  proof  by  Oauehy.  From  the 

calculations  of  Eisenlohr  it  appears  that  Jamiu's  observations  cannot  be 
reconciled  with  the  formulso  without  supposing  Ki  :  K,  i.e.  the  real  part  of 

the  square  of  the  complex  refractive  index,  to  be  negative — a  further  proof 
that  much  remains  to  be  done  before  the  electrical  theory  of  metallic 
reflection  can  be  accepted  as  complete^ 

The  same  fundamental  equations  (8)  and  (9)  will  now  be  applied  to  the 
fnoblem  of  determining  the  ■  effect  on  a  tndn  of  plane  waves  of  a  small 

variation  in  the  quantities  K  and  /i  which  define  the  medium.  A  similar 
method  will  be  adopted  to  that  already  used  for  light  in  a  paper  "  On  the 
Scattering  of  Light  by  small  Particles"!,  and  in  my  book  On  the  Theory 
of  Hound,  §  296,  the  principle  of  which  consists  in  an  approximation  de- 
pending upon  the  neglect  of  the  higher  powers  of  the  small  variations 
AJST  and  A/a. 

Let  us  suppose  that  a  train  of  plane  waves,  in  which  the  electric  dis- 
placement is  parallel  to  and  magnetiution  parallel  to  y,  propagates  itself 
parallel  to  m  undisturbed  until  it  ftiUa  upon  a  region  where  the  generally 
constant  values  of  K  and  ^  beocmie  and  fi  +  ^  If  UK  and 

t  Phil.  Mag.  Mny  1872.    [Art.  xyr.  p.  146.] 

t  iviy  16.  I  aee  that  Loreotz,  in  a  pamphlet  Over  de  Tkeorie  der  TeruffkaaUing  en  llrtking 
«•«  Jkel  LUU  (Anhsm.  1S75),  bM  d«nlop«l  a  fSbitarj  9t  matallio  nflMtion  nnilw  to  thsk 
indicated  in  the  text,  and  hRH  noticed  the  HUBe  difkol^  in  tht  applioatlon  to  «ipailiiMnL 

S  PhiL  Mag.  Juoe  1871.   [Art.  ix.J 
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were  zero,  the  wave  would  pivss  on  as  before ;  but  under  the  circiiinHUances 
secondary  waves  arc  generated,  which  diverge  from  the  region  of"  disturbance, 
and  are  ultimately,  when  AiC  and  Afi  are  small  enough,  proportional  in 
magnitude  totirase  quaatities.  As  the  expression  of  the  primary  waves  we 
may  take 

k,^^^,  ....(23) 

and  OMrnqBondiiig  thoreto,  by  (8X 

«l,»4»rfer»Jr-V«*^,   (24) 

in  which,  if  \  denote  the  wave-length,  k^^irl\  and  n/\  is  the  velocity 
of  propagation  {Kfi)~^.  The  complete  values  of  the  functions  being  repre- 
sented, as  before,  by  /  jr»  k,  a,  b,  e,  we  shall  put 

/=/«+/i+/t  +  ...*c.,      a«<i,+  ai-t>...^, 

/^...Of...  being  independent  of  AiT  and  A/i, /, ...  a, ...  being  of  the  first 
onier,/a ...    ...  of  the  second  oider,  and  so  on,  in  these  quantities.   In  the 

actual  case  /o,  (h*  ^*  ^  vanish,  and  only  K  and     are  finite. 

From  (8)  and  (9)  with  C«0,  we  get 


....(25) 


db    da  ,       /I  A  -i\       ^  /  A  _i\    ^  dh 


 (26) 


By  differentiation  of  the  first  equation  of  (26)  and  snbstitntion  from  (23), 
we  get,  having  ic^jud  to 

dfldm  +  dgjdy  +  dk/dt »  0,  (87) 

which  is  a  consequence  of  (IX  (8),  (7), 

d»-d»*^d!t^difi^^\iit^M^^^^  > 


-K 


fiK        ,  ^         uK   rf»  . 
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oti  remembering  that  tha  funetioiia  as  dependent  upon  time  vaiy  as 

+  ^  T/'^-'^--^  S(*Am-)-0.  ^88) 

with  two  (iituilar  equations  in  j  and  h. 

Introducing  now  tbe  expansion  in  powers  of  AiT  and  we  get  as  the 
tirst  approximation 

OT,  on  sabstitatioii  for  fl^  in  terms  q{  A»  from  (83),  (84)» 

V  y,  +  k'/,-K^  (A.  AiT-O  -  */*  ^  (A.A^-»)  -  0.  (29) 

and 

V  Vi  +     -  ^  ^  (A,  Air-«)  -  0,  (80) 

+  A;»A,  +  A'       +       (/«. Ai^-')  +  iAy*  ^  (/..A/*-)  =  0  (31) 

The  solution  of  (29)  is 

Wl'-T  i<K^K-')^dydM.   (32) 

where  r,  equal  to  V{(a~«)F4.0-.y)*.|.(7-«)*),  is  the  distance  of  the 
element  <^  volume  ifard^ds  from  the  point  s^  7  at  whieh  /,  is  to  be 
estimated. 

In  applying  (32)  to  the  calculation  of  a  seoondaiy  wave  at  a  distance 
from  the  r^on  of  distorbanee,  we  may  conveniently  integrate  it  by  parts. 
Thas» 
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From  the  genenl  value  of  r, 

^\  r  r   r  f 

If  r  be  sufficiently  great  in  compari^n  with  \,  only  the  highest  power  of  kr 
in  the  above  expraanons  need  be  retained;  and  if  r  be  also  great  in  com- 
pariflon  with  the  dimensions  of  the  region  of  diaturbano^  supposed  to  be 
atuated  about  the  origin  of  oowdinatee,  (u-m)Jr  Ac  may  be  rqilaoed  by 
o/r  Ae.  Thus, 

and  the  expression  for  fi  beoomes 

/- ^  [a: ^  jj fh.^''r^da»JfydM -l^lffj A,A|i-»«r*-<fc<ly ilf] . 
For  the  sake  of  brevity  we  will  write  this 

where 

P=  Ijjh^^-'e-^dmdydM,  Q=jjjK^-*«r»'dmdifds..,.(d») 
In  like  manner  from  (30)  and  (31), 

-^[-$]  

Bqnations  (85X  (ST),  (38)  express  the  deetrio  dtefriaoement  in  the 
seoondsiy  wavea  Since  a/4-     +    «  0,  the  dieplaoement  is  perpendiettfau' 

to  the  direction  of  the  secondary  lay.  The  gcnoml  expression  for  the 
intensity  is  found  by  adding  the  squares  of  /,g,h  ',  but  it  will  be  sufficient 
for  onr  present  purpose  to  limit  ourselvea  to  the  case  where  the  secondary 
ray  is  perpendicular  to  the  primary  ray,  i.e.  to  the  c^tse  a  —  0.  Then 

/"+»'+*=16iV  [^^f +   •(«» 

If  P  and  Q  arc  both  finite,  there  is  no  direction  along  which  the  seoMidaiy 
li|^t  vanishes.   We  find  in  experiment^  however,  that  the  light  scattered  1^ 


(38) 
(34) 


(37) 
(38) 
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small  pai  Liclcs  on  which  polarized  light  impinges,  does  vanish  in  one  direction 
perpendieular  to  the  original  ray;  and  thus  either  P  or  Q  must  TOnish. 
Now,  when  the  particles  are  very  small,  we  have 

P~h^-'«r^jjjdasdifiU,      Q-A.V-'e-*' jjjdad^dei  ...(40) 

so  that  if  F  vanishes,  Af^^O;  and  if  Q  vanishes,  A^isQ.  The  optical 
evidence  that  either  AJT  or  vanishes  is  thus  veiy  strong;  while  electrical 
reaaons  lead  us  to  oonolude  that  it  is  /ifL, 

If  we  write  T  for  the  vc^ume  of  the  small  particle,  we  get  from  (40X 
as  the  special  fonns  of  (85),  (87),  (38)  applicable  to  this 


/.  -  [^^-^  ^  -  >*  V- 1\  (41) 

A.  =  ^I'e""'-*"  [-  KAK-^  +   (43) 

If  A;t  =  0,  as  we  shall  henceforward  suppose,  fig^aifi,  showing  that  the 

electrical  displacement  is  in  the  plane  containing  the  secondary  my  and 
the  direction  of  primary  electrical  displacement  {*),  and 

/i«+^.*+*.'oc(a»+i9i)/f-; 

80  that  the  intensity  is  proportional  to  the  square  of  the  sine  of  the  angle 
between  the  secondary  ray  and  the  direction  of  the  primary  elertrical  dis- 
placement. The  blue  colour  of  the  light  Kcattered  from  nmall  particles  is 
explained  by  the  occurrence  of  X*  in  the  denominatorH  of  the  expressions  for 
/ii  $it  K  \  hut  for  further  particulars  on  this  subject  the  reader  must  be 
rsfiwied  to  my  previous  papers. 

Equations  (35),  (36),  are  rigorously  applicable,  however  lai^  the 
region  of  disturbance,  if  the  square  of  AK  may  really  he  neglected.  From 
them  we  see  that,  under  the  ciroumstanoes  in  question,  eadi  elonent  of 
a  bomogeneons  obstacle  acts  independently  as  a  centre  of  disturbance,  and 
that  the  aggregate  effect  in  any  direction  de|)cnd8  upon  the  ))hases  of  the 
elementary  secondar)' (listurbanoi's  ais  att'ected  by  the  situation  of  the  element 
along  the  paths  of  the  primary  and  of  the  secondary  light.    In  &ct, 

If  6,  <f)  he  the  angles  defining  (in  the  usual  notation)  the  direction  of  the 
secondary  ray,  and  r,  correspond  to  the  origin  of  coordinates,  we  have 

P-  AJr-« rf'w-*'.  j j |>iw«iiii»«*+»ihiW+.««a dkdy dr ;  ...(44) 
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and  the  question  now  before  us  for  consideration  is  the  value  of  the  intcgrnl 
in  (44)  ivs  depenflont  upon  the  size  of  the  obstacle  and  the  direction  of  the 
secondary  ray.  It  is  evident  that  the  furmulse  are  applicable  only  when  the 
whole  retazdataon  of  the  primery  light  in  tnTersing  the  obstacle  can  be 
neglected  in  oomiwrison  with  the  wave-length;  hot  if  this  oondition  be 
satisBed,  there  is  no  further  limitation  apon  the  size  of  the  obstacle.  In  the 
case  where  the  secondary  ray  fonns  the  prolongation  of  the  primary,  or 
deviates  sufficiently  little  from  this  direction,  the  exponential  in  (44)  reduces 
to  unity,  signifying  that  every  element  of  the  obstacle  acts  alike,  any 
retardation  of  phase  at  starting  due  to  situation  along  the  primary  ray  being 
balanoed  bj  an  aooeleratioii  correqionding  to  a  less  distance  to  be  travelled 
aloog  the  ascondaiy  say.  At  a  gisater  or  less  obliquity,  aooording  to  the 
size  of  the  obstacle,  opposition  of  phase  sets  in;  and  at  still  greater  obliquities 
the  resultant  can  be  found  only  by  an  exact  integration.  Its  intensity 
is  then  less,  and  generally  much  lesH,  than  in  the  first  case — a  conclusion 
abundantly  borne  out  by  observation. 

The  simplest  example  of  this  kind  is  that  aflFonled  by  an  infinite  cylinder 
{e.g.  a  fine  spider-line),  on  which  thv  light  impinges  perp(>ndicularly  to  the 
axis,  so  that  every  thing  takes  places  in  two  dimensions.  This  case  is 
indesd  not  stxietly  ooversd  by  the  prsceding  fonnubBb  on  aoooont  of  the 
infinite  extension  of  the  region  of  disturbance ;  but  a  moment's  oonsideiration 
will  make  it  clear  that  each  elementary  colunm  here  acts  according  to  the 
laws  already  described — that  is  to  say,  gives  rise  to  a  component  disturbance 
whoso  phase  is  dot<^rmined  by  tin*  situation  of  the  element  along  the  primary 
and  secondary  rays.  If  the  angle  between  the  two  rays  be  called  wu  have 
to  consider  the  value  of 

Introducing  polar  coordinates  r,    we  fiod 

« -I- «  cos  ;^  +  y  .sin  X    8r  oos     COB  (0  -  4;^) ; 
so  that  the  integnl 


I    [cos  {Hr  cos  4;^  COS  ^)  +  i  sin  {2lcr  coe      cos  6)1  rdrdd 


-  2ir  fV.(2Ar  oos   

J  0 

J,  denoting  the  Bessel's  function  of  zero  order. 
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The  integration  with  respect  to  r  indicated  in  (45)  can  be  eiTccted  by 
known  properties  of  BesMci's  functions;  and  the  result  is  expressible  by  a 
faiMSfenmof  tliA  ftrrtoorder.  We  got 

irjx-''<**""*x>'  •<*•> 

and  J  I  is  defined  by 

JM  =  2     -  2:4  ^         6  "27^76r8 J ^^'^^ 

If  008  a  0  (t.«.  in  the  direotion  of  original  propagation),  (48)  beoomes  iro*, 
eveiy  element  of  the  area  acting  alike.  This  is  the  maximiun  value.  When 
X  is  rach  that 

2i»oo8|%«irx  1-2197, 

the  secondary  light  vanishes,  at  a  greater  angle  revives,  then  vanishes  again, 
and  80  on,  the  angles  being  of  ooune  functions  uf  the  wave-length.  If  we 
conceive  the  cylinder  to  increase  im  size  gradually  from  zero,  the  scattered 
light  vanishes  first  in  the  backward  direction  which  direction 

evidently  the  greatest  differences  of  phase  occur.  Every  thing  is  determined 
by  the  course  of  the  function  ;  and  (46)  within  the  limita  of  its  applicatioii 
embodies  the  theory  of  Young's  eriometer. 

We  will  now  omaidw  the  cRse  of  an  obstade  in  the  form  of  a  sphere.  If 
«  be  a  coordinate  measured  perpendicularly  to  the  plane  containing  the 
ptimaiy  and  secondary  rays,  formula  (46),  multiplied  by  dz,  will  represent 
the  elfoet  of  a  slice  of  the  sphere,  whose  radius  is  a  and  thickness  dz,  and 
what  remains  to  Iw  effected  is  merely  the  integration  with  respect  to  z. 
For  this  purpose  we  \vr  it<'  r  =  c  sin  ^,  a  =  c  cos  ^,  where  c  is  the  radius  of  the 
sphere.    The  intognil  then  takes  the  form 

^^^^/^*'^.(2focoaix««*)o«<V««*.   

or,  if  we  expand  /|  by  (47),  and  integrate  aoooiding  to  a  known  formub, 

2wcM^,    m*      1W-*  .  nfi  \  ,.Qx» 

~3   r "  T  +  0 . 4 " 9.7.6.4. 6  +  11.9.^.5.4. 6. 8-  ) ' 

in  which  m  is  written  for  2foco8|x.  It  will  be  understood  that  (40X  after 
multlplieation  by  si^AAT-',  gives  merely  the  value  of  P  in  (86),  and  that  to 
find  tiie  omnplete  expression  for  the  secondar}'  light  in  any  direction  other 
foetoia  must  be  introduced  in  aocordanoe  with  (35),  (37),  (88).  The  angle  %, 

•  l^ML  Ifliiatorll»iirti«olor(48).»»4-W.8i*liigMllwiiiidlM*oUiq^ 
wbioh  Um  Mdondaqr  ligM  vuUm, 
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being  that  iacluded  between  the  secondarjr  my  and  the  axis  of  m,  may  be 

expressed  by 

=  "^'i^  +  7')   (•'>0) 

Our  theory,  as  hitherto  devolopyrd,  shows  that,  whatever  the  sha])o  and 
luze  of  the  particle^i,  there  is  no  scattered  light  in  a  direction  {mrallel  to  the 
primary  electric  displaoemente,  except  each  as  may  depend  upon  squares  and 
higher  powers  of  the  difference  of  opticat  properties.  In  order  to  render  an 
account  of  the  "  residual  blue  "  observed  by  Tyndall  when  particles  in  their 
growth  have  reached  a  certain  magnttade,  it  is  necesBsry  to  pursue  the 
approximation.   By  (28),  with  A/«  neglected,  we  have 


and  two rimilar  equations  in  jr,  and  h^.    On  the  supposititm  that /i,  ^i.  me 

know^n  throughout  [\\v  ri't^ion  of  disturbance,  these  equations  may  be  solved 
in  the  same  way  its  (21)),  (.*iO),  and  (Ml).  For  the  sake  of  brevity  we  may 
confine  ourselves  to  the  particular  direction  for  which  the  terms  of  the  tirst 
order  vanish.   Thus  at  a  sufficient  distance  r  along  the  axis  of  z, 

 <^*> 

ft  —       jlfg^^'^r^dadfidy,  (68) 

/i,=  0  (54) 

We  have  now  to  find  the  values  of  /,  and  gi  within  the  region  of  disturb- 
aticf,  to  whioh  of  course  (35)  &c.  are  not  applicable.  In  the  general  solution 
(32),  /*o  is  u  function  of  x  only  ;  so  that  the  elements  of  the  integral  vanish  in 
Uie  inierior  of  a  homogetieous  obstacle,  and  we  have  only  to  deal  with  the 
snrfiuie.   Litegrating  by  parts  across  this  surfiuie,  we  find 

r  being  a  function  of  x  and  a  only  through  (a  —  x).    In  like  munuer 


K  d^fffd 


lfj^^{hJiE-^).'—dtcdyd».   (56) 


In  the  ca.se  of  a  small  homogeneous  sphere,  whf)se  centre  is  taken  as 
origin  of  coordinates,  these  fonuule  lead  to  &irly  simple  results.    'J'he  triple 
B.    I.  34 
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integral  in  (55),  (56)  may  readily  be  exhibited  in  its  real  cbaraeter  of  • 
aorfiMse-integral.  Thus 

\lj~{hAK-^)^'^ d^dydz  ^-^jj^f^dS,   (67) 

where  d!S  ia  an  elemeiit  of  ihe  aurfiioe  wboae  ladiua  is  e.  This  applies  to  a 
q^iere  of  any  size ;  but  wc  huvc  now  to  introduce  an  approximation  depends 
ing  on  the  supposition  that  ko  is  smalL       &r  as  the  firat  power  of  ih^ 

in  which  the  doable  int^ral  is  the  conunon  potential  of  matter  distributed 
over  the  i^phericiil  surface  with  donsity  (z  +  ikzx).  Calling  this  for  the 
moment  V,  we  have  (Thomson  and  Tait^  NaL  FkU,  §  586)  at  any  internal 
point  (a.  fi»  y}, 

SO  that 

j j [^(A^-») ^  dxdyds  -  -  4wAZ-*     (^7  -I-  iiibya).  («») 

Thus  by  (55),  (5G). 

A  =  i  ikye^-',  -  0.  (59) 

We  are  now  prepared  to  calculate  g,  from  (52),  (53).  These  formulie 
apply  to  both  dircetions  along  the  axis  of  z ;  but  in  what  follows  it  will  be 
convenient  to  .suppose  that  it  is  the  po.sitivt'  direction  which  is  under  con- 
sideration. In  this  case,  if  p  denote  the  distance  from  the  centre  of  the  sphere, 
f^^p-y  and  ST*'  — r^(i  +  iA:7)  approximately;  so  that 

(» i^  as  before,  T  be  the  volume  of  the  sphere* 

/. .  ^   i-*-^  {KAK-^r      .  g,=.0  (60) 

Comparing  (60)  and  (41X  we  see  tint  the  amplitude  of  the  li^t  seattered 
along  M  is  not  only  of  higher  order  in  AJ?',  but  is  also  of  the  order  AW  in 


*  [1890.  A  DViiMiioal  wror  wUah  oooarfied  bora  sad  lo  Oa  woatqiMatial  tiastiaoi  (W), 
(00),  (61),  Is  BOW  ewwtpl  8w  Walte,  Quart.  JMim.  ^  Jbtfe.  wL  as.  p.  Mft.  1M&] 
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qoinpjirison  with  that  scattered  in  other  direction.s.  The  incident  light  being 
white,  the  intensity  of  the  component  culoura  scattered  along  z  varies  a.s  the 
inveiBe  8th  power  of  the  w»v©-length,  so  that  the  resultant  light  Ls  a  rich 
blna 

There  is  another  point  of  importance  to  be  noticed.  Although,  when  the 
terms  of  the  aeoond  order  are  included,  the  scattered  light  does  not  vanish 
along  tile  axis  of  the  peculiarity  is  not  lost,  but  merely  transferred  to 
■ooiher  direction.  Putting  together  the  terms  of  the  first  and  second  ordera, 
we  see  that  the  scattered  light  will  vanish  in  a  direction  in  the  plane  of  «s, 
inclined  to  z  (towards  m)  at  a  small  angle  ^,  such  that 

/fA/f-.^-^^  (61) 

In  the  usual  case  of  particles  optically  denser  than  the  surrounding 
medium,  AJT  is  positive,  from  which  we  gather  that  the  direction  in  which 
the  scattered  light  vanishes  to  the  second 
order  of  approximation  is  ineliued  back- 
wards, so  that  the  angle  through  which 
the  light  nmy  be  snj)])i>scd  to  be  bent  by 
the  action  of  the  particle  is  obtuse. 

The  Cm*  tbat^  when  the  primary  light 
is  pdaiiaed,  there  is  in  one  perpendicular 
direction  no  light  scattered  by  very  small 
particles,  was  stated  by  Stokes*;  but  it 
is,  I  believe,  to  Tyndall  that  we  owe  the 
observation  that  with  somewhat  larger  particles  the  direction  of  minimum 
illumination  becomes  oblique.  I  do  nut  tiud,  however,  any  record  of  the 
dirsctiaii  of  the  obliquity  (that  is,  oi  the  sign  of  tiie  small  angle  6),  and  have 
therefore  made  a  few  observations  for  my  own  satisfiu^on. 

In  a  darkened  room  a  beam  of  sunlight  was  concentrated  by  a  large  lens 
of  2  or  3  feet  focus ;  and  in  the  path  of  the  light  was  placed  a  beaker  glass, 
containing  a  dilute  solution  of  hyposulphite  of  soda.  On  the  addition  of  a 
small  qoantilgr  (tf  dilute  sulphuric  acid  a  predintate  of  sulphur  slowly  forms, 
and  during  its  growth  manifests  exceedingly  well  the  ^enomena  under 
consideration.  The  more  dilute  the  solutions,  the  slower  is  the  progress  of 
the  precipitation.  A  strength  such  that  there  is  a  (Iclay  of  four  or  five 
minutes  before  any  eifect  is  apparent,  will  be  found  suitable ;  but  no  great 
nicety  of  adjustment  is  necessary.  By  addition  of  ammonia  in  sufficient 
quantity  to  neutralise  the  acid,  the  precipitation  may  be  arrested  at  any 
desired  stage.  More  time  is  thus  obtained  to  complete  the  esaminati<m ; 

•  I'Ml.  Irufu.  1S62,  §  188. 

34—3 
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but  the  condition  of  things  is  not  absolntoly  permHnent,  the  already  precipi- 
tated sulphur  appearing  to  aggr^^te  itself  into  larger  raasaes. 

In  the  optical  cxntnination  we  may.  if  wc  prefer  it,  polarize  the  pntnary 
light ;  but  it  in  usually  more  convenient  to  analyze  the  sratterod  light.  In 
the  early  stages  of  tho  precipitation  the  polarization  is  complete  in  a  perpen- 
dicular direction,  and  incomplete  in  oblique  directions.  After  an  interval 
the  polarisation  b^ns  to  be  inoomplete  in  the  perpendiealar  directioii»  the 
light  which  reaches  the  eye  when  ^  nicol  is  in  the  poeitioii  of  minimum 
timnamiasion  heing  of  a  beautiful  blue,  maeh  richer  than  anything  that  can 
be  seen  in  the  earlier  stapes.  This  is  the  moment  to  examine  whether  there 
is  a  more  complete  {x>larization  in  a  direction  somewhat  oblique;  and  it  is 
found  that  with  6  positive  there  is  in  fact  an  obliijue  direction  of  more  com- 
plete polarisation,  while  with  9  negative  the  pobrioation  is  mora  imperfiset 
than  in  the  perpendiealar  direction  itself. 

The  polarisation  in  a  distinctly  oblique  direetion,  however,  is  not  perfect, 
a  feature  Ibr  which  more  than  one  reason  may  be  pat  fiMrwaid.  In  the  finfe 

place,  with  a  given  size  of  particles,  the  direction  of  complete  polarization 
indicated  by  (61)  is  a  function  of  the  colour  of  the  light,  the  value  of  6  being 
three  or  four  times  as  larcfe  for  the  violet  as  for  the  red  end  of  the  spectnim. 
The  experiment  is,  in  fact,  imich  improved  by  passing  the  primar)-  light 
through  a  C(doured  glass  held  iu  the  window-shutter.  Not  only  is  the 
oblique  direction  of  maximam  polarisation  more  definite  and  the  polarisation 
itself  more  complete,  but  the  observation  is  easier  than  with  vdiite  light,  by 
the  uniformity  of  the  colour  <^  the  light  acatti  r> d  in  various  directions.  If 
we  begin  with  a  blue  glass,  we  may  observe  tht;  grailually  increiising  oblitjuity 
of  the  direction  of  inaxiinmn  polarization;  and  then  by  exchanging  the  blue 
glass  for  a  red  one,  wu  may  revert  tu  the  original  condition  of  things,  and 
observe  the  transition  from  perpendicularity  to  obliquity  over  again.  The 
change  in  the  wave-length  of  the  light  has  the  same  effbct  as  a  change  in 
the  aise  of  the  particles ;  and  the  comparison  gives  carious  information  as  to 
the  rate  of  growtii. 

But  even  with  homogeneous  light  it  would  be  unreasonable  to  expect  an 
oblique  direction  of  perfect  polarization.  .So  l"ng  as  the  particles  are  all 
very  small  in  comparison  with  the  wave-length,  there  is  complete  polarization 
in  the  perpendicular  direction  \  but  when  the  size  is  such  that  obliquity  sets 
in,  the  degree  of  obliquity  will  vary  with  the  size  of  the  particles,  and  the 
polarisation  will  be  complete  only  on  the  very  nniilcely  condition  that  the 
siae  is  the  same  for  them  all.  It  must  not  be  foigotten,  too,  that  a  very 
modwate  inereaie  in  dimeusiona  may  carry  the  partides  beyond  the  reach  of 
our  approximations. 

Tlie  fiict  that  at  this  stage  the  polarization  is  a  maximum  when  the 
angle  through  which  the  light  is  turned  esceads  a  right  angle  is  the  more 
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worthy  of  note,  as  tho  opposite  result  would  probably  have  been  expected. 
By  Brewster's  law  this  angle  in  the  case  of  [regular  reflection  from]  a  plate 
IS  le^fs  than  a  right  angle  ;  so  that  not  only  is  the  law  of  polarizjition  for  a 
very  small  particle  difi'ereut  irum  that  applicable  to  a  plate,  but  the  lirst 
efibot  of  an  inoreaae  of  sixe  is  to  augment  the  difference. 

We  must  remember  that  our  recent  resultu  are  limited  to  particles  of  a 
spherical  form.  It  is  not  difficult  to  see  that,  for  elongated  particles,  the 
tenna  in  (^Ky  may  be  of  the  same  wder  with  respect  to  as  the  principal 
term ;  eo  that  if  (AJS')P  be  sensible*  mere  smallness  of  the  particles  will  not 
secure  complete  evanescence  of  scattered  light  along  z.  The  general  solatioii 
of  the  problem  for  an  infinitesimal  particle  of  arbitrary  shape  must  raise  the 
same  dithrultiLS  as  besot  the  general  determination  of  the  indiicLii  magnetism 
developed  in  a  piece  of  soft  iron  wheu  placed  iu  a  uuifunn  held  of  force.  In 
the  caae  d  an  ellipauidal  particle  the  problem  is  sdnble ;  bnt  it  is  perhaps 
premature  to  enter  upon  it,  until  ezpwiment  has  indicated  the  existence  of 
phenomoia  likely  to  be  explained  thereby. 

Vw  an  infinitesimal  particle  in  the  form  of  a  sphere,  we  may  readily 
obtain  the  complete  solution  w  ithout  any  approximation  depending  upon  the 
smallness  of  £iK,  We  know  by  the  analogous  theory  of  magnetism,  that  a 
dielectric  sphere  situated  in  a  uniform  Held  of  electrii;  force  will  undergo 
electric  displacement  of  uniform  amount,  and  in  a  direction  parallel  to  that 
of  the  force.  Thus  the  complete  solution  applicable  to  au  intiuiteiy  small 
sphere  is  obtained  bom  (2U),  (30),  (31)  by  writing  A  for  A«;  where  by  A  is 
denoted  the  actual  displacement  (parallel  to  <r)  within  the  particle,  and  by  A» 
the  displacement  in  the  enveloping  medium  under  the  same  electric  force. 
If  K'  be  the  speciHc  inductive  capacity  for  the  particle,  the  ratio  of  A  :  Ao  is 
:3ir  :  K'  +  2K\  and  in  this  ratio  the  resiiltH  expressed  in  (41),  (42),  (4:})  are 
tu  be  increased.    If  we  extract  the  factors  A'AA'^'  which  there  occur,  we  get 

3K'K  /I      1\  S(K'-K)^ 

so  that 

f^^HKzJDl^L^^vu-tn    Am.    (m 

^       ir'  +  «i5r  XV  r-*^       '   ' 

We  learn  from  (62)  that  our  former  result  as  to  the  evanescence  of  the 
secondary  light  along  z  is  true  for  an  infinitely  small  spherioal  particle  to  aU 
orders  of  A/T*. 

We  will  now  return  to  the  two-dimension  problem  with  the  view  of 
determining  the  disturbance  resulting  firom  the  impact  of  plane  waves  upon 

*  (1899.  Tbe  oompleUoa  of  the  wlation  for  the  sphere  (with  finite  vu-iation  of  >k  as  well  «■ 
of  JQ  sad  Ite  olnrioB  to  sbrtssiss  of  •miM'sl  <m  ia  giw  ia  PMI.  Jf«v;  ^ 
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a  (grHndrieal  obrtnole  whose  aada  is  parallel  to  the  plane  of  the  ivavea  l%ere 
are,  as  in  the  problem  of  reflection  firom  plane  sui^Msee*  two  principal  oaoes^ 
(1)  when  the  electric  diRplacements  are  parallel  to  the  axis  of  the  cylinder 
taken  as  axis  of  t,  (2)  when  the  electric  dieplacemente  am  perpendicular  to 
this  direction. 

(kue  1.   From  (12X  with  (7-*0,  /inconstant, 


or  i^  88  bdbte,  k"  2/irl\, 

in  which  k-  is  constant  in  each  medium,  but  changes  us  we  pass  from  one 
medium  to  another.  From  H'>'i)  we  see  that  the  problem  now  before  us  is 
analytically  identical  with  that  treated  in  my  book  un  Sound,  §  343,  to  which 
I  must  refer  for  more  detailed  explanationa  The  incident  plane  waves  are 
represented  by 

=      [J,  (At)  +  2t■./,(^•r)  cos  ^  +  . . .  +  2  i'"J„(kr)  cos  mO  +...];   ..  .{i>i) 

and  we  have  to  titul  for  each  value  of  ni  an  iiit(>rnal  motion  Hiiite  at  the 
centre,  and  an  external  motion  representing  a  divergent  wave,  which  shall  in 
conjunctiou  with  (64)  satisfy  at  the  surface  of  the  cylinder  (r  c)  the  condi- 
tion that  the  function  and  its  differential  coeflBcient  with  respect  to  r  shaU 
be  continuous.  The  divergent  wave  is  expressed  by 

■B.^, 4  B,^ cos ^  +  J?s^, cos  2^+  ... , 

where  -v/r,,,  yfr^,  kc  are  the  functions  ut  kr  defined  in  §  341.  The  coefficients 
B  are  determined  iu  accoitJauce  with 

except  in  the  case  of  m  -  0,  when  2 on  the  right-hand  side  is  to  be 
replaced  by  In  working  out  the  result  we  suppose  kc  and  li^'c  to  be 
small;  and  we  find  approximately  for  the  secondary  disturbance  corre- 
sponding to  (64) 

^'Uib-j^       '[—^2  8  -^^^^J'  -V-^?"^ 

showing.'as  was  to  be  expected,  that  the  leading  term  is  independent  of  A 
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For  case  2,  which  is  of  greater  interest,  we  have  from  (15), 
/did     did     ,\  ^ 

This  is  of  the  same  form  as  (68)  within  a  uniform  medium,  but  gives  a 
different  boundary  condition  ;it  a  surface  of  tmiisition.  In  \h)th  casc.s  the 
function  itsolf  is  to  ho  continuous;  but  in  that  with  which  wc  are  now 
concerned  the  sccuud  condition  requires  the  continuity  of  the  differential 
coefficient  after  divigion  by  K   The  equation  for  Ji^  is  therefore 

=  2»-  {kcJ„{kc)J^'  (k'c)  -  k'cJ^{k'c)J^'{kc)}, 

with  the  understanding  that  the  2  is  to  be  omitted  when  m^O.  Coire- 
sponding  to  the  primary  wave  e' we  Hnd  as  the  expreBBUm  of  the 
secondary  wave  at  a  great  distance  from  the  cylinder, 

-  *^  £^  -+ 1  ^-l'^-'"  il^  -   ••■<") 

The  term  in  cos  0  is  now  the  leading  term ;  so  that  the  secondary  disturb- 
ance approximat«^ly  vanishes  in  the  direction  of  the  primary  electrical 
displacements,  aj^reeabiy  with  what  has  been  proved  before.  It  should  be 
stated  here  that  (67)  is  not  complete  to  the  order  j(V  in  the  term  oontainiug 
coetf.  The  calculation  of  the  part  omitted  is  somewhat  tedious  in  general ; 
but  if  we  introduce  the  supposition  that  the  diflerence  between  and  Ifi  is 
small,  its  efifeot  is  to  bring  in  the  &etor  (1  —  i^V). 

Eartnotiiig  the  factor  (jb** — we  may  conveniently  write  (67) 
in  which 

^,_*V+£?_W^„_^,_iV^.^_W:^,   (TO) 

In  the  directions  co3^  =  0,  the  secondary  light  is  thus  not  only  of  high 
order  in  kc,  but  is  also  of  the  second  ortler  in  (k'  —  k).  For  the  direction  in 
which  the  secondary  light  vanishes  to  the  next  approximation,  we  have 

i,-tf-,V(*V-AV)  =  '^;   .(70) 

*  In  (66)  e  is  the  magiMtia  eompomat,  and  not  the  radius  of  tlM  qrlindar.  So  nuuiy  l«tt«n 
are  employed  in  the  etostronuiciMtio  Otaonj,  that  it  ia  dUBoolt  to  Ut  OfOB  a  aallihiiiloiy  notatjaa. 
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This  corresponfls  to  ((Jl)  f<»r  the  sphere;  and  is  true  if  At,  k'c  be  small 
enough,  whatever  may  be  the  relatiou  of  k'  aiul  /•.  For  the  cylinder,  as  for 
the  sphere,  the  diractioii  is  waxh  iAait,  the  piuuaiy  light  would  he  heat 
throng  an  angle  greaUr  than  a  right  angle. 

If  we  neglect  the  square  of  {k'^  —  k*),  the  complete  expression  corre- 
sponding to  (69)  iff 

008^(1  -  iAV) -  iib»c* coa* ^  =  coed  [1  -        -  ^itV costfj. 

This  may  he  compared  with  the  value  obtained  by  the  fimner  method,  vis, 
cos  0  J  I  {Ike  cos  ^  -r  ibe  cos  ^  and  will  he  found  to  i^jree  with  it  as  fiu>  as 
the  square  of  kc. 

If  we  suppose  the  cylinder  to  be  extremely  small,  we  may  confine 
ourselves  to  the  leading  terms  in  (05)  and  (07).  Let  us  compare  the  inten- 
tiities  of  the  secondary  lights  emitted  in  the  two  caaes  aloug  6==\i,  ue.  directly 
backwards.   IVom  (65) 

f<c^(k''c'-k^% 

while  from  (67) 

^  oc  -  + *•). 

The  opposition  of  sign  is  apparent  only,  and  relates  to  the  different  methods 
of  measurement  adopted  in  the  two  cases.  In  (65)  the  primary  and  second* 
ary  disturbances  are  represented  by  hfK,  but  in  (67)  by  the  magnetic 

function  c.  If  we  expres^s  the  solution  in  the  second  case  in  terms  of  the 
electric  funrtion  <j,  we  shall  find  (see  13)  that  the  ratio  of  c  io  changes 
sign  when  we  pass  from  the  primary  light  propagated  aloug  —  a:  to  the 
secondary  light  propagated  along  +  x.  The  actual  mtio  of  amplitudes  in  the 
two  cases  is  thus  {k'  +  k')j2Jc^,  or  (A'  +  K)J2K.  Unless  the  difference 
between  K'  and  K  be  ne|fleeted,  the  two  components  of  unpolarised  light 
are  scattered  along  this  directi<m  in  different  proportions,  that  oomponsot 
preponderating  in  which  the  electric  displacement  is  parallel  to  the  axis  of 
the  eyliiidcr.  Tlie  secondary  light  is  therefore  partially  polarised  in  the 
plane  perpendicular  to  the  axis. 

[1891).  In  a  recent  paper  by  Prof.  Love  (Loud.  Math.  Soc.  Proc.  vol.  xx.\. 
p.  :jlO,  LS99),  results  are  arrived  at  ('.VI,  83)  wliieli  apju-ar  to  coutmdict 
the  doctrine  (p.  529)  that  the  "  resiiiuul  blue"  is  dependent  upon  the  square 
of  AA'.  The  more  complete  solution,  expressed  iu  his  equation  (42),  is 
however  in  harmony  with  the  dootrine,  and  confirms  the  oomoteeas  of 
equations  (60X  (61)  above.] 
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ON  THE  VELOdTT  OF  UQHT. 

[Nature,  xxiv.  pp.  3«2,  383;  xxv.  p.  52,  1881.] 

The  result  auuouuced  by  Young  and  Forbes  {Hoy.  Soc.  Proc  May  17, 
1881)  that  blue  light  tmvels  m  worn  about  1*8  per  cent,  beter  than  red 
lights  fniaee  an  intereating  qu6eti<m  as  to  what  it  is  that  is  really  determined 
by  obserTatiions  of  this  charaoter.  If  the  crest  of  an  ordinary  water  wave 
were  observed  to  travel  at  the  rate  of  a  foot  per  second,  wc  should  feel  no 
hesitation  in  asserting  that  this  wjvh  the  velocity  of  the  wave;  and  I  suppose 
that  in  the  orrlinary  language  of  unduhitionists  the  velucity  of  light  means  in 
the  same  way  the  velocity  with  which  an  individual  wave  travels.  It  is 
evident  however  that  in  the  case  of  light»  or  even  of  sound,  we  have  no 
means  of  identifying  a  particuhr  wave  so  as  to  determine  its  rate  of  progress. 
What  we  rei^ly  do  in  most  cases  is  to  impress  some  peculiarity,  it  may  be  of 
int«'nsity,  or  of  wave-length,  or  of  p(jlarisation,  upon  a  part  of  an  otherwise 
continuous  train  of  waves,  and  determine  tlie  velocity  at  which  this  pecu- 
liaritjf  travels.  Thus  in  the  experiments  of  Fizcau  and  Gornu,  as  well  as  in 
those  of  Tonng  and  Forbes^  the  light  is  rendered  intwmittent  by  the  aoHon 
of  a  toothed  wheel ;  and  the  result  is  the  velocity  of  the  group  of  waves,  and 
not  necessarily  the  velocity  of  an  individual  wave.  In  a  paper  on  "  Pfogros 
sive  Waves"  (Proc.  Math.  Sor.  vol.  ix.),  reprinted  as  an  appendix  to  vol.  lU 
of  my  book  on  the  Tfieori/  of  Sound  [Art.  XLVii.],  I  have  investigated  the 
general  relation  between  the  group- velocity  U  and  the  wave-velocity  V.  It 
appears  that  if    be  inversely  proportional  to  the  wave-length, 

^        dk  ' 

and  is  idmtical  with  V  only  when  V  is  independent  of  k,  as  has  hitherto 

been  supposed  to  be  the  rase  for  light  in  vacuum.  If,  however,  as  Young 
and  B^orbes  believe,  V  varies  with  A;,  theu  U  and  V  are  different    The  truth 
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18  however  that  these  experiments  tell  us  nothing  in  the  first  instance  about 
the  value  of  V.  Thoy  relate  to  U ;  and  if  F  is  to  be  deduced  from  them  it 
must  be  by  the  aid  of  the  above  given  relation. 

When  we  cunie  to  examine  more  closely  the  form  of  this  relatioilt  we  see 
that  a  complete  knowledge  of  F  (as  a  function  k)  leads  to  a  oonqdete  know- 
ledge of  Ut  bat  that  a  complete  knowledge  of  all  that  ezprniments  of 
this  kind  can  ever  give  u8--doe8  not  determine  V,  without  the  aid  of  some 
auxiliary  assumption.  The  usual  a-ssumption  is  that  V  in  independ^t  of  k, 
in  whieh  wise  U  is  also  independent  of  I:  If  wo  have  reason  to  conclude 
from  ol).servatioii  tliat  U  is  not  independent  of  k,  this  assumption  is  dis- 
proved; but  we  can  make  no  progress  in  determining  V  until  we  have 
introduced  some  other. 

It  is  not  easy  to  see  how  the  missing  link  is  to  be  supplied ;  but  in  order 
to  have  an  idea  of  the  probable  magnitude  ot  the  diffiBrenoe  in  quesuon,  I 
have  aaeurnvd  the  ordinary  dispeision  formula  V^A  +  BIf  to  be  i^licable. 

Taking  the  ratio  of  wave-lengths  cjf  the  orang(?-red  and  green-blue  lights 
employed  as  G  :  5,  I  find  that  f-.r  red  light  V=  U {\  -  0273),  so  that  the 
velocity  of  the  wave  would  be  nearly  3  per  cent,  leas  than  that  given  by 
Young  ami  P^>rbes  as  the  result  of  the  experiment. 

Under  these  circumstances  it  becomes  a  matter  of  interest  to  examine 
the  bearing  of  other  evidence  on  the  question  of  the  velocity  of  light. 
Indqiendently  of  the  method  of  the  toothed  wheel,  the  velocity  of  Ughi  has 
been  determined  by  Fouoault  and  lliehebon  unng  the  revolving  mirror.  It 
is  not  very  obvious  at  first  sight  whether  the  value  thus  arrived  at  is  the 
groiip- velocity  or  the  wave-vpli>city,  but  on  examination  it.  will  be  found  to 
be  the  former.  The  successive  wave-fronts  of  the  light  after  the  first  reflec- 
tion are  not  parallel,  with  the  consequence  that  (unless  V  be  constant)  an 
individual  wave-front  rotates  in  the  air  between  the  two  refiectiotuj. 

The  evidence  of  the  terrestrial  methods  relating  exclu.«ively  to  27,  we 
turn  to  oonaader  the  astronomical  methods.  Of  these  thwe  are  two^  depend- 
ing respectively  upon  aberration  and  npon  the  eclipses  of  Jupiter's  satellites. 
The  latter  evidently  gives  IT.   The  former  does  not  depend  upon  observing 

the  propagation  of  a  peculiarity  impre.nsed  upon  a  train  of  waves,  and  there- 
fore has  no  relation  to  U.  If  vve  ticoept  the  usual  theory  of  aberration  as 
satihfactory,  the  result  of  a  comparison  between  the  coefiicieut  found  by 
observation  and  the  solar  psrsllaz  is  F-^^the  wave-vdocity. 

The  questioD  now  arises  whether  the  vdeeity  found  from  abemtion 
sgtees  with  the  results  of  the  other  methods.  A.  comparison  of  the  two 
astronomical  determinations  should  give  the  ratio  U :  V,  independmtly  of 
the  adar  parallax.  The  following  data  are  taken  from  Mr  tiill's  "  Determi- 
nation of  the  Solar  Parallax  from  observations  of  Mars  made  at  the  Island  of 
Ascension  in  1877." 
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The  time  T,  reqairad  by  light  to  timvd  a  mean  radius  of  the  earth's 
orbit,  has  boon  determine*!  by  two  iistronomerH  from  the  eclipses  of  Jupiter's 
satellites.  Delambre  found,  from  observations  matle  in  the  last  century, 
r  SB  493*2  s.,  but  recently  Glaseuapp  has  obtained  from  modern  obHervatiuus 
the  couiilenbly  higher  value,  600*88.  ±  1-02.  With  regard  to  Um 
eonataiit  of  abetration*  Biadle/a  Talne  is  20^''25,  aod  Strave's  vakie  is 
20"  445.  Mr  Qill  calculates  M  the  mean  of  the  beat  modern  detemunatioBa 
(nine  in  number)^  20"'496. 

If  we  combine  Glaaenapp's  value  of  T  with  Michclson's  value  of  the 
velocity  of  light,  we  get  for  the  solar  parallax  8"  76.  Struve's  constant  of 
aberration  in  conjunction  with  the  same  value  of  the  velocity  of  li^'ht  gives 
ti"*81.  From  these  statements  it  follows  that  if  we  regard  the  st)lar  parallax 
as  known,  we  get  almost  the  same  velocity  of  light  from  the  eclipses  of 
Jttpiter'a  aateUites  as  from  abemtion,  although  the  first  result  rshtes  to  the 
group-velocity,  and  the  second  to  the  wave-velocity.  If  instead  of  Struve's 
value  of  the  constant  of  aberration  we  take  the  mean  above  spoken  <^  we 
get  for  the  solar  parallax  8'''78^  allowing  still  less  room  for  a  difforenee 
between  U  and  V. 

Again,  we  may  obt.ain  a  romparison  without  the  aid  of  the  eclipses  of 
Jupiter's  satellites  by  introducing,  as  otherwise  known,  the  value  of  the  solar 
parallax.  Mr  Gill's  value  from  observations  of  Mars  is  8"'78,  agreeing 
exactly  with  Hichelson's  light-velocity  and  the  mean  constant  of  abenration. 
Some  other  astronomers  favour  a  higher  value  of  the  solar  parallax,  such  as 
8"'86;  but  whichever  value  we  adopt,  and  whether  we  prefer  Comu's  or 
Michelson's  determination  of  the  light-velocity,  the  conclusion  is  that  there 
can  be  no  such  difference  bt  twfen  tlie  group-velocity  and  the  wave-velocity 
as  2  or  8  per  cent.,  unless  indeed  the  usual  theory  of  aberration  reijuires 
serious  modihcatiou.  These  considerations  appear  to  me  to  increase  the 
already  serious  diffienldes,  which  cause  heoitatioii  in  accepting  the  views  of 
Youqg  and  Forbes.  The  advent  of  further  evidence  will  doubtless  be 
watched  with  great  interest  by  scientific  men. 

One  other  point  I  may  refer  to  in  conclusion.  Speculations  as  to 
harmonic  relations  between  various  spectral  rays  emitted  by  a  glowing  gas 

proceed  upon  the  asstimption  that  the  freriuency  of  vibration  is  inversely 
proportional  to  the  wave-length,  or,  in  other  words,  that  the  velocity  of 
propagation  V  is  independent  of  the  wave-length,  the  question  now  at  issue. 
If  the  views  of  Toung  and  Forbes  are  correct,  calculations  of  this  kind  must 
be  overhauled.  On  the  other  hand,  the  estaUidtment  of  well-defined  simple 
ratios  between  wave-lengths  would  tend  to  show  that  Fdoes  not  vary. 
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In  reply  to  Mr  Macaulay  (Nutur-e,  vol.  XXIV.  p.  556)  I  will  endeavour  to 
explain  more  clearly  the  8tatenient.s  made  in  my  former  commuoicatioD  on 
this  aubject  (Nature,  vol.  Xxnr.  p.  382). 

With  reference  to  the  group- velocity  U,  we  know  from  Fourier's  theorem 
thftt  any  distnibance  travelling  in  one  dhnenaion  ean  be  regarded  aa  reanlting 
firom  (he  superpoaition  of  infinite  traina  of  wavea  of  the  harmonic  type,  and 
of  Tarioua  amplitudes  and  wave-lengths.  And  we  know  that  any  one  of 
these  trains,  of  wave-length  X,  is  propagated  unchanged  with  a  velocity  V, 
which  we  regard  as  a  known  function  of  X,  dependent  upon  the  nature  of  the 
medium. 

Unless  we  can  deal  with  ph;vses,  a  simple  train  of  waves  presents  no  mark 
by  which  its  parts  can  be  identified.  The  introduction  of  such  a  mark 
necessarily  involve  a  departure  from  the  original  simplicity  of  a  single  traiu, 
and  we  have  to  consider  how  in  acoordanoe  with  Fonrier^a  theorem  the  new 
state  of  thbgs  ia  to  be  represented.  The  <nily  case  in  which  we  can  expect 
a  simple  result  is  when  the  mark  is  of  such  a  character  that  it  leaves  a 
considerable  number  of  consecutive  waves  still  sensibly  of  the  given  harmonic 
type,  though  the  wave-length  and  amplitude  may  vary  within  moderate 
limits  at  points  whose  distance  amounts  to  a  very  large  multiple  of  \.  We 
will  therefwe  suppose  that  the  complete  expression  by  Fourier's  aeries 
involves  only  wave-lengtiia  which  diflfor  bat  little  from  one  anoUier»  and 
accordingly  write  it — 

o,  cos  j(T»  -I-  5n,)  t-{k  +  Bki)x  +  e,}  -|-  a,  cos  [(«  -I-  8n^t  —  {k  +  Bk^) x  +  €,]  +  ... , 
or  in  the  equivalent  form — 

COB  (nt  —  Aw)  Sot  cos       —  ik^  +  4)  —  sin  (at  —  kes)  2ai  sin  (Sn^  —  hk^  +  ei)« 

where  k^iwfK  muI  n^kV.  Ftcm  this  we  see  that,  as  in  aooordance  with 
the  Buppoaitiflos  already  made, 

the  deviations  from  the  simple  harmonic  type  travel  with  velocity  dn/dk 
aud  not  with  velocity  njk,  that  is  with  velocity  d{kV)ldk,  and  not  with 
velocity  V. 

[1899.  The  latter  part  of  this  note  was  erroueous  aud  is  accordingly 
omitted.  The  result  with  reference  to  the  revolving  minor  was  corrsolly 
stated  in  the  first  note  (p.  538).  The  subject  has  been  aUy  treated  by 
^f.  W.  Oibb^,  and  to  his  paper  (Nature,  xxxiii.  p.  582,  1886)  the  reader 
who  widies  to  pursue  the  qneation  farther  is  referred.] 
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ON  A  QUESTION  IN  THE  THBOBT  OF  UOHTINQ. 

[Brit.  Ass.  Mep.  1881.  p.  526.] 

It  is  known  that  a  larj^e  part  of  the  radiation  fr<un  terrestrial  sources  is 
non-luminous.  Even  in  the  ciise  ut'  the  electric  arc  the  obscure  radiation 
•moants,  aoeording  to  Tyndall,  to  eighlrninths  of  the  whole,  and  of  the 
remainder  probaUy  no  inconsiderable  part  is  to  be  fonnd  in  the  extreme  red 
lajs  of  feeble  luminosity.  For  practical  purposes  tJus  obaoure  radiation  is 
useless ;  and  the  question  forces  itself  upon  us,  whether  or  no  there  is  any 
necessity,  absolutely  inherent  in  the  case,  for  so  large  a  proportion  of  waste. 
The  following  arrangeint-nt,  not  uf  course  pioposed  as  practical,  seems  to 
prove  that  the  «iuesti<»n  hIiouUI  be  answered  in  the  negative. 

Conceive  a  small  spheriad  body  of  infusible  material,  to  which  energy 
can  be  communicated  by  electricity  or  otherwise,  to  be  surrounded  by  a 
concentric  reflecting  spherical  shdL  Undw  these  oircamstances  no  energy 
can  escape;  but  if  a  small  hole  be  pierced  in  the  shell,  radiation  will  pass 
throagfa  it.  In  virtue  of  the  suppositions  which  we  have  made,  the  emergent 
beam  will  be  of  small  angle,  and  may  be  completely  dealt  with  at  a  niorlerate 
distance  by  a  prism  and  lens.  Let  us  .suj)poHe  then  that  a  spectrum  of  the 
hole  is  formed  and  is  received  upon  a  retiucting  plate  so  held  at  the  focus  as 
to  return  the  rays  upon  the  lens  and  prism.  These  rays  will  re-enter  the  hole, 
and  impinge  upon  the  radiating  body,  whieh  is  thus  agdn  as  completely 
isolated  as  if  the  shell  were  nnperforated.  We  have  now  only  to  suppose  a 
portion  of  the  focal  plate  to  be  cut  away  in  order  to  have  an  apparatus  from 
which  only  one  kind  of  radiation  can  eRcape.  Whatever  energy  is  communi- 
cated to  the  internal  body  must  ultimately  undergo  transformation  into 
radiation  of  the  selected  kind. 
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SXPERIMENTS  ON  OOLOUB*. 

[Natw9,  XXV.  piK  64— 66,.  1881.] 

In  a  former  pap-r  with  the  iilxivi-  title  {Nxfnre,  vol.  iii.  p.  234,  Art.  Vll.) 
I  described  some  ctjmbinations  nl'  absnrlnut,'  im  dia  ca}>able  of  transDiittiiig 
the  red  and  green,  while  stopping  the  uther  rays  of  the  spectrum.  In  this 
way  I  obtained  a  purely  compound  yellow,  made  np  of  red  and  green,  and 
free  from  horaogeneona  yellow  light  In  devising  aodi  oomMnatioos  w«  have 
in  the  first  place  to  seek  an  absorbing  agent  capable  of  removing  the  jeUow 
of  the  spertnim,  whihi  ;ilk)wiiig  the  red  and  green  to  pass.  For  this  purpose 
I  used  au  alkiiline  infusion  uf  litmus,  or  solution  of  chloride  of  chromium, 
placed  in  a  trough  with  parallel  glass  sides.  In  order  to  stop  the  blue  rays 
we  may  avail  ounelvee  of  ehromate  of  potassium.  If  a  second  tnnigh  be  not 
objected  to,  it  ia  beat  to  use  the  bichromate,  as  ezercisiDg  the  meet  powerlhl 
absorption  upon  the  upper  end  of  the  spectrum ;  but  the  bichromate  cannot 
be  mixed  with  litmua  without  destroying  the  desired  action  of  the  latter 
upon  yellow.   In  this  case  we  must  oimteDt  ourselves  with  the  neutral 

chrotnate. 

During  the  last  year  and  a  half  I  have  resunie<i  these  experiments  with 
the  view,  if  possible,  of  finding  solid  media  capable  of  the  MiiUic  effects,  and  so 
of  dispensing  with  the  somewhat  troublesome  troughs  necessary  for  fluids. 
With  this  olfject  we  may  employ  films  <tf  geUtine  or  of  ooUodi(m,  spread  upon 
glass  and  iminN^;natod  with  various  dyes,  gelatine  being  chosen  when  the 
dye  is  soluUa  in  water,  and  collodion  when  the  dye  is  soluble  in  alcohol. 
Thus  in  the  case  of  litmus  a  slightly  warmed  plate  is  coated  with  a  hot  and 
careftdly  filtered  solution  of  gelatine,  allowed  to  remain  in  a  perfectly  hori- 
zontal position  until  the  gelatine  is  set,  and  then  put  aside  to  dry,  by 
preference  in  a  eunent  of  warm  air.   The  films  thus  obtained  are  usually 

*  Sead  bdbra  Baotioii  A  of  Um  Btitiah  Awooialion.  Septembw  8,  1681. 
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somewhat  rough  upon  the  Hurface,  so  that  I  have  pr('fcrri  <l  in  use  two  pieces 
cemented  together,  coated  sides  iiiwardu,  with  Canada  balsjim.  In  conjunc- 
tion with  the  litmuH  we  may  employ  a  silver-stained  orange  glass,  and  so 
isokte  the  red  and  green  ray».  For  the  orange  glass  Mr  Q  Homer  has 
anbetitated  a  film  of  eollodion  atained  with  amines  Samples  poasiUy  vary; 
but  that  which  I  have  used*  though  extremely  opaque  to  die  Une-green  rays, 
and  therefore  so  far  very  Huit^ible  for  the  purpose,  allows  a  considerable 
quantity  of  the  higher  blue  to  pjis-s.  By  spreariing  aurine  upon  a  pale  yellow 
glass,  I  obtained  a  very  perfect  absorption  of  the  blue-green  and  higher  raya 
Plates  prepared  as  above  deeoribed  answer  the  purpose  very  well ;  but  I  have 
found  that  in  some  cases  the  litmus  in  contact  with  the  balsam  becomes 
alowly  reddened,  the  action  creeping  inwards  from  the  edge.  A  dye,  capable 
of  replacing  litmus,  and  free  from  this  defect,  is  "soluble  aniline  blue,"  whose 
absorption,  as  I  found  rather  unexpectedly,  be^nns  in  the  yellow  and  orange. 
Bichromate  of  potash  and  aniline  blue  may  be  mixed  in  the  same  solution, 
and  there  is  uu  difficulty  lu  bo  adjusting  the  proportions  as  to  secure  a  good 
compound  yellow.  To  obtain  solid  films  gelatine  must  be  used,  as  in  the 
case  of  litmus,  Ibr  the  dye  is  not  soluble  in  collodion.  With  aniline  there 
is  no  difficulty  Snm  the  Oanada  balsam,  and  two  plates  cemented  together 
answer  perfectly. 

F«r  systematic  obiervatrons  on  compound  colours  nothing  probably  can 
be  better  than  Maxwell's  colour-box  in  its  original  form ;  but  it  seemed  to 
me  that  for  the  examinatkm  oi  certain  special  questions  a  more  portable 
arrangement  would  be  convenient.  In  an  instniment  of  this  class  a  full 
degree  of  brightne.ss  requires  that  the  width  of  the  eye-slit,  placed  where  the 
spectrum  is  formed,  should  not  contract  the  aperture  of  the  eye,  i.e.  should 
not  be  leas  than  about  one-fifth  of  an  inch ;  and  although  the  maximum  of 
brightness  is  not  necessary,  considemtions  of  this  kind  hugely  inflaence  the 
design.  If  we  regard  the  width  of  the  eye-slit  as  given,  a  certain  length  of 
spectrum  is  necessary  in  order  to  attain  the  desired  standard  in  respect  of 
purity  of  colour;  so  that  what  we  have  to  aim  at  is  a  sufficient  linear  exten- 
sion of  the  spectrum.  A  suitable  compromise  can  then  be  made  between 
the  claims  of  brightness  and  purity. 

The  necessary  length  of  sp-ctrum  can  be  obtained  by  increasing  either 
the  angular  dispersion  of  the  prisms  or  the  focal  length  of  the  lens  by  which 
the  image  is  formed.  If  portability  be  no  object,  the  latter  is  the  preferable 
method,  and  the  focal  length  may  well  be  ineroaaod  up  to  five  or  six  feet;  in 
this  way  we  may  obtain  a  field  of  view  of  givm  purity  of  colour  and  of 
maximum  Uightneaa,  at  the  expense  only  of  its  angular  extent  If,  however, 
we  desire  an  instrument  which  can  be  moved  from  one  place  to  another 
without  losing  its  adjustment,  the  focal  length  of  the  lenses  must  be  kept 
down,  and  then  a  large  prismatic  dispersion  is  the  only  alternative. 
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Increased  dispersion  cau  of  course  be  obtained  by  multiplication  of 
prisms;  but  for  the  purpose  in  view,  high  reMWing  poww  is  Dot  wanted, 
and  <ror  object  may  be  attained  with  a  eomparatively  small  total  thickneas 
of  glass,  nther  by  the  use  of  higher  angles  than  usual,  or  by  giving  the 

light  a  more  nearly  grazing  emergence.  The  latter  was  the  course  adopted 
in  designing'  the  first  instrument  of  which  I  have  to  speak.  A  pair  of  prisms 
of  60  ,  cut  from  an  oniinary  .single  1^  x  IJ-inch  prism  along  a  plane  bisecting 
at  right  angles  its  refracting  edge,  were  arranged  in  the  comer  of  a  shallow 
box,  so  as  to  fonn  what  Thollon  calls  a  ooMpfa  Goosiderad  as  a  anspK 
rigidly  ofmnected  refraotw,  the  psir  of  prisms  are  placed  so  as  to  give 
minimum  deviation,  but  the  incident  and  emeigent  %ht  makes  smaller 
angles  with  the  final  surfaces,  than  if  each  prism  were  adjusted  separately 
for  minimum  deviation.  The  collimating  and  focusing  lenses  are  common 
spectacle-glasses  of  about  8"  focus.  The  box  is  12"  x  12"  x  3".  Light 
entering  at  a  slit  on  one  of  the  sides  of  the  box  would  be  turned  by  the 
prisms  through  an  angle  rather  greater  than  a  right  angle,  and  throw  a  pore 
spectrum  upon  another  nde  of  the  box.  This  side  is  ent  away,  and  provided 
with  movable  sci-eena  of  cardboaid,  .so  that  any  part  may  be  open  or  dosed 
as  desired.  When  the  eye  is  applied  to  the  first  slit,  the  prisms  are  seen 
uniformly  illuminated  with  oolours  whose  composition  depends  upon  the 
situation  and  width  of  the  slits  between  the  cardboaril  screens  through  which 
light  IS  allowed  to  enter.  In  this  way  we  may  obtain  a  uniform  field  of  view 
lighted  with  any  oombinatioa  of  qpeotrsl  colonis.  My  object,  howeva;  was 
to  obtain  an  instrument  for  making  comparisons  between  the  simple  and 
compound  yellow,  and  for  this  purpose  an  addition  was  necessary.  This 
consisted  of  a  very  acute-angled  prism  hcM  close  to  the  tli.spersing  prisms  in 
such  a  ])osition  that  its  refract  iiitc  edge  wius  horizontal,  dividing  the  field  of 
view  into  two  equal  |)art«.  The  iiction  of  this  prism  is  most  easily  under- 
stood by  again  supposing  the  light  to  enter  at  the  eye-slit  Half  of  the  light 
proceeds  as  before,  ImrmingL  ultimately  a  pure  spectrum  upon  the  side  of  the 
box.  The  a|^»er  half  of  the  beam,  however,  is  deflected  by  the  acute-angled 
prism,  and  the  coneqponding  spectrum  Is  thrown  upwards,  so  as  to  lie 
somewhat  higher  upon  the  side  of  the  box.  This  part  is  also  cut  away, 
and  provided  with  movable  screens.  By  the  principle  of  reversibility  the 
consequence  is  that  an  eye  placed  at  the  first  slit  sees  ttvo  uniform  patches  of 
colour,  tiie  lower  formed  as  before  by  light  from  the  lower  set  of  slits,  the 
upper,  covering  the  acute-angled  prism,  by  light  from  the  upper  set  d  slits. 
These  colouis  are  in  dose  juxtaposition,  and  may  he  compared  with  ease  and 
accuracy. 

The  great  difficulty  in  this  cla.ss  of  instruments  is  to  devi.se  any  efficient 
and  reasonably  simple  method  of  cnntrolllng  the  position  and  widths  of  the 
slits.  In  the  present  case  I  contented  myself  with  strips  of  blackened  curd- 
board  cemented  to  the  side  of  the  box  with  sealing-wax,  or  soft  wax,  according 
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to  the  dogree  of  permanence  of  adjustment  aimed  at.  One  part  of  the  field 
was  illuminated  with  homogeneous  yellow  (about  the  line  D)  from  a  single 
aliti  The  other  half  was  lighte«l  with  a  mixture  of  full  red  aad  full  green, 
and  the  ofaaemnituMi  oonaisted  in  adjusting  the  widths  of  the  slits  tluough 
which  the  red  and  green  were  admitted,  until  the  mixture  was  a  matoh  with 
the  simile  jtSkm. 

The  fint  trials  of  this  instrument  in  the  spring  of  last  year  revealed  an 

interesting  peculiarity  of  oolour  vision,  quite  distinct  from  colour  blindness. 
The  red  and  green  mixture  which  to  my  eyes  and  to  those  of  most  people 
matches  j)ertectly  the  homogeneous  yellow  of  the  line  /),  appeared  to  my 
three  brothera-iu-law  hopelessly  too  red, ahnost  as  red  ius  red  sealing-wax." 
In  Older  to  suit  their  eyes  the  proportion  of  red  had  to  be  greatly  diminished, 
until  to  normal  sight  the  colour  was  a  fitir  green  with  scarcely  any  approach 
to  yellow  at  alL  So  far  as  could  be  made  out  at  the  time,  the  three  abnormal 
observers  agreed  well  among  themselves,  a  fact  which  subsequent  measure- 
ments have  cfjnfirmed.  It  appeared  afterwards  that  a  fourth  brother  was 
normal  as  well  ;vs  the  three  sisters. 

These  peculiarities  were  quite  unexpected.  After  the  fact  had  been 
proved,  I  remembered  a  dispute  some  years  before  as  to  the  colour  of  a 
diehzomatio  liquid,  which  appeared  to  me  green,  while  one  of  my  brothers-in- 
law  maintained  that  it  was  red ;  but  the  observatimi  was  not  followed  op,  as 

it  ought  to  have  been,  each  of  us,  I  suppose,  regarding  the  other  as  inaccu- 
rate. After  the  establishment  of  the  diSereince  I  d<.  ti  riniiied  to  carry  out  a 
plan,  which  I  had  tried  with  success  some  years  Ix'tVire  (October,  1877),  for  a 
colour-uiixitig  arrangement  rlppendiiiL;  on  double  refraction,  by  which  I  hoped 
to  obtain  an  easily  adjustable  iustrument  suitable  for  testing  the  vision  of  a 
numbw  of  persona 

!bi  my  original  experiments  I  used  a  60°  doubly  refracting  prism  of 
quarti,  which  threw  two  qMctra  of  the  linear  souroe.  upon  the  screen  con- 
taining the  eye-slit.   These  oppositely  polarised  spectra  partially  overlapped, 

and  by  suitable  |)lacing  of  the  prism  could  be  made  to  furnish  red  and  green 
light  to  the  eye.  By  the  rotation  of  a  small  Nicol  held  imniediatoly  behind 
the  eye-slit,  the  red  or  green  could  be  i.solated  or  mixed  in  any  desired 
proportion.  One  advantage  of  this  arraugemeui  is  that  the  two  cumpoueut 
lights  come  from  the  same  slit,  so  that  we  aie  leas  dependent  upon  the 
nnilormity  of  the  light  behind;  but  it  is  periiaps  a  gxeator  merit  that  the 
adjustment  of  propoftions  is  effected  by  a  simple  rotation  at  the  eye-slit, 
allowing  the  chaerreir  to  tiy  the  eflfoct  of  small  changes  with  ease  and 
rapidity. 

In  the  new  instrument,  which  was  completed  during  the  autumn  of  last 
year,  separate  pri.sms  were  ustrd  to  effect  the  dispersion  and  double  refraction. 
For  the  sake  of  compactness,  a  direct  vision  prism  by  Browning,  containing 
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two  fltnte  and  three  crowns,  waa  dioaen,  in  ooojiinefeion  with  a  small  achro- 
matic double  image  prism.  At  one  end  of  a  long  narrow  box,  24"  x  2"  x  2", 
the  light  is  admitted  through  a  slit  whose  pofiition  and  width  can  he  adjust^'d 
by  sliding  its  jaws  along  a  divided  scale.  After  travelling  about  9^"  it  falls 
upon  the  double  image  prism  mounted  upon  a  small  table  so  as  to  allow  of 
rotaticm,  and  then  after  two  more  inches  upon  a  oollimating  lens,  by  which 
the  two  beams  are  rendoed  paraUeL  Next  oomee  the  djaposiiig  prism,  and 
then  the  focusing  lenSp  throwing  pore  speotra  upcm  the  other  aid  of  the  box 
which  carries  the  eye-slit.  The  distance  between  the  two  lenses  is  3^",  and 
the  entire  length  of  the  box  is  about  24".  The  eye-slit  is  a  fixture,  and 
immediately  behind  it  is  the  rotating  Nicol,  whose  position  is  read  by  a 
pointer  on  a  divided  circle. 

The  part.s  of  the  speetnun  from  which  the  component  lights  are  taken 
can  be  chosen  over  a  suthcieut  range  by  use  of  the  two  adjustment's  already 
mentioned.  By  rotation  of  the  table  on  which  the  double  image  prism  is 
mounted,  the  separating  power  is  altered,  and  one  speetmm  made  to  slide 
over  the  other,  while  by  moving  the  entrance  slit  the  speotta  are  shifted 
together  without  relative  diqplaoement 

It  yet  remains  to  describe  the  parts  by  which  the  compariaon  oolonr  is 

eihibited.  Between  the  doable  imsge  prism  and  the  collimating  lens  a 
small  vertical  reflector  ia  mounted  on  a  turn-table  at  an  angle  of  about  45°. 
Its  dimensions  are  such  that  it  covers  the  lower  half  of  the  Held  of  view  only, 
leaving  the  upper  half  undisturbed,  and  its  fimction  is  to  reHect  light  coming 
from  a  lateral  sUt  through  the  dispersing  prism  so  as  to  throw  a  third 
spectrum  upon  the  eye.  The  latersl  slit  is  carried  in  a  small  draw-tube 
projecting  about  2*  from  the  side  of  the  box,  and  the  light  proceeding  horn 
it  is  rendered  nearly  parallel  before  reflection  by  a  lens  of  short  focus.  No 
adjiistment  is  provided  for  the  ])()sition  or  width  of  the  lateral  slit ;  all  that 
is  necessary  in  this  respect  being  attainable  by  rotating  the  mirror  and  by 
var}'ing  the  brightness  of  the  light  behind.  As  sources  of  light  I  have  found 
Argand  gas  flMues,  surrounded  by  opal  globes,  to  be  suitable.  The  gas  tap 
supplying  the  ktersl  flame  is  witlun  reach  of  the  observer,  who  has  thus  the 
means  of  adjusting  the  match  both  with  respect  to  colour  and  with  reqpect 
to  brightness,  without  losing  sight  of  the  subjects  of  comparison.  The  zero 
of  the  divided  circle  corresponds  approximately  to  the  complete  exclusion  of 
green,  but  readings  were  always  taken  on  both  sides  of  it  so  as  to  make  the 
results  independeut  of  this  adjustment.  The  circle  is  divided  into  100  parts, 
green  being  excluded  at  0  and  50,  and  red  at  25  and  76.  T^ths  of  a 
divisiom  could  be  estimated  pretty  correctly,  an  accuracy.  <tf  reading  fhlly 
sufficient  for  the  purpose,  as  the  observations  of  evok  practised  obeerven 
would  vary  two  or  three  tenths. 

It  is  evid^t  that  the  numbers  obtained  are  dependent  upon  the  quality 
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of  the  Ught  Ijf  wliich  the  principal  slit  is  illutninated.  In  order  to  «?oid 
enom  in  the  comparison  of  difffreiit  persons'  vision  arising  from  this  source, 
it  is  ftdvisable  always  to  take  siniultfineous  observations  from  some  practised 
individual  whose  vision  may  be  treated  as  a  stiiiidard ;  but  no  evidence 
appeared  ctf  any  Tariation  tD  the  quality  of  the  gaslight.  The  special  appli* 
cation  of  eneh  inBtmineiite  to  the  ooinparieon  of  the  qoalitiee  of  various  kiilkds 
of  mixed  light  was  alluded  to  at  the  end  of  my  paper  "  On  the  light  from 
the  Sky/'  isc  (FluL  Mag,  April.  1871  [Ait  vm.  p.  108]). 

I  have  obtained  naatchea  between  simple  and  compound  yellow  from 
twenty-three  male  observers,  principally  students  in  the  la^wratory.  Of 
these  sixteen  agree  with  myself  within  tlie  limits  of  the  errors  of  obsfrvation. 
The  remaining  seven  include  my  three  brothers-in-law,  and  two  others, 
Hr  J.  J.  Thomson  and  Mr  ThrelfiUl,  whoee  vision  in  thn  reflpect  sgrees  very 
nearly  with  theiia.  The  vision  a£  the  other  two  observers  difiSers  from  mine 
in  tiM  opposite  dimrtion.  hi  one  case  the  difference,  tiiongh  apparently 
real,  is  small,  but  in  the  other  (Mr  Hart),  though  there  was  some  diflSculty 
in  getting  a  good  observation,  the  difference  is  most  decided.  Among  seven 
female  observers  whom  I  have  tried,  there  is  not  one  whose  vision  difl'ers 
sensibly  from  my  own. 

Although  the  number  examined  is  insufhcient  for  statistical  purposes,  it 
is  evident  that  the  peculiarity  is  by  no  meamj  rare,  at  least  among  men.  As 
frr  as  my  experience  has  gone,  it  wonld  seem  too  as  if  nonnal  vision  were 
not  of  the  nature  of  an  avenge,  from  which  small  deviations  are  more 
probable  than  larger  ones ;  but  this  requires  confirmation.  In  order  to  give 
a  more  precise  idea  of  the  amount  of  the  difference  in  question,  I  have 
calculated  from  the  laws  of  double  refraction  the  relative  (juantities  of  red 
and  green  light  required  by  Mr  F.  M.  Ball'uur  and  myself  tu  match  the  same 
yellow  light.  If  we  call  R  and  0  the  maximum  brightnesses  of  the  red  and 
green  light  (as  thqr  would  reach  the  eye  if  the  Niool  were  removedX  and 
r,  g  the  actual  brightnesses  (as  modified  by  the  analysor)  necessary  for  the 
m^eh,  then  for  ILr  Balfour — 

rlg^\J6Xi{Rf&% 

while  for  myself— 

r/^«818(J2/&> 

In  other  words,  Hr  Balfoor  requires  only  half  as  much  red  as  myself  m  order 
to  turn  a  given  amount  of  green  into  yellow.  The  corresponding  nnrobecB 
for  the  other  four  observers  of  this  class  would  be  .substantially  the  same. 
On  the  other  hand,  Mr  Hart  requires  much  more  red  than  I  do  in  order  to 
convert  a  given  green  into  yellow — in  the  ratio  of  about  2  6  :  I. 

Except  in  the  case  of  Mr  Hart,  the  colour  vision  of  these  observers  is 
defective  only  in  the  sense  that  it  differs  from  that  of  the  majority.  Their 
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appreciation  of  small  colour  differeDoes  is  as  distinct  a.s  usual.  In  order  to 
test  this  Mr  G.  W.  Balfour  made  a  complete  series  of  colo\ir  matches  with 
revolving  disks  in  tho  manner  described  by  Maxwell  and  in  my  former  paper. 
Six  matches,  of  which  only  two  are  really  independent,  were  observed,  the 
consisteDcy  of  the  set  being  a  measure  of  the  accuracy  of  obsei'vation.  The 
proved  to  be  only  doable  of  that  whioli  I  have  found  in  my 
own  observations^  and  rather  less  than  that  usually  met  vrith  in  the  ease  of 
observers  whose  visiim  is  normal. 

In  oonnection  with  what  has  been  described  above  with  respect  to 
tiichromic  vision,  it  is  interesting  to  notice  that  corresponding  and  perhaps 
larger  differences  are  to  be  found  in  the  vision  of  the  so-called  oolour<blind. 

The  double-refraction  apparatus  may  conveniently  be  used  in  this  investiga- 
tion. With  the  )i^)i!iter  adjusted  to  0  oi-  2'),  we  have  in  the  upper  half  of  the 
field  pure  red  or  pui-e  green  respectively,  aud  in  the  lower  half  pure  yellow 
as  usual   By  suitable  adjustment  of  tiie  gas  taps  two  observers  of  tiiis  class, 

Mr  T  and  Mr  B  ,  are  able  to  obtab  perfect  matches  both  between 

red  and  yellow,  and  between  green  and  yellow,  but  the  proportions  necessary 

are  verj'  different  for  the  two  observers.    In  Mr  T  's  red  and  yellow 

match,  the  red  is  to  normal  vision  d;izzliii<rly  bright,  and  the  yellow  almast 
too  dark  to  be  recognised ;  while  the  green  and  yellow  match  however 
extravagant  as  to  hue,  appears  reasonable  iu  respect  of  brightness.    On  the 

other  hand,  to  Mr  B  ^"s  eyes,  the  red  of  the  spectrum  does  not  look  nearly 

so  daric,  and  the  equivalent  red  and  yellow  appear  to  the  nwmal  eye  to  be 
much  more  nearly  upon  a  level.  Although  these  great  differences  exist, 
there  is  no  doubt  that  the  vision  of  both  observers  is  strictly  dichromic,  and 
that,  apart  from  brightness,  all  the  rays  of  the  spectrum,  from  red  to  green, 
have  the  same  effect  upon  their  eyes. 

If  we  wish  to  go  beyond  the  fact  that  this  visitm  is  dichromic,  and  inquire 
whether  the  ca.se  is  one  of  rrrl  blindness  or  of  green  blindness,  we  must  be 
careful  to  consider  whether  the  rjiiestion  itself  has  a  definite  meaning.  If 
trichromic  vision  were  always  the  same,  aud  if  a  particular  case  of  colour- 
blind visbn  differed  from  it  merely  by  the  afaaenee  of  the  red  sensation,  that 
vinon  would  intelligibly  be  characterised  as  red-blind.  There  is  reason  to 
believe  that  such  ciises  exist  In  all  probability  the  suppression  of  my  own 
red  seusatiou  would  lead  me  to  make  matcbms  very  nearly  the  same  as 

Mr  T  's;  and  in  this  sense  he  may  fairly  be  called  red-blinfl.    But  under 

the  same  circumstances  my  matches  would  be  altogether  rejected  by  Mr 

B  ;  and  the  4uestion  may  be  asked,  whether  bis  case,  being  certainly  not 

one  of  simple  red-blindness,  can  be  brought  under  the  head  of  green-blind- 
ness. To  this  the  suflSoient  answer  is,  that  if  I  became  green-blind  my 

matches  would  differ  from  those  of  Mr  B         far  more  than  if  I  was  red^ 

blind.   The  test  of  green-blindness  would  be  the  possibility  of  matches 


Digitized  by  Gopglie 


77] 


MPBBTKBWIB  ON  OOLOUB. 


549 


between  colours  which  to  normal  eyes  appear  groen  and  purple  ur  grueu  and 
grey.  Although  a  good  deal  has  been  said  lately  on  thiB  subject,  I  am  not 
aware  of  a  case  in  which  aocmate  matches  of  this  kind  have  beat  obtained 
from  observers  whoso  colour  vision  is  in  other  respects  acute.  If  such  oases 
exist,  inquiry  should  be  instituted,  in  order  to  sec  how  far  the  matches  wonld 
ooirespond  to  green-bliodness  of  an  otherwise  normal  eye. 

We  see,  then,  that  there  is  dichromic  vision  which  cannot  accurately  be 
described  as  affected  with  red-bhndneas,  and  still  less  as  affected  with  grcen- 
blindnens.  The  ditVerLiicc  ironi  normal  vinion,  being  not  simply  one  of  defect, 
cannot  be  defined  by  any  single  phrase.  To  obtain  a  complete  knowledge  of 
it  qaantitatiTe  obswvatiims  over  the  iriiale  speobnm,  sodi  as  those  oairied 
out  by  Maxwell,  are  necessaij.  It  is  fortunate  that  tiieae  observations  are 
easier  to  amm^  fiir  diohramio  than  for  trichromio  vision. 

That  I  might  be  able  to  form  an  afimaa  upon  the  general  aoateness  of 

his  odour  vision,  Mr  T  was  good  enough  to  observe  a  series  of  five 

oolour  matches  between  red,  white,  bine,  green,  ai^  yellow,  one  being  left 
out  each  time.  The  results  are  given  in  the  accompanying  table;  those 


B«d 

White 

BlM 

OlMB 

TcUow 

Daik  1.1880 

76-  2 

77-  4 

23-8 
22-6 

-23-3 
-21 

-76-7 
-79 

0 
0 

Observed 
CAloalated 

66-6 
M'S 

48-4 
48-8 

-62-3 

0 
0 

-47-7 
-47'« 

OfaMnred 
(takiiktoa 

68-2 
00*7 

6-5 
6*6 

0 
0 

-100 
-100 

26-8 
SS'8 

ObMrved 
4?>tnii1«t«il 

60-  3 

61-  2 

0 
0 

8 

7-8 

-100 
-100 

81-7 
81 

Observed 
Calculated 

•i 

0 
0 

82-5 

aa-8 

-48-6 
-44*1 

<7*6 
•7-7 

-66*5 

Olwuisd 

k 

522 

424 

-Oil 

85 

-470 

fi 

641 

406 

-470    1  -199 

-877 

marked  "  calculated  "  being  a  consistent  set  derived  by  elimination  from  the 
two  marked  A  and  H,  The  good  general  agreement  of  the  two  sets  of 
numbers  is  a  proof  thai  withw  its  restricted  range  Mr  T       *s  sense  of  colour 
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is  acDta.  !nie  fini  obBervatum  in  which  a  miztore  of  red  and  while  is 
nutohed  by  a  mixture  of  green  and  Une  is  (he  most  ohttaeteriataa 

lu  conclusion  I  will  describe  an  apparatus  hy  which  it  is  possible  to 
observe  these  oolour-matches  without  rotating  the  disks.  At  the  time  of 
my  first  experiments,  about  ten  yean  since,  I  was  struck  with  the  advantage 

which  might  ensue  if  it  were  possible  to  have  the  mixed  colours  in  view 
during  the  time  of  actual  adjustment,  and  I  thought  of  a  plan  by  which  this 
object  might  be  attained.  The  idea,  which  I  carried  out  soon  afterwards, 
was  to  spin  an  image  of  the  disks  instead  of  the  disk^^  themselves.  An 
inverting  prism  was  mounted  in  a  tube  which  could  be  made  to  rotate.  The 
axis  of  rotation  is  af^usted  80  88  to  point  accurately  to  the  centres  of  the  disks 
mounted  as  usual  An  eye  applied  to  the  prism  sees  the  disks  undisplaced 
as  a  whole,  but  inverted  by  reflection.  As  the  tube  rotates,  the  image  of  the 
disks  rotates  also,  and  with  double  angular  velocity.  When  the  speed  is 
sufficient,  the  colours  lying  on  any  cirrle  concentric  with  the  disks  are 
blended  exactly  as  if  the  disks  themaelves  revolved. 

This  apparattis  is  quite  successful ;  but  its  real  advantages  of  working  at 
a  smaller  velocity,  and  of  allowing  adjustment  while  the  rotation  continues, 
are  counterbalanced  in  practice  by  the  inconvenience  of  having  to  look 
through  a  tub^  and  the  uncertainty  introduced  by  the  possible  c&turbance 
of  the  match  due  to  unequal  illumination  ct  the  area  occupied  by  the  disks. 

1 


I 
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ON  THE  INFINITESIMAL  BENDING  OF  SURFACES  OF 

REVOLUTION. 

[Proceedings  of  tho  London  Mathematioal  Sooist^,  XIIL  pp.  4 — W,  1881.J 

When  a  thin  aheet  oi  matter  w  mbjceted  to  stress,  the  force  which  it 
opposes  to  extension  is  great  in  comparison  with  that  which  it  opposes 
to  bending.  Under  onlinary  circumstiinces,  the  duforiuation  takes  place 
approximately  us  il  the  sheet  were  iuexteosible  as  a  whole,  a  couditioD 
whidi  in  a  zemailcable  degree  fedlitatee  odculation,  though  (it  need  eearcely 
be  said)  even  bmding  implies  an  extensitm  of  all  but  the  omtnl  layen. 
The  inextensibiUtjr  postuhited  refers  properly  to  tiie  eential  lajer,  whieh 
is  spoken  of  as  a  natfiMse. 

We  will  commence  with  the  case  of  a  surface  naturally  spherical,  and 
investigate  what  kind  of  deformation  it  axhnits  of,  under  the  condition 
that  no  line  traced  upon  the  suHacc  is  altered  in  length.  The  radius 
of  the  sphere  being  a,  let  the  point  whose  natural  coordinates  are  a,  6,  ^ 
be  displaced  to  the  position  a  +  Sr,  6  +  B6,  <f>  +  where  5r,  S0,  8^  are  to  be 
treated  as  smalL  Since  .the  element  of  are  <it  is  (tf  the  same  length  after 
displaoement  as  befiwe,  we  have 

(d*/  =  a'  (dey-  +  a»  sin'  6  (d<^)« 

=  (a  +  &r)»  (de  +  dBey  +  (d&ry  +  (a  +  8r)»  sin'  {d  +  6$)  (d^  + 

or,  retaining  only  the  first  power  of  ir, 

ai$d^  fir  {d0y  +  ^  sid*  {d^y  +  a  sintf  oos  0  M  {d^y  +  a  mifBd^d^  =  a 
Now 
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ao  that 

+  id<l>y  1^  sin*  ^  +  sin  ^  cos  ^     +  sin'^  ^|  -  0  (2) 

In  this  equation  d0  and  are  arbttnuy,  m>  that  the  ooeffieienta  of 
(d$y,  d$d^,  and  (d^f  must  vaniah  wpantely.  We  thus  obtain  as  the 
omditicmB  of  no  extension, 

a  " ^'  '""^  dil  =  ^'       a    ^''^^ +  3^^ "  0....(8.4, 6) 

From  (3),  (4).  (5),  by  elimination  of 

or,  since 

"^^SS'rfkgtanrt^)* 


From  (8)  and  (9)  we  see  that  both  h<f>  and  (sin  B6  satisfy  an  equation 
of  the  second  order  of  the  same  form,  viz., 

d*u  '^'_ft  /in\ 

d(log  tani^)»  " 

From  the  nature  of  the  oaee,  a  ie  a  pedodic  fiinetion  of  ^,  and  can  be 

expanded  by  Fourier's  theorem  in  a  series  of  sines  and  cosines  of  (f)  and 
its  multiples.  Moreover,  each  term  of  the  series  imist  satisfy  the  equations 
independeDtly.    Thus,  if  u  varies  as  co8«^  or  as  sin  s<j>,  (10)  becomes 

d*n  - 
rfCk^ftani^/"*^**""' 

whence 

«  -  ii'  tan*     -f-  A'  eot«  \$  (11) 

where  A'  and  B  are  independent  of  6. 
If  we  take 

»  (cos      sin  $^)  [A  taa^^B  +  B <soV   (12) 

we  get  for  the  corresponding  value  of  5^,  from  (8), 

a^/sin  0  «  (-  sin  4^  008  «^)  [A  tMa'^ff-B  oof  ^6] ;   (13) 


Digitized  by  Gopgle 


78]      OS  THE  UiFDi*IT£:»llUJ.  B£NDLNG  OF  SURFACES  OF  EEVOLUTIOX.  55S 

•ad  tiwooe,  frm  (SX 

<^/a «<ni «4. - eos*^) [il  <« 4- cos tan'i^  +  0 («.ooft^eo«*  ...(U) 

in  which  the  constants  which  accooipau)  sin«^  toe  iudcpendent  of  those 
iriueh  aooompeny  coss^ 

If  we  suppose  «  =  1,  we  get 

sm  £^a(oo8^  ain  ^)[A -i- B  -  {A  -  B)  cos  $]. 
t$''i-m^iM^)[A-B^{A4'B)eim0i 
Sr/a  -  (am  ^  -  cos    [U  +  H)  an  #^ 

The  tiro  <fi^leoeiiieiitB  proportumal  to  A  —  B  are  rotatMns  of  the 
whole  amfiMse  aa  a  rigid  body  round  the  axes  ^*0,  and  0^lw, 

Thoae  proportional  to  il  +  A  are  displaoemeQtB  paraUel  to  the 
aame  axes. 

The  two  other  motions  possible  without  bending  are  a  n)t4»tion  round 
the  axLs  ^  =  0.  represented  by  Ed  =  0,  s  ooDst,  5r  ■*  0,  aad  a  displacement 
parallel  to  the  aame  axis  represented  by 

or 

S^^O,  i0imyaMk$,  SraB-TSOoatf. 

The^  correspond  to  a  zon>  value  of  s,  and  are  readily  obtained  from  the 
original  equations  (3),  (4),  (5). 

If  the  sphere  be  complete,  the  displacements  just  considered,  and 
eoReepMkding  to  «vO  and  1*  are  the  only  ones  possible.  Fur  hi^er 
values  4^  t,  we  see,  from  (14),  that  8r  is  ii^nite  at  one  or  other  pole, 
nnli^-H  .1  dwl  D  hoth  vanish.  In  other  words,  the  complete  sphere  is 
perfectly  rigid,  so  far  as  coooems  pure  bending. 

If  neither  pole  be  included  in  the  actual  surface,  which  for  example  we 
may  suppose  bounded  by  oireles  of  latitude,  finite  values  of  both  A  and  B 
are  admissible,  and  therefore  necessary  for  a  complete  solution  of  the 
problem.  But  if.  as  would  more  often  happen,  one  of  the  poles,  say  ^  =  0, 
is  indnded,  the  constants  B  moat  be  considered  to  vanish.  Under  these 
drcomstanoes,  the  solution  is 

B<f>  =  A  tan'  ^  B  cos  s^f)  \ 

Be=-A  sin  e  tan'  ^  6  ^ux  s4>  I  (16) 

^  =      («  +  cos  6)  tan'  ^tf  sin  «^  ) 

to  which  is  to  be  added  that  obtained  by  writing  — ^w  fiv  «^  and 
changing  the  arbitruy  constant. 
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From  (15)  wc  sec  that,  along  those  meridians  for  which  Kin«^  =  0,  the 

displacement  is  tangential  and  in  longitude  only,  while  along  the  inter- 
mediate meridiati.s  for  which  cos  s(f>  =  0,  tliLTe  is  no  displacument  in  longitude, 
but  one  in  latitude,  and  one  normal  to  the  surface  of  the  sphere. 

Along  the  equator  6     hv,  and  then  6<f>  =  A  cos  8<f),  Bd  =  —  A  sin 
Sr "  Aas  sin  8<^,  so  that  the  maximum  displacements  in  latitude  and 
longitude  are  eqoeL 

The  results  embodied  in  (15)  are  applicable,  even  elthong^  neither  tlie 
distribution  of  thickness  near  the  form  of  the  boundary  are  symmetrical  with 
respect  to  ^  =  0,  but  it  is  only  under  this  condition  that  the  displacements 
are  normal  in  the  mechanical  sense.  In  what  follows  it  will  therefore  be 
snpp<jsed  that  the  boundary  is  a  circle  of  latitude,  and  that  the  thickness,  if 
variable  at  all,  is  a  function  of  latitude  only. 

In  order  to  find  the  potential  energy  of  bending,  the  fii"st  step  is  the 
purely  geometrical  one  of  investigating  the  curvature  at  every  point  of 
the  deformed  sur&ce.  The  principal  curvatures  differ  firom  the  original 
curvature  of  the  sphere  in  opposite  directions  and  to  an  equal  amount^ 
and  the  potential  energy  of  bending  correspcmding  to  any  elonent  of  the 
8tirfa(  e  is  proportional  to  the  square  of  this  excess  or  defect  of  curvature, 
without  regard  to  the  direction  of  the  principal  planes.  The  calculation 
of  the  curvature  is  somewhat  tedious,  and  it  may  suffice  here  merely  to 
give  the  result.  I  find  that  the  curvature  corruspoudiug  to  (15)  at  any 
point  $,  0,  and  in  a  plane  nuking  widi  the  meridian  tfaromgh  the  point  an 
angle  7  is  expressed  by 

1    1    .4  (*•-»)  tan' .  ,  ^     „  ^ 

 '  Bm{inb  +  2ff),   (16) 

The  maximum  value  <^  S(p~*)  is  therefore  the  sane  at  every  point  along  a 
cirde  of  htitude,  and  is  given  by 


^(ih^^^^  (") 


vanishing,  as  was  to  be  expected,  in  the  esses  s  =  0,  s  « 1.  With  respect  to 
the  directions  of  the  principal  planes,  we  see,  from  (16),  that  along  the 
meridians  where       vanishes  (cos  s(f>  =  0),  the  principal  planes  are  the 

meridian  and  its  perpendicular,  while  along  the  meridians  where  hr  vanishes, 
the  principal  planes  are  inclined  to  the  meridian  at  angles  of  45\as  is  indeed 
otherwise  obvious. 

The  potential  energy  corresponding  to  the  element  of  surface  a*  sin  dddd^ 
may  be  denoted  by  c?H  \h  {p~^)Y  dfi  d^^  irime  H  depends  upon  the 
material  and  the  thickness.  The  whole  potential  energy  F  is  to  be  found 
by  integration  with  respect  to  ^  between  the  limite  0  and  2w,  and  for  $ 
between  the  limits  0  and  6. 
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We  will  now  prove  that  the  expression  for  V  corresponding  to  any 

number  of  displacomcnts  of  type  (15)  involves  the  squares  only,  and  not 
the  prtKlucts,  of  the  amplitiiHes  A.  In  order  to  have  full  gunerality  for  each 
value  of  s,  we  write,  in  (15  and  lli),  s<f>  +  e  instead  of 

We  have 

'         a  sin*  ff 

so  that  the  excess  of  curvature  in  the  principal  plane  is  given  by 

It  IB  now  evident  that,  in  the  integration  with  respect  to  ^  the 
products  A,A^  will  disappear  in  virtue  of 

j   wii(js<t>  +  e)mk{8'^  +  e')<i<li  =  0,      j   cos(«^  +  e)cos(«'^  +  e)c^  =  0, 

and  the  complete  expression  for  F  is  simply 

F  «  Sir       -    A,*  l^'-ff  sin-'  $  tan^i^  d$.  (18) 

We  will  now  suppose  that  H  is  constant,  in  order  to  proceed  with  the 
integration.    Writing  for  brevity  t  for  tan  ^6,  we  have 

dt  so  that  d0=  '^^     and  8in<»«  . 

Thus 

In  the  case  of  a  hemisphere  t—1,  and  (19)  assumes  the  form 

Hence,  for  a  hemisphere, 

F=iiri/2(«»-«)(2«»-l)il.«   (21) 

If  the  extreme  valne  of  0  be  60*  instead  of  90%  we  get  instead  of  (20) 

4. »«•»(«•-•) 

and 

F  =  JwJy 23-«'+«  (••-«)  (8s* + 4»  -  3)  A,K   (23) 
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If  we  wish  to  take  the  terms  in  (15)  involving  cos.s^,  sin  separately, 
we  have  only  to  write,  in  (18),  (21),  (23),       +  ^/'  in  place  of  A,^. 

These  expressions  for  V,  in  conjunction  with  (15),  are  sufficient  for  the 
solution  of  statical  problems  relative  to  the  deformation  of  spherical  shells 
iiiider  the  aotion  of  given  impreaaed  fimses.  Suppose,  for  example,  that  ft 
string  of  tenaimi  ^ocmnects  the  opposite  jwiiits  on  the  ec^  of  a  hemiqilim 
represented  by  d^^^ir,  ^ai|ir,  and  that  it  is  required  to  find  the 

deformation.  From  (15)  wo  see  that  the  woik  done  by  the  impressed  foroea 
corresponding  to  the  deformation  hA,  ia 

—  hA,  a»  (sin  f  «r)  +  sin  (|nr  +  aw)  F. 

This  vanishes  if  «  be  odd»  and  if  »  be  even  is  equal  to 

—  2BAt€u  an  ^nr .  F. 
Henoe  At  vanishes  if «  be  odd,  and,  by  (21),  if  •  be  even, 

dV/dA,  =  xif  («» -  *)  (2i»  -  1)  ^,  -  -  2m  sin  J«r .  F, 


whence 


2aF.sin|<ir 
^'  ir^(«--l)(2^~l) 


Attaching  numerical  valties  to  «,  we  find 

ili  =  0,  il«»0.  -d.'O,  &c. 

A         2a  .  2a  F  .  2a  F  . 

^''^  irH.S.T      ^'^"ttH .157 31 '      ^* "  TTii  .  35  .  7 1  • 

By  (24)  and  (15),  the  deformation  is  craipletely  determined. 

to  take  a  case  in  which  the  foice  is  tangential,  we  suppose  that  the 

hemisphere  rests  upon  tts  pole  with  its  edge  horizontal,  and  that  a  rod  of 
weight  W  a  kid  symmetrically  along  the  diameter  $  =  ^^w,  we  find  in  like 
manner 

^•^jy(«'-«)(2««-i)'  

for  even  values  of  s,  and  zero  for  odd  values  of  Ik  In  this  case  the  series  is 
even  more  convergent  than  before. 

Before  we  can  find  the  fre(|uencie8  of  free  vibration,  we  must  investigate 
an  expression  for  the  kinetic  energy.  It  may  readily  be  proved  that  only 
the  squares  of  A,  and  A,  are  involved,  so  that  these  quantities  are  really 
the  normal  coordinates  of  the  system.    We  have,  from  (15), 

)       Idr)  tan-KI(*+eostf)ismP.*+sin-*|. 
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When  intqpnted  with  reqieol  to  ^,  this  gives 

7ro»  tan"  4   [(«  +  cos  ^/  +  2  siu*  6]. 

We  bftve  now  to  maltiply  by  eiii  0d0,  and  integrate.  Let 

f  tan*  ^tf  {(«  +  ooB  ^  +  2  flin*  ^  on  0d»  -/(«) ; 

J  0 

then, «  being  written  tot  I    cob  $, 

f(a)  =       ~     {(«  -  ly  +  2»  (»  +  1)  -  a?j  das.   (26) 

For  n  beniie[diere  the  lower  limit  of  the  integml  is  unity.  If  9  denote  the 
muftoe  density,  the  expression  for  the  whole  kinetio  energy  T  is 


From  (27)  and  (21)  the  frequencies  of  froo  vibration  for  a  hemisphere  are 
immediately  obtainable.   The  equation  for  A,^  or  A^^  is 

so  tha;^  if  A,  varies  as  oos(fibl  -¥  «X 

"-^7(.) —  

In  like  manner  for  the  saucer  of  120%  from  (22) 

g(^-.)(8^-f4.-3) 

The  values  of  /  («)  can  be  calculated  without  difficulty  in  the  varions 
oasea  Thus,  for  tiie  hemisphere^ 

/(2) «  J'4r*(4  -  4« -I- «^ (I -f  e» -  «^ <iir 

=  20  log  2  -  12i  =  1-52D61, 
/(3)  =  67 J  -  80  log  2  =  1-88156. 
/(4)  -  200  kg  2  - 180}  =  2  29609.  ^ 

so  that 

=  ^J^  ^  =        ^  ^* ^26,         =  i^".  X  28-462. 

o'v^v^  o"v*  a'v^ 
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In  experiment,  it  is  the  intervals  between  the  Tuious  tooee  with  which  we 
are  most  conceraed    We  tind 

Jib :  J^-  2'8102,        pt  :p,^5-4Al6. 

hk  the  OMe  of  glass  bells,  saoh  tm  are  need  with  air-pmupe,  the  intoral 
between  the  two  gravest  tones  is  usually  somewhat  smaller;  the  repre- 
sentative fraetion  b^g  nearer  to  frS  than  2*81  ' 

For  the  saucer  of  120%  the  lower  limit  of  the  integral  in  (^)  is  |.  and 
we  get  on  calculation 

/(2)s  12864,  /(8)»i)54884, 

giving 

j%:|ik»  2-6157. 

The  pitch  of  the  two  gravest  tones  is  thus  decidedly  higher  than  fiir  the 
hemisphere!  and  the  interval  between  them  is  leas. 

With  reference  to  the  theory  of  tuning  bells,  it  may  be  wcnrth  while  to 
consider  the  effect  of  a  small  change  in  the  angle,  for  the  case  of  a  nearly 
hemispherical  bell.   In  general 

AH  («» -  ay  ['sin-'  0  tan*  ^dd$ 

Pb*-  n  ^   (80) 

0*0-  j^tan'itf  ((•  +  oostf)P-)-28ui*tf)smtfd9 

If  6  =  ^TT  +  B0,  and  P,  denote  the  value  of  p,  for  the  exact  hemisphere,  we 

get  from  previous  results 


Thus 


8hewiiig  that  an  increase  in  the  angle  depresses  the  pitch.  As  to  the 
interval  between  the  two  gravest  tones,  we  get 

■  ©'=(f:)"'«i+«"^ 

shewing  that  it  increases  with  6.  This  agreee  with  the  results  given  above 
for  0  =  60°. 
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The  fiM!t  tliAt  the  form  of  the  normal  functione  is  indepeiideiit  of  the 
disfcribution  of  denrity  and  thidmeie,  provided  that  they  vaxy  only  with 
latitude,  allows  us  to  calculate  a  great  variety  of  cases,  the  diffienlties  being 
merely  those  of  simple  integration.  If  we  suppose  that  only  a  narrow  belt 
in  co-latitude  6  han  snfficif>nt  thickness  to  contribute  sensibly  to  the  potential 
and  kinetic  energies,  we  have  simply,  instead  of  (30), 

whence 


^V{^^^>1  ■<») 


The  ratio  varies  very  slowly  from  3,  when  ^  =  0,  to  2  954',  when  d  =  ^ir. 

If  b  (louoto  the  thickness  at  any  co-latitude  6,  II  xb',  a  x  b.  I  have 
calculated  the  ratio  of  frequencies  of  the  two  gravest  tones  of  a  hemisphere 
on  the  suppositions  (1)  that  6  oc  cos  ^,  and  (2)  that  6  ac  (1  +  cos  The 
formula  ie  that  marked  (30)  with  H  and  under  the  integral  signs.  In  the 
fimt  caae,  p$:pt'=  1*7942,  differing  greatly  fkom  the  value  toot  a  uniform 
thickneaa  On  the  second  more  moderate  supposition  as  to  the  law  of 
thickness,  />, :  =  2'4591,  :  =  4"48.S7.  Il  wr)uld  appear  that  the  small- 
ness  of  the  interval  between  the  gravest,  touea  of  common  glass  bells  itf  due 
in  great  incasiirt;  to  the  thickness  diumiishing  with  inerciusing  6. 

It  is  worthy  of  notice  that  the  curvature  which  by  (17)  varies 

as  8in~^^  tan"^^,  vanishes  at  the  pole  ior  «  =  3  and  higher  values,  but  is 
finite  for  2. 

We  will  now  investigate  the  deformation  of  the  general  surfooe  of 
revolution  under  the  oondition  that  no  line  traced  upon  it  suOSars  eztension, 
and  for  this  purpose  we  will  employ  columnar  coordinates  m,  r,  ^ 

We  have 

(d»  4-  dSty  -  (rf» + dBzy  +  (r  +  5r)»  (d<l>  +  (i80)»  +  {dr  +  d^y, 
whence,  if  d&s  vanish, 


Now 
and 


,g     dBz  J  .  dBz  J.  dSr  ,  .  dSr  , . 

,     dr  J     dr  J. 


which,  by  hypotiiesiB,  dr/d^  ■>  0, 
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Thus 


In  this  eqnatioB  the  ooeflBcients  of  ((2«)^  dkil^,  (d^l^  must  vanish  aepsntely, 
if  the  sur&oe  is  not  extended,  so  that 

From  these,  by  eliinmation  of  Sr, 

1i  "dzdzK  'd<^)'^*      d4^     df     ^dtd^"  * 
from  which  again,  by  elimination  of  Zz, 

 <«^> 

As  in  the  case  of  the  sphere  if  the  distribution  of  thickness  and  the 
form  of  the  boundary  or  boundaries  be  symmetrical  with  respeet  to  the 

axis,  the  normal  functions  of  the  system  are  A)uiid  by  assuming  S0  to 
be  proportional  to  cos  s<^  or  sin  «0.    Geometricmlly  sjioaking,  we  are  at 
liberty  to  make  this  re.solutiou  in  any  case.    Thus  the  e({uatiou  for 
may  be  put  into  the  form 

-ii-^-^'-t^-'-  •(») 

The  simplest  application  of  these  results  is  to  the  ojlinder  tor  which  r  is 
constant,  equal  say  to  a.    Thus  (34),  (35),  (36),  (3tt)  become  simply 

^-0.   (40) 

By  (40X  if  ^  oe  cos  «^  we  may  take 

a5</>  =  {^Ata  + BtZ)coB8^,  (41) 

and  then,  by  (S9), 

5r  =  #(^,a+  Z;,«)sin«<^,       &r  =  —  *-*J?,o8in  (42,  43) 

Corresponding  terms,  with  fresh  arbitrary  constants,  obtained  by  writing 
«<^  + Jir  for  Ht^,  may  of  course  be  addwl.  If  B,  =  0,  the  displacenjent  is  in 
t  wo  dimensions  only.  This  kind  of  deformation  is  considered  more  at  length 
in  my  book  on  the  Theory  of  Sound,  §  233. 
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If  an  inextfiisible  disc  be  attached  to  the  cylinder  at  «  ^  so  aa  to  ibrm 
a  kmd  of  cup,  the  displacements  8r  and  Bt^  must  vanish  for  that  yalue  of  «, 
exception  being  made  of  the  cane  «  «■  1.   Henoe  JL,»  0,  and 

aS<f>  =  BgZ  cod 8^,      Br  =  sB,z  siu  8<ft,      5z  =  —  «~'jS,a  8iQ«^....(44) 

In  the  caae  of  a  eom,  for  which  r  =  tan  y the  equatbns  become 

df>z  dBr    ^  ^       dB(f>  ,  j,  _ 

^+tan7^  =0,        «tan7^  +  ar  =  0 


dBz     , ,    „  dSA  ,  ^      rfSr  - 


(45) 


If  we  take,  as  usual,  ^  oe  cos  «^  we  get  as  the  solution  of  (46) 

B4> «  (A,  +  B,r-')  cos   (47) 

and  corresponding  thereto 

6r^Btasiy{A,g+B^am»^   (48) 

&s  « tan' y[r-*B,>«(J^ +£!«)]  on  «^   (40) 

If  the  cone  be  complete  up  to  the  ▼ertez  at  c  0,  ff,  =  0,  so  that 

B<f>'=  At  co»S<f>,     Br  —  sA,r  ain  s<p,     Bz^ —sA,  tuny  r  sin       ...{oO,  51,  52) 

For  the  cone  and  the  cylinder,  the  second  term  in  the  general  equation  (38) 
vanisheH.  We  shall  obtain  a  more  extensive  class  of  soluble  cases  by 
supposing  that  the  surface  in  siu-h  that 

t*d^/dti*  =  ooofltaat.  (68) 


an  equation  which  is  satisfied  by  sur&oes  of  the  seoond  degree  in  genoal. 
If 

,Yo»  +  r«/6»-l  (64) 

we  shall  find 

f*<««»'/<W--fc«M   (65) 

and  thus  (38)  takes  the  form 

 •(«) 

if     oe  cos      and  «  is  defined  by 

a-/r-«4fc,  (67) 

or  in  the  present  caae 

H.    L  36 
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The  8olati<m  of  (£6)  is 

^-[^i^r-^(^y"h'*-  w 

The  coiresponding  values  of  8r  and  £2  are  to  be  obtaiiied  from  (86)  and  (S6). 

If  the  surface  be  complete  through  the  vertex  z  =  a,  the  term  multiplied 
by  B  must  disappear.  Thus,  omitting  the  constant  multiplier,  we  aiay 
take 

**"^)*^'*'   ^^^^ 

whence,  by  (85),  (86X 

If  we  measure     from  the  vertex,  z'  =  a  — and 

5^«(^Jco.«#,  (68) 

«r-*r(^*8in«^,   .*.  (64) 

—  Jl*'«=^|(«  +  l)a  —      (^j  sin «^  «  (65) 

» 

For  the  parabola,  a  and  are  infinite,  while  l^fa^ta^,  and  r*a>4aV. 
Thus 

a^-r'oos«^.      8r-«r»^>in«^,  («  + l)aVsin«^.  ...(66) 


END  OF  VOL.,  1. 
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